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Introduction.

Let G  b e  a  c o m p a c t connected L ie  group an d  le t  U  be its
torsion free connected subgroup of maximal r a n k .  The purpose of
th e  present paper is to establish a  method to describe th e  integral
cohomology ring H* (G/U), b y  a  m in im um  system  o f  generators
and  re la tion s, fro m  t h e  resu lts o f  t h e  m od p  cohomology ring
H* (G; Z )  of G  a n d  th e  rational cohomology r in g  H* (G/U; Q)
of G/U.

T h e homogeneous space G /U is  equ ivalen t to  th e  to ta l space
of a  p rincipal G-bundle over th e  classifying space B U  o f  U .  In
§1, we shall discuss mod p  cohomology o f p rin c ip a l G-bundles of
su c h  t y p e ,  a n d  th e  re su lt  w ill b e  s ta te d  in  Theorem  1. 1. A
description of the in tegral cohomology ring H* (G/U) will be given
in  Theorem 2. 1 o f §2 , a n d  w ill b e  ex h ib ited  fo r s im p le  G  and
U =T , a  m ax im a l to ru s o f  G , i n  § 3  as applications. Another
application t o  t h e  cohom ology s tru c tu re  o f G  w ill  b e  s e e n  in
forthcoming papers.

§ 1 .  Mod p cohom ology of some principal bundles.

L et G  b e  a  co m p ac t connected L ie  g ro u p  a n d  consider a
principal G-bundle
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7r
(1.1)G X  — > B.

W e always assume that the base space B  is  arcwise connected
and its cohomology groups a re  finitely generated fo r  each dim en-
sion. So , the same holds for the total space X.

Let p  b e a  p rim e an d  consider th e  following three hypotheses :
(1. 2) The cup-product gives an isomorphism

z (xi, • • .; . ) 0 M H* (G ; Zp)

for a graded submodule M--= EM' and homogeneous elements x, (i =1, ...,

1 7 1 ) , where 4 (r13. )  indicates the subm odule spanned by  the mono-
m ials { x 1'... x `„r e,, 0 o r 11.
( 1 .3 )  M c  Im i*  for the induced hom om orphism  i* : H* (X; Z„)—•—>
H* (G  ; Z ,).

(1.4) P  (H *  (X ; Z ,) ,  t ) (M , t) • P (H* (B ; Z ,), t) • 171 (1 e l e g ' '" " ) ,,=1
w here P indicates the Poincaré series : P (E17.1 , t) = E (d im  V') t'.

T he purpose o f this section is to prove the following

Theorem 1. 1. Let N  be a positive integer and assume th a t  the

principal bundle (1 .1) satisf ies (1. 2), (1. 3) and (1. 4) for degree
Then, for a suitable choice of  the elem ents x ,, the followings hold:

(i) For degree<N  — 1, M =Im  i*  and the set o f  the transgressive
elem ents is spanned by  M + and fx , I deg x ,<N  — 11.

(ii) H *  (X ; Z ,)  is isom orphic to M ® Im TC* as Tm 7r* -modules for

degree <N.
(iii) For transgression images tr,1 o f  {x, I deg x ,<N  —11, w e have

a  natural isom orphism  H* (B  ; Z ,)/ (r,)  1 M  7 r*  for degree N.
(iv) The elem ents (r,) are of no relation in H* (B ; Z ,)  up to degree

N.

H ere w e ca ll th at h o m o gen eo us e lem en ts tr,1 o f  a  graded
commutative algebra A  over Z , are of no relation in A up to degree
N  if  o n e  o f th e  following equivalent conditions holds (c f . [6])
(1 . 5 ) , ( i) .  The multiplication by  r, is an injection of A / (ri,. r,_,)
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in itself for degree <N.
(ii). There exists a  submodule B of A such that the natural map o f

Z, [r1, r2,...]®13 into A  is bijective for degree <N.

(iii). P (A /(r1, r2 ). .), t) =  P (A , t) • II (1 — t"g for degree < N
Let ( E )  b e  th e  m o d  p  cohomology spectra l sequence as-

sociated with the principal bundle (1, 1), then
E *  = H *  (B ; 4 ,) (D H *  (G ; Z , ) converging to H* (X ;  Z,),
Tm i*  = E *  c = H * (G ; Z ,) and Tm 7r* =Et.°OEH* (X ; Z,).

