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Hochschild and cyclic homology
of Q-difference operators

By

Jorge A. GUCCIONE and Juan J. GUCCIONE

Introduction

Let k be an  a rb itra ry  field and A =k  Ex, x -
1 ]. The ring D I  o f  formal dif-

feren tia l opera tors o n  A  i s  the  k -a lgeb ra  genera ted  by  x , x -
1 ,  a and the

Heisenberg relation ax—xa= 1. T h i s  algebra was studied in  [K ], where the
author built up  an  explicit 2-cocycle on the L ie  algebra underlying D, which
re s tr ic ts  to  the 2-cocycle  defining the  V iraso ro  a lg e b ra . T o  c a rry  o u t his
plan Kassel computed the Hochschild homology of D by using a  complex sim-
pler than the canonical o n e .  I n  this same work, the q-analogue of D, which is
the  algebra D, (q E  k\ ICA) of q-difference operators on A, has been studied.

By definition D, is  the algebra generated by x, x -
1 , a and the relation ax—qxa

= 1 (which is the q-analogue of the Heisenberg r e la t io n ) .  One of the main re-
sults proved in  [K ] is that the Hochschild homology of D, is the homology of a
complex R*,* (A )  sim ple r than  th e  canonical one  o f H ochsch ild . By using
this complex Kassel obtained some partial results about the Hochschild homol-
ogy HH 1 (DO .

In  this paper following the  results o f  [K ] we make a  further step  in the
sense that we can compute the Hochschild and cyclic homologies of Dg  ( fo r  de-
finitions, basic notions and notations about these theories we remit to [L , Chi,
2  a n d  3 ] ) .  W hen q = 1  o r  qn 1  fo r  all n  E  N  these homologies are known
(se e  [W ], [K ] a n d  [G -G ] ) . S o , w e can  assume th a t q  i s  a prim itive m -th
root of u n ity  w ith  m >  1 . The results that w e obtain resem ble the case when
qn* 1 for a ll  n  E N . In th is sense, the case q = 1 is  a  special one.

T he  paper is  d iv ided  in  tw o se c tio n s . In  th e  f ir s t  one we compute the
Hochschild homology of D , by m eans o f  th e  s tudy  o f  a  na tu ra l filtration of
R*,* (De ). T he  graded com plex associated to this filtration gives th e  Hoch-
schild homology of the k-algebra generated by x, x -

1 , a and the relation ax=
q x a .  The first tim e that this hom ology (that plays a  basic  role in  our work)
has been studied w as in  [T ] , a n d  has been fully computed in  [G -G ]. In  th e
second section we give an  explicit formula for the morphisms B*: HE) (De)
HHi (Dg )  and B*: HHi (D q ) HH2  (Dg ) (see  [L , 2 .1 .7 .4 ]) . T h is  fact together
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(n — i +1) q  

(i)q

From the equality ax — qx5=1 it follows that

if  — jE N ,n E Z

if j = 0 ,n E Z

if j EIST, ;T Z
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w ith the  study of the Gysin-Connes exact sequence allows u s  to compute the
cyclic homology of D g .

1. Hochschild homology of D g

Let k  be an arb itrary  field and q E k\ 101 . In th is section we compute the
Hochschild homology of the k-algebra Dg generated by x, 0  and the rela-
tion ax — qxa= 1. W e  use the following standard  no ta tions. Given q E  k \ 0}

w e  p u t  ( n ) g —  

qn —1 
for all n E Z  (of course, (n) n) , (0) !q = 1 ,  (n) !g=

q - 1

(nn7=11 (n — j) q fo r  all n E N a n d  . for the Gaussian binomial coefficients de-
] q

fined by

a n= E ( n  ( s ) ! q q nr- srx n- sar
r s

r+ s= i

In particular, if q * 1  is  a  root of unity of order m , then axm=xma and amx=
x am . In  [K ] it w as proved that the Hochschild homology of Da is  the homolo-
gy of the bicomplex

