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On the existence of weak solutions to the steady
compressible Navier-Stokes equations when the
density is not square integrable

By

Sébastien Novo and Antonin NOVOTNY

Abstract
We consider the steady compressible Navier-Stokes equations in the
isentropic regime in a bounded domain of R®. We show that the renor-
malized continuity equation holds even if the density is not square inte-
grable. We use this result to prove existence of weak solutions under the
sole hypothesis v > 3/2 for the adiabatic constant.

1. Introduction

In this paper, we investigate the existence of renormalized finite energy
weak solutions to the Navier-Stokes system of equations describing the flow of
an isentropic compressible fluid in a bounded domain © C R3. This system
reads
(1.1) —mAu — (g + p2)Vdivu +divipu @ u) + Vp?' = pf + g in
(1.2) div(pu) =0 in Q.

Here the unknown functions are p(x), u(z) = (u!(z),u?(z),u3(z)), r € Q and
they respectively represent the density and the velocity of the fluid. The term

pf +g, with f(z) = (f'(z), f*(2), f*(2)) and g(z) = (¢ (2), 9°(2), g°()) two
given vectors fields on 2, corresponds to the external forces. The viscosity
coefficients p; and uo are constants, such that

2
(1.3) p >0, g tpz 20
and the adiabatic constant v satisfies
3 5
(1.4) 5> 3 if curl f =0 or 5> 3 if curl f #0.

The equations (1.1), (1.2) are complemented by the no-slip boundary conditions
(1.5) u=20 on 0N
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and the additional condition
(1.6) / pdr =M
Q

where M is a given positive constant which represents the total mass of the
fluid in the volume 2.
We also observe that for any sufficiently smooth solution (p, u),

(L.7) div(b(p)u) + {pb'(p) — b(p)} dive =0

holds with any function b € C'*([0, +00)).

First, we explain what we mean by renormalized finite energy weak solution
to the problem (1.1), (1.2), (1.5), (1.6).

Consider functions

(1.8) be C°[0,400)) NCH(0,400)), g <1, [p/(t)] <ct™r, Vte (0,1]
with growth conditions at infinity
(1.9) /()] < ct™, |t (t) —b(t)| < ct*?, Vt>1 where \jAg € R,

¢ denoting a positive constant. Let 3/2 < p < +00. A couple (p,u) is called
a renormalized finite energy weak solution to the problem (1.1), (1.2), (1.5),
(1.6) if and only if
(i) p € LP(Q), p > 0 a.e. in Q and satisfies (1.6), u € [W,*(Q)]?;

(ii) equation (1.1) holds in [D’(22)]?;

(iii) equation (1.2) holds in D’(R?) provided (p,u) is extended by zero out-
side €;

(iv) equation (1.7) is satisfied in D’(R?) provided (p, u) is extended by zero
outside 2, for any function b belonging to the class (1.8), (1.9) with

(1.10) —1<)\1<§—1, 0< X<

NS

(v) it satisfies

(1.11) /Q{u1|Vu|2 + (p1 + p2)(divu)?} de < /Q(,of ‘u+g-u)dr.

Now, we can state our main result.

Theorem 1.1.  Let Q C R? be a bounded domain of class C*", v > 0
and M > 0. Suppose that f € [L=°(Q)]?, g € [L>®(Q)]3, u1 and po satisfy
(1.3) and v satisfies (1.4). Then there exists a renormalized finite energy weak
solution (p,u) to the problem (1.1), (1.2), (1.5), (1.6) satisfying p € L*™(Q)
where

RN A A
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Theorem 1.1 generalizes a similar result of Lions [5] where the adiabatic
coeflicient satisfies the restriction

(1.13) v 2
3
In virtue of (1.13) and similar estimates to those presented in Section 4, p is
bounded in L?(2). This in turn implies that (p,w) satisfies the renormalized
continuity equation (1.7) in the sense of Di-Perna and Lions [2] with suitable b.
This is one of the main arguments of the Lions proof. It is not available under
the sole hypothesis v > 3/2.

In [3], E. Feireisl proved compactness of solutions to the nonsteady isen-
tropic Navier-Stokes equations under the hypothesis v > 3/2. By using cut-off
operators T} similar to those introduced in Section 5, he showed that

(1.14) up limsup | Tk (o) = Te(p) o1 < C.
+

S

k>0 n—+oo

Here, {pn}nen is a sequence of densities corresponding to solutions of non-
steady isentropic Navier-Stokes equations an p its weak limit. This estimate is
crucial in his proof.

The main goal of this paper is to show that the estimate (1.14) holds also
in the steady case. Once it is established, we prove that, with suitable b, the
renormalized continuity equation is verified. We also show how to use this fact
to prove the existence result.

