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Introduction

In  this paper we consider the equation

( i ) — D ia jk(x)Dku— q(x)tt + p(x)u = 0
, k = 1

i n  a n  ex terior dom ain  f 2 = R n , w here  Di = ai + ib i (x )  w ith  ej=0/0xj

a n d  i =  — 1, a n d  th e  m atrix  (a ik (x )) is uniform ly positive definite in
x e f2 ( th e  precise c o n d it io n  o n  th e  coeffic ien ts w ill be  g iven  later).
W e assum e that a ik.(x)-+ ik (K ronecker's d e lta )  a s  I xl —> oo, th a t  Okbi(x)
— Oibk(x) a n d  p (x ) behave like o (  )  a s  ixi o o  a n d  that there exist
som e constants 0 <yo < I, 20 > 0  a n d  ro >  0  su ch  th a t th e  dom ain B(ro)
={x; is  in c lu d e d  in  f2  and

(2) 2yo( E avik(x).5Zik-k)q(x)+1.xl E .5.cfaik(x)30(x)_20 f o r  x e
k j ,k

where g = x 1 Ix l. T h e  m a in  purpose o f  th e  present paper is to  derive
a  grow th estim ate at infinity  of solutions u (x ) o f  equation (1 ) , from
which will follow the  uniqueness of L2-solutions of (1).

Equations o f  t h e  fo rm  ( 1 )  appear frequently in  applications. In
p a r t ic u la r , if  w e  assum e t h a t  aik(x)= 6.1, a n d  q(x) = A —  c(x), where

>  0 , then (1 )  becomes

(3) — D 2 LI ( C ( X )  p(x))u — Au = 0,
j= 1
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which is the eigenvalue problem of the Schrodinger operator (in this

case n = 3s, s being the number of particles), where c(x) +p(x) represents

the potentials of interaction between the particles. By the diminishing

condition at infinity (b/x» and p(x) represent especially the magnetic

vector potentials and the short-range scalar potentials in the two

body problem, respectively. q(X)=A-C(X) satisfies inequality (2) with

O<yo<l, 0<Ao~2YoA and ro»O if c(x) satisfies one of the following

three conditions:

(c.I) c(x)=O;

(c.2) c(x) and IxILXjajC{X) tend to zero as Ixl-+oo;
j

(c.3) -2yoc(x);;:: IxILXjajC{X) for x E B(ro).
j

By (c.2) is given a class of long-range potentials In the two-body pro

blem. (c.3) holds if c(x) is a homogeneous function of degree - 2yo'

Thus some potentials appearing in the manybody problem satisfy

(c.3). Thus, from the physical point of view, our problem of the

present paper may be said to show the non-existence of the positive

eigenvalues of the Schrodinger operator.

In the case where c(x) satisfies (c. I) or (c.2), growth properties

of solutions, hence the uniqueness of L2-solutions, of equation (3), or

some of its variants, have been investigated by many authors ([1]

'" [4], [6], [8], [10], [11]). There are also several works ([1], [2],

[12] '" [14]) investigating the Schrodinger equation

(4) -LlU+C(X)U-AU=O (A>O) in Q

with c(x) satisfying (c.3). Among them, Uchiyama [14] gave an

explicit formulation of the asymptotic estimates at infinity of solutions

of (4) assuming that Yo in (c.3) satisfies the condition +<Yo~ 1. He

also proved, as a special problem, that if Q=R" and (c.3) is satisfied

for all x E R", then the condition on Yo can be weakened to the

condition O<Yo~1.

We shall deal with the "exterior" problem. with Yo satisfying the
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condition 0 < Yo < 1. Our results will not exclude the case of Q =Rn.

Since equation (1) is rather general, it seems difficult to develop a

theory including the case of Yo = 1. However, as we shall show later,

for the simpler equation (4) we can obtain a result including the case

of yo=1 (Theorem 1.3).

Our method is very close to those developed by Roze [10] and

Eidus [3] for equations with short-range potentials. We use. two

equalities which follow from ~quation (1). Roughly speaking, the

first equality is a consequence of the integration by parts of (1) mul

tiplied by Ixl"il and the second equality is similarly given from (1)

multiplied by Ixlll L xjajk(x)Dku. Combining these equalities, we
j,k

obtain some convenient apriori estimates.· In our proof a difficulty

occurs in the existence of singularities of q(x) which may spread out

to infinity. In order to remove the influence of the singularities, we

use not only condition (2) but also the first equality which includes

the term

One can find similar treatments also in Weidmann [12, 13], Agmon

[1, 2] and Uchiyama [14].