Lem m a 1 . 1 . (i ) .  The multiplication gives an injection of E;.°C)
E',.* into E".*

(ii). Let II-4 be a graded submodule of H * (X ;  Z ,) which is injectively
mapped into H* (G ; Z , )  under i ,  th en  the cup-product gives

an injection of -MO  Tm .7r* into H* (X ;  Z,).

P ro o f. T h e right translation p  gives a commutative diagram

i x 1 7r x 0
G x G  - ->  X x G B x *  (*  : a point)

ski It 2r
G X B

w h ic h  is  a  m a p  o f  fiberings, a n d  in d u ces a  M a p  of spectral
sequences

p* : E;.* E .*C )H * (G ; Z ,)

such that p* (b )=b01 for bEE;.° a n d  p* (z )=1C )z±Ez:C )z: (deg
z :> 0 )  fo r zE Pr.  =  H °  (G  ;  Z  , )  .  Then p* (b. z) =bC)z Eb • z:
( r )z , an d  th e  assertio n  ( i )  is  p ro v e d . ( i i )  is proved sim ilarly by
considering p* : H* (X ;  Z ,)--->H * (X ; Z ,) ® H * (G ;  Z , )  i n  which
fr* (x) ,x ( j ) 1  holds for x E  Tm 7r*. q. e. d.

W e assume the following inductive hypothesis for n<N (€=-0, 1).
(1 , 6 ) ,  The elements x, o f  deg x, <n —1 are transgressive and transgres-
sion images {n} are of no relation up to degree n-Fs.

.+1
Put M„+,= E M ' then  M„+,c Im i *  b y  t h e  assumption (1. 3)

j= 0
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of the theorem , and the d iffe ren tia l d ,  of the spectral sequence
satisfies

d, (b01) =d, (10m) =0 for b e l l*  (B ; Z ,)  and m E
and d, (1()x,) =0 (r < deg x , ) ,  d ,  (1®x1) =r1C)1 (r= deg x, +1)
for deg x, — 1. W e  put

4, =4(x, ; r -1 < d egx 1 —1)( 4 ( 0) = Z,)
J, = t h e  id e a l  o f  H * (B ; Z ,) g e n e r a te d  b y  tr, I deg r .  <
Min (r, n +1)1

and E".* = H * (B; Z ,,)/J,®  (4,C)M„ i).
A  differential d , in E,•* is  d e fin ed  b y  the derivativity and the

above equalities for d , .  T h e n  u s in g  (1, 5) w e  have easily
(1 . 7 ) . E H (E * )  and the equality  P,'.°,1=-H (Pr.')  ho ld s  i f  q  <
r - 1  or r> n+ 1  o r if s-F r< n -F e. A lso  tr,1 are of no relation u p  to
degree k if  and only  if  th e  equality  E',..,-1 = H (A -" -')  h o ld s  fo r  s-Fr
<k.

N ow  w e have natural m aps

:

w hich  commutes w ith  the differential d , and induces

su c h  th a t AG-1=--f4i1P;4%.

Lemma 1.2. (1 .  6 ) ,  implies the followings :
(i). f , "  is injective if s < n+ l-F s and r< n+ 1  o r if s<n.
(ii), f','° is  surjective if q= 0, i f  s-Fq<n —1+s and q<n — 1 or if

s<n+ l-Fs— r and  q < n -1 .
(iii) The natural m ap  o f  C o k e rf1  in to  Coker f r." is  injective for

2<r<n.
(iv) Let s=0 and 1<q <n —  1, then H( ) /A- .° is isomorphic

to  Coker f - ° . °  for r>q+2.
Proof. (i), and (ii). are obvious fo r  r =  2  and a lso  fo r  s< 0

or q < 0 .  p r . : ,  is injective (resp. surjective) if f,.° is injective (resp.
surjective) and is  surjective ( r e s p .  f • • ° - '1  is  injective).