Let us conclude this section by recalling some notations used throughout
the paper. By a domain  C R3, we mean a connected open set of R3. As usual,
D(Q) denotes the space of indefinitely differentiable functions with compact
support in Q and D’(Q) its dual, the space of distributions on ; LP(£2) resp.
L (Q), 1 < p < 400, the Lebesgue spaces of LP-integrable functions resp.
the space of locally LP-integrable functions; W1P(Q), 1 < p < +o0, are the
Sobolev spaces; Wol’p(Q), 1 < p < 400, is the subspace of functions of W1 ()
with zero traces on 92 and W‘l’p,(Q), 1 < p < +o0, its dual. Finally, the
characteristic function of a set A will always be denoted by 14.

2. Some results about the continuity equation

Continuity equation enjoys some properties which will be important in the
sequel. We recall them in the present section.

First statement deals with the extension outside 2 of the continuity equa-
tion.

Lemma 2.1. Let Q C R? be a bounded Lipschitz domain, p € LP(£2),
p>2,uc [Wy*(Q)? and f € LY(Q). Assume that

(2.1) div(pu) = f in D'(Q).

Then, extending p, w and f by zero outside Q0 and denoting again by p, w and
f the new functions, we have

(2.2) div(pu) = f in D' (R?).
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Proof. We have to show

(2.3) —/ pu - Vodz :/ fodz, Yo € D(R?)
R3 R3

provided p, u and f are extended by zero outside €. To this end, consider the
sequence of functions

®,eD), neN, 0<9,<1,

2
D, (x)=1, we {y cq, dist(y,00) > _} ,

n
(2.4) )
D, (x)=0, z€ {y €, dist(y,00) < —} )
n
VP, (z)| <2n, Vze.
Clearly
(2.5) ®,, — 1 pointwise in 2 as n — oo,
(2.6)

1 2
suppV®,, C {x €, - < dist(z, 02) < 5} , |suppV®,| —0 asn — occ.
In virtue of (2.1),

(2.7) —/ pu - Vo, dx :/ fo®, da:—i—/ pu-Vo,pdx, Ve DR?).
R3 R3 R3

Due to (2.4), (2.5) and the Lebesgue theorem, the first two integrals of this
identity tend respectively to — f]R3 pu-Vdr and ng fedx. The third integral
is bounded by

v
dist(x, 00)

C sup [p(2)] [|pllo,2,suppv e, :
2R 02,0

In accordance with (2.6) and due to the summability of p, ||pllo,2,suppv®, — 0
as n — oo and since u € [Wy?(Q)]?, by Hardy’s inequality, w/dist(z, Q) €
[L2(2)]3. Hence (2.7) as n — oo yields (2.3). Proof of Lemma 2.1 is thus
complete. 0

Next result is a consequence of the theory of renormalized solutions to the
transport equation by Di-Perna and Lions [2].

Lemma 2.2.  Let p > 2, let A1, Ay such that

(2.8) 71<A1§12371 and 0<)\2§g.

Assume that p € LP (R3), p > 0 a.e. inR3, u € WL (R?)]?, and f € L7 (R3),

loc loc

1<qg<p/r if a1 >0,1<q<+o00if \ <0, satisfy eqation (2.2). Then
(2.9) div(b(p)u) + {pb'(p) = b(p)} divu = fb/(p)  in D'(R%),
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for any function b € C*([0,+0c0)) satisfying (1.9) with (2.8). Moreover, if
f =0, the assumptions on b can be relaxed to (1.8), (1.9) and (2.8).

Proof. First, we deal with the case b € C1([0,4+00)) and A\; > 0. Regu-
larizing (2.2) by usual mollifier S., 0 < e < 1, we get

(2.10) div(S.(p)u) =7 + S-(f)  ae. in R?

where r. = div(S:(p)u)—div(S:(pu)). Due to the generalized Friedrichs lemma
(see [2, Lemma IL1]), 7. — 0in L} (R3), 1/r=1/p+1/2 ase — 0%,
We multiply equation (2.10) by b'(S:(p)) to obtain

div(b(S- (p))u) + {S- (o)} (S-(p)) — b(S-(p))} div u
)

