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§ O. Introduction.

L e t (R, K )  b e  a  commutative, Noetherian local ring w ith  the
non-zero multiplicative identity and all the modules considered be unitary
throughout.

The main purpose o f  th is paper is to study th e  generalized local
cohomology H 6 (* , * ) introduced by J. Herzog :

H 6(M , N )= - lim

for R-modules M  and N , [5 ] (1 . 1 . 1 ). T h is  is  in  fa c t  a  generalized
one of the usual local cohomology H 6 (* ):  fo r  any R-module N, 1-P„(R,
N )= H 6 (N ).

A s  is  w ell know n , the vanishing (o r  non-vanishing) of the local
cohomology module lifin (N ) o f a  fin itely generated (abbreviated to f.
-g . from  now on ) R -m odu le N  reflects some important character of
N , say dimension and depth o f N .  It is quite reasonable to ask when
the generalized local cohomology module H 6 (M , N )  of R-modules M
and N  vanishes (or never.)

Our first result, Theorem (2. 3), states that th e  lower bound o f i's
for which H 6 (M , N ) (for f. -g. non-zero modules M  an d  N  over
R )  coincides with th e  depth, N .  A s  t o  th e  upper bound, we must
require some restrictions on either M  o r  N :  fo r  all sufficiently large
i's H 6 (M , N ) =0  if an d  only i f  either Pc/R (M )< c o  or /c/R (N )< 0 0 , (2.
4 ). Where PdR (resp. /dR )  denotes the projectiv e  (resp. injective) dimension
over R .  We shall mainly treat the case when PdR (M )< 0 0  in this paper.
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In the next step, we want to express the functor (* ,  * )  by means
of the well-known functors. For that purpose, the construction of the
so called "D uality  theorem " w ill  b e  th e  ob jec tive  o f our w ork. One
already has th e  duality theorem  w ith  respect to t h e  (usual) local
cohomology : in case R is  a  C ohen-M acaulay  (abbrev iated to C.-M .) ring
w ith  d im (R )= r

(N) '1=::Hom  (Ext (N, Q ) , I R  (k ))

fo r a l l  i  and f o r an y  f.-g . R -m odu le N  w ith  Q  the module of dualizing
d if f e ren tials , i. e., Q= (H ;R (R ))'. W here / R  ( k )  denotes the injective
envelope of the residue field k a n d  (* ) ' is the f unctor taking the I R (k)
-dual H o m , ( * ,  ( k ) )  a n d  ( )  is  the functor taking the (maximal ideal
ad ic) com pletion o f modules over the local ring.

What we must attach importance is the fact that the  duality  abov e
ho lds f o r  a l l  i 's  o n ly  i f  R  is  C .-M .. W e then try to construct the
duality theorem with respect to the functor ( * ,  * )  a n d  introduce a
new  category w h ich  is  a  subcategory o f  t h e  ca tegory  o f f.-g . R -
module s in § 3.

The following is the key.

Theorem  (3. 5) . L e t d =  depth ( R )  a n d  M  b e  a f. -g . R -m odu le
th en  the conditions below  are equivalent.
(i) T here ex ists an integer e> 0  such that

(H  (M ,  N ) ) ' (ST, Q (M ))

fo r a l l  i  and for a n y  f -g .  R -m o d u le  N  w here  Q (M )  denotes (I-1& (M,
R)
(ii) N )= 0  fo r  a l l  i > d  and for an y  R-module N.

I f  M  satisf ies the equiv alent conditions abov e, e=d.

We shall denote by .g (R )  the category of f-g. R-m odules M  satisfy ing
the  cond itions in  the  th e o re m  a n d  m ake a n  investigation into the
category. To begin with, .g  (R ) i s  the subcategory  o f  t h e  category  .9
(R )  of  f-g. R -m odules of  f in ite  projectiv e  dimension, (2 . 4 ), a n d  what
is more important is the fact that fo r any  M (R)

1(k ) (R ) (R)

where DI' (R ) = (H1R ( R ) ) '  with d= depth ( R )  and Jr ( R )  denotes the
category  of  f-g. R -m odules o f  f in ite  injective dimension, (3 . 7 ) and  (3 .
11 )•

We shall show in  the la tter h a lf o f  § 3  that 3  ( R )  has a  quite
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simple characterization as below.

Theorem (3. 16). L e t  M  be a  f.-g . R -m od u le  a n d  depth (R ) = d,
then the f ollow ing  conditions are equivalent.
( i) M E  ,g (R ).
( ii) M E  (R )  and Supph (ia) Supph (D f, (R )).

Furthermore, with the a id  of the lem m a (3 . 13 ) (ii) below

Supph (D f, (R )) =  0.1 E Spec (A ) ;  depth (PO fd im (Ê/p) dJ,

w e get

Corollary (3. 21). R  is  C.-M . if and only  if  g  (R )=  ,9  (R ).