B y induction on r > 2,1 the assertion (ii), b y  u s e  o f  (1 , 7), the
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a sse rtio n  ( i ) ,  f o r  s= 0  o r  q = 0 , a n d  th e n  th e  a sse r tio n  ( i ) „  by
Lem m a 1. 1 since P,.° O P ,"  , a r e  p ro v ed . N ex t w e  have the
following com m utative exact diagram

0 H(Ror,.) Bor.. — • +i

d, 1
0  - - > Eor,. Err.n-r+1.

F o r  2 < r_ n ,  H (P " ) b y  (1. 7) a n d  f - - "  i s  in je c t iv e  by
(i),. T hen  Im P„." n Inn = im f 1 ,  a n d  (iii) follows.

L e t e =0 a n d  1< q < n - 1 .  f :T P °  is b ije c tiv e  s in ce  f ; : f . °  is
bijective f:V Q-1." is  surjec tive  and  f:V .° i s  in je c t iv e . T h us ( iv )  is
tru e  fo r  r= q + 2 . L e t r>q+2, then  H (E :f.°) = E ",-q" by (1. 7) and

w e h a v e  a n  e x a c t sequence : --->k,'=1"--›E ;-" - -> 0 .  T h e  same
holds f o r  {E,1 . B y  t h e  compatibility o f  f j , }  w e  have  an  exac t

sequence

Coker f : ' ' ' ' 2  - - >  Coker f  =1.° ---> Coker f :- " - - - >0 .

T h e  first cokernel is  trivial b y  (ii). T h erefo re  ( iv )  is proved by
induction  on  r>q+2.

Lemma 1.3. (1 . 6)0 implies (1. 6)1 and that Cokerf1  is naturally
isomorphic to Coker .g." and it is mapped isomorphically onto d,+1 (E,)

c E °  under d „.,
Proof. W e assum e (1. 6),. For degree <n +e, P (M , t)= P (M „ ,,,

t) =P (P ..° , t )  a n d  P (H * (B ; Z „), t)  .11 (1—— tdeg =  P (H *  (B ;  Z „ )/

(re), t) • (1 —a „t" +1) P  (Et.° , t) • (1 — a „t' )  b y  (1. 5), where a, = dim
Coker .a" = num ber of f r  J degx, =n1. Since Po.* = E l . ° C ) E ,  it
follows from (1. 4)
(1. 8),. t) =P(H * ( X ; Z ,), t)  = P (E *  t) •  (1  —a„t"÷')

f or degree <n± e .
B y  (i)o o f  Lemma 1. 2, is  in je c t iv e , a n d  dim Eag >dim

f o r  s<n. B y  (1. 8)0, E dim E °  =  E  dim E '° . T h u s f a g  is
s+q=n
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bijective for s± q = n .  B y  ( iv )  o f  L em m a 1. 2, w e have H (E k )
= E ; . : ,  fo r  s ± q = n  (E 1 = E ° .+ 2 = -M "). T hus (1. 6),, implies (1. 6)1
b y use of (1 .7 )  fo r  k=n ± 1.

Next, assuming (1. 6), it follows from (1. 8),

E  (dim Eag — dim E ) < d im — dim E,412.°.
s+q--n+1

= .E ° by definition. .E .° is isomorphic to E . °  b y  (01
and (ii), o f  Lemma 1.2. Since d„+, =  0  in  E:."41K, (Im =
f"„ ° (4+1 = 0  and d„.E., in d u ces  a  su rjec tion  o f Coker
onto Im d„±icE °. W e have also E . ° = E ° / I m  d „ , , .  Thus

dim Coker f "  =  a.< dim E ° —  dim Enk-V2''

= dim  Im d„.,, < dim Coker

B y  (iii) o f Lem m a 1. 2, the equality dim  Coker .A1." = dim  Im
=dim Coker f„.:, h o ld s and  the second  h a lf  o f  t h e  lem m a is
proved.

