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Introduction

In the recent w orks ([1], [2], [3]) we have developed a spectral theory for
the Schriidinger operators —4+V(x), in an exterior domain Q of R n , with some
real "oscillating" long-range potentials V (x ) .  Roughly speaking, V (x ) is called
"oscillating" long-range if  it behaves as r=lx1—>00 like

(0.1) V(x)=0(1), arvoo=o(r-i) (6,---alar) and

( x )- aV  (x )-=0 (--") fo r  so m e  a . .0  a n d  5>0.

For example, the potential

V(x) ,  
 c

 sin br  (b , c  are non-zero real)

satisfies the above conditions w ith  a=b 2 and 3=1.
In this paper w e shall m odify our previous results to the case of potentials

which consist of the sum  of severa l "oscilla ting" long-range potentia ls. Note
th a t the last condition of (0.1) is not satisfied by the potential

c i sin b i r c, sin by-V(x)=

(61, b 2 ,  c l ,  c2 are non-zero real) unless b1=b 2 . So the results of [2] and [3] are
not directly applied to this type of potentials, and it is necessary to make some
modification.

For th is  pu rpose  w e  re tu rn  to  the semi-abstract theory  developed in the
first half of [2], w here  w e gave a sufficient condition under which the principle
of lim iting absorption are justified for the exterior boundary-value problem

{- 4+V (x ) — C}u.=- f ( x )  i n  Q1

B u= {
u or 1._.=  0

o n  aQQ .
v•Fu±d(x)u

(0.2)
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H e r e  i s  a  com plex num ber, v=(vi, ••• , v 7,) i s  t h e  o u te r  u n it n o rm a l t o  the
boundary aQ, 17 is  the  grad ient in  R 71 and d(x ) is a  real-valued smooth function
on Q .

The condition is summarized a s  follows :

Assumption 1  ( [ 2 ] ) .  There exist real constants il>0, A,, and a real function
1(2) of 2> /la such that

(0.3) 0<r(2)<min {46, 2}

and  the  following growth property holds : L et u Elifo c (fl) satisfy

(0.4) {— ZI+V (x)—  2}  u=0 i n  S2

w ith  2>11 3 . If  w e  have the  inequality

(0.5) (1+r)-1+P I x <co
B (R 0 )

fo r  so m e  IS > r(2)/2 a n d  R 0 > 0, w h e re  B (R 0)-={ x EQ  ; x > R 0} , then  u  must
identically vanish in  Q.

Assumption 2  ( [ 2 ] ) .  Let

(0.6) {C:=2±it -EC ; 2> A a  a n d  7.>_0}.

and  le t K ± be a compact set in  H .  T h e n  th e re  e x is ts  a n  Ri=Ri(K ')> Ro and
a  complex-valued function k (x , C )=k (x , 2+ir) w hich  is  con tinuous in  (x, C)
B(R1)X 1f± and  satisfies th e  following conditions :  fo r an y  (x, C)E B(R i )x K 1

(A2-1)

(A2-2)

(A2-3)

(A2-4)

(A2-5)

IV (x)---C±ark(x, C)+ n k ( x ,  C ) — k ( x ,

k(x , C)I

-TIm  k(x, 2+iz-) C3 ,

Re k(x, C)— '8 .2r —

I(v— ar)k (x , ()I x l x  I) •

Here C J =C ; (K=)> 0( j=1 ,--5) and  p-=13(K±)>0 is chosen a s  follows :

(A2-6) r(2)/2<i3<26 for a n y  C•=-2±iz-EK= and

W e shall show th a t th e  above assumptions can be verified for a  class of
potentials consisting o f  th e  sum  of several "oscillating" long-range potentials.

The m ain results o f this paper will be summarized in  § 1 in three theorems.
Theorem  1  w hich  asse rts  th e  grow th property of solutions of (0.4) is  a  conse-
quence o f  [ 1 ] .  Theorem 2 summarizes results concerning th e  principle o f limit-
ing  absorption. W e shall prove it i n  § 2. Theorem 3  summarizes results con-
cerning spectral representations fo r  th e  selfadjoint realization o f  — J+V (x ) in
the H ilbert space L 2 (Q ) . A n outline o f th e  proof w ill be  g iven  in  § 3 (we can
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follow th e  same line o f  proof o f  [3]). Finally, i n  § 4 w e shall g ive several
examples.