51,1
Dg liqL d .i/ k

R*,*(D q ): 00 01
5 0,1A,4 —  1-4 3dA/k r

where

0 0 (x na,) = ( 1 _ q n) x n a )+1 ( n )  x n-i a

01(xnaidx ) = xn) a j + l dx + (n) q X n - l a j dX

50,1(X n a i di) = [X n a j  x ]  =  (q1 - 1)xn + 1 5'±  (f ) yr i n a 1 - 1

51,1(X n a j dX ) = (x nalx —  (q.1 ( r  1 )  x n + 1  +  ( i) xn ai

I t  is  e a s y  to  s e e  th a t  Dg i s  th e  O re 's  extension A [a, a , 5 ] ,  w here A  =
k  [x , x -1 ] a n d  a: A  — A  i s  th e  isom orphism  that sends x  to  q x  a n d  5  the
a-derivative that sends x  to 1. So, the complex R*,*(D q )  is  a  particular case
of the one obtained in Proposition 3.2 of [G - G ] fo r  a n  O re 's  extension of a
sm o o th  a lg eb ra . U sin g  th is  proposition toge ther w ith  T heorem  1 .4  of the
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same paper, w e obtain  th e  quasi - isomorphism r*: Tot (R*,* (D g ) )  4 —C * (D g ),

where C*(D q)  is the normalized Hochschild complex, defined by

To=id (xna i) = xnai oa , (x na idx ) = xna i e x

Y2 (x na jdx ) = xna j ox oa— q - i x n a i  a gx  .

Let us consider the filtration (Dq ) g P*,* (DO (Dq) • • • gR*,*(D q )  of

R*,*(D g)  defined by rflo(pg)= 14) ; A .ai and I I I (Dq) = (ED;Z-4A.0-9S2,1
1 / k  (i= 0 ,

1) . The r- th component U*,* (Dq) = Tri,  (D q ) ffr*7 (D q )  of the graded complex
o

associated to this filtration is A  4 —  Win, when r=0, and

Ar1,1,1—1

A n i.A /k

Oô I 01
56',1

A

when r>0, where

OP' (Xn ) = (1 — q n )X n , 0 1 ' (XndX ) =  (ti n q -1) x nd x

54-,1 (x n dx) = (q n  — 1) xn+ 1 a n d  5r,T1(xndx
)  —  ( q r - l _ q - 1 ) x n + 1

W hen q  i s  n o t  a  ro o t  o f  u n ity  the com plexes -0 ,k *(D ,) (r>  0 ) are exact.
Hence, in  th is case the Hochschild and cyclic homologies of Dg and  A  coincide
(se e  [G-G, Example 3 .5 ] ) .  O n  th e  o th e r  h an d  th e  Hochschild a n d  cyclic
homologies of D I w ere calculated in  [W ] when k is  a  characteristic zero field
and  in  [K ] in the general case  (in  spite of tha t Kassel w orks w ith the field C
of the  complex numbers his method works fo r a rb itra ry  c h a ra c te r is tic ) . So,
we assume that q is  a prim itive m-th root of unity w ith m > 1 . To carry out
the computation o f the  Hochschild homology of Dg w e w ill need  the  following
result

1 . 1 .  Lem m a. Let r be a multiple of m and u E  Z. We have that x 1 man- 1

)s-1
E Tj.,0 (D 0 ) , f m - l ar dx E .F■191 (D0)  and E'sn=i( urn-s ar - s d x  Iti(pg) are

cycles of Tot (R*, * (D0) ) .

Proof. It is im m ediate that 00 (x "a r - 1 ) = 0 and  50.1 (e n i - l ar dx) = O .  In
o rd e r  to  p ro v e  th a t  (51,1 ± 01) (ET-i. (T%rx u n i - s an - s dx) =  0  it suffices to
observe that

(51,1+ 01) (f m - s ar - s dx)= (q '—  q -i) x um-s+1 ar-s ( _  s ) q x um-s or
- S 1 ) x  UM - S a r - S x s q x  UM - S - 1  a r - Sdx

which follows by direct computation.
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1.2. Theorem . L et m > 1  and q  be a prim itive m - t h  root of  unity. W e
have:

H1-10 (13,) = IED k .x i e (130 k . x " a '
EZ „ez,>o

HT11 (1)4 ) = k. (x i O x ) ED  el k.Y i.,u,ve k.Y2,u,v
, z

HH2 (1)4)  = k.173,u,v

HHn (Dq ) =0 V n > 2

where

Yi,u,v = x i ' a1'
1 a , Y2 ,u ,v = x urn- i  a v m  x  and

rn

Y3,u,v--- E ( 1 1 q )  (x .m_s a vm _ s . x  a _ q_ix . . _ s a v . „  a o x )
s= 1

Proof. It is clear that HH n (Dq ) = 0 for all n > 2 . If r>0 is not a multiple
of m, then H n ( D q ) )  =  0 for all 1,t 0. Hence Hn(ñjc,*(D q )) = Hn (A:1(D q ))
for all n Now let r>0 be a m ultip le  of m . In  this case

