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On Chern numbers of homology planes of certain types

By

Toru SUGIE and  Masayoshi MIYANISHI

1. Introduction

A nonsingular algebraic surface X  defined over C is called a  homology plane
if homology groups II,(X ; Z) vanish for a ll i > O. W e know  how  to  construc t
a  homology plane with Kodaira dimension K(X) < 1 (cf. [2]). As for homology
planes with K(X) = 2, though plenty of examples of such homology planes have
been constructed, we are  still far from classifying them completely.

Since a  homology plane X  is  a n  affine rational surface and X  has a  fiber
space structure whose general fibers a re  isom orphic to C " ,  where C "  is  the
affine line m inus N  points, it seem s natural to begin w ith a  study in the case
N  = 2, that is, a homology plane with a  C**-fibration. Note that the case N  = 1
corresponds t o  K < I. I n  our previous paper [5 ], w e treated  th is case N  = 2
a n d  classified homology planes w ith  C**-fibrations. I n  [1 ] ,  to m  Dieck gave
several examples in the case N  = 3. In  this context, the following problem seems
interesting.

Problem 1. Let X  be a homology plane of general type. Define the number
F(X ) by

F(X )= min {NI there exists a C "-f ibration on X } .

Is F(X ) then bounded or not? Namely, does there exist a constant A independent
o f X  such that F(X ) < A?

The Chern numbers and the Miyaoka-Yau inequality play an important role
in the classification theory of projective surfaces. The inequality gives the  first
restriction to  the existence area of surfaces in the (c2 , cl)-plane and further precise
research is made for the surfaces corresponding to values in this area. W e would
like to use Chern numbers in  the  study of homology p lanes. T he  Miyaoka-Yau
inequality was extended to the open surfaces in [3, 4] and the inequality d  <3 c ,
holds also for open surfaces if c l and  c2  s tan d  fo r  logarithmic Chern numbers.
W e no te  th a t  if  X  i s  an open surface,  c  c o u ld  b e  a  rational num ber. (See
below for the definition of Since Betti numbers o f a  homology plane X  are
zero except for bo ,  the Euler number c ,  of X  equals one.
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In the second section we calculate c i for homology planes with C**-fibrations
and  obtain the  following:

Theorem. L e t X  be a  homology plane of  K odaira dim ension 2  w ith a  C** -

fibration. Then the second Chern number c 1 (X) 2 o f  X  is less than 2. Moreover
there ex ists a  sequence of homology planes w ith C**-fibrations whose ci converge
to  2.

This result is compared with Xiao's result for projective surfaces with fibra-
tions o f curves o f genus 2  (cf. [8]). In  th e  th ird  section, we calculate c l  for
surfaces w ith C3 *-fibrations given by tom  D ieck . In  several cases c i  attains a
value which is very close to  5/2 and it seems that there should be some relation
between F(X ) and c i  (X) 2 . So, we shall pose the following question:

Problem 2. Does there ex ist a sequence o f  homology planes X i whose Chern
numbers c 1 (X 1)2  converge to  3?

If  there exist a  sequence of surfaces X i for w hich c ,(X i )2 converge to  3, it
is  more plausible tha t F(X ) is unbounded.

N ow  w e recall several notions and term inologies from  the open surface
theory (cf. [6]). W e em bed X  in to  a  nonsingular projective surface V. The
boundary divisor D := V  —  X  is called a simple normal crossing divisor if D satisfies
the following three conditions:

1. every irreducible component of D  is smooth,
2. n o  three irreducible components pass through a  common point,
3. all intersections of the irreducible components o f D  are transverse.
Furthermore we say that D  is a  minimal normal crossing divisor if any ( — 1)

curve in  D  intersects at least three other irreducible com ponents o f  D .  We
choose below an embedding of X  in to  V  so that D is a minimal normal crossing
d iv iso r. A connected curve T  consisting of irreducible components in D is called
a  tw ig if the dual graph o f T  is  a  linear chain a n d  T  meets D —  T in a single
point a t  one of the end components o f T  A  connected component R  (resp. F)
of D  is called a  rod (resp. a  f ork ) if the  dual graph o f R  (resp. F) is  a  linear
chain (resp. the dual graph of the exceptional curves of a m inim al resolution of
a  non-cyclic quotient singularity, where the central component may have intersec-
tio n  > — 1).

A connected curve B  contained in D is said to be rational if each irreducible
component o f B  i s  ra tio n a l. B  is  a ls o  s a id  to  b e  admissible if  none  o f the
irreducible components of B  is  a  ( —1) curve and the intersection matrix of B  is
negative definite. An admissible rational twig T  is maximal if  T  is not extended
to  an admissible rational twig with m ore irreducible components.

D enote by K ,  th e  canonical divisor o f  V. B y th e  theory of peeling [6],
we can decom pose th e  divisor D  uniquely into a  sum  of effective Q-divisors
D = D* + Bk (D) such that

1. Bk (D) has the  negative definite intersection form.
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2. (K v  + D* • Z) = 0 for every irreducible component Z  of all maximal twigs,
rods and  forks which are admissible and rational.

3. (K v  + D* • Z) > 0 for every irreducible component Y of D except for the
irrelevant components of twigs, rods and forks which are non-admissible
and rational.

Here we restrict our attention to  the homology planes of general ty p e .  We
know from [7 ] tha t a  homology plane of general type is alm ost m inim al. This
implies (K y  + D* • C)> 0  fo r  every irreducible curve C  o n  V .  W e define the
Chern number c 1 (X) 2 o f  X  by (K v  + D*) 2 ,  where K v  + D* is described also in
the following way:

W e contract a ll maximal tw igs, rods a n d  forks w hich are admissible and
ra tio n a l. We get a normal surface S. Let p: V  S  be the contraction morphism.
T hen th e  to ta l transform  o f  th e  canonical divisor K §  o f  g  p lu s  p* D *  a s  a
Q-divisor equals K v  + D * .  Thus we obtain c 1 (X) 2 := (K v  + D*) 2 = (K § + p * D*)2 .
W e use below the surface g  to calculate c 1 (X)2 .

2. Calculations of c (X ) for homology planes with C"-fibrations

We use the notations of [5 ] freely. T h e r e  are four types of homology planes
with C**-fibrations, which are types (UP3 _1 ), (UC 2 _1), (T P2 ), and  (TC2 _1 ).

Type (UP3 _1 )
W e start w ith a configuration of curves o n  P 1 x  P 1 g iv e n  a s  follows:

                

M2

M3

            

e, 3

  

Figure 1

where 11 , 12 a n d  I ,  represent the  fibers o f the  first projection p , : f "  x P 1 —*F"
and M I , M 2  and M , the  fibers of the second projection p2 : P 1 x  P 1 .  Let
R, —  M, f l  l ,  R2 = M 3 (111 ,  R 3 =  M 1 n 12  a n d  R4 = M 2 n 13 . W e  p e r fo rm  oscil-
lating sequences o f  blowing-ups o- : V —*T" x P 1 w i th  initial points R 1 ,  R 2, R 3
and  R 4  (cf. [ 5 ] ) .  The projection p i  induces a  P 1 -fibration o n  V.