Proof o f  Theorem 1, 1.
The theorem is obvious fo r  N = 1 .  B y  induction on N , we

m ay assume (1. 6)0 for n=N—  1. L e t  {xkl be the set of x ,  with
degx,=n. B y defin ition  C oker f2 "  h a s  a  b a s is  fx ,}  mod Ê* =- Z12
O M , 42=4(x, ;  d e g x ,< n ) .  By Lemma 1. 3 there exist elements x,,

X h  m o d  Z L O M  su c h  th a t x (= 1 0 x )E P „ . : ,  and th a t  { x 1  and

M "= 1 sp an  P 1 .  Changing x'k modulo M "  i f  it is necessary,
we m ay choose x ,  su c h  th a t  x - x „  m od decomposables. Then
replacing xk b y x  w e o b ta in  n ew  gen erato rs tx ,}  satisfying (1. 2)
and x,E P ,;.,7 ,. Since c o i n c i d e s  w i t h  th e set o f th e transgres-
sive elements o f degree n ,  ( i )  o f Theorem  1. 1 is proved.

Let rk's b e transgression images of the xk's. Lemma 1. 3 shows

th a t  (1. 6), holds and th a t  {n.} are lin early  independen t in  E:11'
EV+1'°cH*(B; Z ) / ( r ;  deg r, <n). T h u s  ( iv )  o f  Theorem 1.1

is p roved . A gain  by L em m a 1. 3

*H -" (B ; Z p ) frhl,
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a n d  ( ii i)  follows. I n  Lem m a 1. 1, ( i i ) ,  ta k e  if/  su c h  th a t  it  is
m apped  isom orphically onto t h e n  /12/C)Im 7r* is m ap p ed
injetaively into H *  (X ;  Z1). T h e  P o in c a ré  series o f  H *  (X ;  Z1)
a n d  MO  Tm 7r* are g iven  b o th  s id es of ( 1 .4 )  f o r  degree <n +1.
T hus ( ii)  o f  th e  theorem is proved,  q. e. d.

§2. Cohomology of some homogeneous spaces.

L e t  U  b e  a  connected subgroup o f  G  a n d  le t  EG--->B U=EG
/U  b e  a  universal U - b u n d le .  In  th e  p r in c ip a l G-bundle

7r
(2. 1) G---E G x G- - >B U

th e  p ro jec tio n  EGx G--->G/U=-4,x G is a  h o m o to p y  equivalence.

So  w e have a  fibering
7r,

(2.2)G - - - > G / U - - ) B U

equivalent to (2 . 1 ), where io is  a  m ap classifying the  U -bund le  :

G-->G/U.
B y H opf-B orel theorem  [6 ] ,  w e h a v e  fo r  each  prim e p

(2. 3) H* (G; Z 1) = A (x ,..., 4)® Z pb4,. • y :,]/  (1 1 '. •

where h, is a power of p  (h1 4 i f  p = 2 )  and i f  p > 2  th en  deg x : is
odd and degy; is even,

• a n d  fo r  th e  rational coefficient

(2. 4) H*  (G; Q )  A ( z i ,  •  z s ) , deg z, : odd.

L e t M  b e th e  su b a lg eb ra  generated  by (y  I  d e g y ;  ev en ) and
additionally {y;'} and  (.x I  d e g x ;  even) i f  p 2, a n d  l e t  f x ,  I 1 <i<
71 b e  t h e  u n io n  o f  (x: I deg x : o d d )  a n d  {y ;  d e g y ;  odd(p=2)} .
T h en  (1. 2 )  is satisfied

(2.5) 4 (x1,..., x ,)C )M H* (G; Z1)

where M =Z p[y i,.. ,y ,] / (y1',. • ., y:.) w ith k ,: power of p .
Now we consider t h e  following hypothesis

( 2 .  6 ) .  r =  and  for each j ,  1 <j  <s ,  there corresponds an i =i(j) such



192 Hirosi Toda

that is transgressiv e w ith respect t o  (2. 2) and t h a t  13(x1 1) =y„

where IS indicates the Bockstein homomorphism assoicated w ith  the exact
sequence Z p 2

W e shall see  i n  § 3  th a t  t h e  sim p ly  co n n ec ted  sim p le L ie
groups G  en joy (2 .6 ) i f  U = T  o r  if  (G, p) (E8, 2).

W e sh a ll co n s id er th e  c a s e  th a t  U  is to rsion  free and  o f
maximal rank . A ccord ing to  Borel [6],

H * (U )= A (u i,..., u d , deg u, :  odd,

and H* (BU) = te], deg t, =deg u, +1 : even,

w here t, is  a transgression image of u,. W e shall deno te th e  i ' -
im age o f t , b y th e  same symbol

t, 1-/* (G/U).

