
J. Math. Kyoto Univ. (JMKYAZ)
22-2 (1982) 261-283

Cauchy problem for non-strictly
hyperbolic systems II.

Leray-Volevich's systems
and well-posendness

By

Kunihiko KAJITANI

(Communicated by Prof. S. Mizohata, Jan. 31, 1981)

Introduction

We consider the Cauchy prolem for non strictly hyperbolic systems with diagonal
principal part of constant multiplicity. W e shall derive a  necessary condition in
order that the Cauchy problem for such systems is well posed in C " class.

We consider the  following Cauchy problem in  G(x) a  neigborhood o f  J2=
(.to, fl) € 11

'
1 + 1

a(x, D)us(x)+ W x , D )Iii(x )= fs (x ), xeG (.) n { x 0 > 0 },
t=1

1
 DP U s

lx0=Ro =  g)t(X'), x ' E c m  n {x 0=5Zo}, 1, s N.

where a(x, D) and b(x, D) are differential operators of which coefficients are infinitely
differential functions defined in a domain G c R" -H .  We assume here that we can
factorize in G cR "+ ' the principal part of a(x, D), a(x, as follows

(2) 11(x, ) = ( 0 ---A(1)(x ,

where v(0  are constant integers in  G x R" \O, Ao )  a re  C "-real valued functions and
), ( I) /1 ( f )  on G x R" \O for / j. Moreover we assume that there exist integers n o ...,
nN  such that

(3) order < m —1+ n,— n,

where m = order a =  vo).

We call here a  system with above properties (2) and (3) a  hyperbolic Leray-
Volevich's system with diagonal principal part of constant multiplicity.

(1)
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Definition 1. The Cauchy problem (I) f o r  a  system {(*I+  N I is said  to  be
well posed at g in G, if the following conditions hold
( E )  There exists G(g)c G, a  neighborhood of g , such that for any f (x ) in C'(G(fc)
and g  in  C'(G(1) n {x0 =x 0 }), there are functions w (x ), s=1,..., N  in  M G M )
satisfying (1).
( U )  For any G(g)c G, a neighborhood of g, there exists C(g)c G(x), a neighborhood
o f g , such that if  us(x )(s=1,..., N ) in  C.'"(G(x )) satisfy us +  N u' = 0 in  C(g) n
{xo > go } and supp us c  {x, > go }, then us = 0 in C(g) n Ixo > u  (s= 1 ,..., N).

If the Cauchy problem (1) for a  system { S ;a+N }  is well posed at g  for any
e G, it is said to be well posed in G.

Remark. We note that the property of finite propagation speed is not necessary
in the definition of the well posedness.

We call tp a phase function associated to ),(x, a  function in  G x R" \O, if t/i
are real valued C"-function in G' OEG such that

',II.»  in G,

Of  O .

We denote by i/fo) a phase function associated to .1(0 .

Definition 2. L e t  { S la(x , D)+N(x, D)} b e  a  Leray-Volveich's system with
diagonal principal part of constant m ultiplicity. It is said that {61a + N} satisfies
the Levi's condition in G if there exist integers n,,P (1= 1 ,  .  ,  d) such that for
any phase function i/io)(x) and for any w c C(G)

(4) e-i101){61a(x, D)+N(x, D)} (eiPil' ( "w)

= 0 ( p m-v( , )+0»-nV )) (p cc)

for s, 1=1,..., N  and I r.

We have proved the following theorem in the part I  [2].

Theorem 1. Let { a +b}  be a Leray-Volvich's system with diagonal principal
part of  constannt m ultiplicity . T hen if  { N a+N ) satisf ies the Levi's condition,
the Cauchy problem (1) for { (5;a +N1 is well posed in G.

The condition (4) is not necessary.

D(

2
)

.0 -

For example, a  2 x

DI D , -

2 system,

(5) +
0D —D, —D,

is well posed in R 2 .B u t  we can not find the integers such that (4) is valid. Here
our aim is to investigate a  necessary condition in order that the Cauchy problem for
Leray-Volevich's system with principal part of constant multiplicity is well posed.

We assume that the condition (4) is not valid for some 7. For simplicity we
we write /10 ) =.1 and vo)= v. Then we can decompose
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(”a(x, D)+14(x, D)=6IQ(x, D)q(x, D)r +M(x, D)

w h ere  q(x, D)= D 0 + D'),

Q(x, D)=11 (D 0 + i),( 0 (x, D'))v ( i ) ,

and the order of M  satisfies (3). Hence the principal sym bol -0(x, ") o f  Q(x, D)
satisfies

(6) 0(x, ).(x. (;')00 i i i  G cR " \O .

We rewrite B(x, D) as follows,

B(x, D )=  E j x ,  D' ) D4
J=0

= E
J o

D ' ) ( q ( x ,  D) — D')).1
=

= E
f o

 14 ../ (x, D')q(x, D)i,
=

here 1n-1+ n,. We put

(7) c4, ; =  
order B, ; (x, D ') ,  if #0 ,

— , if

Then we note

(8 ) j.

For a scalar function 0(x) and a pseudo differential operator P(x, D) of order
ni, we introduce differential operators o,,(', P) of order j as follows

D)e'Po.f(x)

= E Pm - i a .J0 Plf(x).

Then the principal part of cri (0, P) is given by

1 -
=  E

IŒ1 J •

where P is the principal part of P(x, D) and P( 1 ) ( x ,  ) = ( 4 - ) 1 P ( x ,) .  In  paticu lar,

(lo(0, P)=- P(x, tlix)

6 1 (x , P )= A ( 4i  p)(x, tk x g i .

Let iii(x) be a phase function associated to ). and q(x, D)= D 0 + i),(x, D ) .  Then we
have
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C iPoq(x , D )e 1P0  = o-q ) p ' - j

=  E  j + I ( I p  q )p — .

w h e re  qo(t11 , (1) = )L(x,

,(t q ) =  Do — IPx ) D j .
i=  I

Henceforce we denote a,(tP, q ) by H (x , D ).  In general, for a positive integer r.

e - i " ( q ( x , = qr)

= E a r+1 (0  9 r ),

where we note that

j(41, q') 0 ,  j  = 0 , r — I,

,(0 , q r)=(o . ,( tli, q ))r= H (x , Dy.

