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§1. Introduction
In an open set U containing the origin in R" we consider homogen-

eous first order partial differential operators
Li=nd@-2  (a=1
k—jgldk(ﬁo“ég ( =1, ..., m)

with coefficients in C1(U). Let A(x)z(a;c(x)) j=1.-,nbe a (m, 7)-matrix.
I=im
Let an integer 7o=#—max rank A(x). In this note we investigate the
xEU

condition for the existence of independent solutions of C2-class for the
system of differential equations Lg(f)=0 (=1, ..., #) in a neighbo-
rhood of the origin contained in U; here » (at least C1-class) functions
f1(x), ..., fr(x) are called, by definition, independent if dfi n...n @fr50
holds.

When the coefficients are real-valued in C1(U), we see that it is
equivalent to say that there exists a regular change of coordinates around
the origin in R” by which all the operators Ly can be transformed into
the operators in #—# new coordinates variables with » real parameters,

where 7 denotes the number of independent solutions for Zg(f)=0
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(k=1, ..., m).

To make our problem clear, let us consider the case of single
n
equation L(f)=3] aj(x)aa%z(). Suppose all the a;(x) are real-valued
=1 J

in CY(U) otherwise they are analytic in /. We know that if one of
them is not zero at the origin, there exist —1 independent solutions of
C2-class for that in a neighborhood of the origin. Thus our problem is
to investigate the condition for the existence of »(»<<z—1) independent
solutions of C?2-class in a neighborhood of the origin when ;(0)=0
(7=1, ..., n). We want to present a point of view to this problem.
Finally, I thank Prof. S. Mizohata for his kind helpful advice.

§2. A theorem

Firstly we state a lemma which is basic in later discussion:

Lemma. Let wus assume that there exist r (r<n—1) indepen-
n

dent solutions of C3-class fi(x) (=1, ...,7) for L(f)=2X a,-(x)-(,-;a{—:
i=1 i

in a neighborhood of the origin contained in U, where a;(x) (j=1, ...,
n) are CV(U). Then there exist n—r homogeneous first order partial
differential operators P; (j=1, ..., n—7r), which can be determined only
by those r independent solutions fi(x) (j=1,...,7) in a neighborhood
of the origin V, satisfying the following conditions:

(1) L is expressed as a linear combination of Pj; namely there

exist functions cj(x) (j=1,...,n—7r) in CY V) such that
n—r
L=E}15;(x)Pj in V;

2) Pi(f)=0 for j=1, ..., n—r, A=1, ..., in V;
and  furthermore

(3) APjti=1,...,u—r ts Jacobi's system.

Proof. Relabelling the variables if necessary, we may suppose D=
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a(fl)-”;fr) . . . . . .
L) #0 in a neighborhood of the origin V' contained in U.
Then from the system of equations:
I I 9% 91
L2 +...+ar Bry g T T M,
2 o 8
a1~’i+ tar f _— am—aﬁ%*- an af:;

we can express a1(%), ..., ar(x) as the linear combinations of ar41(%), ...,
n
an(x) with coefficients in Cy(V), say, aj(x)= 3 aj(x) ci(x) (F=1,
=1+l
..., 7); more precisely:

1 (A, ..., far, fo, fan, -, fr)

)= —
c3(%) D 3(x, ..., %11, x5, X211, ..., Xr)
J=r+l1, .., n; A=1, . r

Consequently, we have

L:ﬂr-ﬂ(x)( +; T3, )“|‘ "|‘an(xw(

0xr41
U 0 ) r )
i 9 9 1
—I—Elcnaxi>. Set Hj_axj+i§1q(x)axt
for j=r41, ..., 2

And denote Py=Hpyir (=1, ..., n—7r). Then there remains to
prove (2) and (3) for these Py (£=1, ..., n—r). Firstly we can easily
verify that for j=r+1, ..., »

of of of
Ox;’ Ox1'""" dxy
o oh 1
Ox; ' Odx1’ "7 Oxy

Py (f)=H;(f) =7

% o o

Ox; ' Ox1’ """ Oxy .
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which show that (2) holds. On the other hand, P4, ..., Py_r are clearly
linearly independent in V. Since they ‘have 7 independent solutions
Ffilx) (F=1, ...,7), {Ps}j=1,....n—r is Jacobi’s system. q.e.d.