In  § 4, o n e  o f th e  m ain  b y-p ro d u cts  o f  o u r w o rk  w ill b e  g iv en .
The fo llow ing  theo rem , w h ich  is  ob ta ined  by com b in ing  our resu lts
and R . Y . Sharp 's in  [11], provides an im portant characterization of
the category ( R ).

Theorem (4. 6). Assume th at R  is a Noetherian local ring of depth
(R )=  d  w hich is a quotient ring of a local Gorenstein ring S of dimension
s. Let co=-Ext's - d (R , S ), then  the f o llow ing  tw o  (exact) functors set up
the equivalence of the categories g  (R )  and .54" (R )

0-) OR( * ) ( R ) - - -  ( R )

a n d  Hom, (0), *) ( R )— ( R)•

Moreover the functors respect the supports of the modules and take
C.-M . modules to C.-M . modules in each categories.

For those who are fam iliar to  th e notion  o f th e canon ical module,
it  is  easy  to  see  th a t the f .-g . R -m odu le w  b e h a v e s  l ik e  it. In  fa c t ,
in case R is C .-M ., w  co inc ides w ith  th e  canonical m od u le  o f R  and
Theorem (4. 6) reduces to  the results stated in  [1 2 ].  Som e resu lts in
[3 ] also follow from our duality theorem.

In  § 5, some important resu lts in  [5 ] are extended to the case when
the canonical module exists.

A s to  the definitions and properties o f  C .-M .  rings (o r  modules),
Gorenstein rings (o r modules), depth, grade and the canonical module of
C.-M . ring, refer to  [1 ], [4 ] and [12]. Spectral sequence arguements
used  in th is paper are q u ite  standard and can  b e  seen  in  [2].
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§ 1. Preliminaries.

(I. 1 )  N otations. T h e  following notations are used throughout this
paper without further statements.
.11 (R) = the category o f R-m odules (and R-homomorphisms.)
5 -,;" (R) =- the category o f f.-g. R-modules.

(R )= th e  category of f.-g . R -m odules of finite projective dimension.
f  (R )  =the category of f.-g . R -m odules of fin ite injective dimension.
2a=the m axim al-ideal-adic-com pletion of an R-m odule M.
1/1, (*) = the i- th  local cohomology functor, fo r i„>- 0, ([6] or [ 9].)
I R (k) = th e  injective envelope of the residue field k  of the local ring R.
M' -=Hom R  (M ,  (k ) )  for an R-module M.

(1 . 2 )  Definition. ( [5 ]  ( 1 .  1 .  1 ) ) .  Define the bi-functor

, *) : ( R )  x  ( R ) - - - > .  ( R )

by H (M , N )  : = lim  E x eR (M/9"A "M, N) fo r  M  and N  in  .4' (R) .

EiR (*, *) : =  (H 6( * ,  * ) ) ' •  Note th a t H f, (R ,  * )= .M ,( * )  th e  usua l loca
cohomology functor. DiR  (*) : =  (1-11,,(*) y.

In  [5 ] , J .  Herzog gave the basic observations of the functors
(* , * )  and PR ( * ,  * ) •  W e quote several o f  them  fo r  th e  convenience
of the readers.

(1 . 3 )  R em arks. ([5] (1. 1. 3)). ( j )  For any M  and N E ( R )  EiR
(M ,  N ) - =  (/ E  (P ).
( i i ) ( M ,  * )  is the i - th  right derived functor of H°,(M , *).

(1 .4 ) Theorem . (S a tz (1 . 1 . 6 ) [5 ] ) .  Let M  and  N  E ,F (R ), x = (x „
x „) be elements in  Trt which generate a n  V.11--primery ideal, K. (x ";

R )  denote the K oszul complex of R  with respect to x".= . . . ,  x 7 )  and
F . be a fin ite free resolution o f  M .  I f  C "  denotes the simple complex
associated to the double complex K. (x" ; R )  ® F . ,  H  (M ,  N )  l i r n  H '
(HomR(C*, N )).

(1 . 5 )  Theorem. (Satz ( 1 .  1 .  8 )  [ 5 ] ) .  Let 0 :R .S  be a local homo-
morphism of local rings such that S  is  a  f in ite  R -m odule by 0. Then
there are natural homomorphisms for

0 ' : EiR(M, N ) — E (M C )R S , N )

fo r a n y  M E <  (R )  and for any N E * -- (S).
If, further, 0  is fla t o r M  is free, 0  are isomorphisms.
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(1 . 6 ) C oro llary . (K or. 1. 1 .  9 )  [ 5 ] ) .  Under th e  sam e  situation  as
above, D (* )  an d  Di, (* ) are  equivalent functors on ( R )  to ( R )  f o r
all

(1 . 7 ) Proposition. ( (1. 2. 1) and ( 1 .  2 .  3 )  [5 ] ) .  Fo r M  a n d  N  in
3,  ( R ) ,  there ex ist convergent spectral sequences

Tor! (k ,  (N )) >E» (M , N )

andE  (M , D rii"  (N ))  >Tor,,4_r (k ,  g )  w i th  r = dim (R ).