Let E. (1 i < 4) be the unique ( - 1 )  curve contained in  the  exceptional set
a - 1 (R 1). L et T ,„ be  the  connected component o f o- - 1 (R 1 ) — E ,  connecting with
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th e  fiber com ponent V, which is th e  proper transform  of / 1 . L e t  T „ b e  the
connected component of a- - 1 (R 1 ) — E l  connecting with the section M ', which is
the proper transform of M 1 . We define 7; 4 ,  T ib (2 < i < 4) in  a  similar w a y .  We
write the  to ta l transforms of l  and  M i a s  follows:

o- *(4) + a i E i  + a 2 E 2  + • • •

a*(12 ) l +  a 3 E 3  + • • •

7*(13 ) l +  a 4 E4  + • • •

O W  1) + b 1 E 1 + b 3 E 3  + • • •

Cr
*

(M  2) +  NE 4 + • • •

CI* (M  3) A T 3  b 2  E  2  •  •

We define the  boundary divisor D  o n  V  by

D = (1; + + + Tb)
i = 11 = 1

Then X  := V  —  D is a  homology plane provided the following condition is satisfied:

a 3 a4 b 1 b2  +  a 1 a 4 b2 b3  a 2 a 3 b1 b4  —  a 1 a3 b2 b4  —  +1 .

The dual graph o f D  is given a s  follows:

Ti a T41, T 3 0  T 2 b  T 4 0  T 1 1,

0 0  0  0  0  0  0  0

120 M ;
 

1 M 1'3 T3b

Figure 2

W e rem ark that the  branch 7, 0  is  e m p ty  if  a n d  only if  bi =  1  an d  th e  branch
7
;1, is  em pty  if and  only if ai =  1.

W e denote by S  the surface obtained by contracting all components o f  TL,
and T i b .  Let n: V  S be the contraction morphism. We denote by g the surface
obtained by contracting all components of Supp Bk (D). Since Ta  and T ,„ are
contained in Supp Bk (D), the contraction morphism  V --■ S factors through S.
Let p: 5 —> g be the  natural factoring m orphism . Put Ti = 00  and AII =
put also 1, =  p(ii )  and .114, = p( ) a n d  p u t finally A = n(D) and = p (A ). If all

and 7;„ are not empty, Supp Bk (D) = (UTL ) U (U Ti b )  and S = In  this case
the Chern number c 1 (X) 2  o f  X  equals (K s  + 41)2 . In  any case we make use of
the surface S  in  order to calculate the C hern number c 1 (X) 2 .

By symmetry we have to consider the following twelve cases separately, where
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the case 1 is  a  general case w ith  a ll T,„ and T b not em pty, w hile  in  th e  other
cases som e o f  Tia  a n d  Tb a r e  em pty and  m ore  components o f  D  have to  be
contracted under p: S

(Case !) d = /, + M2 + /2 + M3 + 13 + M I

(Case 2 ) d  =  M2 + 12 + M3 + /3 + Mi

(Case 3 ) d  =  12  +  M3 + 13 + M1

(Case 4) A  =  M3 + 13 + M1

(Case 5) d = / 3 + M,

(Case 6) d = M ,

(Case 7 )  d — M2 + 12 + M3 + 13

(Case 8 ) d  =  12 + M3 + 13

(Case 9) d = F1 3 + /3

(Case 10) d =  13

(Case 11) d = 12 + /143

(Case 12) 21-  =M3

W e shall look into each of the  above cases separately.

(Case!) d = / 1 +  M2 + 12 + M3 + 13 + M I

The configuration of the components of d  and T i on the surface S  is given
as follows:

               

M.

             

2

                          

Figure 3

The linear equivalence relations l 12 — / 3 a n d  M, — M 2  M 3  on  I"  x P 1 give
rise  to  the  following relations on S:
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+ al E i  +  a 2 E 2  12 ± a3E3 1 3  + a4E4

b1 Ê1 ± b3E3 b4E4 -1(:43 b2

Using these relations we get the intersection numbers of various curves o n  S  as
follows.

( a i  a 2 ) a3 a4
(-10 2 =

b l  

+  
b 2 1 =  h  ( 13 Y  =  b4 '5

b, b3bG a  =    (1-a2)2 4 ,  ( m 3 ) 2  _  b2
a la 3a 4 a2

1 11
(E1)2 =   (k- 2)2 = h (EX =   (E4)2a 3 - 3 ' a4-h4

(Er 11711) = 
a

l

1

, (E2* 1-q3) = =  
l

3  
(E4 44' 2 )  =  

1
2a 3

1 1 1 1
1E1 = —

h i  
1E2 ' I I  = (E3 'T2) = (E4 :1-3) = —

6 4-2 -3

N ext w e have to  w rite  d o w n  th e  canonical divisor K s  o f  S. W e start w ith
the canonical divisor 

K P ,
2 M  —  2 /  o f P 1 x  P ', where M  is  a section of

/31: p l  x  p l —1r  a n d  I  i s  a  genera l fiber. T hen  using  an  induc tion  on  the
number of blow ing-ups, it is not hard to obtain the  following formula:

4
—2a4 (M)— 2o-*(1) + (a, + b, — 1)E 1 + (components of T a a n d  To ) .

i=1

By construction, w e obtain the following expression of K .

K s  — —27r* o- *(M) — 2n * o- *(1) + (a, + b, — 1)E, .
1=1

Then

K s  + 4  —  2n*  0- *(M) —  2n * o-*(1) + (a, + b, —  1)E, + +  , }  .
1=1 i=1

W e express 1.2 , 1 3 ,  11-42, A-4- 3  by  the  rest o f the  curves and  obtain:

K , +  A  — —2(1171, + b l E, + b 3 E3 ) — 2(1, + a i E , + a 2 É2 )

+ +  b, 1 ) E ,  +  +  +  a, É, + a 2 É2 a 3 É3 )

+ (T1 + al + a2E2 a4 Ea) + + 1A7it + 
b 1 Ê 1

 +  6 3 E 3  64 E4)

+ + 
b 1 Ê 1

 +  6 3E3 b2E2)

= T, + /i4- 1 + (a l  +  b 1 — 1)É1 + (a 2 — 1)É2 + (63 — 1)É3 — Ê 4 .