Assuming (2. 6) fo r  a l l  p rim e p ,  w e  d e n o te  f y i , . . . ,  y .)  the
collection of the y, in  (2. 6) fo r  a l l  possib le prim e, and by p, the
prim e corresponding to y,.

T hen  w e have the following description of H* (G/U).

Theorem  2. 1. L e t  U  b e  a torsion free connected subgroup o f
maximal rank  in  G .  Assume (2. 6) for all prime, and let a, and a, be
homogeneous elements o f Z [ti,...,  t ] s u c h  th at  a , (mod p5) is a transgres-
sion image of x,(,) and th a t  H * (G / U  ; Q )= Q [t i,. . . ,  t ]/ (a i,... ,  ) ,
deg o-, ........  G  deg o-,.

T hen there ex ist generators r,E H * (G /U ) and relations p,, p ;E  Z
[t1,.. r„ ..., r .] s u c h  th at  (deg p, = deg cr,, deg r; = deg p; =deg
5,)

J] t , , 1113. •)

(I i) )71 (mod p,)

and =PJ•71i +6i)

where the relation pi is determined by the maximality of the integer n  in
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n•p,:_=_a, mod (pi, • • t i . ) •

In  order to prove the theorem  w e prepare tw o lem m as. The
first lem m a is w ell-know n a n d  proved  by check ing in tegral co -
chains.

i7 T
Lemma 2. 1. Let F - - - •X - - >B  be a f ibering , x  a  transgressive

element o f H " (F ; Z ,) and let 3  be an elem ent o f  H " ' (B )  such that
(mod p )  i s  a transgression image of x .  T hen there ex ists an element

r o f  H ( X )  such that
i* (r) p(x) (mod p )  and p • r= —r*(5).

T he rational cohomology ring H * (G  /U ; Q ) is determ ined by
the action  of the W eyl g r o u p s  (G ) a n d  (U )  on a maximal torus
T c  U c G  [6  : C h . V I]:

(2.7) H *  (BG ; Q) = H * (BT ; Q) cH* (B U ; Q) =H* (B T  ; Q)")

and H* (G/U ; Q) = H* (BU ; Q)/ (11+ (BG ; Q))

--(2Eti, • te]/(61•• • •• at)

w here a, i s  a transgression im age of z, and {a,} are of no relation
in  H* (B U ; Q) =Q[ti,. t 1 ] .  B y  [1 0 ] ,  G /T  an d  U /T  are torsion
f r e e .  S ince U  is to rsion  free, so  is  G /U  b y Proposition 30. 1 of
[ 6 ] .  Thus

(2. 8) P (H* (G/U ; Z,), t) =P (H*  (BU; Z,), t) •  (1 — tdeg '''')
i= 1

Lemma 2. 2. The assumption o f Theorem 2. 1 implies the assump-
tions (1 . 2), (1. 3), (1 . 4) o f  Theorem 1.1  fo r all  prime and for arbitrary
N.

P ro o f .  (1 . 2 ) is  a lre ad y  sa tis f ied  b y  (2 . 5 ) . S ince x,(,) is
transgressive, so is .3,, =,(3(x,(J))• Since H" (BU; Z,) = 0  f o r  o d d  n,
the transgression image of yi is trivial, that is, y , is  a n  i:- im a g e . It
follows (1. 3) : M c Im ig̀. Consider th e  m od p  Bockstein spectral
sequence (E ,) for G : E i=H *(G ; Z ,) , E z =H (E •  w . r. t. ,8) conver-
ging to Er:0= (H* (G) /torsion) OZ, = A (zi,. z1). F r o m  ( 2 .6 )  w e
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have  Ez a s  a  cohomology (subquotient) of

E ;=4 (x 1  ( i* i( j)  fo r  any j), x1(ny:J-1).

Then dim .E2< d im  =  2 4 , b u t  24 = dim dim E z . Thus w e
have  E;=-E0. a n d
(2 .  9 ) .  The set [deg z,} coincides with the set

[deg x ,  ( i # i ( j ) ) ,  k•degy, —11.