We add another spectral sequence, which plays an important role
in § 3.

(1 . 8 ) Proposition . F o r  M  a n d  N ( R ) ,  th e re  is  a  convergent
spectral sequence

(Exti (M , N )) Ef,±q(M, N).

Pro o f . Consider the double complex
=HomR  (K. (x " ; R ) 0 ,F., N )=H o m , (K. ; R ) ,  HomR  (F., N )) , here

follow the notations in ( 1 .  4 ) .  It is easy to see that HomR  (C- ,  N )  (in
(1 . 4) ) is isomorphic to the simple complex associated to D. We have
the spectral sequence

HP (HomR  (K. (.x" ;  R ), Ex tg,(M , N )) >IIP+q (Hom, (C", N))

and take lirn of the both ends.

(1. 9 )  Lemma. (Theorem ( 6 .  1 )  [ 9 ] ) .  I f  M  is  a n  R -m odule  with
f inite (K rull-)dim ension m , then  H ( M )  =0  f o r  i>  m.

§2. Som e results on the non - vanishing of 1-1L (*,*).

We begin this section with the introduction of another expression
of the functor *).

(2. 1 )  Proposition. L et M E.c. .- - (R ) , NE.4(  (R )  and J • be the m inim al
infective resolution of  N .  Then f o r all

H 6 ( M ,  N )  H i (H1,(Hom i ,( M , J . ) ) ) .- H '(H om R (M , H2 R ( J ') ) ) .

Proof is preceded by the lemma below.

(2 . 2 ) Lem m a. Fo r M  an d  N  as  above,

I lL ( M ,  N )  Horn, (M,111, (N )) - -- 111:(Hom ,(M , N ) ) .
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P roo f. Since 1ength R (M /01'M )< 00 for all
HomR  (M /D 1'M , N )=H om R (M /9,Ji'M , H -`,,(N)). T h e  natural surjection
M — M / M M  induces the injection

HomR(M/Wi n M , H L (N ))--->H om i,(M , H & (N )).

O n  th e  other hand, for any fEHom R (M ,  H V N ) ) ,  there exists an
integer n > 0  such that MI (M ) = 0 and therefore

Homi, (M  H27: (N ))=,V ,Hom ,,(M /TI'M , H °  (N ))
lim  Hom i,( M/M"M, N )=H ° .(M , N ) .

Since Hom RON', H o m R ( M ,  N ) ) ,  the,,(M/afinM, N )  H o m R (---" second
is rather easy.

Proof o f  ( 2 .  1 ) .  HI, (M F P ( lim HomR(M/UOM, J ") )

(111(m, J *)) =H' (HomR(M, J . ))) = 111 (HornR (M, 1111(j. *))) •

(2 . 3 ) T h eorem . Let M  and  N  b e  non-zero f .-g . R -m odules and
t =depth i, ( N ) .  Then N ) * 0  and H  (M , N )  = 0 fo r  i<t .

P roo f. Since 1engthR(M/Wi'M)<00, ExtiR (M /E "M , N ) = 0  f o r  i< t
and L11.(M, N) = 0 .  Let J • and d i b e  the minimal injective resolution
o f N  and the boundary map Y - - - >t +1 . ( Y )  = 0 f o r  i< t  an d  HomR
(M , H °93 (Y ) )  O. B y  (2 . 1 ), 11" (M , N )  1 1 ` (Hom R (M ,  H °„,(J')))= ker
(HomR  (M, (  i ) ) )  k e r  (H , (HomR  (M, w ) ) = FIL (HomR (M, J . ))n
ker(Hom R (M , d i) ) .  S in c e  ker(Hom R (M , d i ) )  i s  an  essential submod
u le  o f HomR(M, ..Y), the last intersection is non-zero. Q. E. D.

(2 . 5 ) Rem arks. (  i  )  Let M  and N E F ( R )  such that Supp(M )r\
Supp(N )= {E l ,  then Horn i,( M , 1-11 (J ")) =HomR (M, J . ) fo r the minimal
injective resolution J  o f  N .  B y (2 . 1 ), IA, (M ,  N )  ExG(M , N )  for
all i >0.
( i i )  In  (2 . 3 ) , we found the lower bound o f  i  f o r  w h ich  IP,(M ,
* 0 .  As to th e  upper bound, we must require some restriction on
either o f M  or N . In  fa c t, if (M, * ) = 0 f o r  i » 0 ,  then  PdRM<00 :
EiR (M, k). I f  1 1 .(* , N )=0  fo r i » 0 ,  then Id R N <00:
N )  E x t 'R (k , N).

