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Small deviations in p-variation for
multidimensional Lévy processes

By

Thomas SIMON

Abstract

Let Z be an R%valued Lévy process with strong finite p-variation
for some p < 2. We prove that the “decompensated” process Z ob-
tained from Z by annihilating its generalized drift has a small deviations
property in p-variation. This property means that the null function be-
longs to the support of the law of Z with respect to the p-variation dis-
tance. Thanks to the continuity results of T. J. Lyons/D. R. E. Williams
[19], [35], this allows us to prove a support theorem with respect to the
p-Skorohod distance for canonical SDE’s driven by Z without any as-
sumption on Z, improving the results of H. Kunita [15]. We also give a
criterion ensuring the small deviation property for Z itself, noticing that
the characterization under the uniform distance, which we had obtained
in [26], no more holds under the p-variation distance.

1. Introduction

In a series of celebrated papers [19] and [20], T. J. Lyons has built a general
theory of rough differential equations. One of the main interests of this theory is
the possibility to solve path-wise multidimensional stochastic equations whose
driving paths have finite p-variation only for some p > 1. In contrast to Ito’s
theory, the equations are solved through convergence of the Picard iteration
scheme, so that their solutions can be viewed as continuous functionals of the
driving signal, with respect to some p-variation distance. Lyons’ papers dealt
only with the continuous case, and recently D. R. E. Williams ([35], [36]) has
extended this theory to discontinuous stochastic equations, in particular when
the driving noise is a Lévy process. Williams considered equations with jumps
of Itd and Marcus type, but got continuity results only in the latter case. The
continuity problem for equations of It type seems namely quite difficult, even
in Dimension 1.

The purpose of this paper is to apply Lyons/Williams’ results to the proof
of a support theorem for S.D.E.’s of Marcus type driven by a multidimensional
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Lévy process. Namely, this continuity property allows us to reduce the difficult
part of this kind of theorem (the approximation of an element of the support
by the S.D.E. with positive probability) to a control on the driving path itself.
In [25] we had already used this idea when the underlying Lévy process is one-
dimensional. In this situation the continuity property holds with respect to
the local uniform norm, so that we could appeal to the small deviation results
for Lévy processes in uniform topology which we had obtained in [26]. Here
our driving Lévy process Z is multidimensional, and we restrict ourselves to
the case where it has finite p-variation for some p < 2. In particular we only
make use of the “little theorem” of Lyons/Williams, and no control on the area
process is involved.

However we make no other assumption on Z, so that our support theo-
rem covers a wide class of driving Lévy processes without Gaussian part, and
improves significantly the results of Kunita [15] on the subject. Our descrip-
tion of the support is also simpler, and more naturally related to the geometry
of the underlying Lévy measure v, as in Tortrat’s famous article [34]: up to
finitely many jumps and some fixed drift, this support is made out of a family
of O.D.E.’s driven by functions with regular p-variation which are valued in
the subspace of R? consisting in the completely asymptotic directions of v—see
(2) below for details. Notice finally that thanks to the continuity property, we
obtain the support theorem in a stronger topology than the local Skorohod one,
taking into account the p-variation, and which we call the p-Skorohod topology.

The core of this article consists in the proof of the small deviations property
in p-variation norm for the “decompensated process” Z obtained from Z after
annihilating its generalized drift. This generalized drift is just the sum of
the usual drift and of the projection of finite 1-variations of the compensator
in the Lévy-Khintchine formula—in particular the projection of Z with finite
1-variations is the sum of its jumps. The small deviation property simply
means that the null function belongs to the support of Z with respect to the
p-variation norm. In [26] we had already obtained this property for Z under the
uniform norm. Here the proof is somewhat analogous, but much more delicate.
Roughly, denoting by L the above completely asymptotic subspace and by Il
the orthogonal projection operator onto L, we need to approximate Z by some
“saw-function” whose slope is

v] =11, </n§z§1 zu(dz))

for every small 7 along some subsequence. In other words, we must approximate
v] by a sum of the type
ks
>_alal,
i=1

where 7 is a fixed integer, x7,...,27 € Suppr N {|z| < n}, and of,..., o are
minimizing integers verifying
N.1P
o |z — 0
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for every ¢ = 1,...,r, as n tends to 0 along the subsequence. The latter
convergence is crucial because of the p-variation norm, but it is quite hard to
obtain in full generality on the Lévy measure. We overcome the difficulties with
the help of elementary analysis and geometry which require a lot of care, and
where strict positivity (or strict convexity) plays a central role. A useful tool is
also Skorohod’s absolute continuity theorem for Lévy processes, which comes
rather unexpectedly since the involved transformations are far less tractable
than in the Cameron-Martin theorem.

In [26] a characterization of the small deviation property under the uniform
norm for general multidimensional Lévy processes was obtained, in terms of
interactions between the drift and the projection of finite 1-variations of the
Lévy measure. Simple examples show that this characterization no more holds
under the p-variation norm: there are Lévy processes with finite p-variation
which have small deviations under the uniform norm but not under the p-
variation norm. The characterization in the case p = 1 is easily proved to be
7 = 7, that is Z itself is the sum of its jumps. In the case p > 1 and when the
Lévy measure has infinite variations in every direction, we also prove that the
small deviation property in p-variation always holds for Z. In the general case
when p > 1 and the projection of Z with finite 1-variation is non trivial, we
give a criterion involving the strict convexity of the asymptotic cone generated
by Supp v, a criterion which in some sense is optimal.

The organization of this article is as follows: in Section 2 we present the
framework and state the main result of this paper—the small deviation property
for Z, as well as its two corollaries—the criterion mentioned above and the
support theorem for Marcus equations driven by Z. In this section we also give
some examples, which might be helpful for the understanding of the proof of
the main theorem. The latter, which is unfortunately quite technical, is given
in Section 4. Before that, we give in Section 3 a few lemmas concerning some
deterministic functions—in particular the saw-functions which are of central
use in the proof of the main result—and their p-variation. In Section 5 we
prove the corollaries.