Therefore we have
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ci(x ) 2 = (Ks  + Z )
2

=it + + ( a  + b1 — 1)2 Ei + (a2 1 )2 Ê3 + (b 3  — 1)2 E3 +

+ 2(a 1 + — 1 )(
1
1' El) + 2(a2 —  

1 )(71' E2)

+2(a 1 +b 1 —  ( l a r  El) + 2(b 3  — • E3)

1 1 1 1  )
=  2  ( + + +

a 2 b2  a 3 U3 a 4 u4

<2.

(C a se  2 )  4  =  R2 + 12 + /TI3 + 13 + M i

I n  this case T1 0 o r  T20  is empty a n d  V, is contained in Supp Bk (D). We
have to perform th e  p ee lin g  o f  th e  bark o f  I ,  o n  S ,  a n d  obtain c 1 (X ) 2  a s
c 1 (X)2 =  (K s  + A + ai t )2 ,  where the  number a  is determined by the condition:

(K s  + 4  + • f =  O,

i.e.,

(K s  + LI • Toc = 
(102

We use the expression of K s  + A and the intersection numbers obtained in
(Case 1) to compute

(K s +  z1 • = + ( a  + — 1 )(11' El) + (a2 —  1)(11 Ê2 )

(a i  a 2 )  +  a l  +  —  1  a 2  — 1
1)1b 2 b1 b2

1( 1  +  1
1)1b 2 )

b
1 b2  

-  b
1  

—
L

b
2
 a n dwhich entails a =

a, U2 + a 2 o,

c i (X)2 ( K  s  + A +  1 ) 2

= (K s  + 4) 2 + a(K s  + A • 1)

— 2 (1 1  1  1   ) (b1 b2 —+ — b2/2  

,  +  L  +  L  +  L  ,
ctoo i  a 2 o2 a 3 v3  a 4 .04  u iu 2 k a iu 2  +  a z u o

< 2 .

Here we note th a t  b1 =  1  or b2 = 1.

(Case 3) A  =  12  +  M3 + 13 +
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In  this case Ti a  ( o r  T 2 a )  a n d  T o  are  empty a n d  I', a n d  M i a re  contained
in Supp Bk (D). This case occurs when 13 1 =  1  (or b2 = 1) and a 4  =  1 .  We deter-
mine the  numbers a  and  /3  by  the  following conditions:

5  (Ks + 4  + al,. + fil1712 .11 ) = 0
1 (K s  + A + aT 1 + 1311712 . lil 2 ) = O,

i.e.,

{

a(r,) 2 +  /302 • TO = — W s + A - .11 ) = —1 + (:.--- +

l(Ï , 4 1 2) ± )6 (1* .2)2 =  - - (Ks + A • M- 2 ) = 0

Hence we have

Œ b 4 {b i b2 — (bi + b2)}c c
, fi =  --=  

M a i b2 +  a 2 bi  ) — bi b2 b4

and

c1 (X)2 = (K s + A + «I i + 012)2

= (Ks + 4) 2 + ( K 5 + A •Ti) + fl(Ks + A ' 11712)

—( + + +

a,
1

b ,  a 2

1

b2 a 3

1

b3 a 4
1

b4
) b2)2  = 2 — I    + b4(bib2 — b1

 hi b2{b4(a 1 b2 + a2bi ) — blb2}

< 2 .

(C a se  4 )  4 = M3 + 13 + M1

I n  th is  case Ti a  ( o r  T 2 a ), T4b and  T3 a  a r e  empty, a n d  l i ,  M2'  a n d  1 '2 a re
contained in Supp Bk (D). This case occurs when b 1 =  1  (or b 2 =  1), a4  =  1 and

We determine the  numbers a, /3 and y b y  the following conditions:

cc(
1
i)2 +  fi = —(Ks  + A • T 1 ) = — 1 + ( k

i  +  I T
1

 2)

+/3(J( 2 )2 + y = --(K s + A • 11712 ) = 0

13 + y( 12)2 = — (Ks + A • i2 ) = O.

A s seen from the former case, we need only th e  v a lu e  o f  a . W e consider the
case b 1 =  1 .  Then

a3 b4 1
Œ  —  

(a3 b4  — 1)(a 1 b2 +  a 2 ) — a3b2

and
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c i (X)2 = (K s  + 4 + cd 1 + 0 1 2  + 71 2 )2

2  ( 1  ±   1  +  1  +  1 a3b4
a 2 b2a 3 b 4 „/ b2 {(a3 b4 1 ) ( a  b 2 +  a 2 ) — a3 b2 }

< 2 .

(Case 5) 4 =1 3 +
In  th is  case Ti a  ( o r  T2a ), T 4 b ,  T 3 a a n d  T2t, a re  em pty a n d  /1, /41, 1 2'  and

M3' a r e  contained in  Supp Bk (D ). T his case  occurs w hen b  = 1  (o r  b2 = 1),
a4  = 1, b 3  = 1 a n d  a 2 =  1 .  H ere  w e  assume b1 =  1. W e  c a n  tre a t the case
b2 =  1  i n  a  sim ilar w a y .  W e determ ine th e  num bers a , fl, y and b y  the
following conditions:

I Œ (l) 2 +  fl = —(Ks + A • T i) = b- -1

Œ + fl(/17/2 )2 + y  = —Ks + A • li.4' 2 ) = 0

fi + y 
(1

 2)2 + 6 = — (K s  + 4 • 1- 2 ) = 0

y + (5(i-a 3 )2 = —(K 5  + 4 • 11713 ) = 0
The only value we need is a, which is given a s  follows:

b4.(a3 b2 — 1) + b2= L < 0 .0,40 n
3 , 2 —  + + 0— ,2 3 02 — 1)

Hence we have

c i  (X)2 =  (K s  + A  + 0(11 +  0 1 2  + y 12 + (51%-43)2

= 2  ( 11  +  1  +  1  +  
a 3 b 4 /

-F [1,4 (a3 , 2 — i) + 
„

, 2 1ka i  L,
2 + — '-'203u2 1JJ

< 2 .

(Case 6 )  A  = M

I n  th is case T1 c,  (o r  T2 4 ), T 4b, T 3 a , T 2 1 , a n d  T4a a r e  em pty a n d  11, M'1 ,
M3' a n d  l  a re  contained i n  Supp Bk (D). T his case  occurs w hen b1 =  1  (or
b2 =  1) and  a4  = b 3 =  a 2 =  b4  =  1 .  Here we assume b1 =  1 .  We determine the
numbers a, fl, y, and  E b y  the  following conditions.