Ho (Ur:lc,* (D4 ) ) = k . x '
EZ

H i ( , * ( 1 ) 4 ) ) =  0ED k.x"ED k .x u 'id x
e Z EZ

H2 (j!k* (Dq) ) = .
EZ

Moreover, the canonical maps

(P- ,* (DO ) (- ,* (DO ) a n d  re: H2 (P,* (Dq) ) —> H2 (6-1 4,* (Dq) )

a re  epimorphisms (this follows easily from Lemma 1 .1 ). Hence, from the

long exact sequence o f  homology associated to 0 —> (D4 ) )  -> (134) —>

(D4 ) —) 0, we obtain

Ho (F- '- ',96 (Dq ) ) =Ho (T- '1-1,74! (DO ) e E D  k.xum a r

EZ

H i ( 0 (Da) ) = (Dq) ) e k..zuma —r 1 ED ED k .x um _i a rd x
„Ez uez

rn

H2 (ft,* (Dq) ) = H2 (AcT)Ilt (Dq) ) I E D  k.E (, qe m - s a r - d x  .

5 = 1  -

So,

Ho (R*,* (1)4 ) ) k.x1 e IEBO k.xurnavni
, z
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k .x id x e  IED kxumavm-i. to—  IE D  k .x " - l avniclx
iEz EZ,I,>0 /r EZ,v>0

H 2 ( R * , * ( D , ) ) =  
1
E D  k . E (

19 xum-savm-sdx
vez,v>o s=1

Now, the proof can be finished applying r* to  this homologies.

2. Cyclic homology of Dg

In th is  section we compute the cyclic homology of D , .  As in section 1 we
assume tha t q  is  a prim itive m-th root o f un ity  w ith  m >  1 . In  th is  case we
w ill c a r ry  o u t  th e  promised computation giving a n  explicit form ula for the
morphisms B*: HH0 (D 4 ) H H 1  (D ,) a n d  B * : H H 2 ( D 4) and studying
the  Gysin-Connes exact sequence associated to D , .  W e first establish som e
results that will be needed later.

Preliminaries

2 .1 .  Notation. L e t  (Ci, d * )  b e  a  chain com plex . Follow ing [M ] we
w ill say that tw o cycles z and o f  Cn  a re  homologous if they define the same
element in Hn (C * ) .  That is to  say if z — z ' is  a  boundary.

2 .2 .  Proposition. Let q be a primitive m - th root of unity with m> 1, u E
Z and v E N .  We havh:
1) The cycles u (x

( u - l ) m a y m - 1  0 e  0  
a _ x ( u - l ) m  a v m - 1  0 a  0 x m

)  and
B (x u m a v m - 1  0 a ) of C* (D ,) are homolrgous.
2) The cycles v(xuni-la(v-1)m o am ox_xum-ia(v-um Ox ® )u  )  and

B ( x " - l av m  O x ) of ( J  (D 4 ) are homologous.

Proof. 1 )  Let D = k [x , x - 1, y ]  be the k-algebra generated by x, x - 1 , y and
the relation x y  = yx . It is easy to see that the morphism

0 2 :  D 0/7' S2i)ik , 02(d00 d 1 0 4 )— d  ad1 ad,
0 ax a y

induces a n  isomorphism from H H 2(D ) onto Snik, w hich  is the inverse of the
canonical isomorphism 6 2 : S21)/k HH2 (D ) .  Let T  be the cycle u (xu-ly

v m - 1  o x

y y  x\) B y )  of U* (D ) .  A s 0 2  (T ) =  0, T  is  a
boundary . L et f: D —> D, be the morphism of algebras that sends x  to xm and
y  t o  a. T h e  p r o o f  c a n  b e  f in is h e d  b y  o b s e r v in g  th a t  112 (f) (T ) =  u
(x (u- Dmavm- 1 x m  a _ x (u_i),nav.-1 0 a  x m) _ B  (x umavm- i 0 a )

2) is similar.

2 .3 .  Proposition. Let m >  1  and q  be a primitive m - th  root of unity.

(R *,* (D.2 ) ) =



E ,  

(1—q

)s_,
a m _s± , a ,n_sx m_sd x

) s_,
x m _s a m _sd x_ qand
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The cycles am-i ® a — am-i ®  a ® ., xm -i ® . am _ m - i  a -  ®  and
m qE 'st i W  ( q x m - s a m - s  e x  0  — a ' s  0 a e x )  of C*(D q )  are homolo-
gous.

To prove this proposition we will need the following lemmas

2 .4 .  L em m a. The cycles

s=1

of R*,*(D q )  are equal.