2. Notations and results

2.1. Lévy processes and their p-variation

We work on R? endowed with || any Euclidean norm. Let p > 1 and
be an interval of R*. A function f : RT — R is said to have finite (strong)
p-variation over I if

1/p

[fllrp=1] sup Z|f P <o

to<---<t kEI

If I = [0, T] for some T' > 0 we will use the simpler notation ||f||T7p for || £l 0,7,
Notice that for every ¢ > p,

||f0||[,oo < ||f||],q — Hf”[,p’
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where we wrote fo(t) = f(t) — f(0) for every ¢ > 0 and || - ||; ,, stands for the
uniform norm over I. Besides |- [|; , is a Banach semi-norm which satisfies
in particular the triangle inequality. We denote by W, the space of functions
having finite p-variation over every compact interval, factored by the set of
constant functions. The family of semi-norms

I llnp, n =1}

makes W, into a Banach space with a norm || - ||, defined in the usual way:

1, =D 27 WAL,

n>1

for every f € W,. A function f : Rt — R? is said to have regular finite
p-variation over an interval I if

lim sup Z|f(tj)—f(tj—1)|p =0.
e—0 to<---<tp€Il 1
‘tj*t]‘_llgz’:‘ J

Notice that this notion is only of interest for p > 1, and that if f is continuous
with finite p-variation over I, then it has regular finite g-variation over I for
every g > p. Notice also that every function with regular finite p-variation is
necessarily continuous.

We now fix 2 € R% and denote by W, () the space of functions having finite
p-variation over every compact interval and starting from z. In the following
we shall also work on R™ for some m # d, and we will still denote by W, (z)
the space of functions having finite p-variation over every compact interval and
starting from = € R™.

It is well-known and easy to see that every member of Wy () has left and
right limits at every point of RT. We denote by D, (z) the subspace of W, (z)
made out of cad-lag functions. We endow it with the following distance: if

f7g € Dp($)
dy(fig) =Y 27 "L Ad}(f.9)).

n>1

where for every n € N* dj is defined by

At — As

1
08—

dj(f.9) = inf {sup

s<t

Tl fN) — kng<->||n+l,p} ,

S

A designing the set of all continuous strictly increasing functions A : RT — R
with A\g =0 and A\; T 400 as t T +o0, and k, being given by

1 if t<n,
kn(t)=<¢n+1—t if n<t<n+1,
0 if t>n+1.
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Such a A will be called a change of time in the sequel. Making the same
considerations as in [12, pp. 293-294] and using the fact that |-, , is a
semi-norm entails that d, is actually a distance on W, (z), which dominates
the usual local Skorohod distance d: for every f,g € D,(x),

In the sequel d,, will be called the p-Skorohod distance and the topology induced
by d,, on D,(x) the p-Skorohod topology.

Let {Z;,t > 0} be an R%valued Lévy process starting from 0, without
Gaussian part. Its Lévy-It6 decomposition writes

t t
Zy = ot + / / zu(ds,dz) + / / z p(ds, dz),
0 JzI<t 0 Jz>1

where a € R?, v is a positive Borel measure on R? — {0} satisfying

|2
o 22+ 11/(dZ) < 00,

p is the Poisson measure over RT x RY with intensity ds ® v(dz), and i =
1 — ds ® v is the compensated measure. Bretagnolle [4] obtained the following
characterization: for every 1 <p < 2

Z € W,(0) as. < |2[Pv(dz) < oo
|z|<1

(notice that the equivalence is trivial for p = 1). In particular every stable
process has finite p-variation for some p < 2. Recall that on the contrary
Brownian Motion has infinite 2-variation, so that the above characterization
only makes sense for Lévy processes without Gaussian part.

In the case p > 1, Bretagnolle got actually a sharper result: the existence
of two universal constants ¢, and C, depending only on p such that

%/‘ M%wdSEmﬂmJS%/‘ 27w (dz)
|z]<1 |z|<1

if v is concentrated on {|z| < 1} and a = 0. Using the inequality |a + b|" <
2P~ 1(|a|P + |b|P) for any a,b € R? entails easily that for every T'> 0

26,7 [ alf(d) <Bl|ZI,) < 2CT [ fvid)
lz[<1

|z[<1

if v is concentrated on {|z| < 1} and a = 0. This latter estimate yields readily
the following approximation lemma—mnotice that the case p = 1 is trivial:

Lemma 1.  Let [€,,n > 0] be a family of subsets of R? included, for
every n > 0, in the ball of radius n centered at the origin. Let Z € W,(0) be
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a Lévy process with drift a and Lévy measure v. Let Z" be the Lévy process
with same drift and Lévy measure 1,.v and set Z" = Z — Z". Then for every
n
T>0, B
EllZ"|rp] — 0

asn | 0.

The following u.c.p. lemma (also trivial in the case p = 1) is another im-
mediate application of Bretagnolle’s estimate, thanks to the Markov inequality:

Lemma 2. Let vy be a Lévy measure on RY concentrated on {|z| < 1},
and integrating |z|". For everye >0,0<c <1 and T > 0, there exists ny > 0
such that for every n < no and every Lévy process Z € W,(0) with drift o =0
and Lévy measure v < vg,

P[|1Z"lrp <] > ¢

with the notations of Lemma 1, and where the notation v < vy means that
v(A) < 1y(A) for every measurable A C RY.

2.2. Small deviations in p-variation norm for Lévy processes
As in [34] and [23] we introduce the following vector space

/ |3:*z1/(dz)<oo},
|z]<1

where * is the scalar product defining the chosen Euclidean norm on R%. No-
tice that the vector space L = K=, which can be viewed as the completely
asymptotic direction of 1|,>,v(dz) as n | 0, depends only on v and not on the
choice of this Euclidean structure. In the following, every Lévy process with
the above Lévy-It6 decomposition will be said to have characteristics (o, v),
and K will always implicitly stand for the orthogonal space of L with respect
to the chosen scalar product. We define the generalized drift of a Lévy process
Z with characteristics («, v) by

al,:af/ 2z v(dz),
lz]<1

where 2z is the orthogonal projection of z onto K, so that the integral makes
sense. We finally introduce the decompensated process Z associated with Z,
which is the Lévy process with characteristics (a — «,,, ). Equivalently

t t t
Zy = / / 2 p(ds, dz) —|—/ / zy, fi(ds, dz) —|—/ / z p(ds, dz)
0 Jzl<1 0 Jz|<1 0 Jz>1

for every ¢t > 0, where z; denotes the orthogonal projection of z onto L. The
main result of this paper is the following

K:{xeRd
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Theorem. Let Z € W,(0) be a Lévy process with characteristics (o, v).
Its decompensated process Z has the following small deviation property:

P(|Z|rp <€l >0
for everye >0 and T > 0.