§ 1 . Conditions and results

L et D be a n  infinite domain in  R I '  with smooth compact boundary 3r2 lying
inside some sphere S(R o )=- { x  ; x l= . We consider in  D th e  Schrfidinger
operator ZI+V (x ), where J  is  th e  Laplacian an d  V (x ) i s  a  potential function
of the  form

(1.1) V(x )-= Vi(x)+17 8(x)=--V i ( x ) d -  V s (x) .

V s (x ) is  a  short-range potential and the V ( x )  are "oscillating" long-range poten-
tials. More precisely, we assume :
(V1) V i (x ) is  a  real-valued function belonging to a  Stummel c lass Q p (p>0)

an d  178(x ) is  a  real-valued bounded measurable function in  D. Moreover,
the unique continuation property holds for both — 4+V (x ) and —4+ Vi(x).

(V2) F or some o<ac i(t,o, 1, 2) and O<E, j=1 , «, m ),

i ) V  ,,(x)=0(r - c))

(ii) arV ii(x )=0(r-i)

(iii)) av11(x)+a,(r)Vi,(x)=0(r-1-ii1)

(iv) (17— :ar )Vi.,(x)=-0(r-1-'2)

( y ) (17— nr)arV i,(x)=0(r-l-31),

(vi) (17—:iar)• (17  - - i- ar)v i,(x )=0(r-1 - "2),

(vii) 178(x)=0(r-1-4)

a s  r=ixl—>00, where th e  a ,(r)(j=1, ••• , m ) are non-negative functions o f r> Ro
satisfying

(1.2) ai(r) a,(r) •••

d(1.3) a,(r)=-0(r--)), a;(r) , a ( r ) = 0 ( r i )dr

d 'and a  ( r ) =  d r 2  a ,(r)=0 (r - 1 -5 0 - '3)

with r .„--max{0, 1+5,— s, —min {€ ,}} and p ,  such that tt, 31 and  p 5 >1— s,

Remark 1.1. (V2-i) is stronger than th e  corresponding condition required
i n  [2 ]  a n d  [ 3 ]  (c f ., (0.1)). (V 2 - v i )  is  u sed  o n ly  to  show  (e) o f Theorem 3
stated below (cf., [3]).

Lemma 1.1. If  61 and {s,}  sa t is fy  max {s,} —min {s,} 1 —ô1 , 0 <ô 1 , s 1,

a ,(r)=0(r - 2 +2 ' , ), a ;( r) =0 ( r 1 ) and  a;/(r)=0(r - 1 ) ,
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a i (r) satisfies the condition (1.3).
Pro o f . Obvious from 2 —2e.>.1+a i —s i —min , 1> 1--e ;  a n d  2>1

q. e. d.

Lemma 1.2. (cf., [2 ] ; Remark 8.5). I f  61 an d  { }  are as above, and

a i (r)=- 0(r - 2 + " i )  a n d  a;(r), ay(r)=0(r -1 'i+Ei)

a i (r) satisfies the condition (1.3).

Pro o f . Obvious from 2 1+6,—E,---min , 1+61—s;>-31 and 1+51— e j

> 1— ei . q. e. d.

In  the  following we p u t 6-=- min {60, al, 62} a n d

a:r=lim sup a i (r)(_0) .

Then we have by (1.2)
al'4>aT> ••• > a t> 0 .

F o r V i i (x ) satisfying (V2-i) and (V2-ii) we put

(1.4) E(ï)=1 1im  sup {rarVi(x)-ErVi(x)} = 1 1im sup {rarVi(x)} (î> 0 ).r r-.00 r
Then obviously (cf., [ 2 1 ;  Lemma 8 .2 )  E(r)_lim  Vi (x )= 0  and we have for 0<

oc

r  2,

(1.5) 0 _E(2) - E(r). 1  max lim sup { ra r Vi i (x)}r :7=1

1 m .E lim sup {rar Vi i (x)} <00.
1 - 1  r—o.

The following theorem is already proved in [1 ] (Theorems 1, 2 and Remark 2).

Theorem 1. Suppose t h a t  V (x ) satisf ies (V1.), (V2-i), (V2-ii) and  (V2-vii).
Then we have:

(a) L et 2>E(2) and u G H L (5 )  be a not identically  v anishing solution of
{- 4 +V ( x ) - 2 } u =0  in  D .  Then for any j"- such that

0<27.< 2  a n d  E(2) E ( ) <2 ,
w e have

lim  R - 1 +-r1 2 I  u(x)I 2  d x =oe
R—. Ro<isi<R

(b) A ny selfadjoint realization o f  —4+ V(x) in L A D) has no eigenvalue in
(E(2), 00).