§ 3. Duality.

(3 .1 ) L em m a. For M E  ( R )  and for an /  ( R ) ,
=0  fo r i>Pd,,M+ dim (N)
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Consequently , fo r  M * 0 , in  ,F (R ), M  i s  o f f in ite  projective dimension
if and on ly  i f  11 ,̀,(M , * )=0  fo r  i>0 .

P ro o f .  B y  (1. 8 ) , there exists a spectral sequence

E•g=13 1, (E x tl(M , N )) >Ef,'(M , N ).

E V = 0 , if  P > d im (N )  o r if  q>PdR M , since dim(ExtqR(M, N))<dim(N).
Consequently, El, (M , N )*  0 , if j> d im (N ) d-Pd R M

(3 .2 )  R e m a rk . For E  ( R ) ,  th ere  ex is ts  a n  in teger e . 0
su c h  th at T IL (M , *)=0  f o r  i >e  and H ( M ,  R ) * 0 :  let e  be the greatest
i  such that .M „(M , R ) # 0 ,  then  by (3 . 1 )  it follows that 111(M , N ) = 0
for any N E .F ( R )  and for a ll i >e.

If a n  integer e  is chosen as abov e f or som e M * 0 ,  E  ( R )  th e n  H I,
(M , * ): ( R )  is a n  ad d it iv e  c o v arian t  rig h t  exact functor
and there ex ists a  natural isom orphism

1 4 (M , R )® „ N  f o r an y  N eg "(R ).

(3,3) P roposition . Assume th a t  R =E , M  b e  n on  z e ro E g  (R )  for
w hich an integer e >0  is chosen as (3 . 2). T h e n  th e re  are pairings for
a l l  i  and for an y  N Eg "(R )

N )  x E x t V  ( N  (M)) - - > IR (k)

w here S2(M ) denotes the non-zero J.-g. E -m odule P R (M , R ).

P ro o f . There defined the pairings ((G . 1) [6 ]) ,

N ) x (N , S2 (M ) ) - - J - 4 ( M ,  ( M ) )  .

B y  (3 . 2 ), 11;,(M , f l(M )):::H °„(M , R )O R (H 1 ,(M , R )) ' a n d  th e  natural
map H,(111, Q(M )) — >IR (k )  is  d e f in ed . Compositions of them  give
rise to the pairings.

(3.4) P roposition . Assume t h a t  R = E ,  M  b e  a s  ( 3 .  3 )  and an
integer e  is chosen fo r  M  a s  (3. 2). F o r a n  in te g e r s th e  follow ing
conditions are equivalent.
(i) The pairings in  (3 . 3 ) are perf ect f or e-s
(ii) R )=0  fo r  e -s_ i<e .

P ro o f .  First note that E (M , (M ) ) .  Both EeR (M , *)
and HomR(*, Q ( M ) )  a re  ad d itiv e , le f t  e x a c t , contravariant functors.
W hile E “ M , * )  are  the right derived  fun c to rs  o f  E'R (M , * )  fo r  e-s<
i< e ,  if  E ( M ,  R) = 0  for the same i's.

W e have now come to one of our m ain results.
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(3 .5 )  Theorem  (Duality). L e t  M  b e  a  f . - g .  non z e ro  R-module.
The f ollow ing conditions are equivalent.
(i) (M, Q (M )) fo r som e integer e .0, fo r a l l  i  and

for a n y  N E .  ( R ) .  H ere  S l(M )=PR (M , R ).
(ii) N ) = 0 fo r a l l  i >d =d e p th (R )  and for an y  N E ( R ) .

I f  M  satisf ies the conditions abov e, then e= d= depth(R).

P ro o f .  R ecall that Eli,( M , R ) # 0  and E ( M ,  R) = 0
for i< d ,  ( 2 .  3 ) .  Then the equivalence follows from (3. 4).

(3 .6 )  D efin ition . L e t  9  ( R )  denote th e  category  o f  f .-g. R - m o -
dules M  satisf y ing the equiv alent conditions in ( 3 . 5 ) .  N ote th a t  g  (R)

( R )  b y  (2 .4 )( ii) .
In the rest of t h i s  section, so m e p ro p ertie s  o f m o d u les  in  g  (R)

are  studied.

(3 . 7 ) Theorem . Let M  be an R -m odule in  9  (R ) , then

Homft (DaR(R), /a0h D1?(R))"=-1‘21' , f o r d= depth(R).