T hat is, (1 —clog —f1) = ri t d e g  s i + 1 )  . 1 1 ( 1 rj • deg y 11 (1 ___
1 ( i ) .1=1 1-1

te leg  ‘ .+ 1 )• P (M , t). T h en  it fo llo w s fro m  (2 .8 ) th at (1 .4 ) h o ld s :

P(H *  (G /U ; Z „), t)  =P ( P ( B U ; Z ) ,  t )  • P ( M ,  t )  •  ( 1  _ d e  . + 1 )

i —1

Proof o f Theorem 2. 1. A pply Lem m a 2. 1  to  x =x ,( ,) , p =p , and
3=35, then we have the existence of r i  such that 7r: (ri) =3,1 (mod p1)
a n d  that p,p1•T1±3, vanishes in  H * (G /U ). Put

R =Z [ti,...,  te, r1 ,. •  ., r .]  a n d  /, = (p1 ,• • p.,

Since (7 ,*0 i n  (R/11_,)(DQ=H*(BU: (7., (mod I,_,)
is  o f  infinite order. S ince R / 11_1 is  f in ite ly  g en e ra ted  f o r  each
d eg ree , th e re  ex is ts  th e  m a x im u m  o f  th e  in tegers n  such  that
n•x -=er, (mod 1",_,) f o r  some x .  S o , th e  ex is ten ce  o f  th e  re la tio n
p, w ith  t h e  required  property is proved inductiely . W e  have
obtained a  natural homomorphism 72: R / (G /U ), a n d  by
tensoring Z„ (R /I5)0Z , — >H *(G /U ; Z ,) . Then it is sufficient
to prove that 72, is  b ijec tive  fo r each  prim e p.

B y Lem m a 2 . 2  w e app ly T heorem  1 . 1  to  (2 . 2 ), a n d  obtain

H* (G/U: Z p) — R pA r1•• • • , re, r;,• • ., r) for R ,  Zp[t1•• • •, t 5 , ri,• r$],

where r',  is  a  r e la t io n  satisfying mod ( t „ . . . . ,  te). O n  th e
other h a n d , in  ( R / / , ) Q Z „ Ti a n d  6, a r e  cance lled  to  each  o ther
if and p  is  rep laced  b y  3,-=r1o) if p . =p. T hus 72, is equivalent
to  th e  natural map

(po• • •, p5, 6,,• • •, (7- ',•  •  • , r , a i ,•  •  •,

where 17-1 = tr• I u B y  (2 . 9 ) , w e  m ay  assume
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that deg p, = deg Put

(p ,, • •• p i ,  a i r  • 3 0  and = 71, ai,• •

The property o f p, shows that ps}  are linearly independ-
ent mod ./„ and the s a m e  is  tru e  for r }  mod J ' .  B y
induction on the degree o f p, w e assume th a t  .1, = f , '  fo r  deg p,<
deg p ,, ,=.. .= deg p,< deg p,,,. T hen the equality J ,= J: is proved
at first fo r degree < deg p„ and then  fo r all degree. So, we obtain
Je=J',,',  that is, rip is bijective and so is 72. q .  e .  d.

Corollary 2. 2. Theorem 2. 1 gives a minimum system of generators
and relations for H* (G/U) i f  there is no pair (i, j) w ith deg t; =deg pi,
deg t; = deg p: or w ith  deg p:= deg p: and 1,, p1•

§ 3 . H * (G /T ) for sim ple L ie group G.

Let G  b e  a com pact connected  semi-simple Lie group  and

let T  be its  maximal torus, then the universal covering à- o f  G  is

compact and

(3.1)

for the inverse image 1' o f T  w hich  is a maximal torus o f  d .  By

Corollary 2. 2,
(3. 2) if  a sim ply  connected compact G satisf ies (2. 6) and  if there is
no pair (y, (mod p ) ,  yh (mod p ' ) )  w ith  deg y, = deg yh and p # p ' ,  then

Theorem 2. 1 gives a minimum system o f  generators and relations for
H* (G/T).