We put for a>0

1 1(1.6) A max lim sup{ E ra,vi,(x)}-+ z-T  atmin {4a, 2} 1N15.m 2=1
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and

For CE/n let

2>A  a n d

(1.7)
4C 

)2i(r)= 4C— a i (r)
and

(1.8) )7(r)• V i (x) --=  7±'  v ; WV 1,(x) .J=1

Lemma 1.3. Let K ± be any  compact set of H .  T h e n  t h e re  ex is t  R2
=

1?2 (K±)>R 0 and C =C (K )>1 such that

0 ±Im {C—ry(r)• V i(x)} ,

<Re {C-72(r)• V i (x)}

fo r any  (x, C) B(1?2 )xIf±.
Pro o f . It follow s from  (1.7) and (1.8) that

Tm {
4a(r)V1(x)

• Vi (x)1 =Im C{1+ j=1 14C—a i (r)1 2 •

a i (r)V i i (x) 
Re {C-7)(0-17 1(41 =Re c— Vi(x)—  Re;=.14 — a ( r )  •

H ere by (V2-i), (1.5) and  (1.6),

1 1(1.9) 11m V 11(x )= 0  a n d  R e  C> — a t  —lim sup  ai ( r )  fo r an y  j .
4 4

Thus, notingnoting th e  boundedness o f  a,(r), w e have the assertion  of the  lemma.
q. e. d.

L et r(2), 2> Ad, be defined by

a if 713 =0
(1.10) T(2)={   2 A  

m i n 1 4 5 , if A b >0.A +2

Lemma 1.4. W e have for any  2> Aa

0<r(2)‹min {46, 2},

11
E(1- (2)) , „  max urn sup rar V 1 ,(x)H

î (A) i V s r r e  r - , re i=1

1

(A 3 +2)<2.— 2

P ro o f . T h e  first assertion is obvious from th e  definition of 1 (2). If  4 7=0,

the second assertion is  a lso  o b v io u s s in ce  a t= 0  a n d  lim sup{ ra,V, (x)}=0

( 1 =1 ,  • •  •  ,  7 1 2 ) .  O n the o ther hand, if /15 >0, w e have noting (1.6)
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1 1 max lim supi E  rarVii1+ arr (2 )  1 5 1 5 7 7 1 j = 1

A a+ 21  , 9  1 1 ,
2 /1 5

A s- -

4
ai H- —

4
a  _i

2
(As-r2).

T h e  lemma is proved. q. e. d.

F or pe R  an d  G cD , let L ( G )  denote th e  space o f  all functions f ( x )  such
that

II f11,,G=Q1+0 2 P1f(x)1 2 dx < 0 0

I f  ,u= 0  o r  G= f2, th e  subscript ite o r  G  w ill  b e  o m it te d . L e t  k(x, (x ,
B (R 2 ) X IC ', be defined by

 n - 1 -arl Y 2(r)•V i(x)}  (1.11) k(x, C)=— i ,VC-72(r)•V 1 (x ) +2r 4 {C-72(r)•Vi(x)} '

w here R2-•=-R2(0 and  w e  tak e  the  branch Im

D efinition. For solutions uE1-1Le( , ) o f (0.2) w ith  Ce i n ,  the  outgoing (± )
[o r  incoming (— )] radiation condition at infinity is defined by

(1.12), ue I4_1_,0/2(Q) a n d  aru+k(x,C)uELJ-i+p)1 2(B(R2)),

w here a=a(C), 43= 43(C) is  a  pair of positive constants such that

1
(1.13) 0<a 1, -2-  r (R e )< < 2 ô  a n d  a 2 6 - 13.

A  solution u  o f  (0.2) w hich  a lso  sa tisfies the  rad ia tion  condition  (1.12), [or
(1.12)_1 is called a n  outgoing [incoming] solution.

W e a re  now ready to state two theorems concerning the principle of limiting
absorption and spectral representations fo r  th e  Schr6dinger operator —4+ V(x).