Consequently , Supphia=  Supp (*).kaj? (R ))•

Proof. W e  m a y  assum e t h a t  R = E .  T h e re  e x is ts  a  convergent
spectral sequence

E P q =  (M , D 'ir g (R ))  > T o r _ ,  (M , R )

w here r = d im ( R ) , se e  (1 . 7 ). D ri - g (R )= 0  fo r  r— q < d = d e p th (R ) . By
(3. 5), Ef,(M ,D 'ir q ( R ) ) = 0  for p > d .  By the standard spectral sequence
argument, El,(M, Dl,(R )) --'MC).„R M .  O n  th e  o t h e r  h a n d  b y  the
duality  (3 . 5 ), El, (M, Ell,(R) H om i,(D (R),  R ) )  and  w e  have
the requ ired  isomorphism, if it  is  sh o w n  th a t E ( 1 / ,  R)
B y  (1 . 7 )  again , there exists

E.q=  Tort (M ,D1? (R )) R ).

E 0  if p < 0  o r if  q < d = d e p th (R ) , and the assertion is  valid.
Q. E. D.

(3. 8) C o ro lla ry . I f  ME g  ( R ) ,  t h e n  Suppi (M.  ) Supp (D (R ))
w ith  d=  depth (R ).

(3 .9 )  Rem ark. B y  (1 . 9 )  an d  (2 . 3 ), a f. - g. R -m odule N  i s  a C .
-M . module if and  only i f  there ex ists an in teger n >0  su ch  th at 11;„(N)
= 0  i f  i * n .
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(3 .10 )  Proposition. I f  M E  (R )  and  if N  i s  a  C .-M . R-module
of dimension n, then fo r  a l l  i,

T o r(1 t1 , D ; (N ) )  Ext (g, IC4 C)AD̀RI (R ))•

Pro o f . We may assume that R = P .  B y (3 . 9 )  and (1. 7), Tor ( ,
N ) .  The assertion follows from (3 . 5).

( 3 .1 1 )  Corollary. I f  M E g  (R ),  then

g (la) = ciac)D1, (R )),  fo r  a l l  i.

Where P/,' (N )=  dim,, (Tor' (N ,  k ) )  and 4 ,  (N )=  dim,(ExtiR  (k ,  N ))  f o r  a
f.-g . R-module N.

Consequently , we have Icli(1a(D hlX (R ))< 00 for an y  M E  g  (R ).

Pro o f . Since k  is a  0-dimensional C.-M . R -m o d u le , (3 . 1 0 ) can be
applied.

W e now  proceed  to  g ive th e  sufficient conditions for M E ,'-- (R)
to belong to the category g  ( R ) .  For that purpose several lemmata are
needed.

(3 .12 )  Lem m a. For an y  M # 0 , E F (R )

depth ( R )  grade R M± dim (M )  dim (R ).

Pro o f . See ( [8 ]  ( 4 .  8 )  Chap. I).

(3 .13 )  Lem m a. Assume th at  R = E  and d = d e p th (R ). Then
(  i )  for an y  P E Spec (R )  w ith  dim(R/p)=n,

(R )) , (R ,).
( i i )  Supp, (D dR (R ) ) = 11) E Spec (R ) ; depth (R,) + dim (R/p) = d} .

Pro o f . Since R  is com plete local, there exists a surjective ring
homomorphism w ith  a  complete loca l G orenstein  ring o f
dimension s. Let q=0 - - ' (p) , then d im (S ,)= s - n .  B y  ( 1 .  6 )  a n d  by
the standard duality theory ( [6 ] ) ,  for all
(R ,  S ) .  Since 5 ,  is also a local Gorenstein ring o f dimension s-n,

(Dd
R (R)), Ext a (R,, "§",) = 1Y "(R ,).

As t o  ( i i ) ,  b y  (3 . 1 2 ) , d -d im (R / P )  d e p th (R p ) . For E S p e c ( R )
with d im (R / p )= n , p  Supp D ( R )  if an d  on ly  i f  d ep th (R ,)= d -n  by
(2. 3).
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(3. 14) L em m a. Assume th at R=P, cl=  depth (R ) and M * O E  (R ) .
I f  dim(ExeR (M , R )) -F q c l, fo r  grade R M q . P c iR M , th e n  ER (M ,  N )  0
f o r all  i > d  and for a n y  N E ,  (R ).

P rro f. B y  (1 . 8 ), th ere  ex ists a  co n vergen t sp ectra l sequence

Ei;•g=D;', (ExtgR (M , R )) (M , R ).

I f  p + q > d ,  th en  p > d -  dim (ExeR  (M ,  R ) )  f o r  grade R M . q .  PdRM.
E = 0  i f  P± q > d  an d  PR  (M , R ) =0  fo r i > d .  S in c e  Pd R M <00, E  (M,
* )_ O fo r  i> 0  on ./ ( R )  and the assertion  is sustained.

W e a re  now ready to prove the m ain  theorem below.

(3. 15) T h eorem . Let M  be a  f-g . R -m o d u le  o f  Pdi ,M < 0 0  such
th at SupppM g Suppft (DdR  (R ) )  w ith d= depth (R ) ,  th e n  M  belongs to the
category 9  (R ).