We now recall a few notations from [34], [23], and [26]: for every n > 0,
set C" for the closed convex cone with vertex 0 generated by S7 = Suppv N

{[z] < n}, and
c=()c"

n>0

Let 11, be the operator of orthogonal projection onto K,

Ay = </Z|§1 Zk V(dZ)) —II,(C) and By = </IZISIZK y(dz)) - m I (C7).

n>0

It follows from the main result of [26] that if Z € W,(0) is a Lévy process with
characteristics (o, v/), then the following equivalence holds:

a € M (By) <= P[|Z|r00 <€] >0  for everye>0and T > 0.

One could wonder if the same characterization holds under the p-variation
norm, i.e. if one could replace co by p in the above right-hand side. However
this is not true, as shows the following example.

Example 3. Consider on R? = {(21,22)} endowed with the canonical
basis (e1, e2), the following measure

—9_
V(dz) = 1{0<z1<\zQ|T<cr}|22| qdz7

where ¢ and 7 are such that 1 < (1+¢)/2 <r < ¢ <r+ 1 (notice that ¢ can
take any value strictly greater than 1), and ¢, is the unique positive solution to
22 + 2%/" = 1. Then v is a jumping measure concentrated on {|z| < 1}, whose
asymptotic subspaces are K = Vect{e;} and L = Vect{es}. Besides, with the
above notations, I (A ) = I (By) = {21 < ¢} where we set

1
c=——0.
2r—q—1

Let Z be the Lévy process given by

¢
Zt:/ / z p(ds, dz)
0 J|z|<1

for every ¢ > 0. With our notations, a = 0 € I (Bg). On the other hand,
Z € W,(0) as. for every p > 14 ¢ — r (notice that 0 < g —r < 1). Set
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now p € ]1 + ¢ — r,7[ (notice that r > 1+ ¢ —r) and let Z! (resp. Z?) be the
projection of Z onto K (resp. onto L). For every 0 < ¢ < ¢/2,

{1Zl1p <} C S sup|AZ| <e, > AZL>c/2
t<1

t<1

C {sup|AZ] < e, Z |AZE" > ¢/2
t<1

t<1

C Z|AZt|p>5p_7"c/2 ,

t<1

which proves that
Pll|Z][1p <€l =0

as soon as € < (0/2)1/T, since obviously

1/p

1Zlhp > | D 1AZ a.s.

t<1

Nevertheless, our main result makes it possible to obtain the following criterion.
We say that a closed convex cone with vertex 0 in R? is strictly convez if it
contains no half-plane.

Corollary A.  Let Z € W,(0) be a Lévy process on R? with character-
istics (o, v). With the above notations,

(a) If K = R%, then Z has small deviations in 1-variation if and only if
a, = 0.

(b) If L = R%, then Z has small deviations in p-variation (p > 1).

(c) If L # R% a € T (Ag) and C is strictly conver, then Z has small
deviations in p-variation (p > 1).

(d) If L # R? and o ¢ T (By), then Z does not have small deviations
in p-variation (p > 1).

Remarks. (a) Even if C is strictly convex, the condition a € TI! (By)
is not sufficient, as the following example easily shows. Consider

(2
V(dZ) = 1{0<Z1<Z;<Cr}22 @+ dz

on RT x RT, with the notations of Example 3. Here,
I (Ag) =42 - and IT.H (B ) = 3 2 <;
KAVIR) =A™ 7 202r —g—1) KAPKI = AT =90@r—q—1) "

The process Z defined as in Example 3 verifies of course a € TI! (Bg), but
does not have small deviations in p-variation either.
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(b) If C is strictly convex, the condition a € TI" (A ) is sufficient but not
necessary, as shows the following example. Consider on RT x RT

v(dz) = v1(dz) + va(dz),
where

vi(dz) = 1jo<z <op<c,y 2z and  vo(dz) = Z n96(9,n-1)(dz).

n>1

Here 0 < ¢ < 1 < r and ¢, is the unique positive solution to z2 + z2/" = 1.
Then v is a jumping measure concentrated on {|z| < 1}, whose asymptotic
subspaces are K = Vect{e;} and L = Vect{ez}. Besides

. (Ay) = {21 _ m} and 1M (By) = {21 < m}

Let a € R? with a; < 1/(2(2r + 1)) and consider Z the Lévy process with
characteristics (o, v). Clearly Z € W,(0) a.s. if p > ¢ + 1. We briefly show
that Z has small deviations in p-variation norm, even though « ¢ H}l (Ag).
Set p; for the Poisson measure on Rt x R? with compensator ds ® v;(dz),
i =1,2. Introduce the compound Poisson process

t
A / / z p1(ds,dz) = ZAZS1
0 [z]<1 s<t
for every ¢t > 0, and let {T},, Z,, }»,>1 be the sequence of its successive jumping

times and sizes. Let Ty = 0 and S, = T,, — T,,_1 for every n > 1. Set finally

1
SRE SV

Fixp>qg+1,e,T > 0. We will show that
PlllZllrp <€ >0

in using the independence of Z' and jy. Take n > 0 such that 6¢TmP~" < e.
Consider P, = (n",n) € Suppr; and ¢, =n"/cT. For every A > 0 the event

O ={ISn —tyl <A, |Zn — Pyl <X, Vn=1,...,(Ent[cT/n"] + 1)}

has positive probability. On the other hand, it follows from Lemma 11 below
that
O c{IZ) I <e/2}

if A\ is small enough, where we set

Z% (t) = Z AZ} —te(eg + 0t Tes)

s<t
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for every t > 0. But by Corollary A,
P Z3llrp <¢/21> 0,

where we introduced the process

t
Z2(t) :/ / 2 fia(ds,dz) +t(n' " c 4 ao)es
0 J|z|<1

for every t > 0. Since Z = Z,+Z; for every 1) > 0, with Z, and Z independent,
we finally get
Pl Zllrp <] >0

by the triangle inequality. We stress finally that the above “approximation
event” Q2 will be introduced repeatedly during the proof of our main result, in
various forms.

We next give two more classical examples which fall into the scope of our
Theorem and Corollary A. Every concerned Lévy process shall be written in
its canonical form

t t
Zy = ot + / / zu(ds,dz) + / / z p(ds, dz),
0 Jizl<1 0 J|z>1

and we shall discuss the shape of the jumping measure v. We refer to Chapter
3 in [22] for an extensive account on these two examples.