Theorem 2. Suppose th at V(x) satisf ies (V1), (V2-0 ,-., (V2-v) and (V2-vii).
Then w e have:

(a) Let I f = b e  a  compact set of ] 7 ,  le t r(K )=m ax r(2) (2-=Re C), and let
C EK

a= a(K '), 13=  )3 (K ')  be a pair satisf y ing (1.13) with r(2) replaced by r (K - ). Then
fo r  any C.-=.2±iz- K=  and f E L6)/2(p), (0.2) has a unique outgoing [incoming]
solution u=--  u(x, 2+ ir)-= R  f ,  w hich also satisf ies the inequalities

2
. 01f 11(1,i3 )1 2 ,

ru2 -± i7 )0 (_ 1 +)1 2 ,B (R 3 )<=C lif IL i+

where C = C (K r)> 0  and R a -=R3(K R 2(Kn) are independent of  f.
(b) Let Ri' : 141+ 2 ( Q ) - - *LV-1- p la )  b e  the a d jo in t  of R .  T h e n

R . f j R v f r f  f o r  f  E  L i - F ) / 2 ( Q )  •

(C ) = R  f  is continuous in 14._,_, ) ,,(Q ) with respect to f )  K > <
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( d )  Let L  be the se lf ad jo in t operator in  L 2 (S2) defined by

f D ( L ) ={ u e l-12 (Q); B ulaf2=0}

1  L u = - 4 u + V ( x ) u f o r  u E g ( L ) ,

and let f e(2); 2E R I  be its spectral m easure. T hen for any  Borel set e (A 3 , 00),
fe  Li1+)12(Q) and gE LFa+ a)/ 2 (Q )  (a, p is chosen as above w ith K ± =J)  w e have

(e (e )f , g )= 2
1
7 r i  .çe(IR2+0)— R2-i0l f  , g)d2 ,

w here (  ,  )  denotes the inner product in  L 2 (-2 ), or m ore generally , the duality
between It_i_a)12(Q) and LFa + a ) / 2 ( D ) •  N am ely , the p art  o f L  in e((A a , 00))L 2 (Q)
is absolutely  continuous w ith respect to the L ebesgue measure.

Theorem 3. Suppose th at V (x ) satisf ies (V1) and (V2) w ith 3 / >1/2(/=1, 2).
Then we have :

(a) For any  s > 0  and 2 . A 3 H--s there ex ist bounded linear operators g*(2):
L412,3)1244 — ,  L 2 ( S '') ( S n '- =  Ix  ; x  1=11) such that each g  ± (2 ) f  L 2 (Sn - 1 )  depends
continuously on (2 , f )E (.4 6 +s, 00)X  141+2a)12(0), and the f ollow ing relations hold:

1  
(2" -±(2)f _,(2)g)L2(s.-1)=

2 i
 (I? — R 2- of, g ),7r

(e(e)f , g)-= L (g ± (2 )f , g ± (2)g) L 2( s .-1 ) d2, œ ),

(b) T h e  o p erato rs  g ± : LN-F2a)12(Q) L 2 ((A a+ s, 0 0 ) X  S" - 1 ) def ined by
[g r,f 1 (2 , i') , [g ,(2 ) f ]( i ')  can be uniquely  ex tended by  continuity  to partial isome-
tric o p e ra t o r s  f ro m  L 2 (D )  into L 2 ((115+ s, 00)X  Sn - ') w i t h  initial s e t

((Aa+ E  °C ) )  I- 2 (Q).
(c) For any  bounded Borel function b(2) on (A 3 -1- s, 00), the follow ing rela-

tion holds:
,b(L )=-- b(2)g .

(d) Let F :  L 2 ((:11-e, 00)X S n - 1 )— L 2 (Q )  be the adjoint operators o f  g , .
T hen each g'L` adm its the representation

ÇN
f=strong lirn g ;.(2 )1 (2 )d 2  i n  L 2 ( Q )

N-•.0 .484-s

f o r  any  f m  12((ila+s, 00)x  S 7 1 - 1 ), w here g,(2)* : 1, 1-2i5)/2(Q) i s  the
adjoint of 9",(2).

( e )  L e t j=m in16, 2:6 2 - 1 1 .  T hen  each  g ,  m aps e ( ( 1 - - r ,  0 0 ))L 2 (S2) onto
L 2((A ± s, 00)X  S ' 1 ) ,  th at is, g „  restricted on e((i1T3 +6, 00))L 2 (Q )  i s  a  unitary
operator.

Remark 1 .2 .  In  [3 ]  w e neg lect t h e  fa c t  th a t the construction of  Y (2 )
depends in  general o n  s .  So th e  above is a  co rrec tio n  o f  [3 ] .  N o te  th a t for
two s , r'>0 and 2> max fe, ,  the corresponding operators .g s (2) and g' (2)
are  unitary equivalent to each other in  L2(Sn-1).
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§  2 .  P ro o f  o f  Theorem  2

A s w e see in  [ 2 ]  (Theorems 1--5), a ll the assertions of Theorem 2 hold true
under Assumptions 1  ([2 ]) and  2  ([2 ]) stated in the introduction of th is article.
So to complete th e  proof, w e have  o n ly  to  check th a t th e se  a ssu m p tio n s  are
satisfied by A,, 1 (2) a n d  k(x , C) given in  th e  previous section.