Therefore we obtain

(9) e - iPo Q(x , D)q(x , D)'eiPq'

= p m- v E  0 .i + r o p, o i v )p - J,

a(1/i, Qq")=0(x , tlix )H ( x ,  D)",
and

(10) e-iPo = (e - im1113 j eiP*)(e - iPoqieiPo')
.1=0

= p, Bs i )  E  k + i ( q j ) p —k
j = 0 1 0

= E E E  (7 1(111 , qi).j=c) l+k=p

Let 4 (x ) be a scalar function and cr a positive rational number which both are deter-
mined later o n .  Then we have

e — (i1,0+ - i 1 ° 0 )p e ip ip+ ip °0  = prn— o+11cr{6(0( x ,  t fr.v )H( x ,  Ox )v + 0 (  In

f3: i  (x, ipx ,) H (x , (/).,) + o( 1 )1.
j=0

where ml= m —1+n, — ns . We put

n ( c r) = ck i + j • ,

n 4 ( a ) =  max ni st j (u),
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mg a ) =  m ax /74i  (o- ) ( s  t ) ,
05_7: j _<;tn

g(a)= max max max {nt, ( ,) (a)— in+  y  — ay} ,
15p<L:N 1 < •• •< s

where it is taken  over a ll permutations of [I,..., p ] .  Then we note that g(a) is
contineous in [0, I]. Now we investigate the zeros of the  function g(cr). T o do
so, we need a lemma, (so called, Volevich's lemma).

Lemma ( Volevich [7]). Let M(s, I.= I ..... N) be N 2  ra tio n a l n u m b e rs . T h e n
there exist rational num bers (1,, ns) (s=1,..., N) such that for any  (s, t) we have

1111<i,— ns ,

(t, — ni ) = max E ms,,,,,
s 1 i t s= 1

where it is taken over all permutations of [I,..., N ] .  In p a rtic u la r, if

max Ap,;( s )  = o
i ts =  1

is valid, we can take

ns = 1, (s  = N).

Now we return to the equation g(o)= 0. W e a t first note that we have g(0)> 0,
if the Levi's condition does not hold for 1= 1 . In fact, if g(0)< 0, applying Volevich's
lemma to {inf(0)— in +  (s, t =  N), we have /,, .... such  tha t m (0)<m —
v+/,— I,. Hence noting df i  < m(0),

cki  < in—  V +1, -  —

which is the Levi's cond ition . Moreover by virture of (8), we have g (1 )< 0 . There-
fore since g(a) is contineuous in  [0, 1], we have a solution a =o-(i) in (0, 1) of the
equations

(11) g(a)=0.

Then applying again Volevich's lem m a to {/Ou''')— m —(34  1 'v+ v}, w e have the

rational numbers (/,,..., IN ) such that

n4(cr(")<tn-1 , + am p +1,-1,,

for s, t = 1 ,..., N .  We put

(12) 111=  {j; rul i (a ( 1 ))= m — v + v a + 1 ,-4 } .

We define the characteristic matrix and the characteristic polynomial for {P f} as
follows
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/4(x, H)=670(.v, + E
JET

h (x , x , H)=det {M(x,111, 11 )}.

For example, the characteristic

A(x,

matrix for (5) is given by

! H 2 0

0 H2
—  JX

Now we state our main Theorem,

Theorem 2. A ssu m e  th a t th e  C a u ch y  p ro b le m  fo r {p } is  w e ll p o se d  in  G.
T h e n  fo r a n y  phase fu n c tio n  1,1/(x) associated to ). the  characteristic po lynom ia l
h(x, tfrx , H ) can not have non zero root.

Remark 2. T h e  definition o f  the characteristic polynom ial follows from
M izohata i n  [ 3 ] .  O u r  result is th e  generalization o f  the theorem obtained by
Mizohata e t O hya [4] and Fraschka and Strang [1 ], and applicable to derive the
necessary condition considered by Petkov [5] and Vaillant [6].

We have announced our above Theorem without proof i n  [ 2 ] .  Here we shall
give the detailed proof of Theorem 2.

§ 1 .  Proof of Theorem 2

We assume that the Cauchy problem (1) is well posed in  G .  We put

P {P(x, D)}={6fa(x, D)+ b(x, D)} .

Then it follows from the closed graph theorem that for any neighborhood UM of
e G , there exist a  neighborhood G(x) c U(x), a positive integer s o and a  positive

positive constant C such that

(1.1)  C{1 P tliso , G *I.t) ± I so' , , o(R) ,

f o r  a n y  u=(u,,..., u N ) E C x ( U M N , where e G(x), x 0 >X' 0 1, Go (*)=

e x 0 = 0 }  and

u 0 , = s u p  E  E
xeE

We shall construct an  asymptotic solution of (1) with f,=  O (s= I N) which
does not satisfy the inequality (1.1).

W e assum e that the characteristic polynomial /11"(x, (// x , /-/) =det tp.x,

H)} has non zero root at x =.)2 E G for some phase function 1//(x) with Ox , (.52)= .
Then there exists an open set WI)OEG such that we can factorize

(1.2) h")(x, Ox, 1 1 )=Q ( 1 ) (-v, 1 1 )( 1 1 - 0 1 ) (x)r" ) ,  i n  Um

(Q")(x, C")(x)) 0 0  in  U")).



(1.4) I
H(x , 44' ) ) =C " ) (x ),

4) ( "Ix 0 =i 0 =Q c‘, a > , a  E R "  \O .

e(ii)(x , H ) 0
0 •

H )  _ f
•(1.9) R 0 ) ( x ,  H ) /1 ( x ,  H ) S ( x ,  H ) =
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Then w ithout loss o f generality we may assume

(1.3) Im " ( x )  < 0  i n  LP " .

In fact, h " ) ( x ,  —1//x ,  H)=(—  I)M ( "11(x , ti ( — H), (M ( ') m + ow).