§ 1. Notation and Results

First we shall list the notation which will be used freely in the

sequel:
n

<f·g> = Lfjgj for f=(fl,· .. ,fn) and g=(gl'"'' gn);
j-l .

Ifl= <f-1> 1/2 for fEe n;

[f]j denotes the j-th component of f E en;

x=(x 1, ... , x n) is a position vector in Rn;

r=lxl and x=x/lxl;

S(t)={x; Ixl =t} for t>O;

B(s, t)={x; s<lxl<t} for O<s<t;

B(t)={x; Ixl>t} for t>O;

OJ=OJox j , gradf=(od, ... , 0,.1) for scalar functions f and divg
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=01g1 + •• • + 6„g„ for vector functions g;

Di = + ib i ( x )  and  D = ( D , ,  D „) ,  where i=f -1 ;I ;

A = (aik(x)) and  A, = (0,aik(x)) (j, k=1,..., n);
13:i =(b'jk(x)) (k  = I n ), where b'ik = aibk(x)— akbi(x);

(1)=<.ic•A .R >;
E(r) r o  e j(r) (j= I, 2,...) denotes a  positive  function which tends

zero as r--■ co ;
L2(G) denotes t h e  class
domain G of R";
H i(G ) (j =1, 2 )  denotes th e  class o f  L2-functions in
a ll distribution derivatives up to j  belongs to L2(G);

L ?„, a n d  H 10, denote th e  c la ss  o f  locally L 2 - and

in  Q, respectively;
C i  denotes t h e  c la ss  o f  j-tim es continuously differentiable func-

tions;
(11>0) denotes th e  class of functions f ( x )  satisfying t h e  `Stum-

mel condition":

f  sup If(Y)121x—y1-"+4-P dy<oz, if n > 4
: t e a  1Ix-y1 < 1

SUp If COI 2dy< co if n <3,
xEn Ix-y1 < 1

where Ix — yl < I m eans the domain Q n {y; lx— yl < 1}.
N ext w e  sha ll s ta te  the conditions required on the coefficients of

the differential equation (1).
( A l )  T h e  a jk (x )  a r e  real-valued C2-functions in Q ;  the b ( x )  are

real-valued C  -functions in 0 ; q ( x )  is a  real-valued function

belonging to  12,, fo r  som e p > 0; p (x )  i s  a  complex-valued func-

tion belonging to Qp.

(A2) a ik (x )= ak i(x ); there exists a constant C > 1  such that

E a jk (x ) ik  C II2 f o r  x  S2, e  R n .
k

(A3) ( i ) a ( x ) -+ô ik  a s  lx1-00 ;
(ii) 0 ,ajk (x ), b 'ik (x ) a n d  p (x )  behave like o(lx1-1) a s  lx1—*Go ;

to

o f  s q u a r e  in teg rab le  func tions in  the

G  such that

Hi-functions
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(iii) ernalaik(x) behaves like o(lx1- ' ) a s  Ix' —oo.
(A4) There exist some constants O< < I, ).0> 0  a n d  ro > 0  such that

B(ro)c S2 and for x e B(ro)

2y0q(x)+Ix1.1)-' <5c" • A grad q(x)>

(A5) The unique continuation property holds.

Remark 1.1. If p (x )  a n d  q (x ) satisfy a  Holder condition except
at their singularities a n d  if  each connected component o f  th e  domain
where p(x ) a n d  q(x ) a re  regular extends to infinity, then (A5) is satisfi-
ed e.g., by a  theorem o f Landis [7 ] or Protter [9].

Remark 1.2. If q(x)—■.1> 0  a n d  <5Z A grad q (x )> =o (x 1 - ')  as

Ix! 00, then (A4) follows. I n  this case , the  following all results can
be obtained without (A3, iii).

Now our m ain  purpose is to sh o w  th e  following theorem under
the above conditions on the coefficients:

Theorem 1.1. I f  u  is a  not id e n tic ally  v an ish in g  so lu tio n
of  (1) in C2, then w e have f o r any  y>yo

(L I ) lim inf tY {1q(x)111112+1<g-•ADu>12}11S= CO.
1—.co S ( t)

A s  a  consequence of Theorem 1 .1 , we can prove t h e  following
theorem which is sometimes m ore convenient fo r  applications:

Theorem 1.2. L e t  u  b e  a  so lu tion  o f  (I)  w h ich  also  satis f ie s
the inequality

(1.2) (1 +1x1)Y-'1u(x)12dx< co f o r som e y >y o.

T hen u m ust identically  v anish in  Q.
According to this theorem th e  uniqueness of L2-solutions of (1)

follows. Namely, choosing y= I in (1.2), we have the

Corollary 1.1. L e t  u  b e  a  solution o f  (I) w hich  also  belongs to
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L2(52). Then u = 0  in  Q.