(2.11) =V'(S(p))re + V' (S:(p)Se(f)  ae. in R

(R?) and
S:(f)— fin LlOC(R?’) and as a consequence a.e. in R3. Thanks to the growth
conditions (1.9), (2.9), Vitali’s theorem gives b(S:(p)) — b(p), {S=(p)b'(S:(p))
—b(Sc(p))} — {pb'(p) — b(p)} and b'(Sc(p)) — b(p) respectively in
Ly? (R3) LIZOC( %) and L} (R®). For any bounded measurable set w C R?,
L.,V (S(p))re dz is bounded by C||b'(S=(p))l|o,r w
to zero. Equatlon (2.11) thus yields (2.8).
Next, we consider the case f = 0, b satisfying (1.8), (1.9), (2.9) with A; > 0.
For 0 < h < 1, we put by(-) = b(-+h) and apply to it the first part of the
proof to get

Now, we pass to the limit ¢ — 0%. Clearly, S.(p) — p in LV

loc

(2.12) div(bn(p)u) + {pb},(p) — br(p)tdivu =0  in D'(R?).
It is clear that, as h — 0T, bh() — b(t), V&t > 0, and that, due to (1.8),
t), (t) — bp(t) — tb'(t) — b(t), Vt > 0. Moreover, for any fixed R > 1
<
s b (0)] < ma (1)

and thanks again to (1.8)

/ _ < / _ 1—Xo / .
I[Bl,ag]dtbh(t) ba(t)] < e |t (t) = b(t)| +ch =™ + h max |6 (2)]

Finally, for any bounded measurable w C R?, we have
1bn.(p)

P
H{pbh(p) = bn(p)}Lipomyllo2w < (RMT5 + RY=75)lpl§

A
0 % w S CR( +)-= GPHPHO,p,w’

So, we can write

/ brn(p)u - Vodr = / br(p)1ip<ryu - Vo dz
RS R3

+/ br(p)lip>myu- Vodz, ¢ € D(R?).
R3
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Due to the Lebesgue theorem, the first integral tends to fRS b(p)1{,<ryu-Vod
as h — 0%. The second integral tends to zero as R — +oo because it is bounded

by cR(’\1+1)_5p/6||p||gf’p/6||u||076||Vg0||07oo. The analysis of the convergence of the

other term is similar. Lemma 2.2 is thus proved. O

Now, for k > 0, we put

bk(t):{b(t) it tel0k

(2.13) b(k) if te (k,+00)

where b € C1([0, +00)). Then b, € C1([0,k) U (k,4+00)), lim; - b} (t) = b'(k)
and lim;_,+ b, (t) = 0. If ¥/ (k) = 0, then by € C1(]0, +00)) and the composite
mapping b}, o p is well defined a.e. in R3. If b/ (k) # 0, we have to define b}, o p
and we do it e.g. as follows

w0 Lz

With this definition in mind, Lemma 2.2 yields the following statement
which we need in the sequel.

Corollary 2.1. Let p € LY (R3), p > 2, p > 0 ae. in R? u €

loc

[(WLE2(R3)]? and f € L} (R?) satisfy equation (2.2). Then

loc loc

(2.15)
div(be(p)u) + {pbh(p) — bi(p) b divu = f¥(p)  in D/(R®), Yk >0

with any function by, satisfying (2.13) where b € C1([0,+00)). Moreover, if
f =0, the assumptions on b can be relazed to (1.8).

Proof. First, we claim that
(2.16) kdivu = f ae. in {p=k}, Vk>0.

Indeed, take b € D(R) such that suppb C R*, b(t) = ¢ in ((3/4)k, (5/4)k)
and put b;;a = Se/2(brye), bpe = < /2(br—c) where S,/ is one dimensional
regularizing operator. We have as ¢ — 07

bio(t) = bi(t), VEERT, (b ) (t) = bi(t), Vt#k, (b)) (k) — 1,

by (t) = bi(t), VEERT, (b ) (t) = bi(t), Vt#k, (b.) (k) —0.

Lemma 2.2 applied to equation (2.2) yields
div(by . (p)u) + {p(b.) (p) — by (p)} dive = f(by ) (p)  in D'(R®).
Therefore, as € — 0T,

div(br(p)w) + {pby ()1 {pr} + klgp=ry — bi(p)} divu
= V(D) 1gpziy + 1gpeiy}f  in D'(RY)
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and

div (b (p)u) + {pb5,(P)Lgprry — bi(p)} diva = by (p)1pury f in D'(R?).

Subtracting the last two equations yields (2.16).
Now, let us consider the case b € C1([0,+00)). We denote the extension
of b by b(0) in (—o0,0) again by b. Lemma 2.2 applied to S, (bs) where S,
0 < e < 1, is one dimensional regularization, yields
(2.17)
div(S: (be) (p)u) + {pS=(br)' (p) — S=(br)(p)} divu = S.(bx) (p) f  in D'(R?).