Hence h(x, x ,  /I) has a  root ( — I r " C " ) ( x )  w h ich  im ag ina ry  p a rt is negative, if

we choose a  b ranch  ( — l) 6 " ) , because o f  0 < n4 1 )< 1 .  Then  w e  de fine  4)")(x) as a

solution,

Then (1.3) implies

(1.5) 1m 0 < 0  i n  un { x 0 > - ,0 1 .

Now  w e re tu rn  to  (9) and (10). W e rewrite as fo llows,

(1.6) e-iPo =  E (”Qqr)1 0
m l (l)

+  E  E  p 0•1(0, 13f )a k + i (tIf , qi)
j=- 0 p.13 l+k=p

= P m — v + a ( l ) r ± i ' — is t 6 f 0 (P - 6 ( 1 ) 1 1 (X ,

+  E 111,,,)(p'w H (Y , D )) -1 + 0 " ( P ) } , ,
JEle )

where a " )  is  a  rational num ber satisfying (11), it'7 defined by (12), in ;= n i —1+ n t — ns,
and

(1.8) Q (1 )(p ) = p—I—verMui+v*  Q q 9

j+,(111,+  E  E  P,o)

It fo llow s  from  the theo ry  o f  elem entary divisers th a t fo r th e  characteristic  m atrix
A ( ' ) (x , H )= A (x . 0,, H ) th e re  e x is t  tw o  e le m e n ta ry  o p e ra t io n s  R ( 1 ) (x , H ) and
S")(x, H) o f which elements are po lynom ia ls  in  H, such that

where e ( x ,  H) (s= N ) is  a  p o ly n o m ia l in  H  o f  degree m e(
s1)

1(x, 11)1
ell ) (x , H) is  a lso  a  p o ly n o m ia l in  H .  MoreOver by  v irtu e  o f (1.2), we have

.10) 11(1)(X, H ) =  n  e t" (x , H)
s=1

=Q ( "(x , H )(H — C ( ')(x ))v " ) .

Hence we can factorize
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(1.11) e l"(x , H )=é (
s n(x , H )(H — C m (x ))" ,  ( (x, i n  U m ),

1, 11 ) <nz sw ,  s= I ,..., N.

Then the two cases occurs,

case ( i )
(1.12)

case (ii)

We put

f
os I) = 0 ,  s  = I , . . . ,  1 .11)9

v1, 1 ) >0, s =r") +1,— , N,

0, 1 ) >0, s =I , . . . ,  N.

A ")(p).= { p' , "- ' , A;( 1 ) (x , p - 6 ( ' ) H(x, D))1

R (i)(p)=Ipt , - 1 q ? r ) (x , p - 6 ( ' ) H(x , D))1,

S ")(p)= { pir - '. S r ) (x, 1) - 6 " ) H(x , D))1,

p(o)( p ) =  p ; e i p o

and

p(i)( p ) = e - ie w o(i)R(1)( p ) p(0)( p )s i  1(p ) e ip" 4.(l) .

Then by virtue of (1.9) we have

(1.13) R ( 1 ) ( p ) A ( p ) S " ) (p)=
e 1 ) (x , p - 6 ( "H (x , D)) 0

0 • e;,I1 ) (x , p - a( "H (x , D))

p  I -  I
 

E  f r i " e 6 ' ) (x , D)} ,

where e l ) (x , D) is a differential operator and

(1.14) order e6 1 ) . . j - 1 ,  j=1 ,

We note by (1.8)

(1.15) R1 
l

) (P){P 1 ' - i 'Ql" 1(0 1 5 1 1 1 (P)
E D)p_ic(i)}9
p i

where Co .i are differential operators and (e 11 )- 1  i s  the denominator o f a " , and

(1.16) order Ql (
j " < ja w - l e " I ,  j = 0 ,  1, 2,....

Finally we obtain by (1.6)

P ( 1 ) (P)= Pm 1 4
'

" )  R")( p)(A ")( p) +Ipt , - ' , Q;( ' ) (p)1)S 1 "(p)eli » " 0 " )

= pm 1 "{Me - '1)° ( 1 ) 0 ( 1 ) e (
s "(x , p - c( "H (x , D ))eie ( " 0 ( I) }

+  P " ` " { P '' E  p - i 6 ( " c " 0 " ) e 6 i ) e iP " 0 " )}

E it"  e - i P° ( "`""Q6 1 ) ew ( 1 ) 0 ( "} ,
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where M (')= —  v+ vcr( '). By (1.11) we have
( I' (') (i p - °" ) H(x, D))e 1e ( 1 ) 0 ( "

=e - ie " ) 0 ( "êt,"(x, p - ° H (x, D ))e ie ( " 0 " ) (H(x, D))vV ) ,

= rVC"))11(x, D ) + p-1-4"ell)(x, D),

269

where the order of ell )(x , D )-1 , and by (1.14)

e _ i i,,,o) 0 (., e .7y) ( e i p c,('),/,(!) ) =  E

and moreover by (1.16)

e
-ii),01)00)Q.7(j1)eip-(1)4)(1)

p(i - 1 )E" ) - 1f7 ( 1 ) 0. 1 ( 0( l )9 Qri l
1 0

Thus summing up, we have

P . ( 1 ) (P)= P m " ) + " - ' ' I  P - i c ( 1 ) P (? ) (x, D),

where

d 6 1 ) = order P < jo-(1 ) - 1  c(' j=  1 1,1110-(1 )8 (1)- I

Ps(-1a),(1),(1)-1= ê5 (x,c(1)>Hoc, 0 , V),
<la ( I I , >  01) 0 .(1)8 (1)-1 +

Moreover we note that there occur two cases of (1.12).
In the case (i), we must transform {Pf ( o (p )}.  To do so, we need a lemma as follows,

Lemma 1.1. We consider a system of differentia l operators

P(P)=  IP(p)} = D)1.
,; ()

We assume

1 o
. 1

Po= 11 3 01 o
0

. 0-

Then there exists T(p)={T(p)} such that

- )3(11)(p ) 0
P(P)T(P) 1=- T(P) , (mod p - ' )

o P ( p )

where



270 K unihiko Kajitani

T (p )= E Dps,
iko

To = I, (the identity matrix).