Remark 1.3. In  th is  paper, b y  a solution u  o f  equation (1 )  is
m ean t an hence LL.-function w hich satisfies ( I ) in  th e  dis-
tribution sense in Q.

Next we consider the following special equation

(1.3) -  du - q(x)u =0 in Q,

w here  .4 is the Laplacian and q (x )e Q g  and satisfies the following
condition:
(A 4 )' T h e re  e x is t  constants 0<y, < 1, ;.0> 0 and r 0 > 0  su ch  th a t

B(r0)= Q  and for x E B(ro)

2y09(x)+1x1<5c- • grad q(x )>

In  th is  case w e can  change the result o f Theorem 1.1 as follows :

Theorem 1.3. I f  u  is a  n o t id e n tic ally  v an ish in g  solution of
(1.3) in  Q, then we have

(1.4) lim inf tvo {(1 +1c1(0)1u12 +1<.R • grad u >121c/S> O.
t-co s(t)

Remark 1.4. M aking u se o f th is  th eo rem , w e  can  a lso  o b ta in
a  result corresponding to Theorem 1.2: L e t  u  b e  a  solution of  (1.3)
w hich also satisf ies the  inequality

(1.5) (1 + lx1)Y°-11u(x)12dx<

Then u = 0  in  Q (cf. Uchiyama [14], Theorem 2.1).
W e shall prove Theorem 1.1 in §3 , T heo rem  1.2 in § 4  and Theo-

rem  1.3 in § 5 . § 2  w ill b e  d e v o te d  to  o b ta in  apriori estimates related
to equation (1).

§ 2 .  Preliminaries

Let u  be a solution of (1):
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(2.1) — < D • ADu> —qu + pu =O.

L e t  p(r) b e  a  real-valued, non-decreasing C3-function of r >  r o ,  and

put

(2.2) u(x)= eor1u(x) (r=lxi) .

Then it readily follows from  (2.1) that u satisfies in  B(ro) th e  equation

(2.3) — < D • ADu> +2p' <5,', • ADv> — v=O;

(2.4) q+ (P(p' 2 — p"

(2.5) p=p-1-(cliv (Ag)—n—
r  

I (I))p' ,

where p' =dpldr and p" =  d2p/di.2.

W e shall first prove two equalities which a re  satisfied for solutions
v  of equation (2.3).

Proposition 2.1. L e t  tli(x) b e  a real-valued C1-function o f

x e B(r0). Then we have for t > S> ro

(2.6) tli( < ADv • D u >  — illv12)dx
B(s,f)

=[ ltfr Re [<.■,' • ADu> f)]dS
S ) S(s)

R e [< (grad  +  2p' )• ADv>i5-031v12]dx,
B (s ,t)

where Re [ f ]  m e a ns  th e  re a l pa rt o f f.

Proof. (2 .6 )  c a n  b e  o b ta in e d  b y  t h e  in te g ra t io n  b y  p a r ts  o f
(2.3) multiplied by tfre. q. e. d.

Proposition 2.2. L e t  y  b e  a  re a l n u m b e r .  T h e n  w e  h a v e  fo r

>S> 1'()
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— 5  it-Tic/J-1 I <  A D v > 2 I ( <  ADv. Du > — 4Iv12)ks
_ s(i) S(s)

rY -1 {(1 — yo)< ADv • Dv> —(1 —y)(1)-11 <5Z • ADv>12}dx
B(sr)

rY -'(2y04+r(P-1 <.R. A grad  > ) I v I 2 dx1 
B(s,t)

1 
2 T (<A D v •bT )> — 410 2)dx

B(s,t)

+1 
B(s,t)

2p' rY01)-11<:i • ADv>12dx

+
B ( s , t )

rY .1)-1(Ki+K2+K3+K4)(1x,

where

(2.8) rv-Ify — 2y0+ 49-1 div (2,150+ r<.5Z • A grad (P- ' >1 ,

(2.9)K 1  R e  E [ADv]i( < 5Z • AJ)v> — i • AB,I)>)

— -
I  

 ReE[A 5Z]1<A ,Dv.Dv>,2

(2.10) K2= r- TADvI2 —(P<ADv• N > ),

(2.11) K 3  Re [0<grac10- ' • A Dv> <.R  • A N>],

(2.12) K 4= Re [fiv<i" • A/5-6>]

Proof. We multiply t h e  both sides o f  (2.3) b y  <,ic• ADv>
and take the  real p a r ts .  Then we have

(2.13) — R eR <D• A Dv> +40<i"A lY vv>]+2p'1<g• A Dv>I2 + K 4=0.