Now, let » be a positive integer such that »<»o. Then, from

this lemma we have the following

Theorem Let Ly (=1, ..., m) be homogencous first order partial
differential operators
Li= 3 al(e)r—
=1 0z
where the coefficients are real-valued in CWU), otherwise they are
analytic in U (k=1,...,m; j=1,...,n). Then there exist r inde-
pendent solutions of C2-class for the system of differential equations
Li(f/)=0 (=1, ..., m) in a neighborkood of the origin when and only
when there exist n—r homogeneous first ovder partial differential oper-
ators Py(j=1, ..., n—r) with real-valued coefficients of Cl-class, otherwise
with complex-valued ones analytic in a neighborhood of the origin
respectively satisfying the following:
(D) Ly (k=1, ..., m) are expressed as the linear combinations of

Py (j=1,....n—r); namely in a neighborhood of the origin it holds that
n—r
Ly= j;lc;c(x)P,,

where the coefficients are real-valued functions of Cl-class, otherwise
complex-valued ones analytic;
and morveover

(2) {Pj}i=1,...,n—r s Jacobi's system.

Proof. This is easy. The necessity is an immediate consequence of
the above lemma. In fact, let fi(x), ..., /+(x) be a system of independent
solutions for Zx(f)=0 (#=1, ..., m). Then it suffices to apply the
lemma to each Ly(f)=0, taking account of the fact that P; are de-
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termined only by fi(x) (7=1, ....7).

The sufficiency is shown as follows: Since Py(f)=0 (j=1,...,
n—7) is Jacobi’s system, this system has 7 independent solutions fi(x), ...,
f+(x) of C2-class in a neighborhood of the origin. These f;(x) are the
solutions of Ly(f)=0 (b=1, ..., m). q.e.d.

§3. Remarks

1. We can restate the theorem as follows: Under the same assum-
ptions and notations as the theoerm, there exist » independent solutions
for Ly(f)=0 (£=1, ..., m) in a neighborhood of the origin if and only
if there exist {1, ..., 7r} C{1, ..., #} and real-valued functions b;S(x) of
Cl-class in a neighborhood of the origin or complex-valued ones analytic
respectively according as the coefficients are real-valued ones of (-
class or complex-valued ones analytic (s=1,...,7; j€{1, ..., n}—{/1,
..., jr}=I) such that

(1.1 a,’}(x)=j§la;c(x)b}c(x) for A7 and £=1, ..., m;
Rl a6 oY el
J 2% "% A7t g
(1.2) o +1§1bi s o zeub‘ a3 i, jel, p&l

2. When a}(x) are complex-valued in C1({/) and not always analy-
tic, the condition stated in the theorem remains a necessary one in order
that there exist » independent solutions of C2-class for Ly(f)=0 (=
1,...,m) in a neighborhood of the origin. In the actual case we do
not know any satisfactory sufficient condition. But, under the con-
ditions (1) and (2) of the theorem, the analyticity in the » suitable
variables assures the existence of » independent solutions of C?2-class
for Lx(f)=0 (£=1, ..., m); for this, we refer to A. Andreotti and
C. D. Hill [1].

3. Let us consider the case n=2. Namely we consider the ope-
d ad .
rators Lk=tlk(x)'m+ a%(x)a—xz (#=1, ..., m) with real-valued co-

efficients in C1(U), otherwise with complex-valued ones analytic in U.
The theorem states that there exists a solution of C2-class for Ly(f)=0
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(=1, ....m) such that grad f(0)5<0 in a neighborhood of the origin
when and only when there exist a Cl-class or analytic function &(x)
(¢(x)) in a neighborhood of the origin according as the coefficients are
real-valued functions in C1(U), or complex-valued ones analytic in U,

satisfying the following:
al(x)=b(x)a%(x) (or aq(x)=c(x)a}(x)) k=1, ..., m.
In other.words the functions:
aA(@)]al(x) or (@()ak(x)) £=1, ..., m

defined where @%(x)70 (or a}(x)5-0) for k=1, ..., are the res-
trictions of the function which is in €1 or analytic in a neighborhood of
the origin to the places where a%(x)50 (or al(x)50).
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