P ro o f .  We put

 

p o l)( p ) p (t2 )(p ) -

p(2 1) ( p ) p ( 2 2 ) ( p )

T1 (p) T (12)(0

T(21)( p ) T (22)(p) i •

 

P(P)=

   

T (p )=

  

Then PT —TF implies

(1.17) p(12)T(2t) p li ,p ( 1 1 ) ,

(1.18) p 1 2 1 7 ( 1 1 ) +  p ( 2 2 7 ( 2 1 ) =  7 - (2 1 )T ( I I ) ,

( 1 .1 9 )
p (1 1 )(1 2 )+ p (1 2 )T ,2 2 .)=  p i2 )p (2 .2 ) ,

(1.20) p (21 )T (12 ) p (22 )T (22 ) =  T(22)p( 22) .

By (1.17) we have

E (E P / " T ',(1"1+

which implies

(1.21) E 1.117-p 11+13(1317121) _n1105 (111) ) = 0 ,

l=0

for j = 0 ,  1 , 2 ,. . . .  In particular,

p L il l n i1 )4 ./ V 2 1 7 1 2 1 )._  n 0 1 5 1011) = 0 .

Since / ) ) 2 ) = 0 ,  and P " ) = / ,  the above equation is valid, if we choose

=

jr-) )11)_ 19101 I I =  /

In general, we have by (1.21)

(1.22) p y l l+ p lii2 1 1 7 ,1 2 1 ) ,

i =0

if we put

( (.2for j > 1 ,  where T 2 1 )„ 1j_, ) are determined later o n .  Next by (1.18),

E  ( p y11)T 111) ± p(j22,)7120_ Tif zypci ii)) =

1=0
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for j=0, 1, 2,... . Noting that FV 2 ) =0, TI" ) =0(1 1) and .P) " ) = /, we have

(1.23)T 2 = 0 ,

j-1
T21=  p j 2 1 )+  E  ( p .22,) 71211_ Tyl il p p l ) )

1=0 j

for j> 1. Moreover by (1.19), for

E  ( p .111) 7112) + pi 121) 7 1 2 2 )_  ri l2i)p122)) = 0 .

1=0 j

Hence

(1.24)

if we choose

T (1 2 )_  E  (T (1 2 )p 2 2 1 _ p (1 1
J - /

7,1 (1 2  ._)) p(12)I J-I / J
1=0

p 3,22) = 0 5

n22) =  / 5

7122) = 0 5 ( / 1 ) .

Finally by (1.20)

E  ( p .211)7 (12 )1 _  pi 221)7122)_ V7214922)) _Ø
1=0 j

which implies

(1.25) p(22)= j E. - 1  p  j(2_11)7 1 1 2 )+ p ?2 ) , ( j > 1 ) .

i=o

Remark 1.1. Here we note that since 7'0 = /, we have T - J(p) such that

T(p)T - '(p) - T - '(p )T (p ). I  (m o d  p - ') .

Moreover we remark that it follows form the construction of T(p) and P(p), (1.22),
(1.23), (1.24) and (1.25) that if

order <11 j = o ,  1 , . . . ,  vs , s o t,

order j , ,  j  =0 ,  1 , . . . ,  us ,

o r d e r  PV12 ) <jtc ,  j  =0, 1,..., vs —1,

and

o r d e r  P:Z(„2: ) = v,K,

are valid, then the orders of ,Pri " ) (i = 1.2) are also satisfy

o r d e r  P (i " ) . . jK ,  j -0 ,  1 , . . . ,  v s ,

o r d e r  pw 2) <  , K5 j = 0 , us-1,

o r d e r  PV„2:)=vsK.
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N ow  for k > 2  we define the operator 13 ( " (p ),  the characteristic polynomial
h(k)(x, H ), the rational number cruo, the phase function 0 ( " )(x ) and so  o n . We
assume that Po)(p), p ( k - 1 ) (p) are defined as the forms

(1.26)
T(k-i )(p ) 11-110(k R ( k - 1 ) ( p ) p ( k - 2 ) ( p ) S ( k - 1 ) ( p ) e i p ,T ( k  - 1 ) 0(k - 1 )  TOC- 1)(p)

0

Op ( k - 1 . ) ( p )

p ( k - i ) ( p )  =  {pi jk  n - fe E  p - J E ( k - i ) p ( . k - 1 ) ( x ,  D) , s, t= 1 , .  • ,

f  order
d6k--1) =

— J,

ps(f t — 1
1 .1

p 6 k - 1 )  0 ,

p 6 k - 1 )  =  0 ,

( 1.2 7) k-

(1.28)k

( 1.2 9)k -

.ia,()k -1). 19, that is clIW‘ - 1 1 = — oo,/

( 1.30) k- 1

d * -1 ) <  j ek-1)1 1, s Ot,

dss y,-1) ‹ i s (k-1)1 0 0-1 ) , < T cs k-1) ,

dv4-0 < j(k-1)1 0 0 -0 , j > .T (s k-1) ,

(k - 1)
P S ( k - 1 ) =  'é ( k - 1 ) ( X ) H ( X , (ë("- (x) * 0  i n  U0 c- 1 1 ),

s t fk -1) )

((k_1))1 ;- 1 ; the least common denominator of (u ('),..., 00-1)),

T oc--1) = 1 ) ( k-1) 0 .0,1)/ 0-1) ,

1116k- 1 . ) (c )=  o - ds(
i k- 2 ) —j

(
k- 2 ) ,

f  m ( 0 =  
t

m a x  m 11 (  ),ss(k-1)
o <  .<  ( k - 2 )J  1. ,

(ci-) = max n - 1 ) (a) ( s
i>0

4(/‘ t).
-

For a=0, we put

(1.30)'k_i m ( " ) ( 0 ) =  max ( j e k - 2 1 ) .
d .j ( k -2) + _ oo

For convenience if clf1t - 2 1 = — oo for all j  (for j<T 1
sk- 2 ) , if s= t), we put

m 7 (k-1)(0) =  _ 0 0 .