For classical cases w e have

Proposition 3 . 1 .  For G=S U(€ +1), S p  ( t )  and SO (n), Spin (n),

-= 2 '[ n - ]  (2. 6) is satisf ied for arbitrary  U, and w e hav e the following

description of H* (G/U) by minimum systems of generators and relations

H* (SU( t +1) /T )=4 t„..., t,]/ (p2 , P33 • p m ) ,
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H * (Sp ()/T ) =  Zrt t  /  ( P 2 )  PO. •  • ,  P2e),

and H* (SO (n) /T) = H* (Spin (n) /D)

= Z[ti,. . te, r „ .  •  • ,  r ] /  (f32, P 3 3 .  •  •  Ps, 112m + 2 3  P2 rn + 4 5 . •  •3  P2 r)

3
where deg t, = 2 ,  deg ph = deg p", =2k, deg 7, = 4j +2, m —  [ 4

n— and
—1

s —[ 
n 2  ] •  (Explicit form s of the relations m ay  be obtained f rom  the

results in  §2 o f  [12].)
Proof . Except the case G = SO(n), Spin(n) and p =2 ,  H* (G;Zp)

= A (x i,..., x e ) and (2 .6 ) is  satisfied . L et z 1 E H '(S 0 (n ); Z 2 ) be
the suspension im age of the (i + 1)-th  S tie fe l-W hitney  class w,+,
E H ' (B SO  (n ) ; Z2 ). Then z, is un iversa lly  tran sgressive  and
w e have z!=z2, ( =0 if  2i _. n )  an d  gz25-1) =Sql (z2,-2) =z25 b y  Wu
form ula. T hus (2. 5) an d  (2 . 6) are  satisfied for x1=Z2i-1, y 5  = z 4 1 .2

and for powers h . 2  su ch  th a t n<h,(4j —2)<2n
H* (SO (n) ; Z2) = (x1,. . x  e ) O M ,  M = 6 4 1  •  .3  3 ,)

for _
[  

n +  1 ] . T h e  covering homomorphism p *  : H* (S0(n) ; Z2)4
---> H *  (Spin (n) ; Z2) h a s  th e  k e rn e l (x i, yi) = (xi) a n d  H* (Spin

(n ) ; Z2 ) =  (t) Im p* , d eg  t =2.1/1— 1. T hus (2 .6 ) is  satisfied  by
omitting y, and by replacing x , b y  t. Then the above descriptions
are obtained directly from Theorem 2. 1, (2. 9) an d  (3. 2).

q. e. d.
The simply connected exceptional Lie groups have p-torsions

only in the cases listed below [2 ] ,  [3 ] ,  [4 ], [5 ], [8 ] , (d e g x , = i)

(3.3) H *  (G 2  ; Z 2 ) 4 (x ,, x 5 )C )Z d x 6 ]/  (4 ),

H* (Fi; Z2) —4 (x3, X 5 )  X 1 5 )  X 2 3 )  O Z 2  [X 6 ]  /  (4),
( E 6  ;  Z2) — (T 3 , X 5 )  X 9 )  X 1 5 )  17 1 . 2 3 )  0  Z 2 [ X 6 ]  ( 4 )

H* (E, ; Z2) —4 ( T33 z 1 5 ,  z 1 7 ,  z 2 3 3  z 2 7 )

Z2 [z,, X 10) X 113] /  (4) .4 0 )  XL) )

and 1 1 *  ( E 8  ;  Z 2 )  =  ( X 3 )  z 5 3  X 9 ) X 1 5 ) X 1 7 ) X 2 3 ) X 2 7 ) X 2 9 )

C)Z4x6, xi,, xi,, x35]/ xfo, xfs,
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where x64.2=Sq2x1 for i= 3 , 27 ; x 1.,4=S ex 1 for 1=5, 25; x 1+3 =S q2 x ; for
1=9,15 and x 2 1 =x = Px 2 ;_ , for i = 3, 5, 9, 15.