The first term of the  left side becomes

— Re [( < D • ADv> + iiv)<.i • Al5-1-)>]

I -=— Rediv  [A Dv‹.:'•A Dv> ----.)— A x(<A Dv.Dv> — 411,12)]

(2.7)



Second order elliptic differential equations 359

+(1 —y0)r-1 ADv • Dv> —r <5  • ADv> 12 ± K2

+  
I  

 (2Y0r- I + < J-c•. A grad ii >)1v I 22

—  1   {div (A.) — 2y or- ' (PI( < ADv. Dv > —  410 + K

Thus, multiplying (2.13) by rY0- ' a n d  integrating o n  B(s, t), we have
(2.7). q. e. d.

Next we shall estimate th e  right side o f  (2.7). By (A3, j ,  ii) it

follows that there exists a  function BO  verifying

(2.14) laio I + + I div (A i)c / 9 I <e(r)r-'.

Further it follows from (A3, i) that

(2.15) MADvI2 — (P<ADti • b7)> I <4001)< ADv• Dv>.

In  view  o f  these inequalities, using again (A3, i ,  i i )  a n d  noting
the  inequality

(2.16) '1<3; ADt»12 < < A M  • Dv>,

we obtain the following

Lemma 2.1. There  ex ists a  function  Ei(r) such that

(2.17) K 11-FIK21+1K31 E1(01— '4)(<ADv • Dv> +1v12).

Since the  inequality

(2.18) 1/31 E(r)r- (I + p')

follows from (2.5), (A3, ii) and (2.14), we have similarly the

Lemma 2.2. There exists a  function e2(r) such that

(2.19) 1K41 2(r)r-1(1<.>,' • A Dv>12 (1)1v1 2)

+ E2(1.)p'(1<:i • Any> 12 + /*-2(1)1/.,12).
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Lemma 2.3. T h e r e  e x is t  a  c o n s t a n t  C > 0  a n d  a  function

v3(r) such that

(2.20) <C1rY-1,

(2.21) 'g ra d  P I a 3(r)r7- .

P ro o f. (2.20) follows (2.8) a n d  (2.14). (2.21) follows i f  w e  note
(A3, iii) also. q. e. d.

Applying th e  inequalities o f  th is lem m a to  equality  (2.6) o f  pro-

position 2.1 with 1/i = V', we obtain the following

Lemma 2.4. There exist functions  c4(r) a n d  c5(r) such that

(2.22) < ADu • D v>  — ii1v12)dx
Boo)

4 1 - 1  1 T  Re [<5Z • ADv> i5PS
S )s c s )

64(r)r7- ( < ADv • D v>  + ivi2)dx
B(so)

+ p' rY{(1)— ' I<.5Z • ADv> I 2 + (Cf +E5(r))r-2102}dx.
B ( s , t )  

Lemma 2.5. L e t  a  a n d  13 b e  n o n -n e g a t iv e  constants. Then

there exists a fu n c tio n  ca r) su ch  th a t

so) scs)_
(2.23) —S W Y - — f3rY-2)(1)102dS

— {a +(a +/3)s6(r)IrY- i(11- 11<k- ADv> 12 +1v12)dx.
e(s,t)

P r o o f . We have for any u e 1-170c

div [(ocrY- — firY-2)A-giv12]= Re [2(ary- /3,4-2) <5-c • A Dv >

111(Y I) — —2) +(a — ) 61)- div (2130}rY-1 p  a 12 .
r r

2
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T h u s  t h e  integration o n  B ( s ,  t )  a n d  th e  S c h w a rz  inequality yield

(2.23). q. e. d.

N ow , summarizing th e  above results, w e can prove th e  following

proposition:

Proposition 2 .3 .  L e t  y  b e  a c o n s tan t s u c h  th at  y o < y < 1 .  Then
we have f o r t > s>  ro

(2.24) - rY{(1)-11 <5,'•ADv> I 2  —  - ( <  A D v • D v >  -  v 2)}ds
so) s(s)

+ 1T Re [.<5,' • ADv> + ( r '  - flrY -2 ).19  v I2}ds
S(t) s(5)

11) - -6 7 (0 1 "/ Y-1 < ADv • Dv > dx
B ( s , t )  

+
j( 3 , rY 0- 1

B(5, ) 1\ E 2 ( r ) i P  -
<  •  A D v >  2 dX

 2 r}

+_L5r y -  ( 2 y 0 4  + r c i ) - 1  < 5-c. A grad 4 > ) v  d x
B(s,t)

r 1 ( r)  + )+ (1  C 2  +  F  ( r ) ) p ' r - v 12dx,1 8/ 2B(s,0

1 1 1where E7 = El +  2  ±  -2 -6 4  +  - -y (2  ME6 and 68= 8 2 + 5

P ro o f. It fo llow s from  th e  c o n d it io n  o n  y  a n d  (2.16) t h a t  the
firs t te rm  o f  t h e  r ig h t o f  equality (2 .7) is estim ated from  below  by
the integral

(y - yo)rT-1 < ADv.Dv> dx
B(sa

T h e n , applying Lemmas 2.1, 2, 4 a n d  5  t o  (2.7), w e  h a v e  (2.24).

q. e. d.