Then we note that rOk - 1 )/(1,
)  is contineous in [0, oo), when rirl(k- 1 )(0 )*  — co. We

set

( 1 .3 1 )k-i g ( k - I ) (a)

=  max max max E  
t  
m s ( 0.) ( 0 - c r (k -2 )) v (k -2)1

• I / )
15p5N (k  - 2 )  1 5 )< •••< SpN ( k n I
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where rc is taken over all permutations of [1 ,..., p]. Moreover we put

w k - 1 ) ( 0 .) = I t wk-1)( 0.) , ( s o t ) ,{

m.vk-1)(09 = max {n ek-1 )( 0 )
, (0. _ 0 .(k-2)) 1,1k-2)}

= max tn ( k- ' ) (cr).
0<isr 2

( " - 2 ) i

We assume inductively

Then the equation

( l. 3 3 )k-1

has a solution o =  o '  in
in [0, cr (k- 1 )] and (1 .2 7 )-  2

We put

(0 , a (k-2)..) In fact, the function g(k —  I )/ a \ is continuous
implies that g (k-1)( 0 (k-2)) < 0 .

(1  .3 4 )k -1 M r k - 1 )  = M r k - 1 ) ( a (k -1 ))  4 k - 2 )  n (sk -2 ) , s ,
 t =

N ( k - 1 ) ,

where n;' ) =11' ) —(m a (o v ) . Then by virtue of Volevich's lemma we have the
rational numbers (W‘ - 1 ) , nk-1)) such that

A ek - 1) < ,( k- 1) n 1k -1) ,i j S, t=
No— I)

s u p  E  m sn(s)( k-1 ) =  E  ( l sk-1 _ n l1c-1)).
ns ' 1 2=1

We define

(1.35)k—,

1 #V k -1 ) = {J <  .esk - 1 ) : m ;(i k -1 ) (0 .(k - 1 )) = I lk - 1 _ ' I lk -1 ) _ Ilk-2) ± n s(k-21} ,

# .:(k- I ) = 1 
J ;

 n 1 6k  - 1 ) (0 4 k -1 )) = Oc -1) _ n s(k -1) _ 4k-21 +,4k - 2)), (s 00 ,

i l f ( k - 1)( x ,  )  =  6 ..Sp(s k- 2)1/( x , OV (
‘  2 )  ± E p f c.k-2) ( x , ) ,

.iE$r( -') '

h(k - 1 ) ( x ,  ) = d e t  {41.1( " ) ( x ,  ) } ,

where H(x, ( x  1,L' g  and P ' ) (x, stands for the principal part
o f  psfik- )(x , ) Then the  characteristic matrix A ( k- o(x, a n d  th e  character-
stic  polynomial h(" ) ( x , are  polynomials in  only H(x, which fact will be
proved in Lemma 1.2. Therefore we can factorize in an open set U (k-1) uck-2),

( 1.36)k - 1 h(k - 1)(x ,=  k k - 1)(x ,  H ) ,= Q(k - i) , xk 11)(11—  C ( k - 1 ) ( x ) ) " k - 1 )

Q (k - i) (x , o k - 1 ) ) 0  0  i n  U(k - 1 ).

Moreover it follows from the elementary divisor theory that there exist two elementary
operations R ( k--- 0 (x , H) and S(k - 1 )(x, H) for the characteristic matrix A. ( k- o(x, H)
such that

(1 .32)k—,



(1)
1

 1,1k- 1) = 0 ,

v (s k- ' )  > 0,

s = 1,.. ., ( k - 1 ) ,

s = r (k - 1) + 1, . . „ ,  N (k -2 ) ,
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e 1)(x ,  H 0
0 •e 7 ,9 2,(x , H )

(1,37) R ( k -1 ) A (k - 1 ) S (k -1 )= .

     

where e 1)(x, IN.uk-1)) is a polynomial in H  of degree inlk - ' ) and es( i.ri' ) /

e(sk- 1 )  is also polynom ial. Here we may assume that we can factorize in  U( ' - ' ) ,
(k-

(1.38) eJsk-1)(x, 11) = (xè(s k-1) , , H)(H—C ( k- 1 ) (x))v
i )

. ,

(k-1)(x , C ( k- 1 ) ) 0 0  in  U ( k- ' ) ,

f o r  s= 1,..., N u,-2 ), w here V,k - 1 ) < • • • < v (
N

k(7, 9 2 ) ,  a n d  Ev(sk- 1) = 1 0 - 1). T hen  the

following two cases occurs analogously to the case of k=1.

(1 .3 9 )k -1 (i i ) v sOc-1) > 0, s  = 1, . . . ,  N (k -2 )

We define the phase function 0 ( k- 1 )  as follows

H(x , f 1 ) (x lc -1
)

) = C ( k - 1 ) ( x )

i

We define also
R (k_ i ) ( p ) =  I p i ( k- i) _n(sk-1) R 1 ( ,_, ) ( x ,

A(k-i)( p ) = {p e - "-n?"" m (k -i)( x , p-a(k - "M x , D ))),

S(k - 1 )(p )= {pn: k - I ) - 1 ? - ' ) M ( " ) (x , p - u( "- "H (x, D ))).

Then

(1.41) R (k - 1 ) (p )A (k - i ) ( p ) s (k - 1 ) (p )

= - I )  ( k  - I)6 frsk _ i) ( x ,  p _e k-o m x ,  D )}

E

where e i k- ' ) (x, D ) is a differential operator satisfying

(1.42) o r d e r  e ) (k - ' ) E(k-i)/0.(k-1)5

On the other hand we can rewrite

1 (k (k - 2 ) _ • (k (k-2)/ rA )p (k - 2 ) (p )  =  {  E  p  r n. pf; f

= )( (k - 1 ))+4 k l e .4.1,k p s (.k -2 )(x , D)}t i

(k-1)_ (k -1)
=  A (k - i ) ( p )  { p l , E  13 - i c ( k - "Q (ik - 1 ) 1x , D )),

(1.40)
0 ( k—nixo 0 = <x , w (k -1 )  R .



where

(1.43)

Hence

(1.44)

where
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order j(k-1)/0.(k-i).