Assumption 1 ( [2 ])  directly follows from  Theorem  1  a n d  th e  definition of
A 8 and r (2). In  fac t, le t A> A 3 and  u  sa tisfy  (0.4) an d  (0.5) fo r some p>r(2)/2
(without loss of generality w e can assume ,3 1). T hen  w e  have

R-1+T(.1)11 l u(x)12dx_1?-,8+1,2),2 r-H -Plu (x)12dx
Ro<ixi<R Ito<txl<R

0  a s  R , 00.

Since j'= 1(2) satisfies the condition of Theorem  1 (a )  b y  L em m a  1.4 , th is  and
Theorem 1 (a) lead  u=0.

N ext le t u s  verify Assumption 2 ([2]) for k(x , ()  restricted in (x, B(R2)x
I f ' ,  w h e re  K I  is  a n y  com pact set in Hak ,  an d  R 2 ---122 (K ' )  is w hat is g iven  in
Lemma 1.3. We choose ï ( K )  an d  p(K±) as in  (a) o f  Theorem 2. Then (A2-6)
is obviously satisfied by this 13= 13(K ± ). F u rth e r , t h e  continuity  o f  k(x , C) in
(x, B (1 2 2 )> < K =  is easily known by Lem m a 1.3. So it rem ains only to verify
(A2-1) , (A2-5).

F or this purpose w e prepare a  lemma.

Lemma 2 .1 .  There exist some constant C>0 such that f or any (x, C)E13(1?2 )
X If  w e  have

127 /r)V ii(x) {1— 72 k(r)} V k(x) C r 1  ( j , •••, m),

I a, -(7)(r)• Vi (x)J•

iaNY h(r)Vii(x)} ) 7 ; (r)a i (r)V ,

( 7 -  nr) {7(r). Vi(x)} ,

(17 —  nr)a, {77(r)• V i(x)}

Proof. T he above inequalities respectively follow from (V2- i) , (V2-v) if we
note that

7);(r)=0(1), 1-775(0=0(r -7 i),77';(r)=0(7- - P i )  and

'i(r)=0(r-1-a1+si)+ 0(r - 2  P J)_= o( r  -  -a+ s. ;) q. e. d.

Now, (A2-2) and  (A2-3) easily follow from Lemma 1.3 and Lemma7 2.1 since
w e have

  

+  n - 1   +
2r

-a, {72(r)• i (x)}I k(x , -5. I  C— .72(r)• V i(x)

-T-

4 {C— 7i(r). V i (x )}

Tm k(x , C)=- -I-Re VC— 77(r) • V i(x)T-Im
[  

W O  •  V  i ( x  )1   1

•4 {C— 72(r). V i(x)}
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Note that

iar)k(x, arxy, •T 7 1)— (F — i 'a r )a ,(7 )•  V1) 
2-VC— 72 . Vl 4(C—)2 •V1)

arc v •v,xv—i-ar)(72• v i )  •
4 -7,• -v- 1)2

Then (A2-5) also follows from Lemma 2.1.
N ext w e prove (A 2 -1 ). It follow s from  (1.11) th a t  (cf., Appendix o f  [2])

v(x)---c-Fark+n
 r  

1 k

—ag v •v i) ( n — 1)(n — 3) 5 { a r ( 7 ) • v i ) } 2  ==v1—v.v1+  4 ( c — v .v i) 1 7 8 .4r21 6 ( C —  7 7  •  V 1)2

Since we have

—a(7) . -vi)1171—v • 171+ _ L itioc(1 -72 .0v ii— a(72 .ivi.;)}
4( •c-721/  i) 4 ( c -7 ) • i7 0

—  i  4(1— i ))7.0)7k V1i VI k]
j, k=1

and
4C(1— ta(v iV 1i)+7L iai(r)V 1il,

(A2-1) follows from Lemma 2.1 and  (V2-vii).
Lastly, w e prove (A2-4).

n-1— 43 1 h z e r — arovvi) 213—r
r 1+1 m -V CRe k(x, C)— — 42r L c-7)•vi V1+ 4r •