0402 f l  = —(Ks + A • 71) = 17 -1

+ fl11+  Y  =  — (K s + • 14-  2 ) = 0

fi + Y(12)2 + —(Ks +  .12 ) =0

y + 6(1a3 )2 + E = — (K s + A • 11713 ) = 0

+ 413 12 = — (K s  +  •  13) =

b4(a3b2 — 1) b2
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Then we obtain the following:

(a3 — 1)(b2  —  1) — 1oc =
( 
a

 3 1) ( 1)
 2 1) 11(a1 b2  + 1) b2 {a3 (b21 ) —  1 }

c i (X) 2  = (K s  + A  +  Œl 1 + 1611712 + + 6ft.43 e i3 ) 2

1 1
=  2  ( + 1+ 1 +1

U
+  „

1 
+ — + 1)

a, 2 a,

(a3 — 1)(b2 — 1) — 1
b 2 [ { ( a 3 1)(b2 — 1) — 1}(a 1 b2 + 1) — b2{a3(b2 1} ]

<2.

We can calculate c1 (X)2 for the remaining cases (7) — (12) by combining the
former cases. For example we consider the (case 8). In  this case 1 ,  M 2' and
M , are contained in Supp Bk (D). We obtain c 1 (X) 2  by combining the (case 1)
and the (case 2). We give the result when b, = a 4  = a ,  = 1 .  Namely, we have

b4 1
c 1 (X) 2  = 2 — (1 + +  1

„  + + „ „ +a 2 U2 a3 u3 U 4 u2 {U4(U2 ± 02 ) u 2 } a3 (b3 + a 3 ) •

We note finally that the Ramanujam surface is obtained by this construction.
The corresponding values of ai and bi are as follows:

a ,  = a 2  = a 3  = a 4  =1 , b , =1 , b 2  =- 3, b3 =  2, b4  = 2.

We thus obtain c1 (X) 2  =  A for the Ramanujam surface.

Type (UC2 _1 )

We start with a configuration of curves on P I x  P '  given as follows.

R, R

M2

R,
M,

Figure 4

e i e,

We perform oscillating sequences o f blowing-ups a: V x 113 ' with initial
points R ,, R 2 , R 3  and R 4 , where R 1 = M i  n12 ,  R 2  =  M 3  n 12 , R 3  =  M I n /3, R4 =
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M, fl I ,  W e use the notations l ,  M „ E „ Ti a  and
 7 b in  th e  same way as in the

form er case. W e write the  to ta l transforms of l  and  M i a s  follows:

— l  +  a 1 E  +  a 2 E2 + —•

Cf
*

(/ 3 ) /'3 + a 3 E3 +  a 4 E4  + • •

(7* (M i )  —
M +  NE I + b 3 E3 + •

CY* (M 3 M 3 ±  b2 E  2 +  b4 E  4  +  • "

We define the  boundary divisor D  o n  V  by

D = (I; + M i) + (Ta + Tib)
i =1i = 1

Then X  := V  —  D is a  homology plane provided the following condition is satisfied:

a 2 a 3 b 4  a ,  a4 b2 b3 = + 1

The dual graph of D  is given a s  follows.

T 2 ,

T, T 3 a

T 26

Figure 5

W e also use the notations such a s  S, A ,  S  and  J .
By symmetry we have to consider the following six cases.

(Case 1 ) d  =  / 2 + / 3 +  M2 + /1 + Mi + M3

(Case 2 )  d  =  13 + M2 +  l +  M 1 +  M 3

(Case 3 )  d  =  M 2 + 1, + M, + M3

(Case 4 )  d  =  13 + M2 + /1 + M1

(Case 5) = M2 + 11 + M1

(Case 6) Z =  M 2 ±  /1

The last four cases are treated by combining the other c a se s . Therefore we
have to consider the  first two cases . T he  computation of c 1 (X) 2  i n  these cases
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are  sim ilar to  the form er case of type (UP3 _1 ). W e simply give the values of
c, (X) 2 :

(Case 1)

c, (X) 2 =  (K , +  4) 2 =  2  + (Éi )2 = 2 — 1  < 2 .
i=i i=1 ai bi

(Case 2)

c 1 (X) 2 =  (K , +  A + 0
1
2)2

= (K 5 + 4) 2 +  Œ(K5  + A . 12 )

A1 (b,b2  — b1
—  b2 )

2  

= 2 — E7=1 ai bi
+  bib2(alb2 + a2bi)

< 2 .

Here we note th a t b , =  1  o r  62 =  1 . F or the  remaining cases, we only list
u p  the  results in the cases 3 and 6.

(Case 3)

v , 41 (b1b2 — b 1 — b2 )2( b 3 b 4  — b3 — b4 ) 2  

c1(X) 2 — 2  L i = 1
 a i bi

+  b
1 b2 (a 1 b2  a 2 b1 ) +  b 3 b4 (a 3 b4  +  a4b3)

< 2 .

(Case 6)

(b,b2 — b,— b2 )21 (a2a4 — a2  — a4 )
2

CI (X ) 2 =  2 +   +
a, b, u, u2 (a, b2 +  a2 b1 ) a 2 u2a 2 a4 (a2 b4  +  a4 62 )

I 2 — a, — a3 )
2

1 (b3 b4 — b3 — b4) 2

a 3 u3 a, a 3 (a, +  a 3 b1 ) a4 u4  u 3 u4 (a3 u4  +  a4 b3 )

< 2 .

Here we note that one of the integers equals to one for each pair (b1 , b2 ), (a 2 , a 4 ),
(a, , a 3 )  and (1)3 , b4 ).

Type (TP2 )

W e start w ith the  ruled s u r fa c e  E . L e t  M , be  the minimal section of E,
and  le t p , b e  the morphism from  E , to  13 1  w hich gives the  natural P 1-bundle
structure on E .  L et C  b e  a 2-section of E , disjoint from  M , and  le t I ,  and
12 be  fibers o f  p , containing ramification points of  P i c  and  1 3 b e  a  fiber of p,
other than / 1 a n d  / 2 • W e blow -up 1, fl C , / 2 /1 C and  their infinitely near points
o n  C .  W e call this surface X  and  le t a 0 : Ej -+ E i  b e  the composition of the
above four blow ing-ups. Thus w e obtain the following configuration of curves
on  L ,  where M y  i s  the  proper transform of C and G 2 , G 3 , H y  and H3 are the
exceptional curves of a,.
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Figure 6

Next we perform oscillating sequences o f blowing-ups. L et R3 be one  o f two
intersection points of 13  and  M 2 . There are following six possibilities for choosing
initial points R 1 a n d  R2 of these oscillating sequences. We shall consider first
three cases since calculations of the  remaining cases are similar.