Pro o f . W e m ay assum e that R = E .  For an y  q  f ix e d  w ith  gradeRM
P dR M , l e t  p  Supp,ExeR (M, R )  such  th at d im  (R/p)— dim (ExtqR

(M ,  R )=  n. Since PE  SuppR M ,  P  Supp,,(D'R (R ) )  a n d  b y  (3. 1 3 )
depth (R , )= d -n .  O n  th e  o th e r  h an d , Ext% (M „  R p ) im p lie s  the
in eq u a lity  q .P d R ,111, depth ( R i,) = d-n, e., dim (ExtqR(M, R ))
and  ap p ly  (3. 14). Q. E. D.

Preceding argum ents are summarized as below.

(3. 16) T heorem . Let M  be a f-g . R -m odu le  a n d  d  b e  the depth
o f R . T h e n  the follow ing conditions are equivalent.
( i ) g (R ) .
( i i )  M E  (R )  and S upph  (M ) S upph  (D (R )).

An im portant class o f modules in  g  (R )  is given.

(3. 17) Proposition. Let M  be a f-g . R -m odu le  o f  PdR M < 0 0 .  I f
M  is C .-M ., t h e n  M E  (R ).

In particular, z j  R  is a  C .-M . ring, then  ,g  (R ) ,  ( R ) .

P ro o f  W e m ay assu m e th at R = E .  F o r  any PE SuppRM,

depth (R ,)= - PdR ,Mp+ d e p th ,M , P d R M  d im R ,M,
Pd R M-F dim (M) — dim (R/P) = depth (R) — dim (RA))

an d  it follows that depth (R0) = depth (R ) — dim (R /P )  and  th a t  P SuppR
(R )).
The second assertion is  easy  to  see  b y  (3. 16).
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(3. 18) Corollary. Let M .9  (R ) ,  N E g  " (R )  s u c h  th a t  n=dim(N)
a n d  Supp (N )  s u p p  ( m ) .  T hen 1 (M , N )=0 .

Pro o f . W e m ay assume th at R = R .  B y  th e  d u a lity  (3 .  5 ),  E R (M,
N ) --2:"Ext̀ir  (N , M O R IY R (R )). L e t p  SuppR N  s u c h  th a t  n=dim(R/P)•
Then Extd,V(N„ M,C)(M R ) ) , ) * 0  i f  d—i=11:1,,(M,C)(D(R)),) =depth
(R ,)=d— n,  j .  e., i f  i =n.

(M, N)=Extf, —  (N , MC)DdR (R ) ) * 0  and H ,(M , N )= 0 .

(3. 19) Corollary. For N (R )  w ith  dim (N ) H ;,(N )=0 .

Pro o f . W e m ay assume th a t R = E , h e n c e  th a t  R  i s  a  Gorenstein
local ring b y  (1. 6) and R e .g (R ) .  A pply (3. 18).

(3. 2 0 )  Rem ark. I f  M  i s  a  f.-g. h-perfect R-module ( i .  e .  gradeR
M = h = P d „M < co ), then  th e  integer e determined f o r M  a s  i n  (3 .  2 ) is
equal to  h clim (M ) : R) = 0  i f  i *h , h en ce  b y  (1 . 8), D iR (Ext'i',
(M , R )) = E r' (M ,  R ) and it v an ish es i f  j>m =dim (M )=d im (Exd (M ,
R ), w hile Er,+h(M, R) *0.

It, therefore, follows that a  perf ec t m o d u le  M  is i n  3  (R )  i f  an d
only  i f  i t  is  C.-M..

(3.21) C o r a l l a r y .  R  is  C.-M . i f  an d  only  i f  3  (R )=  (R ) .

Pro o f . I f  g  (R )= . .9  (R ), then  R 3  ( R )  and b y  (3 . 20 ) R  is  C .-
M .. O n ly  if part is proved in  (3. 17).

§ 4. Equivalence of the categories (R )  and fr (R ).

This section is devoted to  g ive a  characterization o f  t h e  category
( R )  (under an acceptable restriction on R .) O u r  characterization

o f g  (R )  h as a close connection with the resu lts in  [11 ] b y  S h a r p : i t
treats the functor on 5 (R )  to  g  (R ),  w hile ours the functor on  .9 (R )
to  5 (R )  w hich finally sets up  the equivalence o f th e  categories g  ( R)
and 5 (R ).

A ll through th is section (R, 3J ,  k )  i s  a  Noetherian lo ca l r in g  o f
depth (R )=  d  w h ich  is  a  homomorphic im ag e  o f  a  lo c a l  Gorenstein ring
S of  dim ension s and 0 : S - -> R  i s  th e  n a tu ra l surjective ring homo-
morphism.

(4. 1 )  Notations. L e t w denote the f.-g. R-module

Exes - d(R, S).