P ro o f  Using that ax=qxa+1 we can see that there exist csEk
(2 s m ) such that

q )  q m-s+iam-ss - i
xm -sdx= qxm -lan i-ldx+  E= c sxm - s am - s dxs 2  

On the other hand, in the proof of Theorem 1.2 we showed that

Z2 (14,4: ( D q )  = H2 (R*, * (Dq) )  = k. E (
1 —

q
q

)
 x u m - s a ' s d x
s - i

where Z2 (14 , *  ( D 4 ) )  is  th e  submodule of the cycles of degree 2 of R *,* (Dq )
Consequently there exist 2„,, (u E Z, y  E N) , w ith I (u, y): 2 u ,v * C q  finite, such
that

qxm -lam -ldx -I-E csxm -sam -sdx
s=2

/7/

21.4 'v ( q1 — q
a, EN s=1

s-1
i u m - s a v m - s dX

From this fact we can easily deduce that 2 , q = 0 i f  (u, y) ± (1.1), 21,1 = q and
cs =q( i I,)  r fo r all

2 .5 .  Lem m a. Let B q be the algebra generated by x , a and the relation ax
—  qxa = 1. The cycles mqE'sn--1(Tgj ) s ( x m - s a m - s  e x  oa—  q -ixm -sa m -s  a e x )
and am - 1  ®X m  0 a—am-lea 0 X m  of C* (134 )  are homologous.

P ro o f  It is straightforw ard from  the  definition of b , the  fact that q  is  a
primitive m-th root of unity and the equality

s=1

n E  ( ir) ( nSrd-s=j q

(5 ) q nr—srx n— sar



m - 1

that

(
x

m_
b ( E •

,, a m-1
 0 5  o z

.; o x _ q i .i

1-1

- i -1 --lox, a cox

® i o x  o  a))

equals to
am, 0  a o x m _ am, a r m ® a

± qI 1 ( 1 1
m 1

 )  ((
i

m — s — i.  q s  qs=. i=0

(s) ! q q
s ( s + 1 - i )

(q_ix ._s_ l a m_s_i 
o  a

 o x  _x m - 3 - la m - s - 1  o x  a )

111 
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So, to finish the proof it suffices to see that

m -1

i= 0

m - 1 \  i (s ) ,  as(s+i-)_ m (
1 — q )

q   \S
(  

m — s — i  / q ( s  q

(0 <m)

This fact can be proved easily by induction on s  using that:

A (s+1, h ) = i
g h

q (qA  (s, h) — A  (s, h+1)) ( h 0 ,  0 <m - 1)

where

L i ( )

- 1 i
A (s, h) = (s), 

q

 q(s+h)(s+i-i) (h 0 . s < m )  .
i=0

Proof  of  Proposition 2.3. By Lemma 2.5 th e  f i r s t  a n d  th ird  cycles are
hom ologous. Let Bu i be the  algebra generated by y , 5 and the relation Sy —
q- l y  =  1. L et us consider th e  morphism of algebras f: B q  defined by
f  (5 )  = —  q x  and f  ( y )  =  a. T h is  m ap induces a  morphism HH*  ( f )  f ro m
HH *  (B q- i)  to  HH *  (B e ). Applying Lemma 2.5 to  Bu i we deduce that xm- 1  0
.xi n  0 — a- O x =H * ( f ) ( ( - 1) " 1 (5m- 1  Oym 05 - 5 ' 1 0  (gym)) is
homologous to

tit
H H  * (f) ( ( 1 )  „ F i l m  v  q - 1  ) s - 1

\1—q - 1

( y m - s 5 m - s  e y  0 5

s=1
ni

_ g y m-s5m-s 0 5 ) _ in g E ( 1 q )
S i gm_s+1 (a ni_sx m_s o o  a

— q - iam - sxm - s o a ox ) =  7.2(mE ( 1 .1- ) S _ l

q m - s + ia m - s e - s , r )

s=1

m-1 (
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—where y i2: DqS2,11/k Da OD, s  the morphism defined at the  beginning of sec-
tion 1. Hence, by Lemma 2.4, 1 ' 1 O x  am — x m -i am O x  is  homologous to

s-i
r2(mq (1%) x m-sanz-sdx )

s=-1

q  
= m q L 1 — g ) s (xm - s a 's  e x  a— q- l xm - sam- s Oa o x )  .

s=1

Computation of the cyclic homology

2 .6 .  Notation. G iven a  cyc le  z o f degree n o f  a  chain com plex (C * ,
d )  w e w ill denote [z ] the class of z  in H  (C*).