Ase — 0T,
Se(br)(t) — bi(t), Vte[0,+00), Se(br) (t) — bj(t), Vte€[0,k)U (k, +o0).
In accordance with (2.16) therefore

Se(bg)(p) — br(p) a.e. in R3,
Se(br)'(p) = bi(p)  ae. in {p#Fk},
pS:(br) (p)divu = S:(bg)' (p)f  ae. in {p=k}.
Moreover, the particular form of functions by implies that S.(by) and S.(by)’
are uniformly bounded with respect to €. We pass to the limit € — 07 in (2.17)
by using the Lebesgue theorem and we get (2.15).

The case f = 0 and b satisfying (1.8) can be treated by following the lines
of proof of Lemma 2.2 starting by (2.12). O

3. Approximation

The proof of Theorem 1.1 will be carried out by means of the following
approximation.

— 1 Aus — (1 + p2)Vdivus + div(psus @ us)

(3.1) , .
+V{p] +dpst=psf+g In Q
(3.2) div(psus) =0 in Q,
us =0 on 01,
(3.4) / psdx =M
Q
where
(3.5) B = max(1,3), d€(0,1),

Similar approximation was used in the nonsteady case in paper [4].

Existence of finite energy weak solutions to the system (3.1) through (3.4)
is guaranteed by the following theorem of P. L. Lions, see [5], Theorem 6.7,
p. 114 and Section 6.10, p. 158-162.
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Theorem 3.1.  Let Q C R3 be a bounded domain of class C*¥, v > 0,
f € [L>®(D)]3, g € [L>®(Q)]?, p1 and ps satisfy (1.3), B > 5/3 and M > 0.
Assume that p € C1([0,+00)) is a strictly increasing function such that

(3.6) 3C1,Cy >0, C1tP < p(t) < Cot?, Vit € [1,+00).

Then there exists a couple (p,u), p € L*P)(Q), where s(-) is defined in (1.12),
p>0ae inQ, [(pde=M, ue (W3 2(Q)]? satisfying

(3.7)
—p1Au — (1 + p2)Vdive +div(pu @ u) +Vp(p) = pf +g  in [D'(Q)P,
(3.8) div(pu) =0 in D'(Q).

Moreover (p,u) verifies the inequality

(3.9) / ([ Vul® + (1 + o) (div )} der < /Q (of utg-u)dr.

Such a couple (p,u) is called a finite energy weak solution to the system (3.7)
and (3.8).

Remark 1. The reader easily verifies by density argument that equa-
tion (3.7) holds with any test function ¢ € [W,*(Q)]3.

Due to Theorem 3.1 complemented by Lemmas 2.1 and 2.2, for any § €
(0,1), there exists a finite energy weak solution (ps,us) to the system (3.1)
through (3.5) such that ps € L?%(2) and, provided ps and us are extended by
zero outside €2, it holds

(3.10) div(psus) =0 in D'(R?)
and
(3.11) div(b(ps)us) + {psb(ps) — b(ps)} divus =0 in D'(R?)

with any b satisfying (1.8), (1.9) and (2.9) with p = 2.

In the following sections, we shall prove that there exists a weakly conver-
gent subsequence of {(ps, us)}se(0,1) such that its weak limit is a renormalized
finite energy weak solution to the original problem (1.1), (1.2), (1.5), (1.6).
From now, we shall suppose without loss of generality that the sequence (ps, us)
is defined on the whole space R3.

4. Estimates independent of §
We shall start by the problem
(4.1) divev = f, v|gpa = 0.

The following result is due to Bogovskil [1].
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Lemma 4.1. Let Q C R? be a bounded Lipschitz domain. Then there
exists a linear operator B = (B',B%,B%) : {f € LF(Q), [,fdx = 0} —
[Wol’p(Q)]?’, for any 1 < p < 00, satisfying

42)  divB(f)=f ae inQ,  [[VB(f)lop < CE D)l fllop
From (3.9), it follows
(43) IVuslloz < CL1+ Ipsllog Loz b

Put ps = pj + 5p’g and consider ¢ = B(p§ — (1/|9]) [, p§ dy) as test function
in equation (3.1). Due to Remark 1, it is an admissible test function provided
2 <2/0, i.e. provided 0 < 1. We get

/ s da = |Q|/pady/padx—/(paf p+g-p)dr
(4.4) + / {u1VU5 Ve + (,Uz1 + p2) divugs div (p} dx
Q

—/p5U5®U5 :Vepdz.
Q

For the first term at the right side of (4.4) it holds by Hélder’s inequality and
interpolation

|Q|/p5dy/padx< 1920775 {5 1 s 1y 7
1
Hm%lﬁ%wm%uw)
1 1
SCW%MJ%V Lo
where
0< *L<1 and O<~*L<1
T Ay -1 TTaves-1