(Case 1 )  R 1 = M , n G , a n d  R 2  =  M i ni 11

(Case 2 )  R , = G 1 ( -1 G3 and  R2 = M , fl H 1

(C a se  3 )  R 1 =  G3 n M 2 a n d  R2 = M I n I/ 1

(Case 4 )  R 1 = G i n G3 a n d  R2 = H1 nH3

(Case 5 )  R , = G3 n M 2 and  R 2  =H 1 flH3

(Case 6 )  R, —  G3 n M 2 and R 2  — H3 n M2

(Case 1)

P u t R , = M i n G i  a n d  R2 = M I n H i . Now let a l : V —> E l be the composi-
tion of oscillating blowing-ups with initial points R 1 , R2 and R 3 .  L e t  0 1  i 3)
be the unique (-1) curve contained in o- i-

i (R i ). Let Ti b be the connected compo-
nent of a  (R 1 ) — E 1 connecting with the  section  M , and  T l i ,  be the connected
component of c i-

l (R i ) — E , connecting with the fiber component G. We define
Tib (ti = 2, 3) in  a  similar w a y . We write the  to ta l transforms of l ,  M i and

C  as follows, where o- =  (ro c,.

o- *(/,) G  +  G '2 + 2G'3 +  a 1 E 1 +  *"

cr*(12 ) + H '2  + 21E3  + a2E2 + • • •

o- *(13 )l  +  a 3 E 3 + • • •

(Mi) ^-• M  +  b 1 E 1 +  b 2 E2 + • • •

a*(C ) M '2 + G'2 + 2G'3 +  H'2  + 2 f f3  + b 3 E 3  + • •

We define the  boundary divisor D  o n  V  by
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2 4
D = E m; + E (G; + H ; + Tia  T i b )

1=1i = 1

T h e n  X  := V  —  D i s  a  hom ology p lane  provided th e  following condition is
satisfied:

a1a2(2a3 — b3 ) + 2a 2 a 3 b1 + 2a 1 a 3 b2 — + 1 .

The dual graph of D  is given a s  follows.

Figure 7

I n  th is  case Supp Bk (D) con ta ins no t on ly  Ti a ,  'ri b  b u t  a l s o  G ,  G ,  H i  and
H .  L e t  7r: V —> S  be the contraction of Ti a , G , H ',  and H .  L e t  E be
the surface obtained by contracting all the  components o f  Supp Bk (D) and let
p : S  S  be the natural factoring morphism. W e use the notation like /1-4- , (with
tilde) for the curves o n  S  and M i (w ith bar) for the curves o n  S. P u t A  = n(D)
and  J  p(4).

I n  th is case the above equality shows th a t b3 c a n n o t b e  e q u a l to  1, that
is, the  branch T3 „ is  n o t e m p ty . W e  have to consider the  following two cases
depending o n  whether o r  n o t  Ty , o r  similarly T2 „ is empty.

(Case 1-1) — G3 + H3 + M 2  + 13 + M1

(Case 1-2) A  =  G3 + H3 + M2 + /3

Consider first

(Case 1 -1 )  A — G3 + H3 + M2 + /3 + Mi

The configuration of the components of A  and f ,  on the surface S  is given
as follows:
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r

Figure 8

The linear equivalence relations l — 12 — 13 an d  C  2M 1 +  2 / ,  on the surface
El  g ive  the following relations on S:

+ 2Ù-
3 a 2 É 2 +  2113 - 13  +  a 3 É 3

2 + 2 3  + 2 1713 +  b 3 É3 — 2;141 + 2b 1 Ê 1 + 2b 2 E 2 +  4Ô3 +  2a 1 Ê 1 •

Using these relations, we compute c 1 (X) 2  a s  follows:

ci (X) 2 =  (Ks  +  A1)2 — 2 —
ciJai +  2b 1 ) a 2 (a2 + 2b 2 ) a 3 b3

(Case 1-2) A  =  G 3 ±  H 3 ±  M 2 ±  13

In  th is case T i b  o r  T 2 b  is em pty and it occurs when a , =  1 or a 2 = 1,
respectively. Peeling the bark of i i i  as in the case (2) of Type (UP3 _1 ), we obtain

C1(X) 2  — 2—  +
2 2 1 (a1a2 — a l  — a 2 )

2

L+ 2b 1 ) a 2 (a2 + 2b 2 ) a 3 u3a 2 ( a 1 + a 1 b2 +  a 2 b1 )

< 2 ,

where a , =  1 or a2 = 1.

(Case 2)

Put R , = G, f l G 3 and R 2 =  M 1 fl H1 . W e  use the same notation as before.
First we write the total transforms of G1 an d  G3 b y  a l

a ( G 1 ) G', + a , E + • • •

al (G3 ) G '3 + b 1 E 1 +  •

2 2 1
< 2 .

and next we write the total transforms of li , M i and  C  b y  a  as follows, where
= aoai
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a*(1 1 ) — G  + G '2  + 2G'3 + (a, + 21)0E1 + • "

o- *(12 ) + H'2  + 2H; + a2E2 + • "

o- *(13 ) — 1'3  + a 3  E3 ± • • •

a*(1\41) b2 E2 + •

a* (C) M'2 G ' 2  2G'3 + H; + 211; + 2b 1 E 1 + b 3 E 3  + • • • .

We define the  boundary divisor D in  th e  sim ilar w a y . Then X  := V  —  D is  a
homology plane when the  following condition is satisfied

(a, + 2b 1 )a 2 (2a 3b 3 ) a 2 a 3 b2 + 2(a 1 + 2b 1 )a 3 b2+ 1  .

The Chern number c? is given by the  same form ula as in  the case 1 when all
Ti a  a n d  Tb a re  non-em pty. The calculation of the case when some of T„ o r  Ti „
are empty is similar to the former case and we always obtain the inequality c? < 2.

(Case 3)

Put R 1 =  G3 (1 M 2  and R 2  =  M, (1 H1 . We use the same notation as before.
First we write the  to ta l transforms of G 3  and  M 2  by a,

alK(G3 ) G'3  + a i E i  + • • •

a i( M 2 )  M '2  + b i E l  + • • •

and next we write the  to ta l transforms of 1,, M i a n d  C  b y  a  a s  follows, where
= CrOal:

0 'T O G + G '2  + 2G3 + 2a, E, + • • •

(7*(12 ) H', + H; + 2H; + a 2 E 2  + • • •

a*(13 ) — 1; + a 3 E 3  + • • •

o- *(M i ) — M + 13 2 E 2  ± • • •

04 (C) M + 2G'3  + H '2  + 211'3 + (2a, + bi )E , + b3 E3 + • • • .

We define the  boundary divisor D in  th e  similar w a y . Then X  := V  —  D is  a
homology plane when the following condition is satisfied:

2a 1 a 2 (2a 3  —  133 ) — a 2 a 3 (2a 1 +  b 1 ) + 4a 1 a 3 b2 =  ±  1 .

The Chern number c? is given by

2 1 1
= 2

when all 7;,, a n d  Tb a r e  non-em pty. The calculation of the case when some of
Tia o r  Tb a r e  em pty  is sim ilar to  the form er case and w e alw ays obtain the
inequality d  <  2.

a, b„ a 2 (a 2 + 2b2 ) a 3 b3
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Type (TC,_,)

W e use  the  same surface E ,  an d  th e  same configuration of curves o n  E;
obtained in  the form er case Type (TP2 ). We perform oscillating sequences of
blowing-ups a s  b e fo re . T h e  order o f  1-1,(X , Z ) is g iven in  th e  previous paper
[ 5 ]  and the form ula given there shows th a t w e  have to  choose  M 1 CI G1 a n d
M2 fl 13 (consisting  o f  tw o  p o in ts )  a s  in it ia l p o in ts . P u t  R , = M 1 r1G1 a n d
M2 n13 = 1R2 , R3 1.

