
J. Math. Kyoto Univ. (JMKYAZ)
13-3 (1973) 605-610

Some remarks on the existence of
independent solutions for
homogeneous first order

differential system

By

Haruki NINOMIYA

(Received January 6, 1973)

§ 1. Introduction
In an open set U containing the origin in R" we consider homogen-

eous first order partial differential operators

n
L k = E aik  (x ) (k =1, m)

1=1 OXJ

with coefficients in CI( U ) .  Let A (x )=(4 (x )) 5=1 , .., be a (m , n)-matrix.
k=1. ' m

Let an integer r o =n —max rank A ( x ) .  In this note we investigate the
xeu

condition for the existence of independent solutions of C 2 -class for the

system of differential equations L k ( f)= 0  (k=1, m ) in a neighbo-
rhood of the origin contained in U ; here r  (at least Cl-class) functions

f  i (x ) ,  . . . , f r (x )  are called, by definition, independent if d fi A . .
 . A  d f 14 0

holds.

When the coefficients are real-valued in C '( U ), we see that it is
equivalent to say that there exists a regular change of coordinates around
the origin in R " by which all the operators L k  can be transformed into
the operators in n— r new coordinates variables with r real parameters,

where r  denotes the number o f independent solutions for L k (f)= 0
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(k =1, ,  m ) .
To make our problem clear, let us consider the case of single

equation L ( f ) = ai(x)  a
a
f   — 0 . Suppose all the ai(x ) are real-valued

1=1 X5

in  C1( U ) otherwise they are analytic in  U .  We know that if one of

them is not zero at the origin, there exist n - 1  independent solutions of

C2-class for that in a neighborhood of the origin. Thus our problem is

to investigate the condition for the existence of r ( r< n - 1 )  independent
solutions of C2 -class in  a  neighborhood of the origin when a5(0)=0
( j=1, n). We want to present a point of view to this problem.

Finally, I thank Prof. S. Mizohata for his kind helpful advice.

§ 2 .  A  theorem

Firstly we state a lemma which is basic in later discussion:

L e m m a . L e t  u s  as s u m e  th a t  th e re  e x is t  r ( r<n - 1 )  in d e p e n -

dent solutions of  C 2 -c lass  f i(x )( j=1 , r)  f o r L ( f ) = 1a5(x)  a
e
fl i i = 0

in  a  neighborhood of  the origin contained in U , w h e re  a5 (x )( j=1 ,
n) are C 1 ( U). T hen there ex ist n— r hom ogeneous f irst order partial
dif f erential operators P5 (j=1. .... n— r), w hich can be determ ined only
by  those r independent s o lu t io n s  f i( x )  ( j=1 , . . . ,r)  in  a neighborhood
of  the origin V , satisfy ing the follow ing conditions:

(1) L  is ex pressed as  a linear com bination of  Pi; nam ely  there
ex ist f unctions c i(x ) (j=1. .... n— r) in  C1 ( V ) such  that

n - r
L =  E c i (x )P i in  V;

5=1

(2) P j (f  2 )=---- 0  for j=1 , n— r, A=1, r  in  V;

an d  furtherm ore

(3) { P 5 } 1=1,..., n _r  is Jacobi' s sy stem .

Proof. Relabelling the variables if necessary, we may suppose
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f f r) /  0  in  a  neighborhood o f the origin V  contained in  U.
a(x i, .••,x r)
Then from the system of equations:

,
al - r  •  •  .  - Far a x r  —  — a r + l a x r + i  — • • • —an a x n

af ra f r afr af r a i  a x i + ..•  +ar a x r —  — ar+i a r+ , axn ,

we can express ai(x), ar (x ) as the linear combinations of a r +i(x),

a n ( x )  w ith  coefficients in Ci( V ) , say, a j ( x ) =  E  aj(x ) c 5 (x )  ( j = 1 ,
i=r+1

more precisely:

1  a ( f f a_ i, f 2, f A+1, 2( )—
c  i\ X D  a(x l, ..., x2-1, xi, x2+1, xr)

j = r + 1 , n ; A=1, r.

Consequently, we have

(  a  
L=ar+1(x) +1-1cri+laxai)-4- ''' ± a n ( x ) (  

n a x i ). Set a  + c ( x ) a

OX

E  ci  a 8x5 j= 1. 3 ax,
for j = r + 1 , n.