2 .7 .  T h eo rem . Let q  be a prim itive root of unity with m >1 , n , u  E Z and
v E N .  We have:
1) The morphism B*: HII0 (Dq) HHi(D q)  is given by:

B *  (4 1 )  = [n x n - 1  O x ]  and
B * ( [ f " a v n i ])  = [v m x " a v n i - 1  a d - u m e m - 1 5vm Ox]

2) The morphism B*: H1 -11 (1)q)H I - I 2 (1)4)  is given by:

B * ([xn O H ) = 0  ,  B * ( [x " a 0 r n - 1  (Da]) =umq.)73,.,v
B * ([xuni - l avni Ox])

where Y3, isis as in  Theorem 1.2.

Proof. 1 )  It is a direct consequence of the following equalities:

n-1

1 ® X n  = 11.X n -1  O x —  b ( E x i O x n - i - 1 ) V n 0

—n

1 coxn=nxn - 1  ox + b (E x - i ®X oxn+i - i) vn <0
J=1

1 oxi— a— ---vmxunia--1 ® a - -u m x " - i a— oz.
urn-1

—  b( E b (Z2,u,v)
J=o

1 0 x umavm , v m x umavm-i (g  a _ u m e n ,  . x

b (  E b (Z2,u,v) V  u<0
J=um

( g x ( g e m-J-1-vmd  and Z2,,,,v =Er-T(T
i .r u m a J  a ®

Vu ,

where Zia,u,o=



Hochschild and cyclic homology 421

2 ) Let f: k [x] — Dq, be the  canonical in c lu s io n . Since HI-I 2 (k  [x ]) is nu ll and
B* ([x n x ] )  E  H I-12 (f) (HI-12 (k [x])) , it  is  c le a r  th a t B* ([x .  x ] )  = 0. L e t
Z  (/),) b e  th e  center o f  Dq . R ecall that HH2 (Dq ) i s  a  Z  (D4 ) -m odule. B y
Proposition 2 .2 , th e  fac t tha t x (u- n ma (v- i 'm C Z (D q ) and Proposition 2 .3 , we
have that

B *([x u n i - l a—  o x ] )

=  [v (xum -i a
( v - 1 ) m  

a ni o x —x um -l a ( v - D m  0 x  0  a m )]

=1 1 X (u - l)m a
( v - 1 ) m  [ x m - 1  

® 5m o x o x  am ]

(u_nm a (v_n„imq.= —vx Y3,1,1 = Ong. 173,u,v

and

B * ([x "a
v m - 1  a ] )

_  [it (x (u_ i). a vm_i 0 x m ® a _ x (u_nni a vm_i 0 a  0 x ,n) ]

--isx (u - n - a ( v - nm [am - i
 ® m  ®a am - i ® a o x - ]

a (v-1)mmg. y 3 ,1 ,1  — 14Mq. Y3,u,v

2 .8 . Theorem. Let p  0  be the characteristic of k. Then,

HC3 (D4 ) = k.xn ED k.e m a '
Z E Zy >0

/ T N  k . Y 1
,

 qq e k .Y 2 u v
//CI (Du) = k. (xn - 1  ® ) ED , , \\vm . u,v .

Hc2(D 4 ) = k.xne , ED k.xumayme k.y3,u,v
EZp/.. v E Z,v >0 u > 0

HC3 (D4 ) = EBI k.(e - 1  Ox) E D  le  k. Yi,u,v El) es k.Y2,u,v
EZ,ph, b E Z.  >0 E Z,v >0

P/,,,,,

HC2,(13q ) =HC2(D q ) a n d  HC21+1 (D4 ) =HC3(D 4 )V i  > 1

where Yi,u,v, Y2,,,0 and Y3,u,v are as in Theorem 1 .2 .  In particular, if p = 0, then
HCi (Dq ) =k  E D k.(xuni-lavni Ox) and HCn (D,)=k for all n>1.,,Ez.,,>o

Proof. From the  Gysin - Connes exact sequence we obtain the exact sequ-
ences

B*
(D4) (.134) - HC (Dq) - * 0 ,

B* B*
HHi(Dq) HH2(D4) HC (D q ) HH 0 (D Hili (D q )

0 — > HC3 (D ,) — ' HC1(D 4 ) HI-12(D4)

0 - - >  HC,, (Da ) HCn_2(D4) — p0 V n> 3

Now the result follows easily from Theorems 1.2  and 2.7.

EZph, EZ,v>0
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