R (k-1)(p ) p(k-2)( p )s(k-o( p ) = 1(c-1)( p )A(k-o( p )s (k - )( p ) + 0(k-o( p )

YO(k-1)/ Pk P i=  R ( k - 1 ) (P )1
r i (k - 1) — n (k - 1 )  E  p _ic(k_i)o r o } s ( k-i )(p )

= E (k - D)) .

Then we have by (1.43)

(1.45) o r d e r  O ft1)- - 1) ‹ i g(k- 1)10.(k - 1) .

Therefore we obtain by (1.41) and (1.44),

R(k-1)( p )p(k-2)( p )s(k-o( p ) =  t p e  - 1 ) - n ?  1 ) 616,(s k- 1)(x , p -o(k-i> m x ,  D ) )

Ip i `k- 1 )  E D)).

Then by (1.42) and (1.45) we have

(1.46) sigk- 1)
= o r d e r  -g (ik- 1) < J6 (k - 1)/a (k - 1).

Moreover we note by (1.38)
e _ipk - 1 )0(k-1, élk-1)( x ,  - - . cr(k-1)

(1.47) p  a ( k  - I )  H (x , D ))e 'P 0(k- )

= e _ fp , (k  " ( k - 1 ) è , ( 5 k - 1 ) ( x ,  p — a ( k - I )

H ( x ,  D))

X  e ip
a(k - 0 (k - ) ) ( p _ r,(k-o m  ,  p p '?1 )

= z,, s(k-1)( x ,  m x ,  (A k .-1 ))(p -ek -,)
H ( x ,  D ) ) " ?

E  p — ( i+ 1 » 1 (k - 1 ) ( k - 1 )esk_ 1) (x, D),i + o  

order e (k-1) j
si-l-v(k - 1 ) V s J•

Thus we have in the case (ii) of (1.39)k_ i ,

(1.49) p ( k - i ) ( p ) = e - ip - ( " - " 0 .  1 ) 1 0 - 1 ) ( p ) p (k -2 ) ( p ) s ( k - i ) ( p ) e ip° °  ̀ 1 ) 0(k - ')

=  { p i ,̀ 1- 1 ) -11Lk -11 E  p -u + o e k -I ) esoy o ( x ,  D ))

- 1) ( k -
±  {p' ' i g ( k  - 1 ) + 0 : ( k  - 1 ) - 1 )a ( k  "a  1 (0 (k -1 )

5  5 .
Z.s(lc-1)}

1

=  l z  p i k-1)_ n !k-1) p _
JY ( k - I )  P f (

i
k - 1 ) ( x ,  D)) .

where

(1.48)
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Therefore we obtain

E 0.,(4 )( k-1), a s(h-1) , ,) o <i< v s(k - no-(1, - - 1)/ok —I),
(1.50) Pl i

- 1 ) (x , D )=
E -é_ , _s(k-lh e (k

i

.
t ( k

- 1 ) _,)/(3-(k —1),s 
I,p

j > t , o-(k-')Ie(k —1),

where the summation is taken over all 1 and p satisfying

(1.51) (1_ 4-7pa-1)) a (k-i) + p a (k-t)

which implies with (1.46)

1 < je k -1 )1 0 . .

Hence we obtain (1.27)k _ 1 . Moreover (1.48) implies (1.28)k _, and (1.29)k _ 1 follows
from (1.47). Then we take N(k - ' ) =N ( k- 2 ) in the case (ii) of (1.39)k _ 1 .

In the case (i) of (1.39)k _ , we must transform the operator by the right side of
(1.49) by ')(p) by use of Lemma 1.1. Then P(k - 1 )(p ) is of from in (1.25) and
has the features (1.27)k _ ,, (1.28),_ , and (1.29),_ , as noted in the Remark 1.1. In
the case (ii) we take

N ( k - 1 1  = N ( I c - 2 )  r (k -1 ) .

Thus we have explained all quantities to appear in (1.26). Hence we shall
prove inducitvely (1.33)k and (1.36)k .

Lem m a 1.2. For j e  iWk), 15 1(
i k- 1 ) (x , 0  is a poly nom ial in only  H(x, if  we

choose suitably W ( j - I ) E  R"\O, the direction of  the intial deta of the phase function
0 (k -1 )(4

Pro o f . Since je#1 0 0 , j < t (
sk- 1 ) , s t .  Hence we have by (1.50).

p l y, - 1)(x , ) =  E ero ( k -1 ), a4(k-1)) ,

where the sum m ation is taken over all p  satisfying (1.51) w ith  /=d6k - ' ) . We
develop

(hp
( k- 1 ) ( x ,  D ) =  E D')H(x , D)".tpq

q=0

Then

0 .1(o (k-1) , a',7p(k-1)) = a l , ( 0 ( k - 1 )  ,  ès(k - 1)) 0  .1,40(k - 1) , WO .tp q

Hence

) = E é 0 4 0 ,q -1 ))6 ,„ (4 )(k - i) , H q)

r + r = e ' "

where the summation is taken over all p as
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(m (i..k -o _ 4 4 (k -1 ))0 .(k -1 )+p s(k -1 )=i8 (k -1 ) .

Since 6,,,(4)(k - I  I , FM =  (
11,,)H (X ,  0 1 - 1 " , it sufficies to ptove

e qkp -o) for / 0

Assume that for some p, g and 1' 0

1'(4) ( k - 1 ) , P1(pk
g

- 1 ) )(x,

= 4 1 ' ! '7(Pkg-1)(x, Olif-1)W T  0.