By Hélder’s and Sobolev’s inequalities and then by Lemma 4.1, the second term
can be estimated as follows

[ o3t wdn < lpslosonl Fl ssser Ielog  provided (146) > £
Q »54(1+6)—6

< Cllpsllo,1+0)4 1 Vepllo,2
< C||P6||0,(1+0)'yHP6||8,29 provided 6 <1
< C||p5||0,(1+9)7Hp5||8’(1+9) provided 20 < (1+6)ie. 0<1

and
[ 8-0ds <laloglelos < CIVelo:

< Cllpsllga0 < Clipsllg 11e) ~ provided 6 <1.
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In virtue of the Schwarz inequality, (4.3), Lemma 4.1 and interpolation, the
third integral is estimated by

/Q{mVug : Ve + (g + po) divug div e} dz
< C|Vusllo2l|Vello.2
< C{1+lIpsllo,e Lo sy }IPsllS 1 1p)  Drovided 6 <1
<C{1+lpslg1llesllsa Py Liys 2y Hipsll 1ve)
<C{1+ HPéHo (1+9)71{y>g}}||p6||g,(1+9)

where

57(1+6) — 6
6v(1+0)—6

0<n= < 1.

Last, but not least, again by Holder’s inequality, (4.3), Lemma 4.1 and inter-
polation

/ potts D ug : Ve dx
Q

3
2y

T provided (14 0) >
+0)-

< Clpsllo.croy {1+ lls 3" ||,o5||0 (H"ghl{w Pl 500

2(1
< Clipsllo, oy {1+ Ioslle (i Livs 2y HIpslld 1)

provided

3v0(1 + 6) 2y -3
— 1446 0 < .
27(14—9)—3*( +0) e v

Putting these estimates into (4.4) we obtain

Ipslloien) < CL1+ 5Hp5||gl(—1@gg +llpsllo a2y, + losllo,+0y7)
S [ PR AR R B
In particular,
15113, (10yy + 31105l (1405
<c{1+ 5||p5\|gl(119)ﬁ - \Ipallol(lﬁ’r)g)7 + llpsllo,(1+6)~)
+ (loslloi Py + loalloiirlays V>33

From the last estimate, by means of the Young inequality, we get

5
103116, (101, +SllPsllo 14095 < €
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where C' is a constant independent of §. Summing up the conditions on 6, it is
not difficult to check that the optimal § = (2y—3)/vif3/2 <y <3 and § =1
if v > 3.

Let us conclude this part by summarizing the properties of the sequence
(ps; us)-

Lemma 4.2.  Let (ps, us) be a finite energy weak solution to the problem
(3.1) through (3.4) from Theorem 3.1. Then

(4'5) ||P6 |O,s('y) < Ca
1
(4'6) os Hp&”o,sg)g <C,

where s(-) is defined in (1.12) and

(4.7) [Vusllo2 < C.
Lemma 4.2 implies directly the following statement.

Lemma 4.3.  There exist functions p, p7, w and a subsequence of {(ps,
us) }se(0,1) such that

(48) ps—=p in DR, pj =75 inLT (R, p=0 inE\Q,

(4.9) 5p§ —0 in  LY(R?),

us —u in [WH(RHP, us — u in  [LP(R3)]?, 2<p<6,
(4.10) u=0 in R3\Q,
(4.11)
PoUs — pu  in [Lﬁii%(]l@)]g, PsUs QU = pu U in [L%(R?’)P“.
It holds
(4.12)
—pmAu = (1 + p2)Vdive +div(pu @ u) + VpT = pf +g  in [D'(Q)],
(4.13) div(pu) =0  in D'(R?)

and the inequality (3.9) is verified.

Remark 2. By density argument one can easy seen that equation (4.12)
holds for any test function ¢ € [Wy /7" (Q))3.

5. Functions 7} and their basic properties

For k£ > 0, we define

no=f, 4 s
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It is easy to check that

(5.2) esssup|tTy,(t) — Ti(t)] < Tr(s)lqs>r}, Vs >0.
t€0,s]

Next, due to the inequalities a¥ — b¥ > (a — 0)7, |Tk(a) — Tk (b)| < |a — b),
VO <b<a< +oo,
(5.3)  |Tk(t) — Te(s)"HH < (7 — ") (Th(t) — Ti(s)), Vs, t>0.