Example 4 (Stable processes).  The measure v is given in the integral
form

+o0 r
vB) = [ 2o [ o

for every measurable set B C RY, where 0 < 3 < 2 and ) is some finite positive
measure on S*~!1. We suppose that v is non-degenerated, i.e. Supp A is not
included in any hyper-plane of R?. Hence, with the above notations, either
B<land K =R% or 1 <3< 2and L =R Tt is clear that Z € W,(0) if
and only if p > 5. Corollary A reads

(a) If B < 1, then Z has small deviations in 1-variation norm if and only if

o= 125 ([, o),

i.e. if and only if Z is strictly stable (or the sum of its jumps).

(b) If 8 > 1, then Z has small deviations in p-variation norm for every
p> 0.

Besides, since here C = C) where C) is the convex cone generated by
Supp A, one can improve (c¢) and (d) in Corollary A and show that if 5 < 1,
then Z has small deviations in p-variation norm (p > 1) if and only if

ﬁ (/Sd_l §A(d§)) —a €Cy.
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Of course, much more can be said about stable processes. If « = 0 and A
is a symmetric measure (the so-called symmetric 8-stable case) then for every
~v > [3, the y-variation of Z over [0, 1] is given by

1/~

1Zl1y = | Do 1AZ)

t<1

if v < 1 (notice that this expression makes sense even if 8 < v < 1), and

satisfies
1/~

1Z]1y = | Do 1AZ

t<1

if v > 1. Notice that the process
S:it— Z |AZ|”

s<t
is a (/v)-stable subordinator, whose Laplace transform is given by

ex'(1—9) us} 7

Elexp —uS1] = exp — { 3

where we set 6 = 3/~ and

o= [ lerag)

(see e.g. Example 24.12. in [22]). Hence, by De Bruijn’s Tauberian theorem
(see Theorem 4.12.9 in [2]), we get

exl'(1 — 5))5/““”

—logP[S; < ¢&] ~ (1 —9) ( o

as € — 0. This leads to

B

B — ra-— 7=

lim 25 log P{| 2] < ¢] = - ((7 Al = 5/7)) ) e,
£— 'y'y—ﬁ

if 8 <y <1, and to

limsups% logP[|| Z]|14 < €] < — <
e—0

(v = B)(eal(1 = B/))77 )

I
Y-8

if v > 1. This can be viewed as small ball probability estimates for symmetric
(B-stable processes under the ~y-variation norm, and can probably be extended
to more general symmetric Lévy processes without Gaussian part. In [28], we
prove that

lim —e57 log P[[| Z]l1.~ < €]
E—
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exists and is finite for every v > . However we could not identify this limit as
yet, when vy > 1.

Remarks. (a) When v tends to +oo, the constant Cg. tends to 1
whereas heuristically, the above limit tends to

lirr(l) —PlogP[|| Z]l1.0 < €],
E—

where [|Z]|, , stands for the oscillation of Z over [0, 1] (see [5] Proposition 2.3.
p. 27). It follows from the classical result of Taylor [32] under the uniform norm
(see also [3] Proposition VIII.3) and standard sublinearity arguments that the
latter limit actually exists and belongs to ]0, +oco[ (but nothing is known about
its explicit value).

(b) For a linear Brownian motion W, it follows from the general result of
Stolz [29] that

0< limiélf —eva log P[||W1l1,p < €] < limsup —er2 log P[||Wl1,p < €] < 400
e— e—0

for every p > 2. This speed of convergence is in accordance with the results
of Baldi and Roynette under the Hélder norms [1], and with our previous
computation for non-Gaussian symmetric stable processes. It follows from the
general results of [18] that the limit actually exists, but we were not able to
identify it as yet. As far as we know, the value of the small ball constant
for linear Brownian motion is still unknown under the Holder norms (see the
introduction in [1]).

(¢) We notice finally that in two celebrated papers [33] and [8], the ezact
variation functions of Brownian motion and stable processes had been com-
puted.

Example 5 (Self-decomposable processes).  The measure v is given in
the integral form

Foo dr
vB) = [ ) [ etk
Sd—1 0 T
for every measurable set B C R?, where ) is some finite positive measure on
8971 and ke(r) is a non-negative function measurable in ¢ and decreasing in
r.

These class of processes includes the above stable ones, but its range is
much wider. In particular it is possible that K and L together are non-
trivial: consider for example over R3 = {(z1, 22, 23) } endowed with its canonical
Euclidean strcture,
sin ¢ cos 6

T.cos@

AM(dO,dp) = 1(0<0,p<n/2yd0dp and kg 4(r) =

where we used the spherical coordinates given by z; = rsin ¢, 2o = 7 cos ¢ sin 6
and z3 = 7 cos ¢ cos . Then, with the above notations, we get K = Vect{e;}, L
= Vect{es, e3}, and

Iy (Ag) = I (Bg) = {z1 < 1+ 7/2}.

{r<1}s
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The associated process Z has finite p-variation for every p > 1 and since C
is clearly strictly convex, Corollary A entails that Z has small deviations in
p-variation norm if

a1 S 1%*W/2

(notice that here the reverse inclusion is actually true, since a; > 1+ 7/2
entails, with the above notation for Z!, that Z{ > a; — (1 + 7/2) a.s.).

In this example, we stress that even though Dim L = 2, there is actually
just one asymptotic direction v € L as far as our problem is concerned. Indeed,

if we set
v} =11, </ zu(dz)),
n<|z|<1

then we see that v] = p,u where u is the fixed unit vector

_ 2e5 +meg
w24+ 4
and where
0<p, < / |z| v(dz),
n<|z<1

for every 0 < n < 1. This property, which is not at all a feature of self-
decomposable processes (think of kg (r) = 1" 19— s—01 +77*?1{9—0 4—r/2}
on R3), makes the proof of the Theorem somewhat simpler (see Subsection
4.3.1 below).

In any case, we notice that the self-decomposable case is not really relevant
to the generality of our result. The monotonicity condition on k¢(r) entails
namely that

c=ct=¢"

for every n > 0, a feature which also simplifies significantly the proof of the
Theorem (see the first paragraph in Subsection 4.3.2 below). Actually we have
even more: for every x € C, there exists x1,...,24 € Suppv and A\1,...,Ag >0

such that .,
xr = Z )\ixi
i=1

together with pz; € Suppv for every p > 0 and ¢ = 1,...,d. This latter
property makes the proof really easy. The following example, which revisits
Example 3, depicts a typical situation where our main result is more difficult
to obtain.