Now let a l : V —> E1 be the composition of oscillating blowing-ups with initial
points R 1 ,  R 2  and R 3 .  W e use the notations like E i , T i a ,  and 7 b fo r  th e  same
meaning a s  before . W e w rite  the  to ta l transforms of 1 ,  M i a n d  C a s  follows,
where o- =

o-*(4)— + G; + 2G; + + • • •

H', + H; + 2H;

Cf
*

(13) lf3 a 2  E 2 a 3 E 3  ±  • •  •

u* (Mi) —  M r, + b,E, + • • •

M ; + G  + 2G'3 +  H; + 2H; + b 2 E2  + b 3 E 3  + • • • .

We define the  boundary divisor D o n  V  by

2 3
D = +  + ( G +  +  T i a  +  T i b )  •

T hen  X  := V  — D  i s  a  hom ology p lane  provided th e  following condition is
satisfied:

a1a2b3 a 1 a 3 b2 — +1 .

H ere w e no te  th a t th e  above condition im plies that a, = 1  a n d  T1b is always
e m p ty . The dual graph o f D is given a s  follows.

Figure 9
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In  this case Supp Bk (D) contains T  T tb , G ,  G'2 and  H .  L e t  n : V  S  be  the
contraction of Ti a , G'i, G'2 and  H .  L e t  S , p: S S ,  A  =n (D )  and A  = p(4)
be the  same a s  before.

W e have to consider the following two cases depending o n  whether o r  not
Tn ,  (similarly T3 b ) is empty.

(Case 1) — G3 ± M2 ± ±  +  M i  ±  / 3

(Case 2) = G3 ± M2 ± H3

Consider first

(Case 3) = G3 ± M2 ± H3 + H1 + M1 + /3

The configuration of the components of A  and  É t on the surface S  is given
as follows.

Figure 10

The linear equivalence relations l — 12 — 13 a n d  C — 2M1 + 2 12 on  the surface
E , give the  following relations on S:

+ 2 .6 3 —13 + + a 3 É 3+  2 F 1 3 ,

2Ô 3 2173  b2E 2 b3E 3 ^ ' 21 +  2 1 ) 1 E 1 +  2fi 1 + 4FI3

Using these relations we compute c1 (X) 2  a s  follows:

2
c,(X) 2  =  2   

I
L —  I

L  <  2  .
1 + 2b 1 a 2 U2 a 3 U3

(Case 2 )  A  = G3 + M2 ± H3

W e peel the  barks of 12 , /1/1- ,  and and  obtain

c1 (X) 2  =  2  (  
2+  1  +   1   ) ( b 2 b 3  — b2 — b3 )

+ 2b, a2 b2 a 3 b3b 2 b3 {(1 + 2b 1 )(a 2 b3 +  a 3 b2 ) — 2b2 b3 }

< 2 .

Finally from the  calculations m ade in this section, we conclude that:
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Theorem. L e t X  be a  homology plane of  K odaira dim ension 2  with a  C " -
fibration. Then the second Chern number c 1 (X) 2  o f  X  is less than 2. Furthermore,
f o r every  ty p e  o f  X , there ex ists a  sequence o f  homology planes whose c 1 (X ) 2

converge to 2.

Rem ark. For each type (UP3 _1 ) , (UC2 _1 ), (TP2 )  and (TC 2 _1 ), we can find
a  sequence of homology planes whose Chern numbers c converge to  2 . F irst
we recall the following fact [2, Lemma 3.5].

Lem m a. L e t S  be  a  nonsingular surface and let M  and I be smooth curves
o n  S .  W e assume th at M  and I intersect transversally  at a point P  o n  S .  Then
f o r each pair of  coprim e integers (a, b), there ex ists a com position of  blowing-ups
o- : T —* S which satisfies

a - 1 (M ) M ' + aE + • • • ,  +  b E  +  •  •  •  ,

w here E is the exceptional curve o f  the  last blowing-up.

Type (UP3 _1 ). We consider the case b , = 1 and rewrite the condition on ai and
bi a s  follows:

a4b2(a3 +  b 3 ) b4 a 3 (a 2 + a, b2 ) — + 1 .

First we choose a l ,  a 2  an d  b 3 ,  then choose 6 2 w h ich  is relatively prime to
a 2 . N ext we choose a 3 such that (a 3 , a, b3 ) — 1, (a 3 + a l  b3 , a 2 + a 1 1)2 ) — 1 and
(a 3 , b2 ) = 1. Because b2 (a 3 + a, b3 ) and a 3 (a2 + a, b2 ) are relatively prime under
these choices, there exist a 4  an d  b4  which satisfy the above equation. Since we
can choose a, and bi to be arbitrarily large numbers, there exists a  sequence of
homology planes of this type whose Chern numbers d  converge to 2.

Type (UC 2 _1 ). Since the condition on ai a n d  bi i s  a 2 a 3 b 1 —  a 1 a4 b2 b3  = +1 ,
it is easy to see that there exists a  sequence of homology planes of this type
whose Chern numbers d  converge to 2.

Type (TP2 ). We rewrite the condition on a, and b, as follows:

2a 3 (a 1 a 2 + a 2 b1 + a 1 b2 ) a 1 a 2 b3 = + 1 .

First we choose a 1 , a 2 , b 1 and 1/2 such that (a1 , a2 ) = 1, (a 1 , b1 ) = 1 and (a 2 , b2 ) =
1 and  that a ,  and a 2 a r e  odd. Because 2(a, a 2 + a 2 b1 + a, b 2 )  and a, a 2 a re
relatively prime under these choices, there exist a 3 and b 3 which satisfy the above
equation. Since we can choose ai an d  bi to be arbitrarily large numbers, there
exists a  sequence o f homology planes of th is type whose Chern numbers ci
converge to 2.

Type (W 2 _ 0 .  Since the condition on ai and  bi is  a 1 a2 b3  —  a 1 a3 b2  =  + 1 .  It is
easy to see that there exists a  sequence of homology planes of this type whose
Chern numbers d  converge to 2.
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3. c (X )  of homology planes with C 3 *-fibrations

In this section, we shall calculate c 1 (X) 2  o f  homology planes with a  C3 *-fibration
which are described in  a  paper of tom D ieck  [1 ]. We make use of his notations
in  [1 ] with slight modifications.