N ext, w e shall derive another inequality w hich follow s from  the
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ellipticity o f th e  differential operator < D • A D >  a n d  the condition
that p , e t2.0 (p> 0).

Proposition 2.4. Suppose t h a t  p' a n d  p "  in equation  (2.3)
are bounded in  r > r o .  Let v be a solution of (2.3) which also belongs
to  L2(B(r0)). Then we have

(2.25) { <ADv• DU> -1-(14I+1151)102)dx C 21 
B I r o )

102 d X
B(r0+ 1)

f or som e C2>0.

P ro o f. T h e  assertion for e q u a tio n  (2 .3 )  w ith  p' =  0  h a s  b e e n
essentially proved in Ikebe-K ato  [5]. The existence of the term  2p'<.5"c•
A D v>  causes no serious difficulty since we have for any  E >O

2p'l <,-,7 • ADv> eldx

ADv -Dr>dx+C(c)5
13(ro+ 1) B(ro+ 1)

where C(e) i s  a  positive constant depending on c (cf., [5 ] ;  Lemmas 2
and 5). q. e. d.

§ 3 .  Proof o f  Theorem 1.1

In  th is  section the proof o f Theorem 1.1 will be given by means
of a series of lemmas (cf., Roze [10] or tidus [3]; § 2).

Lem m a 3.1. L e t  u  b e  a  so lu tion  o f  (1 )  satis f y in g  also  the

condition

(3.1)u r n  in fr (1q1b412 +1<.,7 • ADu>12)dS.--0
V - .0 9 S ( t )

for som e y > y o . Then we have fo r  any  m > 0

(3.2) r"'(11412 IDid2)dx <  0 0 .
!P ro )

B(ro+ 1)
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P ro o f. W ithout loss o f  generality  w e can assume th a t  yo <7 < I.
W e  put p(r)=0, ot=0 and 11= 1  in  inequality (2.24). T hen v =u and

= q .  Since

rY-1(2y0q + r(I)- < .3Z. • A grad q > )1u12dx
B(s,t)

Â(:1
ry— 1 lup dx

B(s,t)

by (A4), it follows from (2.16), (2.20) and (2.24) that

I(3.3) 1
ry(4)-' I <.5e • ADtt> 2 4_ igilui 2

2  s to

+C 11.-'1<.R• ADu>61-1-21u12)dS

1
+  — 1  rY (<  A D u .D u>  — 0412

2  s(s)

+Cir- • A D t t>  +r-21u12)dS

rY-1(y—yo —e7(r))< ADu • Du> (IX
B(s,t )

+1 5r Y -  I  (.10 — 2E7 ( r ) )  u  2dx.
2  SB(s ,t)

By the Schwarz inequality

(3.4) C 1r- < g • AD u> 2
I

4  
u  <.R • ADu> 12 .

We choose r, > ro  large so  tha t for r> r1

y o  E-t(r)-(Y — Y o )/2 , Ao — 2 6 7 0  Ao/2-

Then, letting c o  in (3.3), w e see by (3.1) and (3.4) th a t for s> ri

(3.5) r(<  AD >• Du> —q1u12)dS
s(s)

+ 5  ( C ' I < 5Z • ADu>ai+1.7- up)ds
s(s)

14-1 1(Y —Y0)<ADu•Du> + -
()

-A l ui21.dv
flw 
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Integrating this in e q u a lity  w ith  respect t o  s  f r o m  t  t o  t , ,  w here  r,
<i<t1, a n d  us ing  equa lity  (2 .6) with = 1 ' 7 ,  we obtain

—  Ids. r ' —Yo) < ADu• Du> +— A u 12}dx
B(s) o

4 5 + 5  l e i  <5Z•A Du>aldS
S1) s(t)

-F
1 )

/4-1 {(C, +y), <5"c ADu> + riplAt4121dx.
B ( 1 , t  

Inequality (3.5) implies that

li m inf t 5 I <.R. • ADu> RldS =0.
(1-.. s(t ')

Hence

(r-t)14-1i(y -Y o)<A D u•D u> -Iul2tdx
B (t ) 2

• ADtt> 12 + 11412)&5
S (t)

+(C + y + 40)5 r1-1(1<.i.: • ADu >12 +11112)dx <oo.
B(1)

Repeating the in teg ra tion  w ith  respect t o  t, w e  se e  th a t the assertion

of the lem m a is  va lid  for arb itrary m > O. q. e. d.