Example 6 (A pathological measure).  Consider on Rt x RT x RT en-
dowed with the canonical Euclidean structure, the following measure:

—2—¢q
V(dz) = 1{0<z1<z§<z§s<1}z3 dz,

where r,s > 1 and s(r+1)+s< g+ 1< s(r+1)+2Ars (notice that ¢ can
take any value strictly greater than 2). Then v is a jumping measure whose
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asymptotic subspaces are K = Vect{e; } and L = Vect{es, e3}. In this example,
the first difficulty comes from the fact that

n
|UL| , |§7‘ — +oo and |vg| — 400
Joll 7 ol

as n | 0 (with the obvious notations for vJ and v7), so that here we must cope
with more than one asymptotic direction. The second difficulty comes from the
degenerescence of C = {21 = 29 = 0, z3 > 0}. In particular

Iy (C) = {0} # {z1 > 0,22 > 0} = (1) I3-(C7),

n>0

where I3 stands for the operator of orthogonal projection onto Vect{e;,es}.
This very pathological situation is the matter of Subsection 4.3.2, more partic-
ularly of its second paragraph.

2.3. Support theorem in p-Skorohod topology for Marcus equations

The principal motivation for our above small deviation result is to prove
a support theorem [30] for a class of stochastic integral equations driven by
Z, without any assumption on Z but the finiteness of its p-variation for some
1 < p < 2. In this subsection, every index p will be implicitly supposed to
belong to [1,2[. We consider on R™

(1) Xt—x+/ f(X._) o dZ,,

where € R™ and f : R™ — R™ ® R? is a function which is a-Lipschitz for
some p < o < 2: f is bounded with bounded derivatives 9; f verifying

, 10if(@) = 0, f(y)| "
:zz;éy |x - y|

< +00.

for j=1,...,m. In (1), the integral is defined followingly:

/f o dZ, —/ F(X,)dZ,+ Y g(Xo, AZ,),

s<t

where the first integral is a standard It6 integral and g : R™ x R? — R™ is a
local Lipschitz function such that when (z, z) stays in a fixed compact set of
R™ x R4

|9 (z,2)] < K|z

for some constant K, and such that in (1), each time ¢ when Z jumps, X; is
given by the integral in time 1 of the vector field x — f(x)AZ;, starting from
Xi—.

Introduced by Marcus [25], these stochastic equations are fairly often stud-
ied in the literature (see e.g. [9], [16], [14], [10], [11], [36], [7]), even though they



Small deviations in p-variation for multidimensional Lévy processes 537

concern a specific class of integrand. Their main interest is that they share nice
flow properties, and this is not always the case for classical It6 equations with
jumps. Quoting Theorem 7.3.1 in [35] (which mostly follows from the main
result of [19]), we get the following result, which will be the central tool in
proving our support theorem:

Theorem 7 (T. J. Lyons and D. R. E. Williams).  Equation (1) can be
solved path-wise, and has a unique solution. Besides, the map

o - R™ X W, — W,
| @ 2)— X,

is local Lipschitz, where X is the equivalence class of the unique solution to (1)
starting from x, and W, is endowed with the p-variation norm.

Remarks. (a) The local Lipschitz property of ® means: for every T' >
0, for every compact set of R™ x W, ([O,T],Rd) with respect to the norm
| <[4l - [l there exists a constant K such that for every (z,u), (y,v) in this
compact set,

(2, u) = @(y,v)llTp < K(lz —y[ + [lu = vllr,).

(b) If Z is one-dimensional, then ® : R™ x D — D is actually continuous
with respect to the local uniform norm [7]. Of course, this is no more true
when Z is multidimensional and the vector fields defining f do not commute,
as it is easily seen by transferring Sussmann’s well-known counterexample (see
p. 40 in [31]) to pure jump processes.

We want to find the support of X solution of (1) in (D,(x),d,). Recall
that by definition this set is made out of functions ¢ € D,(x) such that for
every n € N* and € >0

Pldy (X, ¢) <¢] > 0.

As in [25] we set U for the set of sequences u = {u,} = {¢,,2,}, where {t,}
is an increasing sequence in (0, +o0) tending to +oo and {z,} a sequence in
Supp v — {0}. For every u € U and every function ¢, : Rt — L with regular
p-variation, we set

¢tL = ¢L (t) + tay,

for every t > 0, and introduce the following piecewise differential equation:

) b=zt / FW)doE + 3 g7, ),

t,<t

where we wrote g¢(z,2) = f(x)z + g(z, 2) for every (x,z) € R™ x R%. Notice
that since (2) has finitely many jumps on every compact time interval, since ¢
has regular p-variation, and since f is a-Lipschitz with « > p, the main result
of [19] states precisely that there exists a unique solution to (2), which belongs
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to Dp(x). Let S be the set of solutions to (2), u varying in U and ¢y, in the
set of functions from Rt to L with regular p-variation. Set S for the closure
of S in (Dy(x),dp). Using together our Theorem and Theorem 7 entails the
following

Corollary B.  Let f be a-Lipschitz and X € Dy(x) be the unique solu-
tion to (1). Then B
Supp X =S.

Remarks. (a) The condition that f is a-Lipschitz entails in particular
that f is bounded, which is a bit annoying if one wishes to consider e.g. lin-
ear equations. In this Corollary we can actually get rid of the boundedness
assumption through a standard approximation argument, which we did not
include here for the sake of brevity.

(b) In [25] a support theorem was proved in the local Skorohod topology for
equation (1) without any assumption on Z and under weaker assumptions on f,
provided the stochastic part of Z is one-dimensional. H. Kunita [15] had treated
the multidimensional case, but his description of the support is complicated,
and his results holds under stringent conditions on the Lévy measure.

(¢) In both papers [15] and [25] the driving process was allowed to have a
Gaussian part. Here we cannot cope with this situation, since Theorem 7 no
more holds when the driving process has only finite p-variation for some p > 2.
Notice that Lévy processes without Gaussian part may also have infinite p-
variation for every p < 2 —see Example 2.1 in [36]. In the Brownian case,
Ledoux, Qian and Zhang ([17]) got recently a new proof of Stroock-Varadhan’s
theorem with the help of Lyons’ continuity theorem ([20]) and a suitable control
in p-variation (2 < p < 3) on the driving Brownian path together with its Lévy
area process. The same kind of arguments combined with Williams’ adaptation
of Lyons’ theory to jump processes ([35], [36]) could actually be a successful
approach to prove the support theorem for Marcus equations in full generality
on the Lévy driving path. However this method promises to be highly technical.