Thanks to the inequality [{ps > k}| < (1/k) [ ps1ips>ky dx < (1/k) [ ps da <
M/k, we get

1

M\ 7
P S0y
or = (F) 7 Inslosens Y10 <)

(5.4) P51 5>k}

Denote Ty (p) € L*°(€2) the weak-star limit of the sequence {Tk(ps5)}se(0,1)- In
accordance with the estimates

I15e(p) = pllop < lim inf [T%(ps) — psllo,p

1 1

< QI%QgEf lps1ips>rtllop < CEH 77, V1 <p<s(vy),
it holds
(5.5) Ti(p) — p in LP(), V1<p<s(y) ask — +oo.
Similarly,
(5.6) Ti(p) — p in LP(Q), V1<p<s(y) ask — +oo.

6. Effective pressure

We begin by recalling some facts useful in the sequel. In this section, we
are using Einstein summation convention over repeated indexes.
We introduce the operators

i&i
€17

where F denotes the Fourier transform and F 1 its inverse. The Marcinkiewicz
theorem about multipliers yields

(6.1) Ai:S(R) — SR?), i=1,23, Ai(f)(w)=f_1[ f(f)(é)} (z)

(6.2) IVAi(f)

loprs < C)|flloprs, 1<p<oo, i=1,2,3
and, moreover, due to the Sobolev embeddings

«_ 3p ,
(63) ||Ai(f)||0,p*,]R3 S C(p)HfHO,p,RS? p = ﬂ7 1< p< 37 1= 17273‘
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Next, we denote

(6.4) Rij = 0;A; i,7=1,2,3

and observe that

(6.5) Rij =Rji, Vi,j=1,2,3, Ru(f)=f

and, due to Parseval equality,

(6.6)

/Rs Rij(f)gdx = /Rs fRij(9)dx, Vf e LP(R?), Vg e LY (R%), Vi,j=1,2,3.

Let us emphasize that, in virtue of (6.2), the closure of the operator R;;,
Vi,j = 1,2, 3, denoted again R;;, is a strongly continuous linear operator from
LP(R3) into LP(R3), 1 < p < 0.

Next, we recall two results related to the div-curl lemma. The proof of the
first one can be found in Yi [6] and that of the second one in Feireisl [3].

Lemma 6.1.  Let 1 < p1,p2,q1,q2 < 0co. Suppose that
fo—=f n[IPQP,  g,—g in[L»Q)
and
div f,, — div f in W2 (Q), curlg, — curlg in [W~1%2(Q)}3.
Then
1 1 1
r

—— 4+ <1

P11 P2

Lemma 6.2. Let 1 < p < oo. Suppose that

fo—f MLWW%gnéginM®%,1+1:1<L
p q r

Then
faRij(gn) = 9aRij(fa) = fRij(9) — gRi; () in L'(R®), Vi,j=1,2,3.
Now, we are in position to prove the following lemma.

Lemma 6.3.  For any k > 0, it holds

(6.7) pTi(p) — P Tk(p) = (211 + p2){Ti(p) divu — Ti(p) divu} a.e. in

where pYTy(p) and Ty(p)divu are the weak limits of {piTk(ps)}s and
{Tw(ps) divus}s respectively in L¥/7(Q) and L*(Q).



544 Sébastien Novo and Antonin Novotny

Proof. Thanks to the properties of functions T} and of the operators
A, A(Ti(ps)) € WEP(R3)]?, VI < p < oo. According to Remark 1, the
function ¢ = A(Ty(ps))n, where n € D’'(§2), is an admissible test function for
equation (3.1). Using conveniently (6.5), (6.6), after a long but straightforward
computation, we arrive at

(6.8)
| 403 = o o) v Tetpsyndo +6 | 9}Telps)nda

—/Q(p}+5pf)«4¢(Tk(p5))8mdx+(u1 +M2)/Qv4i(Tk(,06))3mdiVu<s da
+/~L1/gzajuféAi(Tk(ﬂa))ajndw—Ml/ﬂustij(Tk(Pa))amdx
+/~L1/QUfsTk(pa)amdﬂC—/flpaugugAi(Tk(Pé))ajﬂdﬂc
_/Q(péfi+gi)Ai(Tk(p6))77dm+/§2U§{Tk(P6)Rij‘(Péufsn)

— Rij(Ti(ps)) psusn} dx_/Qpéustij(ung(Pé))ndx.

Now, the aim is to pass to the limit § — 0%. Firstly, the following conver-
gences are direct consequences of Lemma 4.2 and properties of functions T}
and operators A:

(6.9)
{ps — (2p1 + p2) divus} T (ps) — P2 Ti(p)

— (211 + p2)Tr(p) divu T (R?’)
(6.10) (5/ Tk (ps)ndx — 0, 5/§zp§Ai(Tk(p5))8in dz — 0,
(6.11) usTi(ps) — uTi(p)  in [LS(R).