(4. 2) Rem ark. w ®R1 = W
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(4.3) Theorem ([11 ] (2. 9) ). ( i ) HomR (0), *) is a f unctor on (R )
to  g  (R ) .
(ii) For any T E  (R ) ,  there exists a  natural isomorphism

O R H om R (w , T )-7-:: T.

(iii) AnnR  (T ) =Ann ) , (Hom R  (co, T ) )  for T E  5 (R ) .

P ro o f. See the article referred to.

(4.4) P roposition . Fo r M E  ( R ) ,  M  is in (R )  i f  a n d  on ly  if
M E  g  ( R )  a n d  SuppR  (M) g SuppR (w) •

P ro o f. Straightforward. See (3. 16) and (4. 2).

(4.5) P ro p o s it io n . (i )  O R  (* )  is a n  e x a c t  f u n c to r o n  g  ( R )  to
(R ).

( i i )  Horn., (o), *) is an ex act f unctor on  5  ( R )  to (R ).

P ro o f. W e m ay assum e that R = 1 .
(  i )  B y  (3. 11) fo r any M E (R ) ,  w C ) R M E J  ( R ) .  B y  (1 . 7) we

have E'r = (M , DqR  (R )) >EPR +q (M ,  R )  an d  E r =  0  if p<o o r  i f
q <d = depth ( R ) .  Tor (M , DaR  (R )) = EL' =- 0 b y  (5 . 5 ) C hap . XV
[2]

( i i )  F o r  an y T E  ( R ) ,  M=Hom R  (co, T ) E  (R )  b y  (4. 3). Clearly
SuppR Mg Supp R  (w) and M E  ( R )  b y  (4 . 4 ). B y  (1 . 7 ) w it h  r= dim
( R )  there ex ists a convergent spectral sequence

E r =  E  (M, Dri rq (R )) >Tor (M, R).

W hile by the d uality  (3. 5), E'!? (M, D (R) ) ExtaR- P (D-
R - q (R ) ,  T ). E r

=O i f  d—p<o o r  if r —  q<d and b y the same argument as  ab o v e  ( i ),
Extl, (w, T) = O.

W e have shown the following theorem  which is the purpose o f  this
section.

(4. 6) T heorem . A ssum e that R  is a N o e th e rian  lo c al rin g  of depth
(R ) = d  which is a quo tion t ring  of a  lo c al G o re n s te in  rin g  S  o f  dimen-
sion s. L et o)=Ex t - d (R ,  S ) ,  then  th e  subcategory g r (R )  o f  g  ( R )  is
equivalent to th e  category ( R )  by the functors C ) „( * )  :  ( R )
an d  HomR  (w, *) : (R )- (R ).

Moreover, those f unctors correspond C.-M . m odules to C.-M. m odules in
each categories and respect the supports of  the m odules.
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§ 5. Applications.

In  this section, applications of preceding results a r e  given (mainly
in the case when the canonical module K R  o f the local ring R  exists.)
W e besides introduce another duality theorem  w ith respect to  the
functor EiR (* , * ) , which is extended from on e  g iven  in  the case when
R  is a Gorenstein local ring in [5 ].

(5. 1)Definition. Assume that R  is C .-M . (o f  dim (R ) = d ) .  A  f .-g.
R-m odule K R  is called the canonical m odu le  o f R  i f  KR O R A =D (R ).
Note that KR  E  (R )  since DI, (R) E  (R).

(5.2) L em m a ( [ 5 ]  ( 1 .  3 .  2 ) ) .  I f  N  is  a  C . -M . R -m odule o f  dim
(N ) =n, then D (N )  is a lso C.-M. of dimension n  over 12 and ST=DD;
(N)

P ro o f. B y (1 . 7 ) , E iR (R , D ( N )) g ) .  B y  th e  definition
(D; (N ))=E 'R (R , D; (N )).

(5 .3) L em m a. Assume that N E  (R )  is C.-M. of dimension n , then
(i) N E  (R )  if and only if  D (N )E .9 (E )  and
(ii) 9  (R )  if and only if M N )  e  ( R )

P ro o f. We may assume that R = R .  B y (1 . 7 ) , w e h ave  T oe(k , D ;
(N )) - - "EV"(k, N) -="'HornR(ExtV "(k , N ),IR (k)). Thus we see that M(D;
(N )) = 0 for i » 0  if and only i f  itiP ( N ) =0  fo r  i» O .  ( i ) is proved.

( i i )  follows from (  i  )  b y  (5. 2).

(5. 4) Theorem  (c. f .  ( 1 .  1 .  4 )  [ 5 ] ) .  Assume that there exists the
canonical module K R  o f a  C.-M . local ring (R, 1fl , k )  o f  dimension d.
Then if  M E  (R ), fo r  i = 0 ,  . . . ,  d,

EiR (N , MC) R K R ) =Extaii f■.7)

for any (R ).