(d) The unique solution to equation (2) is invariant under (14 «)-Lipschitz
changes of coordinates—see the final Remarks in [19]. On the other hand,
since the integral ¢ is defined through exponentiation of vector fields, (1) is
also coordinate-free and may be studied on a nice manifold ([9], [14]). It is
essentially trivial that with an intrinsic definition for the function gy, Corollary
B also holds in this more general framework.

(e) Viewing R™ not as a manifold but as a vector space, classical It6 equa-
tions with jumps are more natural (and more general) objects than Marcus
equations. But even in dimension 1 continuity results are not known for such
equations, and seem actually quite difficult to prove. We refer however to a
recent survey of Dudley and Norvaisa [6] for results in this direction in the case
of the Doléans-Dade equation. In [27] a support theorem is obtained in full
generality on Z for 1-dimensional It6 equations, viewing the latter as pertur-
bations of Marcus equations and using a comparison’s lemma. This method no
more holds in the multidimensional case. See also [24] for partial results, under
heavy assumptions on the Lévy measure.
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(f) In the literature, there does not seem to exist controllability results
in p-variation for equation (2). However, considering supports for the local
Skorohod topology and using the classical results of [13] we can prove, as in
[25], that if L = RY

{Lies(y) = R™ Vy € R"} = {C, C Supp X},

where C, stands for the set of continuous functions RT — R™ starting from x
and with the obvious notation for Lief(y), and that

{Lies(y) = R™ ¥y € R™ and Suppv = R} = {Supp X =D, },

where D, stands for the set of cad-lag functions Rt — R™ starting from z.

3. Some deterministic lemmas

In this section we gather some easy lemmas about p-variation which we
will use in proving the Theorem and the Corollaries. We begin with two fairly
trivial results:

Lemma 8. Letn € N*, T >0 and v, ...,v, € RL Let f:[0,T] — R?
be the following step-function:

Ti T +1
fO) =v i Doy TEHD
n n
Then
1718, < m e fos = vy
Proof. Straightforward. O

Lemma 9. Let f: Rt — R? be a linear function: f(t) = ta for some
a € R Then for every T > 0,

I fllTp = Tla| = || flIT,00-

Proof. Let 0 =ty <t < -+ < tp = T be a partition of [0,T]. Writing
sj=t;—tj_1>0forj=1,...,k we get

p

k k
Z Ft-)P = |al? Zs <lal”| Y s; | =1"la
j=1 j=1

since p > 1. The above inequality is of course an equality when k = 1. O

The following definition and lemma will be of constant use in proving the
Theorem. The lemma itself is a direct consequence of Lemma, 9.
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Definition 10. Let n € N*, T'> 0 and v € R?. The following cad-lag
function from [0, 7] to R%:

tn—><n—t—k)v g BT DT

T n n
is called a saw-function with parameters (n, T,v) and is denoted by Saw™7 .
Lemma 11.  For everyn € N*, T >0, v € R? and p > 1 we have

||Saw;’ T|| = 2n|vP.

Proof. Let 0 =ty < t1 < -+ <t =T be a partition of [0,7]. Writing
go = 0 and

qj = sup {qe {0,... K}ty < JT}

for every j =1,...,n+ 1, we get

Z |Saw™ T (t;) — Saw™ T (t;_1)|P

Yo [sawpT(ty) = Sawp T (tg-1)lP

q;+1<9<gj+1

2
z”: Saw, T 2% 1) — Sa'WnT(tQj)lp

+ Z Z |Saw2’T (tq) — Sawﬁ’T (tq-1)[”
J=0k;<q<qj+1
n—1
<l + 3 ST [SawnT(t,) - Sawt Tty )P
J=0k; <q<gj+1

< nfv|’ + |’ = 2njv|?,

where in the third line we wrote kg =0, k; = ¢j +1for 1 < j <n+1, and
used the fact that g, + 1 = ¢,,+1 = k, and where in the last inequality we used
Lemma 9.

Considering now the following partition of [0, T:

T-p T 2T—p 2T
p _<—P<_<

0<—L < <T-P <
n n

n n n

and letting p tend to 0, it is easy to see that the above upper bound is actually
the lowest possible. O

The next elementary lemma, whose statement is trivial if |a| = 0, will be
used in proving Corollary A.
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Lemma 12. Let ¢ be a cad-lag function RT — R with finite 1-variations
such that for every t >0

¢ =ta+y  Ads,

s<t

for some fized vector a. Then for every T > 0

l¢lza =Tlal+ 3 g

t<T

Proof. Fix T > 0. Introduce

o" it ta+ ZA¢31{|A¢5|21/71}7

s<t

for every n > 1. Since ¢™ has finitely many discontinuities and reasoning as in
Lemma 11, it is clear that

6™ lr1 = Tlal + Y |A¢F| — Tlal+ Y [A|

t<T t<T

asn T +o0o0. On the other hand,

6 = ¢" I =D [AG|1{jag,<1/my — O
<T

as n | 400, which completes the proof of the lemma. O

The next approximation lemma will be used in proving Corollary B. It is
probably well-known in the literature on p-variation. Nevertheless we give a
proof in order to be more complete, even though this is quite tedious.

Lemma 13. Let ¢ : RT — R? have regular finite p-variation. For every
e>0,T >0, there exists ny € N such that for every n > ng

¢ —¢"llrp <e,
where ¢™ is the polygonal approzimation of ¢ over [0,T] with step T/n.

Proof. Fix e > 0 and T > 0. Since ¢ has regular paths, we can find
ng € N such that for every n > ny,

k
€
sup [p(t5) — o(tj-1)IP < -
0=to< <tp=T ; J J 23p+2
|tj—t;_1|<T/n 7

Let n > ng. We first show that

k
€
sup Q" (t;) — " (ti—1)|]P < =—.
0=to<-<ty=T ;' (t) (8-l 22p+1
[tj—t;j—1|<T/n 7
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Let 0 =ty <ty < --- <t =T be a partition of [0,T] such that [t; —t;_1] <
T/n for every j > 0. Write g5 = g = 0 and set

q; =sup{qg €{0,...,k}/t; < s;}, ¢ =inf{qge{0,....k}/ty>s; AT}

with the notation s; = jT/n, for every j > 0. Notice that ¢;f =k = ¢, = ¢,

for every r > n, and that
8; < tqj_- < tqj_+1 < 8541

for every j > 0. We get, reasoning as in Lemma 1,

k n—1
Dolgm () — " (k)P < |97 (tg- ) = "t )" + Z o™ (¢ ¢" (1,
i=1 7=0
n—1
<3 6s131) — G + Y16 ty1) — 670, )P
Jj=0 j=1

n
g n "
< 923p+2 + Z ‘(b (tq;r) - (b (tq;)lp'
j=1

Writing sJT = s; AT for every j > 0 and reasoning again as in Lemma 1, we
can control the second term of the right-hand side:

n

D 18" (tg) = o Z 27|07 (tgr) — " ()P + 16" (55) — 6" (£, )I)

Z Hlo(s711) = (si)IP + 16 (s5) — b(s-1)I7)

< ¢
— 92p+2°
This yields finally
€ €
§ |07 (t:) = " (tim1)I” < G5 (1 +2°) < o5

which is the desired result.
Let now 0 =ty < t; < --- < tx = T be any partition of [0,T]. Define q;
and q}' as above, and

J ={j > 0 such that bt >ty or j =n}.