Then if we choose cpxof - 1 ) =0)(k - 1 ) (x 0 =g 0 ) suitably, we have

agkg - ' ) ) #0,

which is included in the terms of Ps ( " ) Hence

(1.52) ds( k -1
t f-er(k - 1) ( k -1) >  61 1c- 1 )6 _ 1,

On the other hand, since je #7(k ) , we have

(1 . 53) 0.(k)d6k-1,_j(k-1) = 4k)_ n lo _ w k -1 )_ n s(k-1)),

and by the definition of (W , n1") we have

(k)dst iot-;( 4..„ ) / c ( k _o _ u _ e k - i )  ( k - 1 )  ( k - 1 (k) (k ) 0 c - 1 )  _ n (k -1 )■ .Iv )e )<I, — n / s

Hence we have

cr(k)dst(jk-G,V, +00-1><0.(k)eik),

which contradicts to (1.52), because of a(k).(0.(k-1).

Lemma 1.3. If  g ( k)(0)>0 and 1V (k)=N(k - 1 )  are  v alid , then we have positive
integers 15, 1 <s i  <••• <s p <N ( k) and a perm utation f t of  [1,..., p] such that Its1( k )s„( ( )

is not empty f or any  i=1,...,

Pro o f . Since g ( k) (0)>O, we have a solution oo ) of (1.33) , that is, by virutue
of (1.31)k, we have fi, 1 <s i <•••<s p <N(k - ') and it such that

(1.54) g(ko•(k ))=  E  { I n ss (tki )) ( 0 .(0) _ ( 0 .(0_ 0.(k-l
) )

os ki -1) }

=0.

We define a permutations it of [1,..., N(k)] as

s, if s  s i for any
it(s)=

s it u »
 if i=s, forsom ei.

Noting that M :" ) (o ( k) ) =(o - ( k) - 0 . ( k - 1 9 v / k - 1 1 ,  we have by (1.34)k , and (1.54)
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No, N ( k )
E  m s(k) =  E  ( m s(k)( 0 (k) ) ± / s0 - 1 ) _ „ v r,) 1) )
s=i x( s) s = 1 1`(s)

=  E  { I n si(k) ( 0 .(k)) _ ( 0 (k) _ 00 -0 ) v s(k-o}
1=1

N(k-i)
E  ( 0 0 ) _ „ ( k - i ) ) osk-0 4. E  ( p,k -1 )_ ns(k-1) )
s=1 s=.

N ( . - . )
=  E  (1,a ) —n( k) )s

s=1

On the other hand

for any (s, t). Hence in particular we obtain

m :4 0 ) = I n ss
(

, ) ( 0 .(k)) + 0 ,-1 )_ n y4-0 1)

_ _ n (k)— s i

for i =1,..., p, which implies that 1#,sV  is not empty for i =1,..., P.

Lemma 1 .4 .  Assume that goo(0) >0 and that voo=v(k - " .  The characteristic
polynomial h( k) (x, H) has at least a non zero root.

P ro o f . Since v(k)=E vsoo and vs
( k) < v implieslk-1) for any s, v(kI = v ( k - 1 )

v (k) 1 , ( k - 1 ) for a ll s.

Then it is evident that h( k)(x, H) has only a root 0 0 (x), that is,

(1.55) h (k )(x , II)= 0 ( k) (x ) (H — C o o ) '.

Hence the elementary divisors of {A7( k) (x, H )} are of forms

(1.56) e lk )(x , H )= (H — C oo(x ))r!", N(k).

On the other hand

(1.57) M(k)(x, H)= breIk - oHy! k "  +  E H ) .
jE07 (k)

In particular, since e (x, H) is the first elementary divisor, A; ( k) (x, H) can be divided
by  e (x, H ) .  If  Coo(x) 0 and  vk )  =vk - ' ) , noting dW - ' ) <O,k - ' ) b y  (1.27),_
we obtain

j e o , ,k) g
k - " (x , for t = A(k).

Further by (1.53) we have

d5k - 1 ) OdW - 1 ) , for j 0 f .

Hence since /3 1,(i k- 1 )  is homogeneous in H, we have
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H) O.

for j E #; ( k )  and  t = ...... N o " .  Repeating this discussion, we obtain

H ) 0

for J E IV ) and s< t .  This and Lemma 1.3 imply that tIVkI is empty for s<t, which
contradicts to the hypotheis g (0)>0.

Theorem 1.1. For some finite k, we have g(k)(0)<0.

P ro o f .  Assume that g)"(0)>0 for any k. There exists k, such that

v (k ) =- 1,.(ko)

for any k> k0 . In fact, if v(k)=1, it is evident that N °0 = 1  and g (  ') ( o )  —
It follows from Lemma 1.4 that the characteristic ltoo(x, H ) is of form (1.55) with
Cm 00 and the first elementary divisor e(,k) (x, H ) has the form (1.56) with s= I.
Moreover in  particular Al(k)(x, H ) can be divided by e (x, H ) .  Therefore since
0,k) =-01' - ' ) , we have by (1.57),

A ; ( k ) ( x ,  H ) =
ètik-oHylk 1 ) E  p ) , ,, , )

1 ( k ) I "
je# ,

è ( ik -  ) ( H —  C ( " ) V k )

,é (ik _ 00 0 E  e iTc l ) H i ( c ( k  ) ) , , k

fo r k-1> ko . Hence since C"# O. f o r  any integer 0< /< 0» there exists j(I)E
#1(k) such that d 1 = I. On the other hand by (1.53) we have 1»,..., I f )  such
that

(1.58) d6k-I) = (1,0_ psk) ±  v (sk-1) (1  _ a ( k - I  )/0 .(k))e k - t  ) 1 0 (k)

for je #1(k). In  fact, noting that (1.43) is valid for j = r sq - ' ) a n d  th a t (1,1- 1 ' =
V,k- 1 )  for j=e,' - ' 1 , we have

cr (k  )-1 (11, k) n s(k) 11k -1) +n (k - I v(k - l ia (k - 1)).

Hence (1.58) is valid, if we put

7sk),__0.(k)-1( psk,_ 1(k—i)) .

In particular by (1.58)

) =  v (k-1 I( I 0.1k-1 )/0.(k)) + le  - I v a (k).