Lemma 3 .2 .  L e t  u  b e  a  s o lu t io n  o f  ( 1 )  satisfying also con-

dition (3.1) f o r some y > y o . Then we have f o r any k >0

(3.6) —1uPdx <
B ( ro )

where y  is a constant such that 0<v<

P ro o f. L e t  p(r)= m log r (m > n), 0 < a < min {A0/3, 1} a n d  #  =  0  in

in e q u a lity  (2.24). T h e n  v =rm u, p'- in a n d  4 —(1+0 rn(In - .
2
11+ 2 ) 

 •r 1
It fo llow s that there exists a function 9( r) verify ing



Second

2y0c7+r0-' <.ic- • A

If we choose r2_ ro  sufficiently

Further, since rY/2t, e

order elliptic differential equations

ij > — 2( l —yo +c9(r)) m(m—n+ 2)grad
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that

large, then for r> r,

Y—Yo—c7(r).0,

(32 — 82(r)
>0,

r
2

from (2.25)

1
..,r

Ao— 2840— ot __ 10/2OE,

I —Y0 + g9(r)_ 2(l —y0),

I
+g8(r)._Ci.

L2(B(r0)) by (3.2), it follows

(3.7) liminftY
s(t) {(l +141)102 + I<R• A bv>12}c/S= O.

T h u s , in  view  o f th e  above inequalities, letting c o  in  (2 .24 ), we
have

(3.8) — rY (2 0 -  <R .A D v > 1 2
r
1 I <3e .ADv> el + —

r  
1v12)(IS

. scs)

+1 rY(< ADv • IX> — 4102)dS
S(s)

_  _  m(m— n+ 2) —2C; } Ix l2 dx
B (s ) r2

for s>  r2 . Multiply the both sides o f (3 .8) b y  s-2" ' and integrate with
respect to  s  from t  to  oo, where 1> r2 .  Then we obtain

(3.9) _ fr y - 2 m i (1, ' I ADv>  12 +(3— —( C1
r

2r)2)49102}dx
B (t)

t4-21n(< ADv • Dv> — 411)12)dx
B (t)

coo Am ( m — n + 2 ) m  Is-2mdsS 1 4 - 1  M 2  dx.—4(1 —Yo) s2 s2 B (s)
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By (2.6)

(3.10) 2"'( < ADv • i5 > — 4102)(1X
B(t)

r11- 2m Re [ <  c' A Dv> f j]dS
SU)

_ 1 ry-2(11- 1(y Re [ <5c' • A Dv > r Re [p]h)12)dx,
130 )

where

— 0-2 'n  Re [ <5e • ADv> i3RIS
SO)

=
1 d y-21,10 I v i 2 d s
T7ciï Ss,or

1+ (y —2m+ r 0 -  div (AgflrY-2"1-' (P ly 2 d S .
L  SU)

Hence, by (3.10),

rY -2(< A Dv  • Dv> —  4102)dx
Bo)

— —
1  

—
d

dt
rY-2m(Plul 2d.S'

so)2 

— —nl (2rn— y — n+ I — r,10(r))14- ,2 n-14,102 ds
SO)h 

,  2
+ 1 1 4 - '1 { 0 ' <  I g  AD v I > 2  + ( ( - L -  + — e  10 ) 0  v  I 2

B (t)
) r

Substituting this in (3 .9), we obtain

i P  I  I <5c- .A Dv> 1 2
( I " ) 5 8 ( t ) r

+ ( + (   C I \ 1
Y - ) 2  — C 1  1 ( 0 ) 0  I v I 2} dx

\  r r r r

_  1  [  d ry _2„,0102 ds r- 2m(13 I v 2dsl_
d t  so) t so)

d
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1— (nz— y — n + 1 — e 0(r))rY -2m-1 0 j yi 2 dS
S(r)

>  ) _4( _ y 0 ) ni(m — n+ 2) mC2  s-2mdS x
), 1 2 s2 - s2

x /4-'102 dx .
B(s)

W e  fix  a rb itra ry  k >  0  a n d  0 < v < 1, a n d  s e t  m = k(1— v)t1- v. T h e n
fo r  r > t > r 3 ,  where r3> r2 is sufficiently large, w e  have

r
CI' --( Crl )2 —(j;:)2 — . e l  J r )  0,

— y — n + --Eio(r)

-rk r() I n i(M  — n +2)
-5 r 2 r2

Hence, putting

(3.12) F(t)=5 r7-21nOlv12 dS =1 004112 dS,
so) so)

we have from (3.11)

d  
 F(t)+ k (1 —  v )t- v  F(t)<0 f o r  t > r 3.dt

Therefore, for any k > 0 and 0 < v <1

F(t)_<Ce-kil—  ,

w here  C> 0  is in d ep en d en t o f  t. T h is  implies (3 .6 )  a n d  t h e  proof
is completed. q.e. d.