Notice that again
8; < tqj_- < tqj_+1 < 8541
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if 7 € J. Writing ¢ = ¢ — ¢™ for simplicity, we get

STt = 9 )P = 301 ) — (P

i=1 JjeJ

+ Z Z |¢n(tq+1) - ¢n(tq)|p

JeJ \t 4+ <tq<tqy1<t —
4 9i+1

On the one hand, for every j € J and ¢ o Sty <tgpr St -
+1

9" (tgr1) = ¥" (t) I < 227 (19" (tg41) — 0" (2P + [d(tgs1) — S(ta) [P,

so that after summation,

Z Z |1b”(tq+1) - Q/Jn(tq”p < 2P~1 (23p€+2 + 22;-1> < g

Je€J \t 4 <tq<tqy1<t —
4 9i+1

On the other hand, after summation,

DI (t) = (I

JjeJ
<ot ZW(@;) — U (I + W (1) — (g, )P
jed
S AT (10t ) — Dls)P 167 () — 0" (3517
jedJ

WP+ 19" (s750) — @™ (t,- )

9j+1

T
+ |¢(3j+1) —o(t 4
2e 2e e

p—1 e

S 4 <23p+2 + 22p+1) S 2'

Finally, we get

k
STl () — vt <.
=1
O

Remark. Francis Hirsch gave me the following counterexample when
¢ is continuous and has finite p-variation but not regular paths, in the case
p = 1: let pu be a probability measure over [0, 1], singular with respect to
Lebesgue measure, and such that

o) = [ )
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is continuous (¢ is a so-called Lebesgue function). ¢ has finite (but not regular
finite) 1-variation. For every m > 1 we can write

() = /0 " dy),

where p™ is absolutely continuous with respect to Lebesgue measure. Hence
we get

¢ — "

1 =1l¢lla +1[¢" [l =2
4. Proof of the Theorem

We first make the general remark that, obviously, it suffices to consider
the situation where the jumps of Z are bounded by 1, so that in particular

Zy = /Ot /|z|§1 zp(ds,dz) +t (/z|§1 2K I/(dz)>

for every t > 0. We will separate the proof according to Dim L with increasing
order of difficulty. The arguments are somewhat similar to those of the Propo-
sition in [26], but here the situation is significantly more complicated because
of the p-variation norm.

4.1. DimL=0
This case is obvious since we can take p = 1. In particular,

1Z)ra = 1AZ],

t<T

and the Theorem follows readily from the fact that

/ |z|v(dz) < 0.
|z]<1

4.2. DimL=1
Here the situation is more complicated since we must take p > 1. We fix
T and € > 0 once and for all. We first set

v”:/ zv(dz) and v}z:/ zp v(dz).
n<|z<1 n<|z|<1

The asymptotic study of v] and its suitable approximation by elements of
Supp v will be actually the central point in the whole proof.
Since Dim L = 1, it clear that for every n and p > 0 there exists z] €

Supp v such that ’xg‘ < n and

<(vi, z}) < p,
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where <(+,-) stands for the Euclidean angle between two vectors. Choosing
n < /12T and p < n such that p|v]| < e/12T, we get

v} —apal] <e/6T

for some minimizing integer o). Besides, we can choose a neighborhood V] of
]}, included in {|z| < n} and small enough, such that

/ zv(dz) — Blz}
Vi

for another minimizing integer 3;]. Setting

<e/6T

UZZUZ—}—/vnzu(dz) and ] = o) + (]

yields
(3) |U;7 - ngm <¢e/3T.

We now introduce the saw-function with parameters (VZ,T : —xg), which we
will write Saw]) for the sake of simplicity. By Lemma 6,

[Sawp|[7.,, = 2v7|2p[".
Hence, letting 7 tend to 0,
1Sawp|[F, ~ 2[a [P~ ]|

< 2fanp? / |2|u(d2),
I

P

where we wrote A} = {2, 1> [z] > |z])|/2}. But since

/ |2[Pv(dz) < oo,
lz|<1

in the above inequality the right-hand side tends to 0 as 7 tends to 0, and we
get

@ iy [Sae) 7 = 0.
We now come back to the proof of the Theorem. Set
~ t
Bl ={z, |zl <n}n(V]) and Z](t) :/0 /BQ z p(ds, dz)+t </BQ ZK u(dz))

for every t > 0. We obviously have

li d =0.
lim (/BZZKV( Z))
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Hence by Lemmas 1 and 9, and the triangle inequality for || - ||r,,, we see that

(5) lim |27 =0 s

We next consider the process Z] = Z— Z;’, which can be written

t
Zg(t):/ / z p(ds, dz) — tvy)
0 J(B2)*

for every t > 0. Writing, for each k = 0,...,], s}(k) = kT /7], we see that
for every ¢ € [0, 717,

Z)(t) — Sawy(t) = (1) + ¢p(),
where we introduced

Pl =Y _AZI(s)— Y al and @)(t) =t(yla] —v]).

s<t p(k)<t
By (3) and Lemma 9, we have
opllr.p <e/3
if 7 was chosen small enough. Introduce {7} (k),U})(k)}x>1, the successive
jumping times and sizes of Z]. Since z}] € Suppv and since V] C (B;’)C, we
see that the event

{IT) (k) = sp(k)| < A, [UJ(K) —ag] <A k=1,...,77}

has positive probability for every A > 0. But if A is small enough, then on the
latter event 1)) is a step function on [0, T] with 277 jumps and such that

l1hp () — g (s)] < (1+ A)|z7|
for every s # t € [0,T], so that according to Lemma 8
l¥gllry <e/3
if n was chosen small enough. Putting everything together leads to
(6) P[l|Z) — Saw] |7, < 2¢/3] > 0

if 7 was chosen small enough. Using (4), (5), (6), the independence of Z} and
Z;Z and the triangle inequality for | - ||7,p, we finally get

P(l|Zlz,p < €] >0,

which finishes the proof in the case Dim L = 1.
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4.3. DimL =2

We consider this particular situation in order to clarify the exposition - the
arguments are analogous in the case Dim L > 2, but involve heavier notations.
The outline of the proof will be roughly the same as in the preceding subsection,
except that here the estimate (3) does not hold in general, so that we will need
more elements of Supp v to approximate vz.