1. Case of cubic with two lines

Let C  P 2 b e  a  cubic with a  cusp s. There is a  unique flex p e C whose
tangent we denote by L .  Let T  be an  ordinary tangent to  C  in  a  regular point
r. C  intersects T  in  another regular point g. The points g, r  are different from
p. First we blow up s  to  obtain  E .  The exceptional curve M  gives a unique
minimal section of the natural P'-fibration o n  E , .  W e use  the  same symbols
to denote the proper transform of curves on E .  Let t = M  fl C .  Then M • C =
2t. L et 1,, 12  and  1 3 b e  the  fibers of the P'-fibration passing through t ,  p  and
r, respectively. Let p : W  E ,  be a minimal sequence of blowing-ups with initial
centers t, p  and r which makes the total transform of the divisor M + C + L + T
a simple normal crossing divisor. We exhibit the configuration of curves o n  W
and its dual graph a s  below:

Figure 11 bis
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Let C' (1 F3  = R2 and T' fl G 2  =  R 3 . We perform oscillating sequences of blowing-
ups a: V —> W with initial points R2 and  R 3 . F o r  a  curve A  o n  W, we denote
by A  the proper transform of A  by a. Let E . (i = 2, 3) be  a unique (-1 ) curve
contained i n  er-

1 (R i ). L e t  T2 ,, b e  th e  connected component o f  o- - 1 (R2 ) — E2
connecting with the fiber component P3 and le t T2b be the connected component
of a l (R2 ) — E2 connecting with the section Similarly, let T3 a  be the connected
component of o- - 1 (R 3 ) — E3 connecting with the fiber component .G-

2 a n d  le t  T 3b

b e  th e  remaining connected component of a l (R 3 ) — E 3  connecting w ith the
section T. W e write the  to ta l transforms of F3, C ' , G2 a n d  T ' a s  follows:

0- *(F3) —
P
 + a 2 E2 +

a*(C ') e + b2 E2 + • • •

0-*(G2 ) G 2 + a 3 E3 + • • •

n-*(T')i  +  N E 3 + •••

We define the  boundary divisor A  o n  V  by

A = 1171 + e + F.+ + Bi ) + + (Tia + Tib) •
i=1 1=11 =2

Then our hom ology p lane  is  X  := V  — A  provided th e  following condition is
satisfied:

(6a2 b 2 )(6a3 + b 3 ) 6 a 2 a3 — + 1 .

The total transforms by p  of curves o n  E ,  are  written a s  follows:

p*(T) T ' +  G 1 +  2G2

p*(L) L ' +  F ,  +  2 F 2  + 3F3

p * (M ) M ' + D , + 2D2

p*(C) C ' +  F ,  +  2 F 2 + 3F3  + G, + 2G 2  + D , + 2D 2

p*(1,) + D , + D2

p*(I 2 ) + + F2 + F3

p*(13 ) l'3  +  G, + G 2 .

W e can show tha t Supp Bk (A ) consists of Ô,, P1, P2, B ,,  i , T2 a , T 2 b ,  T3a  and
T3b. Let T :  V  g  be  the contraction of these curves except for J .  W r i t e  A  =
r(A ) fo r  a  curve A  o n  V  a n d  le t A = T(A). F irst, w e  ca lcu la te  (Kg ± 4) 2 a n d
then m ake a  necessary modification due to  the peeling of M.

The linear equivalence relations 1, — 12  — 13 , L  T  M  +  1 ,  and  C  M  +
31,  o n  E i g iv e  the following relations o n  g:
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11 + 5 2  12 + +  a 2 E2 ,̂ 13 + 6- 2 + a 3 E3

T +  2G2 + b3 E3 + 2a 3 E3 L  +  3F3 + 3a 2 E2 M  +  1 +  3D2

C  M  + 3 2 — 3F3 — 2G2 + 3  — (3a2 + b2 )E2 — 2a 3 E3 .

Starting with the  canonical divisor KE I  — — 2M — 3/, of E l ,  we can write
K w  a n d  Kg a s  follows:

K w  — 2p*(M) — 3p*(11 ) + +  2 D 2  + +  2 F 2  + 3F3 + +  2 G2

K g  —2(M + 2D2 ) — 3(/, + D2 ) + 2D2 + 3F3 +  3a 2 E2 + 2G2 + 2a 3 E3

+ (a 2 + b21 ) E 2 + (a 3 +  b31 ) E 3 .

Since

A = M  + D2 + +  6 2  +  C  +  +T ,

we have

Kg + 2M + 5D2 + 2/, — 2F3 — G2 - (2a 2 + 1)E 2 — (a3 +  1)E3 .

So, by computing the intersection numbers o f curves o n  g  as in  the  case  1  of
the section 2, we obtain

1 1
(Kg- + .4) 2  = 2 I  

3 a2 b2 a 3 b3 •

W e om it the details of the calculations. In  order to  obtain c1 (X)2 ,  we have to
peel the  bark  o f  M .  Namely, determine the  number a  b y  the condition:

(Kg + 4 + 1M • M)= O,

from which results CX = 1 because M2 =  — 3. We therefore have

c,(X) 2 = (Kr + A — 1M)2

= (Kg + A) 2  — i(Kr ± A • M)

1 1
= 2—   L .  •

a2 b2 a 3 03

2. Case of four sections in E2

Let 7E: E2 P 1 b e  the  natural P 1 -fibration, le t F  be  a  general fiber and let
M  be  the m inim al section. We choose curves Q1 ,  Q2 and  L  o n  E2 such that

Q i  M  + 2 F  ,  Q 2  M  + 3F , L  M  +  2F

and  tha t the intersection pattern is given a s  follows:

Q2 M = x , 122 .121 = 3 .Y Qi• L = 2v , Q2 L  2 z  + u
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where x , y, z, u and  y  a re  five different p o in ts . L e t  i ,  1 2 a n d  13  b e  the fibers
of the 13 1 -fibration passing through y , y  and z, respectively. Let p: W be a
minimal sequence o f  blowing-ups with initial centers y , y  a n d  z  which makes
the  to ta l transform  of th e  divisor M + Q, + Q 2 +  L  a sim ple norm al crossing
divisor. W e exhibit the configuration of curves o n  W  a n d  its  dua l g raph  as
below.

Figure 12

Figure 12 bis

L e t  R,:= Q', (I F 3  a n d  R 3 :=  L' fl H 2 .  W e perform  oscilla ting sequences of
blowing-ups a: V  W  with initial points R , and R 3 .  W e make use of the same
notations as b efo re . For example, T2 Q  connects with P3 and T2,, connects with the
section -0 1 . W e write the  to ta l transforms of F3 , Q'1 , H 2  and  L ' a s  follows:

o-*(F3 ) + a 1 E1 + • • •

(7 * (V1) -01+ blEi + •
o- *(H2 ) FI2  + a 3 E3 ± • • •

+ b3 E3  + • • •
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and define the  boundary divisor A o n  V  by
3 2 3

=  +  + +  ( 0 ,  +  + E (T .+  To.
1=1 1=1 1=2

Then our hom ology plane is  X  := V  — LI provided th e  following condition is
satisfied:

(3a — b1 )(2a 3 — b3 ) — 4b, b3  = + 1 .