Proof o f  Theorem 1.1. W e  s h a l l  p r o v e  t h e  fo llow ing assertion
w hich  is  equ iva len t to  T heorem  1 .1 ;  L e t  u  b e  a  s o lu t io n  o f  (1)
satisf y ing also condition (3.1) f o r some y > y o . Then u  m ust identically
v anish in  Q.

W e  re tu rn  o n c e  m o re  to  inequa lity  (2 .2 4 ). W e  p u t  p (r)=k r'-v
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and Œ = I1 =0 . T h e n  v= e k r i  1 1  a n d  p ' =k (1— v )Irr. Since

_ q +  0 {0 (1 - 0 2  k(1 — v)(n —1 — v)}
r 2  v r 1 + v

it follows from (A4) that

2 y 0 4  r0 -1 •<L A grad

,  k2(1 >/10+2(yo—v-8(01
r

2v

+  (1  +  v  —  2 y 0  — s ( r ) )
k(1 — v)(n — 1 — v)

r 1 + v

I f  w e choose r‘t r o  sufficiently large, th en  fo r r> r4

y —yo—c7(r): 0,

3
T — E 2 (r )o ,

Ao— 267(r)>  ))*° ,

iC i  + e
8 
( ) S Ci.

2 

By Lemma 3.2 r712v E L 2(B (r0)). T hus, by  m eans o f inequality (2.25),

we see

(3.13) lirn inf t7 {0 +14D --ivI2 + IDv12}dS O.
/—m S(t) 

Using the above inequalities and  letting t- oo in  (2.24), we then have
for s> r4

(3.14) —  827 
S(s) 

{2(1)-' I <5 Z .A D v >12  <A D v •D v >

+ 4 11,12 - 11P<i'• ADv>1711dS

1
g ( s ) L  

± 2 (Vo v —00) k2(12—,, v)2 +
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k(1 — v)(n-- 1 — v)2   k(1 v i  2dx.+(1 +v—  2y0— e(r))
r " - v ■-.1

N o w  w e  c h o o s e  v  l e s s  t h a n  yo: 0 < v <yo. T h e n , obviously, there
exists a n  r5 >  r4  such that for any k >  1 and s> r5

(3.15) {20-11<.R•ADv>12—<ADv•b—u>
s(s)

+ 4 IO2 —I T <X- • ADv> <O.

<5c." • ADv>I2 = e2 r1-11 <.k. • ADu >12

2k(1 v- Re [< X '•A D u > R ]-1 -
k 2  ( 1

2
v ) 2

02 1 1 4  2 }rv

< ADv • Dv> e= 2kr1-{ < ADu • Du>

0 1 -0 2  
rv -1- r2 ,

4211112},2 k ( 1  —  v )
R

e
[<A •A D u>  a]

W e can write the left side of (3.15) in  the  form

e2ks' -v{k2M I(S )d- k M 2 W +  MAW

where

M I (S )

( 1  —
2

v ) 2
I 2dS,

v 5(s)

a n d  M 2(s) a n d  M 3 (s) a r e  independent o f  k .  Suppose th a t  M1(s)>0

f o r  som e s > r 5 .  T h e n  k  c a n  b e  c h o se n  so  large  th a t  (3 .15 ) is no-
longer valid. H ence u = 0  i n  B(r 5). B y  the unique continuation pro-
perty (A 5 ) , it f o l lo w s  t h a t  u = 0  i n  Q .  T h is  concludes t h e  proof.

q. e. d.

Since

and
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§4. Proof of Theorem 1.2

Suppose that a  so lu tion  u  o f  (1 ) satisfies condition (1.2) o f  Theo-
rem 1.2. Then, by (2.25) of Proposition 2.4, it follows that

lim inftY {(1+101u12 +IDul2}dS=0.
t-co so)

T h is  contradicts (1.1) of Theorem 1.1 a n d  hence we see that u =0
in  Q . This concludes the  proof.