Since 213>1 by definition and  ImVC—)2•V i >_0, w e have only to show  that there
exists a n  R 4 =1?4(1-(=) R2 su ch  th a t

—a,-(v•Vi)(2.1) Re[ . fo r a n y  (x , C) B(R 4)X / ( .C —7) • V J  r

W e have

{ R e [   —ar ( , • v i )   i + 7. 1
rICl 2L  c — v .v , j Jr

— i2 •  V1
2  R e [  C — (r/T)a,(i7•V i) - 77• 

C-72 • Vi

= 1 - 1  Ref rarV"(x) 1+r C—(1/4)ai(r)

Re{ — ry /y i j +L -aro,•v i),2 •v ,-2  Re [
j=ir ..22•

Noting K ±.11 . 3
5:, we can choose a  constant e > 0 to satisfy
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(2.2) s(3-1-e)(1-1-e)-1<min A — A a ( 2 = - R e  C)
C E K ±  22—(1/2)at

W e fix  such  a n  s. S ince  C =2 -Fiz -E K ± Iri sa tisfies (1/2)(2—(1/4)ai r
there exists a n  R 5 =- R 5 (K±) . R4 such that fo r any  (x , C)GB (ROxK l,

1 1 
(2.3) O<Re Re <  •

C—(1/4)a.(r) C—(1/4)a.--i(r) =

<Re 1 l+ s..• •• 
C—(1/4)ai(r) 2—(1/4)at

(2.4) ICI-21/1<s,
w here in  th e  last inequality (2.4) w e have  used (1.7), Lemmas 1.3, 2.1 and  the
fac t th a t itti >1— s ;  i n  (1.3). Note here

lim sup max E ra r V, ; (x) max li- = m sup E, ra r Vi .,(x).
1 5/5 m  j=1 1 /5m J=1

T hen  w e see  tha t there  ex ists a n  .126 =1?6 (K ± ):R 5 su c h  th a t fo r any  x  B (R 6)

(2.5) m ax ± rar Vi i (x )< m ax lim sup E  ra r V ii(x)d-re min (2—(1/4)at).
j= 1

(2.3), (2.5) and  Abel's theorem  im ply that (cf., also (1.5))

1 { m ra  V  .( x ) 1 1 ra,,V,;(x)(2.6) — R e  E r Re
r C—(1/4)(1(r) C—(1/4)a1(r) r 11211n

1 d-sI 1 m a x  lirn sup rarVii(x)--hre min a f k(2— (114)a)r L / S r a  7 . -00 j= 1 C E IC I

Since

1±m ax lim sup— rarV i)(x )< 1 (2+ A b —  at)r  1 1 m  

by Lemma 1.4, w e  have from  (2.4), (2.6) and (2.2)

1 { 77, r a r Vi i (x)1— — R e  E t+ICI-2/r i =i C—(1/4)a i (r)

> { i A,3—(1/2)at 
(1+6)—s(3+6)>.0

- { 22—(1/2)at

for any  (x , C)E B(R 6 )x  K 1 . This proves (2.1), and w e have (A2-4).

Rem ark 2 .1 . The condition (1.2) o n  {a .,(r)} is  u s e d  o n ly  to  show (2.6)
(A bel's theorem ). Note that Assum ptions 1 and 2 can be verified w ithout (1.2)
if  w e  replace Agsee (1.6)) by  the following

11
min {46, 2}

linLsoup {rarV i i (x)} —
4

max laPI.

H ere, in general, A.3 .< 21'5.
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§  3 . Sketch of proof o f Theorem 3

On the bases of the principle of lim iting absorption (Theorem 2 ), we can
prove Theorem 3  b y  the same argument as in [ 3 ] .  Here, in this section, we
shall sketch an outline of the proof.

First we restrict ourselves to the case V 1( x )= 0 .  T hen  A8=-A1 12 s in ce  w e
have assumed 61 >1/2 (/=1, 2) in  (V2) (we can choose 60 = 1  in this case). For
fE  L ( ,Q )  and 2> /11,2+E(E> 0), let R1,210f be the outgoing [incoming] solution
of (0.2) w ith V (x )= V i (x ) and C =2±-i0 . We choose 1?7 =1? 7 (s)> R o  so large that

A-72(r). V i ( x ) . ._ C >0  f o r  ( x , 2 )  B (R 7 ) X (A112+ s, cc),

and define the function p(x , 2H -i0 )= p (x , 2± i0 ; s) as follows :