(3.4)H *  (F4; Z 3) = A (x 3, x 7 , x 11, x 19)0Z 3rx 8]/ (4),

H* (E 4; Z 3) =A (x 3, x 7 , x 9 , x n , x 15, x 17)0Z 3rx 8] /  (x :) ,

H* (E7; Z 3) = A (x 3, x 7, X I I ,  X 1 5 ,  X is ,  z 2 1 ,  z35) OZ3 [X s] / (4 ),

and H* (E3; Z 3) =A (z3, X 1 5 , X 1 2 , X 2 7 , X 3 5 , X 3 9 , X 4 7 )

Z3 [z8, x20]/ (4, xL),

w here  x 7 = g lx 3 , x 3 = Px , and .x.20=19x19=P,93xii.

(3. 5) H *  (E 9 ; Zs) -A (x 3 , x ii, x i9 , x 23 , X 2 7 , X 5 5 , X 3 9 , X 4 7 )

0  Zs [X 1 2 ] /  (XL)

w here  x ii= g i'x 3  and z 1 2

Proposition 3. 2. Let p  be  a prim e and G a simply connected
exceptional Lie group. Let U  be a  connected subgroup of maximal rank
in G  w hich is torsion free if G =E 3  and p = 2 .  T hen (2. 6 )  is satisfied.
H* ( G / T )  h as  the following minimum systems of generators and relations:

H* (G 2 /T )  =Z [t i, t2 , 13]/  ( P 2 3  P 3 ,  PO

- 2 ,  - - 0 , , 2, v 3 , 12l47 6, 83 /II*  (F4 /T )-= Z [t 3, 4 ,t t t r  r 4l  / ( o o  n  o  o

I-I* ( E 3 /T ) =Z [t1 , . . . ,  t9 ,  r3 ,  r d /  ( P 2 ,  Pa, P4, pa, pa, P8, pa, p12),

H* (E 7 /T )=Z [t3 ,•  • ra, 14 , I s ,  r d /

(pa, pa, p4 , pa, pa, Ps, P2, P i o ,  P 1 2 )  M O  Ma)

H *  ( E 3 / T )  Z [t „. . . ,  t o  l a , ra, 1 6 , 1 9 ,  r i s ,  rid/

(pa, pa, p4 , Ps, P 6 ,  pa, pa, p is, p ia, M 4 ,  P 1 5 ,  P 1 8 , P 2 0 , p 2 4 , P 3 0 )

deg ti -= 2, deg r, =2j, deg pk =2k ,

p ,=2 .7 ., +5, (i=3, 5, 9, 15 ; 3S q 2  p 2 , 3 3  E .-- Sq4 33, 32 Sq265,
a,5 - Sq",(38(mod 2)), Pi =3•1+&  ( i = 4 ,  10; 54-=' 0 ,0 2 ,

(m o d  3 )) a n d  p 6 =5 .1 6 +0 6 g ' pa (mod 5)).

and

where
and
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(For G=G2, F4, E, explicit forms of the relations may be obtained from
the results o f  [14 )

P r o o f  Except x ,0 (p = 2 ), each generators x21 o f  even degree
satisfy x2, =i3 x 2 , a n d  x21_,=a•x, f o r  a  cohomology operation a.

Since x2 is universally transgressive, so is x2,_, if  i # 1 5 . Thus (2.6)
holds fo r  (G , p) # (E8, 2). N ow l e t  (G , p )= (E 8 , 2) a n d  U  be
torsion free. Then Lem m a 2. 2 and  thus Theorem  2. 1 are  valid
fo r degree < 2 9 . It follows from Theorem 1. 1, (i) that there exists
a  transgressive element x ,x i5  mod decomposables. Putting x2=x15

+a • x2x +b • x35 + c • x: (a , b, cE Z 2 )  w e h ave  (4 ) 4 =x151-a .4 x :  -kb 0210
d-c•xr =O. T h u s  w e  m a y  replace x i, by 4  (so x22 b y  &Al, and
so o n ) in  th e  last form ula of (3. 3). T h en  (2 .6 ) is  sa tis f ied  for
torsion  free U. By Theorem 2. 1 an d  (3. 2), w e h av e  th e  above
descriptions of H* (G/T). q. e. d.

Corollay 3. 3. For a suitable choice of the generators in  (3. 3),

(3. 4), (3. 5), the generators are transgressive and s a titfy  (i) o f Theorem

1. 1 with respect to the fibering (2. 2) for torsion free connected subgroup

U  of maximal rank.
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