Hence
dlYrI P = d M ,- )

1 ) =( j(1)_i(o) e fk-1110.(k)

=1,

which implies E( k ) =E ( k - 1 ) . In  fact, s(k) is the least common denominator o f  am
and e( " ) .  Thus we obtain
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0.(k)=8(kop(k), fo r  k

where p ( lo is a positive in tege r. On the other hand it follows from Lemma 1.2 that

cok)>0.(k+i)>0, k >k
0

which implies

(1.59) p(k)>p(k+1)>0, k > k o

Since p i "  is a positive integer, for some finite k, we have

P  —

which contradicts to (1 .59). Thus we have have prove Theorem 1.1.

Lemma 1.5. Assume that 0 + 1
)(0)<0 fo r son ic k. Then there exist the ra tio-

nal numbers p i , p2 ,..., pA,(,,) such that

(1.60) P' (
ik) (x, D).=-- 0, 1 <T1"+Pr — Ps,

where -r(
sk) =o-oovs

( k) /e(k).

P r o o f .  By the assumption g(k+ 1 )(0)< 0, we have

E  ( m ss i y,+) 1) ( 0 ) + ,. ( ky sk. )) < 0

for any p and any n. Hence Volevich's lemma implies that there exist p , , • • • ,  P N ( k ,

such that
nes+ I ) (0) + a(' )v )  J5 —

for any (s, t). Therefore by the definition (1.30)k + , of i1 ( kr")(0), we have for j such
that e »  — oo,

i> z (k )+ p ,7 — p s ,

where p ,=  J ( k ) .  This implies (1.60).

Lemma 1.6. Assume th a t 
g ( k + 1 .

)(0)<0 fo r  some k. Then fo r  j=-T s
( k) +D t—,

4;.")
p r ik)(x ,  D ) =  E

/=0
P(j';)(x)H(x, D)',

where I-1(x, D)= D,— E

P r o o f .  By (1.50) we have

D ) = 1  0.1( 0(k) ,  z,-(pk) )

I,p

= E  E  E  at , (d)(k), èfp( k) )0 - /-1
(

4)(k ) ,  H a ),
I,p  l'=0  q=0

where the summation is taken over / and p such that
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(1 _ 4 4(k) ) ,.(k ) + p c ( k) = J ( k).

For j =  + p, — ps , we have

(cp(k -4 1(,k(1) ):-..—: 0 for r = 0.

In fact, assume that for some?, p and q,

k "élp(kq t)

is valid. T h e n

a l 1 (4)1k) , i ,' 411,q 1) 0 0

holds, if cPx( 4) =o) ( k)(x o =5,',) is chosen suitablely. Then the term

(7 ?-1(95 ( ") , 'ep k
g )(7 1-1(0 ( k ) , Hq)

appears in Ply‘2, ( k ) / e ( k ) (x , D) for j=t1k ) + p,—  p,. This contradicts to (1.60).

Theorem 1.2. A ssume th at  0 + 1)(0 )< 0  is  v alid  f o r so m e  k. T hen there
ex itst a asy m ptotic null solution co(p)=((0 1 (p ) ,. . . ,o l '''( e ) )  f o r Poo(p)={ P7 ( "(p)}
such that

w (p ) =  toS(p ,  x) =  E

E  P P k ) (p , x ,  D )c o q p , x ) .0  (mod p ' ) .
1=1

P ro o f . By virtue of Lemms 1.5 we have

p s,(k) ( p ) ,__ E (k) ( k )
p l r — je (  p e lk )

( j

E D

where L ,=W — ek)p„ Es = n (
s k) +E ( k) ps—c ( k)Tk ) , and

P f (x, D)= _1) (
J k4.) k)+ , _ p .( x , D).

Then we have

E .P. ( k) ( p ) c o E (p )= - p - - L. E P— je " ) E • , ( x ,  D ) ( 0 1̀
nr o r=o

=0.
Hence

N
(1.61) E  E D )(0 (x )= 0t=11=0

fo r  j = 0 , 1 ,  2 , . . . .  It fo llow s from  L em m a 1 .6  tha t ' -/5
0 (x, D)= P; (

i k) (x , D)(j =
ts +p t —p)  a r e  differential operator only in  H(x , D) and moverover their orders
satisfy (1.27),, and (1.29)„. Hence we can solve (1.61) inductively with respect to
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wti (x )(t=1 ,..., N ( k1) , if we give the intial deta

(1.62) lAwijix0 0= 4 ( x ') ,  1 = 0 ,  1......

Now we shall turn to prove Theorem 2. It follows from Theorem 1.2 that for
any large integer M there exists an integer M , such that

M i
— • • (k )

a )8 (P) •
V

)
= P  L '"  0 - Y q x )

1=0

N(k)
(1.63) (P . x ) =( p - m ),

(1.64) a )8 (x )  0  in  0 10 .

Then we define the Mk - Jo-vector as
N ( k - 1 )— N (k )

co( k )(p , x )=S ( k)(p)e'P' 0 ( " T ( k) (p) 1 (0....0,w 1 (p),... ,  

coN(k)(09)).

In general we put
N ( k - 1 - 1 ) —N ( l c - 1 )

w (k—I)( p ,  x ) = 5 )(k -1 1 (p ) e iperik - 1 ) 0(k - t ) T (k — l) (p )r (0 , . . . 0 , c o (k — I+ 1 ) ( 0 ) ,

for /= 0, k— I. Then we define

u(p, x )----eliHka) ( 1 )(p, x ).

By (1.63) we have
(1.65) P(x , D )u (p , x )=e iE ( P•x ) 0 (p - 3 4 ")

w here  E(p, x )= pili(x )+ p 0 " ) a n d  M '=M + M 0 . T h e n  u (p , x )  violates

(1.1), if we take G(5e)c P k ) . In fact, by (1.65)

(1.66) PuIso,G + CleEe(P)P-m" + P8°1 ,

where M"= M + M 0 + s0  a n d  E0 (p )= sup  —1m E ( p ,  x ) .  O n  the other hand by
x.G4-

(1.64) we have

(1.67) Iii(P)10,G Cop 6 0 e E o lp ) ,

where C0 and 60 are positive constants. By (1.5) we have

E0 (p) a), (p co)

which implies that (1.66) and (1.67) contradict to (1.1), if M and p are  large . Thus
we have proved Theorem 2.
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