(3.1) p(x , 2-±i0) 4 2-1-i0)ds

= i A  —27(s)• V  i(si)ds+  n  2
 1   log r+-/log 12-72(r)• Vi(x)}

R 7

Then as we see in Propositions 1.2 and 2.1 o f [3 ] ,  there ex ists a  sequence r ,
-•=r2 (2, f ) , 00(as p — co) such that

tv
i
r  eP ( rp. , 2 '- 0 TR,,À ± o f l(rp•)}

strongly converges in 1, 2 (S 7 - 1 ). W e define the operator 91,,(2)-=91,,(2, s):
L?(Q)--> L 2 (Sn - 1 )  as follws :

1 (3.2) g1,s(2)f=strong lim  _ eP ( rP '''''' ) [Ri„z_ o f ] ( r , • )  i n  1, 2 (Sn - 1 ).
,V7r

Then gi,..(2) is independent of the choice o f  0-2 1, and becomes a bounded ope-
rator from 14(Q) to  L 2 (Sn - 1 ) which depends continuously on  2> /11,2+6 ([3],
Lemma 2.4). Further, we have for f  L T (Q )  and A> A112 ([3], Proposition 1.3)

1  
(3.3) ,±(2)f M..2(571-1) = 2+ io f 2 -7 oJ  •  f) •27ri

B y  u s e  o f  th is  9 i,±(2), th e  operator g±(2): 141+25)12(Q)—> 1 , 2 (S 7 1 - 1 )(a=
min 0 0 , 6„ 021) will be defined by

(3.4) 9 ,(2 )=9 (2 )11— V,R2L101, A> A d+E(111,24-s) .

In order to verify that (3.4) is well defined as a bounded operator from _U,i+25)12(Q)
to L 2 ( S ' ) ,  w e have to show that for any 2> Ao+s, 9 - 1,,,(2) can be extended to
a bounded operator from /4,+,g)/2(D) to L 2 (S 11 ) ,  where 43 is  any constant satis-
fying (1.13). This is  possible by (3.3) and Theorem 2 (a) w ith  V (x )=  Vi(x).

Now, as is proved in Theorems 2.1 and 3.1 of [3], we can have the assertions
(a) ,- (d) of Theorem 3 with this g" ± (2).

To establish the assertion (e ), w e fo llow  the argument of the proof of
Theorem 4.1 o f  [3]. Namely, if fE  L 2 ((A0+e, 09)X S" - 1 )  is  orthogonal to the
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range of 9 ,  w e can  have for any smooth OE L 2 (Sn - 1 ),

(3.5) (1(2 , .), 0)L2(sn-1)= 0 a. e.

where j=m in  fö, 432 - 2 1 .  Note that to obtain (3.5) w e h a v e  used the  following
relation satisfied by any je E  a l-i9 )1 2 (Q ), L 2 ( S 1 )  and  2> 116±e:

(3.6) (gi,i(2)f•95)L2cs.-1)=--lim(  l _eP(rP•• 2 1 " ) [R i  2+ 0 f ]( r. ) ,  q i )
L 2 ( .3 7 1 - 1 )P—''° A/7

(cf., [3 ] ;  Lemma 3.2 and Proposition 1.4).

§  4 . Examples

I. We consider potentials of th e  form

c ;  sin bi r'i
(4.1) V (x )= +0(r-1-30) near infinity,

rsi

where bi , c i  are non-zero real, ••• a n d  o<aoi. I f Ek=
Ek+1= ••• = Sk+p, the order of summation is chosen like Ib kI ••• I bk+p l•
We put

c • sin b; r'i
V i i ( x )=V    ai(r)=4 b 3 r-2 +2 E j

Then it follows that
V  ii(r)=0(r - si)

IP (r )= -  
ei bi c i  cos b irs j  +0(r - i - . J)=0 (r - 1 ) •

—sjb3c ;   sin b,rs
V ii (r)=--  +0(r-2 )=— a;(r)V1;(r)+0(r2).

r 2-z;

Thus, choosing 6 1=1—aid-c m,  a n d  52 = 1 , w e see that  V i ( r )  satisfies (V2-0 , —
(V2-iii) and a ( r )  satisfies (1.2) a n d  (1.3) (see Lemma 1.1). Note that in  this
case, (V2-iv) ,--(V2-vi) a re  trivially satisfied by VI ; (r). Since a="j-=m in{ ô o , l -
ei -Hem }  and

lim sup r  V (r )=  r ; I bJE; I,

it follows from (1.4), (1.5) and (1.6) that

(4.2)
1 m

E(2) —  E e i— 2 ;•=-1

1m 1  9 ,  9  , .