A n d  denote Pk - -=- Hk± r  ( k = 1 , n — r) .  Then there remains to

prove (2) and (3) for these P k  (k=1, n — r) .  Firstly we can easily

verify that for j= - r + 1 , n

r);

0f 0f 0f 
8x1a x i •' a x r

ax , axi ,a x r

a fr a fr a f r  axi  ' axi  ' • • •' axr

1
P .i- r( i)=H iC f )= D
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which show that (2) holds. On the other hand, PI • • Pn-r are clearly

linearly independent in V. S ince they have r  independent solutions

f j (x )  ( j= 1 ,  r ) ,  { Pj}  j=1 ,...,n _ r is Jacobi's system. q.e.d.
Now, let r  be a positive integer such that r < r o .  Then, from

this lemma we have the following

T heorem  L et L k  (k =1 , ...,m ) b e  h o m o g en e o u s  f i r s t  o r d e r  p a r t ia l
d iffe r en tia l op era to rs

aL k = E ai(x) —
1=1 ax i

w h e r e  t h e  co e f f i c ien ts  a r e  r ea l- v a lu ed  in C '(  U ) , o th e rw is e  th e y  a re
a n a ly t i c  i n  U  (k = 1 , .. . ,m ; j= 1 ,  n ) .  T h en  th e r e  ex is t  r  ind e-
p en d en t s o lu t io n s  o f  C 2 -class f o r  t h e  s y s t e m  o f  d ifferen tia l eq u a tion s
L k (f)= 0  (k = 1 ,  m )  in  a  n eigh b orh ood  o f  th e  o r ig in  w h en  and  on ly
w h en  th ere ex ist n— r hom ogen eou s first o rd er p a r t ia l d ifferen tia l op er-
ators P 5 (j= 1 , ,n — r)w ith  rea l-va lu ed  co efficien ts o f  C1 -cla ss, o th erw ise
w ith  c o m p lex -v a lu ed  o n e s  a n a ly t i c  i n  a  n e igh b o rh o od  o f  t h e  o r ig in
r e s p e c t iv e ly  s a t i s fy in g  th e fo l lo w in g :

(1) L k  (k =1 , ...,m ) a re  ex p ressed  a s  th e  lin ea r com b in a tion s o f
P5 (j=1, ...,n— r); n a m ely  in a n eighborhood  o f th e  o r ig in  it h o ld s th a t

n—r
L k = E ci(x )P i,

5=1

w h e r e  th e  co e ff ic ien ts  a r e  r ea l- v a lu ed  fu n c t io n s  o f  0 - c la s s ,  o th e rw is e
com p lex -va lu ed  on es a n a ly tic ;
a n d  m oreov er

(2) {P i} j=1,...,n— r is Jacobi' s system .

P ro o f. This is easy. The necessity is an immediate consequence of

the above lemma. In fact, let f i (x ),  . . . , fr (x) be a system of independent

solutions for L k ( f )= 0  (k=1, m ) .  Then it suffices to apply the

lemma to each L k (f )= 0 ,  taking account of the fact that P5 are de-
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termined only by f i(x ) (1=1, r).

The sufficiency is shown as follows: Since P5( ( j=1 ,
n— r) is Jacobi's system, this system has r independent solutions f i(x ), • • •,
f r(x ) of C 2-class in a neighborhood of the origin. These f i(x )  are the

solutions of Lk( f ) = 0  ( k =1 , . . . ,m ) .  q.e.d.

§3. Rem arks
1. We can restate the theorem as follows: Under the same assum-

ptions and notations as the theoerm, there exist r independent solutions

for L k (f )=0  (k =1, m) in a neighborhood of the origin if and only

if there exist lit, • • •, jr} c 11, n } and real-valued functions bis(x ) of

C1-class in a neighborhood of the origin or complex-valued ones analytic

respectively according as the coefficients are real-valued ones of C 1-

class or complex-valued ones analytic (s=1, r; j E  I I, . . . ,  n1 —

j r1-__ I )  such that

ahP
(1.2)

—
n i = +EN  i , j E L  ,u

oxi ) J OXI A ■$ OIXA
I.

2. When ai(x ) are complex-valued in C1( U) and not always analy-

tic, the condition stated in the theorem remains a necessary one in order

that there exist r  independent solutions of C 2-class for L k (f )=0  (k =
1, m) in a neighborhood of the origin. In the actual case we do

not know any satisfactory sufficient condition. But, under the con-

ditions (1) and (2) of the theorem, the analyticity in the r  suitable

variables assures the existence of r independent solutions of C 2-class

for L k ( f )=0  (k=1, m ); fo r  this, we refer to A. Andreotti and

C. D . H ill [1].
3. Let us consider the case n=2. Namely we consider the ope-

rators L k =4(x ) axa 1 + 4 ( x )
 (k -1 , m )  with real-valued co-axa 2

efficients in C 1( U), otherwise with complex-valued ones analytic in U.
The theorem states that there exists a solution of C 2-class for L k (f )=0
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(k=1 , . . . . m) such that grad f(0) 0 in  a  neighborhood of the origin

when and only when there exist a  CI-class o r analytic function b(x)

(c (x )) in a neighborhood of the origin according as the coefficients are

real-valued functions in  C l(U ), or complex-valued ones analytic in U ,
satisfying the following:

a l(x )= b (x )4 (x ) (or ai(x)= c(x)alk (x )) k=1 , . . m .

In other words the functions:

a l(x )1 4 (x ) o r (4 (x )Ia lk (x)) k=1, . . m

defined where a ( x ) 0  (or a l(x ) /0) f o r  k =1, . m  a re  th e  res-

trictions of the function which is in C1 or analytic in a neighborhood of

the origin to the places where 4 (x) 0 (or a)(x)  1  0).
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