§5. Proof of Theorem 1.3

L e t u  be a  so lu tio n  o f  th e  simpler equation (1.3). We put Y = o
in P roposition  2.2. T h e n , noting that K ,= K2= K ,=  K 4 = 0  a n d  '11
-=(n — I —yo)rY0- , and applying Proposition 2.1 with t/J=(n — 1 —yo)rY0- I,
we have

( 5 . 1 )  [ s ( 1 ) 1 s (0 -1 r7 0 1 < .- i" .  grad y> 12 — (1 grad v12 — vj 2 )1c/S

n— I — yor(-E rY°-' R e [<R •grad  > ] dS2 L )ws(,)

> /40-(2y07 + r .< 5c' • g ra d >)1 v12 dx
8(s ,1)

+1 2p'rYol<5e • grad v>12dx
B(s,t)

Yo— I Y0 <-1 Re .R• rady>i5 tiv
113(s,t)( r — [ g

O u r  a im  is  to  sh o w  that a n y  solution u  o f  (1.3) w hich also
satisfies the condition

(5.2) lim inf tY0 {(1 + 191)1/412 +1<5cv • grad u>12}dS=0t-.00 so)

m ust identically  vanish in  Q.
First we p u t  p  = 0  in  (5.1). Then y= u, 7= q a n d  by (A4)' 2y0q
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+r <5e grad q >  .10. T h u s , b y  m e a n s  o f  (5 .2 ) , w e  c a n  let co  to
obtain

(5.3) rYo(grad u12 — qiu12)dS
S(s)

—(n— 1 — yo) / 4 0 -  ' Re [<.)C grad u > UPS
s(s)

> 2 o 5 1.7 0 - 1  lu l2  dx
B(s)

+ (n — 1 — Y0)(1) —1)5 r Y 0 - 2  Re [<:k. grad u > Fddx.
B(s)

Since

rY 0-2 Re [<.R' • grad u > fi]dx
B(s)

— r " - 2  I I I I 2 d S 3 + Y°r 7 0 -  3  I ul 2dx,
s(s) D(s)

it follows from (5.3) that

(5.4) 1 rY0(1grad u12 glu12)dS
S(s)

— (n— — y 0) 1 rY0-11Re [ <g.grad u > R] — Y°2; iju I 2 }dS
S(s)

rY o— 1 {,10

B(s)

(n —  —Y0)(Yo — I) (n — 3 + y o llu l2 d x .
2r2

T h is  inequality corresponds t o  (3.5). H e n c e  w e  se e  fo llo w in g  the
line of proof o f Lemma 3.1

(5.5) rmlUI2 d X <  00 for a n y  m >O.
B(ro)

N ext w e p u t p(r)=  tnlogr in  (5.1). T hen  by  (5 .5) a n d  (2.25)

(5.6) — rY0i21 <.k•grad v > 1 2 —n— 1
r —  

° I <5c'. grad v > }dS
s(s)
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+1 r70(Igrady I 2— iflyI 2)dS
S(s)

ry.-1/20_ 2(1 — yo)m(rn—n+2)) 12 dxBo) r 2

+ 2mrY0-11 <.5Z • grad y > I2dx
B(s)

+ (n-1 —  0)
yo —  I

r

+ 2 m  
 rY0-iRe[<Fgrad y>

B(s)

where th e  last term o f  th e  right can be estimated from below by

—
1 2 m +  yo  —  I

r70-1 I < •grad v > 2dx

( n _ ,y_ 0 ) 2  2n2 + yo — I ry „,
?r2 I v I 2 dx

B(s)
.

O n the  other hand, for v e 1-11(B(ro)) (cf., Lemma 2.5)

(5.7) _ tyo-iivizds
S(s)

— rYQ-111 < .grad v > I 2 +(I ±n—  2— Yo
B(s)

Combining (5.6) a n d  (5.7), a n d  choosing r6> J., sufficiently large,
we have for s> r6, m > n  and 0<ce <min {4/3, I}

(5.8) — /40(21 <5c- .g rad  >  I 2 — n-1
r—  

7° <  • g r a d  >
so)

+ --/ I v I 2 )d S + r70( I grad y I 2 I 2)dS
r s(s)

ry o_ IA 0  — 20 _yom  (m — n+ 2)
r 2

B(s)

l l  vi 2 dx,i
(n— Y°)2 2m +2rY2°

B(s)2

which corresponds to  (3.8). Hence we can follow t h e  line o f  proof
o f  Lemma 3.2 to conclude that fo r  any k > 0 a n d  v  such that 0<v <1
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(5.9) c o .
H t ro t

F in a l ly  w e  r e t u r n  o n c e  m o r e  t o  in e q u a l i t y  (5 .1 )  w i t h  p(r)=k ri-v .

C h o o sin g  v  le s s  th a n  yo a n d  fo llow ing  t h e  l in e  o f  p r o o f  o f  Theorem

1.1, w e  have u = 0  in  Q .  T his concludes th e  proof.
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