Next, in virtue of (4.11), (6.11) and of the weak convergence of Ty (ps) to Tk(p)
in LP(R3), V1 < p < oo, we have

(6.12) Rij(Te(ps)) — Rij(Ti(p))  in LP(R?), V1 < p < oo,
(6.13) Rij(npsui) — Ri;(npu’)  in L3676 (R?)

and

(6.14) Rij(u§Th(ps)) = Rij(w'Ti(p))  in LO(R?).

From (6.12), we easily deduce that

6.15)  A(Th(ps) — ATep))  in WUP(RY), vg < p< +oo,
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which, thanks to the compact embedding W13(Q) cC LI(Q), 1 < q < oo,
yields

(6.16) Ai(Ti(ps)) = Ai(Ti(p))  in LYQ), V1< g < oo

Using Lemma 6.1 with f5 = psus and g5 = V.Aj(ung(p(;)), on condition
6s(7)/(5s(y) — 6) < 6 i.e. v > 3/2, we get

011 [ psuRis(uiTilps nde — [ puRiy(wTiphnda.
Q Q

From Lemma 6.2 with f5 = Tj(ps) and gs = psujn, we deduce that

(6.18)
Ty (ps)Rij(psusn) — psusnRij(Te(ps)) = Ti(p)Rij(pu'n) — pu'nRi;(Tk(p))
. , 6s(7)
m L(RB),1<T<W

On condition 6s(y)/(s(y)+6) > 6/5i.e. v > 3/2 and in accordance with (4.10)

(6.19) /Q W {T(05)Ris (pun) — Ry (Ti(ps) s} de

— / w{Ty(p)Rij(pu'n) — Rij(Ti(p)) pu'n} da.

We are now in position to pass to the limit in the identity (6.8). We get

/{pWTk = (2u1 + p2)Ti(p) div u}tn dx
. / P AT ()0 dee + (1 + piz) / AT divude
Q Q

i [ o AT ds — iy [ 'Ry (T da
(6.20) @ @

+ /Q u'Ty(p)Oin dz — /Q puted Ai(Ti(p))0n da
- / (of + 4 A(Tr(p))m e + /Q W (TP R (puu'n)

- Ry M@t} da = [ 'Ry T do.

In accordance with Remark 2, we use in (4.12) the test function ¢ =
A(T(p))n with n € D(Q). After a long but straightforward computation, we
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arrive at

/Q{p_7 — (211 + po) divu} Ty (p)n dae
= —/ P Ai(T(p) O dz + (i +u2)/ Ai(To(p))0im div w da:
Q Q

e / Ot As (Th () 051 da — iy / W' Ry (T(0)) 5 da
Q Q

(6.21)
+ w1 / u'Ty(p)0in dx — / pu'w? Ai(Ty(p))0m da
Q Q
- [+ A@Gnds + [ @ BGR (')
Ry Tppunde = | pu Ry T .
Subtracting (6.20) and (6.21) yields the statement of Lemma 6.3. O

7. Boundedness of oscillations
The main result of this section reads:

Lemma 7.1. It holds

(7.1) sup limsup || 7% (ps) — Ti(p)llo,+1 < C-
k>0 6—0t
Proof.
[ 70 - e do = lim [ (67— ) (Tulos)
Q 5—0+ Q

~Ti(p) da+ [ 7= ) (T(p) = Tilp) e

Since t — t7, t > 0, is convex and t — Ty (t), t > 0, is concave, the second term
at the right hand side is nonnegative. Due to (5.3) and Lemma 6.3, we obtain

(7.2)  limsup / Ti(ps) — Ti(p)| "+ da
Q

§—0+

< (2p1 + p2) /Q(Tk(p) divu — Ti(p) divu) dz.

In virtue of (4.7), the right side is bounded by

lim [ divus(Tk(ps) — Tk(p)) dz
Q

6—0t

— limsup / div s {(Tx(ps) — To(p)) + (T (p) — Ti(p))} da

§—0t
Tk (ps) — Ti(p)llo,2

< Climsup || divusllo,2
§—0+

< Climsup || Tk(ps) — Tr(p)|l0,y+1-

§—0+
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This inequality together with (7.2) yields the result. O

8. Renormalized solutions of the weak limits
Theorem 8.1.  Let b satisfies (1.8) through (1.10) with p = s(vy). Then

(8.1) div(b(p)u) + {pb'(p) — b(p)} divu =0 in D' (R?).

Proof. First, we assume that b € C1([0,+00)). By Corollary 2.1 with
b(t) =t

div(Tr(ps)us) + {psTi(ps) — Tr(ps)}divus =0 in D'(R®), Vk > 0.