11(4.3) — lOE f i  M  r—`2+2si.
A aa =  min 05, 21 .7-1

Namely, we have the  following results fo r the  potential (4 .1 ): (E(2), 00) is con-
tained i n  t h e  continuous spectrum o f  L - =- 4 +V ( x )  (Theorem 1). (71 5 , 00) is
contained in  the  absolutely continuous spectrum of L  (Theorem 2). If 1/2>1 m,
fo r  any E > 0  there exists a  unitary operator g,(depending o n  e ) from e((A a -Ps,
00))L 2 (Q ) onto L 2 ((A 5+s, 00)x S n ')  which diagonalizes L  (Theorem 3).
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In  (4.3) we have used the fact that si =max{s i }  and  ibil =max { b k  ;

Remark 4 .1 . I f  ei =1, then we have

1 1
A o =AL<__ min {45, 2}

(cf., [2 ];  Example II-1). O n the  other hand, if si <1  fo r any j ,  we have

1
 simin {45, 2} J-1

(cf., [2 ];  Example III).

II. We consider a  m ore  general case :

(4.4) V (x )= ci (x) sin bi rsi+0(r - 1 0)

near infinity, where bi , s i  a n d  5,, a re  a s  given above and  ci ( x )  is  a  real-valued
function such that

(4.5) i(x )=0(r-1-'i)(1=0, 1, 2).

We put
V i(x )= c(x ) sin bi rei , a i (r)=s olbjr - 2 +2 ') .

Then, choosing 51=1—sid-s„,, and we see that V ( x )  satisfies (V2-i)'-
(V2-vi) a n d  a i (r)  satisfies (1.2) and  (1.3). In  this case, we h a v e  5=min{50, E.}
and

(4.6) E(2)_ -1 •s16•1c*" ; cr=lim  supIr sici(x)I,2 j=i ,

(4.7)
1 1  n  n

E j i b Etbl r-2+2,-1
min {45, 2} 4 ,

Namely, Theorems 1 and  2 hold with the  above E (2 )  a n d  113, respectively. In
order to apply Theorem 3 we have to assume

52= s in>112 .

T hen w e see that f o r  a n y  s > 0  there exists a  partia l isometric operator 9",_
(depending o n  s) from e((A air  e, co))L 2 (Q) to L 2 ((A 3 +6 , 09)x.S 4 - ' )  which diago-
nalizes L, and  maps 8((A - Es, 00))L 2(Q) onto L 2 ((A s+e, 00)x Sn - ') , where

1
s 2b 2 r -2+2s,(4.8) min {4o, 2} .int l E i l b i l c : r + "

with j=  min {3, 2(32 -1 } =min 0 0 , 2 -1}.

Remark 4 .2 . In  general ./1 ,-
d 716 . However, if  62 =s„, 3/4, w e have A 4=

A a (cf., [3 ];  Corollary 5.1).

III. T h e  above results can be applied to potentials o f th e  form

(4.9) V (x )=c(x )sinPbe+O (r-'-'°) (b*O, 0<5 0
- 1 , 0 < s1 )

7ibT

A3=-
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near infinity, where c(x ) is  a  real-valued function satisfying

(4.10) c(x )=0(r-'-') (1=0, 1 , 2) .

In  fac t,

sing bi-' ,  c o + E { ck  sin  k be+ d k  cos kbe}
k=1

f o r  suitable c o n s ta n ts  co, e k  a n d  d k (k =1, ••• , p ) .  S o , if  w e put

V ii(x )=- c(x){cp-i+1 sin (p— i+l)be+dp_ i +, cos (p— j+l)b e l (  j=i, ... , P),{

[ a  j (r )_  e 2(p + 1)2b2r .-2+2(i_i ,p )

1 a p+ i(r)=0 ,

v i,(x )(j=1, ••• ,  p + 1) satisfies (V2-0 ,--(V2--vi) a n d  a 1(r)(j=1, ••• , p+1) satisfies
(1.2) a n d  (1.3).

Remark 4 . 3 .  Potentials o f  th e  form

V (x )= ci sin (log r)+ c 2r -  s i n  brs +0(r - 1 - '0)

(bc1c2 #0, 0 < a 1 )  a r e  not covered by our theory (see V 2 - i) , though each po-
tential sin (log r )  o r  r - ' sin  b r  i s  i n  t h e  framework o f  our "oscillating" long-
range potentials ( [2 ] , [3 ]) .
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