Proof-. We may assume that R =E  then KR = D I ,(R ) .  Put Ti(M ) ,

EaR - i(N , M C ),K R ). B y ( 4 .  5 ) ( i ) ,  KR (DR ( * )  is an  exact functor o n  g
(R) ,  ( R )  to (R ) .  Since IdR (M OR K R )=d, E'R (N, MORKR)= 0  for
i>d . (*) = EaR  (N , (*)C) R KR )  is therefore a  l e f t  exa c t contravariant
functor on .9  ( R ) .  For any M E .9 (R ) , r ( M ) --- =HomR (M , N ) .  In fact,
if M= R ( ")  fo r  some n > 0 , T ° (M )-- = E (N , R ( ") (D „D (R )) .:', 'T o r :(N , R ( °)

N )  b y  (1 . 7 ). F o r  a  general M ,  consider th e finite
presentation o f M.
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B y  ( 1 . 7 ) ,  T '( R ) = - E ( N ,  K R ) = E ( N ,  D dR(R)):"="Tor i! , ( N ,  R ) = 0
fo r i >0. Q. E. D.

As an application of o ur d ua lity  th eo rem  ( 3 .  5 )  a n d  th e  theorem
above, w e shall g ive th e  fo llo w in g  th eo rem  w h ich  is  an extension of
(1 . 3 . 9 ) [5 ].

(5 .5 )  Theorem. Assume that R  is a  C .-M . local ring of d im (R )= cl.
Let M 1  ( R )  be C .-M . o f dim (M) = m a n d  N E ,. " ( R )  be a lso C.-M.
of d im (N )= n  such that Toe (M , N )= 0  fo r  i > 0 .  Then ( i )  M C ) R N  is
a  C .-M . module of dimension m+n —d.

If further there exists the canonical module KR,

(ii) D r — a  (MORN) ":=1),7 (MOR KR) ORD'R (N ) and
(iii) Toe (D"R' (MORKR),ak (N))  =0 fo r  i >0.

P ro o f. W e m ay assume th a t R = P .  Let E. and  F . denote the free
resolutions o f M and N, respectively. There exist two convergent spectral
sequences

(#1) Extfz(M, Extl (N, NR))

and (#2) Extf,(N, ExtqR(M, K
R ))

w ith the same abutement 1 -/P+g(HomR (E. ORF., K R ) ) ,  which is isomorphic
to  Exq + q(MORN, K R ) s in c e  th e  co m p lex  E . O F . p ro v id e s  the free
resolution o f M O R N.

Since both M  and N  are C.-M., w e have b y  ( # 1 )  and (# 2 ) , (#40)
Extk (M , D ;(N ))=- ExW d - '(M ORN, K R )=D r i (M C)R N ) a n d  (##2) ExtiR

(N, E n (M )) -=D1'' (M O R N ) .  Since MC) R K R  i s  C .-M . of dim ension m,
Ext̀ R (M, D; (N))"1=-Et—  (N ), (M CD RKR)=Tora_„,(D ;(N ),D 7z'(M ORKR)),
b y  (5 . 4 ). B y  (##l),
Tord_,,(D1) (N ) ,  D (M O R KR )) 7=D7» (M O R N ) .  P u tt in g  i = d — m , the
assertion ( i i )  is sustained  and besides ErR- i(MC)RN) =0 i f  i >d — m.

I f  w e  show that D7 — (MC) R N ) = 0 fo r i< d— n , th e  rem ain ing asser-
tion s fo llow . B y (3 . 5 ) and (1 . 7), ExeR(D;(N), MORKR)"--=E1,- i (M,
(1\r)) Torld' ,_ „ (M , N ), it v an ish es f o r  i < d — n . O n  th e  other hand,
b y  (5 . 2 ) and (4 . 5 ), (0  : M R =  (0  :D 1(N ))R  a n d  a n y  (MOKR)-seque-
n c e  is  M -sequence . It fo llo w s th at g r a d e ,,N = d — n . S in c e  a n y  M-
sequence is D (M ) -sequence, geade 4 ( m) N= grade m N  and b y  (##2), Dr i

(moRN) =0 fo r  i < d=  n. Q. E. D.

(5. 6 )  Coro llary . Under the same situation as (5 . 5 ), assume further
that NE./ (R ) ,  then M O R N E 5  (R ).
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P ro o f .  By (5. 3), D7, (N) E  ,9 (R) and D'; (MOR KR) E  ( P ) .  By (5.5)
( i i)  and (iii), Dr,+" - d(M(D R N )  E  (P )  and a g a in  b y  ( 5 .  3 )  M C )„ N i l
(R ).

D E P A R T M E N T  O F  M A TH E M A T IC S ,

T O K Y O  M E T R O P O L IT A N  U N IV E R S IT Y

FUKAZAWA— CHO, SETAGAYA

T O K Y O , JAPAN
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