Since {psT}.(ps) — T(ps)} divus is uniformly bounded in L?(R3) with respect
to 6, we get as & — 0T

div(Ti(p)w) = ~ (T —Telpdive  in D/(R%).

Applying Corollary 2.1 to the above equation with by corresponding to arbi-
trary b € C'([0, 400)), one obtains

(82) div(br(Tk(p))u) + {Tk(p)Vr(Tk(p)) — br(Tk(p))} divu
= —{pT}(p) — Tx(p)} divu bx(Tk(p))  in D'(R%), VR>0, Vk>0.

When k£ — +o0o, (5.5) and the Lebesgue theorem yield the convergence in
D'(R3) of the left side of (8.2) to div(br(p)u) + {pbr(p) — br(p)}divu. The
LY (Q)-norm of the right side can be estimated by

o V)| [ (TG~ o) v do

where Qpr = {z € Q, Ti(p)(z) < R}. It holds

AT} (p) = Tielp)} div ullo,np < liminf |[{psTi(ps) — Ti(ps)} div tsllo. 0

By Holder’s inequality and (5.2), the second term of the right hand side of the
last inequality is bounded by

ClITk(ps)Lips>k1ll0,2.05 | divus|lo2.0,

< C|Te(ps)gps>ky

a+1
2

|0,’;+1,QR

=1
o1 0 1Tk (Ps)1 (s >k}

where we have used (4.7) and the interpolation of L? between L' and L7*1.
Since Tk (ps) < ps, it follows from (5.4) with p = 1, that

li;n stip 1Tk (ps)1ips>kyllo1.07 — O
—0
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as k — 4oo. Further thanks to Lemma 7.1, Vk > 0,

lim sup 1T%(ps) 1 ps>ktloy+1,05

§—0+
< ﬁ;nSlip Tk (ps) — Tr(p)llo+1.2 + 1Tk (P) l0,7+1.0
—0
< C+ R|Q|7+1.

Due to these facts {pT}(p) — Tk(p)}dive — 0 as k — 4o00. We pass to the
limit £ — 400 in (8.2) to obtain

(8.3) div(br(p)u) + {pbr(p) —br(p)}divu =0  in D'(R?).

Now, the aim is to send R — 4o00. Due to (1.9), we have

5s(v)
1bR(P) 1oz ryllo. < cROFDZEDp] e
s s(v)
{p(br) (p) = br(P) (o> myllo2 < R ||pll 2,

The term [, br(p)u - Vo d, cp € D(R?), can be written as the sum of [5; b(p)
1{p<R}u V<p dx and ng br(p)1{,>ryu - Viodzr. The first integral converges
to [zs b(p)u - Vo dx while the second one tends to zero as R — +oo because
it is bounded by cRA1+D— (53(7)/6)”,0”55(7)/6 The analysis of
the convergence of the other term is smnlar and conclude the proof in the case
b e C([0,40)).

In the case b satisfying (1.8), one copies word by word the reasoning of the
proof of Lemma 2.2 starting from (2.12). |

9. Strong convergence of the density

For k& > 0, let

tint it telo k]
(9.1) Li(t) = it e (04
tInk+t—k& if t>k.

We observe that Ly satisfies (1.8), (1.9) with A\; = 0 and Ay = 1 and that
tL) (t)—Ly(t) = Ty (t). Moreover Ly can be written as Ly (t) = Si(t)+(Ink+1)t
with S satisfying (1.8) through (1.10). In virtue of (3.11)

(9.2) div(Ly(ps)us) + Ti(ps)divus =0 in  D'(R?).

Integrating this identity over Q and sending § — 0%, one obtains

(9.3) / Ti(p)divudz = 0.
Q
Thanks to Theorem 8.1, we also have

(9.4) div(Lg(p)u) + Ti(p) dive =0 in D'(R?),
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therefore

(9.5) /QTk(p) divudz = 0.

Inserting (9.3) and (9.5) in (7.2), we get

tim sup / Te(ps) = T(p)"*" de < ||Ti(p) — T (o | div auflos

JE T ol §

S
< ClTk(p) = Ti(o)lloT 1Tk(p) = Ti()lo 41
which, in accordance with (5.5), (5.6) and (7.1), yields

(9.6) lim limsup || 7% (ps) — T (p)l0,5+1 = 0.

k—+o00 5_0+

As

llps — pllo < llps — Trk(ps)lloa + 1Tk (ps) — Ti(p)llo,1 + | Tk(p) — pllo.1s

(5.4), (5.6) and (9.6) imply strong convergence of a subsequence of {ps}se(0,1)
in L}(Q) and as a consequence in LP(Q2), V1 < p < s(v). Therefore p7 = p7.
Theorem 1.1 is thus proved. O
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