The total transforms by p  of curves o n  E 2  are  written a s  follows:

" 2 i )  —  + F + 2 F  + 3 F  +  +  2 G2

p * (L)— L' G i  + 2G 2  + + 2H 2

P* (22) Q"2 + + 2F2  + 3F 3  + H i  +  2 H2

P*(11) + + F2 F 3

P*(12) l'2  + G i +  G2

p*(13 ) 1 '3  + H i  + H2

and  Supp Bk (61) consists of F1, P2 ,  6 1,0 1 ,  T 2 a ,  T 2 b ,  T 3 a a n d  T3b. Let
T :  V —) g  b e  the contraction of these curves except fo r  .A-4  a n d  0, . We write

= T(A) fo r  a  curve A  o n  V. Making use  o f the  linear equivalence relations
o n  E 2 , we obtain

1 1
(Kg + 4) 2 = 2 1_ — 

3 a l  bi a 3 b3

where
4 = M + F 3 + G 2 + H 2 +Q 1 + Q 2 + L

and

KE + .61 — 2M + 3 12  —  2F3  + 2G 2  —  H2 —  (2a 1 + 1 )E 1 + (a 3  + 1 )E3  .

N ow  w e have to  p e e l th e  barks o f  M  a n d  Q  in  order to  calculate  c1 (X) 2 .
Namely, determine the  numbers a  a n d  fl by  conditions,

{(1( o t M  M ) =  0
(Kg +

 A +
 +  # 421' 421) = 0

and compute c1 (X) 2  a s  follows:

c, (X)2 =  (Kg + OEM + fl12 1 )2

5 1b 1  1   1
2 (a 1 b13 ( 3 a 1 + b1) 

+  

a3b3S

W e note tha t c l  (X)2 >  2  fo r  a  suitable choice of the  integers ai , bi.
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3. Case of quartic and bitangent

Let Q be a  quartic on P2 with three cusps {x, y, z} and le t T be a  bitangent
of Q.

First we blow-up P2 a t  the center u which is one of the intersection points
o f  T  a n d  Q to obtain  E .  T he exceptional curve M  gives a unique minimal
section of the natural P 1 -fibration on I .  Let 11 , 1, and 1 3  b e  the fibers of the
P1 -fibration TC passing through x, y  and  z , respectively. L e t p :  W  E i  b e  the
minimal sequence o f  blowing-ups with initial centers x, y  a n d  z  which makes
the to tal transform of the  divisor M + T + Q  a sim ple norm al crossing divisor.
We exhibit the configuration of curves o n  W and  its dual graph a s  below.

D,

Figure 13

Figure 13 bis

Let R := Q' (1 D ,.  We perform a n  oscillating sequence of blowing-ups a: V —> W
with the initial point R „ . W e m ake use of the same notations as before. W e
write the  to ta l transforms of D, and  Q' a s  follows:

o- *(1301 ) — 131 + aE + • • -

a* (V) — + bE ± • • •
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and define the  boundary divisor A  o n  V  by

A = +  +  + (13, + P, + + 1-1,)+ Ti, + Tb •
1=1

Then our homology plane is X := V — A  when the following condition is satisfied:

b — 6a = +1 .

The total transforms by p  of the curves o n  E , are  written a s  follows:

p*(Q) Q ' +  D ,  + D  +  2 D 3  2 F 1  3F2 + 6F3

+ 2G 1 + 3G 2 + 6G 3 + 2H 1 + 3H 2 +  6H3

p*(T) T '  +  D, + D 2 + 2D3

p*(M ) M ' + D ,

p*(11 ) — +  +  F2 + F,

a n d  Supp Bk (D) consists o f  F1 ,  F2 , G1 ,  G 2, H1 ,  H 2 , D 2 , M , Ta a n d  Tb. Let
T: V —■ g b e  the contraction of these curves except fo r l a .  M aking use of the
linear equivalence relations on E , and  S , we obtain

1
( K S  + 2-1)2 =  2  — -c—(1)

where

=  + 0 + T  +  + 153 +F3  + G 3  +  H3 ,

and

K + 4  2M + 2T + 3D, + 3D 3 — 3F, — G3 — H, + (3a —  1)E.

After peeling the bark  o f M , finally we obtain
)2  5

c i (X) 2  =  (K s  +  — 
2

— M  =  
2  a b

In  this case the solutions of the equation b — 6a = + 1 are  given by a = n  and
b = 6n + 1, where n  is  a  natural number. Therefore there exists a  sequence of
homology planes for which c1 (X) 2  converge to  I.

4. Other cases

By similar arguments as above, we can obtain homology planes X  with the
chern numbers c1 (X)2  a s  given below.

4.1. Four sections in 12 . W e  s ta r t  w ith  the configulation of curves on  12

such that

C  M + 3F , L, L 2  M  2F ,



c1(X)2 = 2
1 1 1
3 a b i  a 2 b2
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w here M  is a minimal section and F  is  a  general fiber, and that

C • M = x , C • L , = 3y  , C • L 2  = 3z  , L i . L 2  =  U  V  ,

w here x, y , z , u  and t) are five different points. W e obta in  a  homology plane
X  with

provided that ai and  bi satisfy the following equality:

(b2 — a 2 )(2b 1 — a i ) — 9a 1 a2  = +1  .

4 .2  Cubic, quadric, line. Starting with a cuspidal cubic C, a regular quadric
Q  and a line  L  on 13 2  such  that

C • L = 3z , C • Q = 3x + 2z + y , Q• L = 2z ,

w e obtain a  homology plane X  with

c i (X) 2  =
2 a l b,

provided ai and  hi sa tisfy  the following equality:

(2a 1 — b, )(3a 2 +  6 2 ) — 12a, a 2 = + 1 .

4.3. 2-Section and two sections in E 2 .  Starting w ith the configulation of
curves on E 2  such that

C  2M + 5F , T  M  + 2 F

and that

C • M =x , C • T = 4 y + z ,

where M  is the minimal section and F  is  a general fiber, we obtain a  homology
plane X  with

1
e 1 (X) 2 = 2

1
12 ab

provided that a  and b  satisfy 2a — 56 = +1.

4.4. A quintic with cuspidal tangent. W e start with a quintic Q on P 2  with
three cusps {x, y, z} whose multiplicity sequences are (2, 2) and the tangent line
T  to  Q  a t  x . W e  o b ta in  a  homology plane X  with

5 1 1
a 2 62

5 1
c (X)2 

2  a b
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