For each vector z € R?, we will write z = (x,y) according to the unique
decomposition z = x + y with # € K and y € L. Fix an orthonormal basis
of L. Thanks to the spatial homogeneity of Poisson measures, we first remark
that it suffices to consider the case where

(7) Suppv C {(z,y), y; > 0Vi=1,2}.

This choice of (strict) positivity will play a crucial rdle in the following. Notice,
first, that it entails
[vr] — +oo

as 17 | 0. Choose a subsequence {n} along which

" n

li =uj € Sd_l.

L
m— = —
nl0 |7 nlo vy
Set Ly for the line generated by u; and consider the orthogonal sum L = L1®Ls.
Let v]' be the projection of v} onto L; for i = 1,2. Clearly we have
n
[vi] -

[vf| = 400 and | — 400
|v3|

as 1 tends to 0 along the subsequence. We will consider two disjoint cases:
Case A. There exists a sub-subsequence {n} along which vg — 0.

Case B.  For every sub-subsequence {n}, liminf, o |v]] >0 .

4.3.1. Case A
The situation is quite analogous to Dim L = 1 though a bit more com-
plicated since here, as we said before, one cannot rely on inequality (3). One
should keep in mind the two-dimensional example where Suppv C {z = (y1, y2),
y2 = |y1|} and where the restriction of v on each half-line is the same measure.
In the following, each n will be implicitly chosen in the sub-subsequence.
Recall that C" stands for the closed convex cone generated by S = Supp v

N{z |z| <n}, and
c=(c"

n>0
Notice that clearly u; € C. Besides, since
n o

v
lim —L-
nl0 [vY|

UL _
nlo Jop]
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we see that v{ € C for n small enough. In particular there exist some integer

r < d and distinct 27, ...,z € 8" such that
ks

(8) — Y ajal| <e/AT

i=1
for minimizing integers a7, ..., a!. Notice that by positivity, (7) yields obvi-
ously
(9) ol x| < o]
for every i = 1,...,7. As before we can choose some disjoint neighborhoods V!

of the z}, included in {|z| < 1} and small enough, such that

|, #vta) - gal
vy

for minimizing integers 3;'. We consider again

(10) <e/8(r+1)T

n_ .n.m n_ .n n
w] = o)z, —l—/)zu(dz), v = + 5],
Y

and set Saw] for the saw-function with parameters (v;, T, —z}). Using (9) and
reasoning exactly as in the case Dim L = 1 entail

(11) lim [[Saw |7, = 0
nl0

for every ¢ = 1,...,r. Writing

B! ={z |z| <n}n(V]U---UV") and

Z(t) = /Ot /B:7 zp(ds,dz) +t (/z|§n ZK V(dz)>

for every t > 0, we get again, by Lemma 1,

(12) lim || 277, =0 as.
nl0
We finally consider the processes

t
2(t) :/ / zp(ds,dz) —tw] and Z! (t) / / p(ds, dz)
0 Jy! n<

for every t > 0 and ¢ = 1,...,r. Notice that the Z"’s are mutually independent
and that one can rewrite

r+1
Z(t) = —|—ZZ77 —i—t(Za —111)
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for every ¢t > 0. Using the inequality (10) and reasoning exactly as in the case
Dim L =1 yield

(13) P[||Z]! — Saw] |7, < e/4(r+1)] >0
for every i = 1,...,r. Moreover it is clear that
(14) PlIZ o llrp < e/4(r +1)] > 0.

Using (12), (14), (13), (11), (8), independence arguments and the triangle
inequality, we finally get

P(IZlz,p < €] >0,

which completes the proof of the theorem.

4.3.2. Case B
This case is the most complicated: here we need to cope with vJ, a vector
which does not belong to C in general. One should keep in mind Example 6.
From Case A it is clear that it suffices to prove the following: there exists
a fixed integer r and distinct z7,... 2" € 8" such that if 1 is chosen small
enough along the subsequence

T
(15) v} — Za?x? <e/2T,
i=1
where o, ..., a are minimizing integers verifying
(16) ol — 0

for every ¢ = 1,...,s, as 7 tends to 0. The estimate (15) would be enough
to obtain a small deviation property in uniform norm, as in [26]. But the
latter convergences (16) are crucial to obtain this property in p-variation norm,
because of Lemma 11. In general (16) is quite difficult to obtain together with
(15), since the length of the approximating vectors «z] is not controlled a
priori by that of v}, as 7 | 0. Notice, however, that (16) follows readily as soon
as

(17) o @] < clv]

for every i = 1,...,s and a constant ¢ independent of 1. The remainder of this
article will be devoted to the proof of (15) and (16), a proof which does not
require probability theory anymore, but some amount of elementary analysis
and geometry.

Take a sub-subsequence {n} along which

o7

lim —2 = uy € %1
nlo g —
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with v] % ug > 0 for every n. Set zo = z * uz and z;' = sup(0, z2) for every
z € R?. Clearly,

(18) /||<1 z;'1{|zk‘<22}u(dz) = +400.

Let D" be the closed convex cone generated by 8" N {0 < |zx| < 22} and

D:nD”.

n>0

Set II; (resp. IIi-, II) for the operator of orthogonal projection onto L; (resp.
Li, Ly). Because of (18) we see that for every n > 0,

HlL (/ Zl{o<|zK|<Z2}V(dZ)>
p<|z|<n

Hf (/ Z1{0<|ZK|<Z2}I/(dZ)>
p<|z|<n

as p tends to 0 along the sub-subsequence. Hence, uy € Il (D7) for every
n > 0, and

— U2

vj € () IE (D)

p>0
for n small enough along the sub-subsequence. In particular there exist some
integer s < d and distinct z7,...,27 € 87N {0 < |2k | < 22} such that
S
(19) vf — 10 (Z ﬂ?w?) <¢/AT
i=1
for minimizing integers 37, ..., 87. Besides, by positivity, it is clear that

o (B]'2)] < v
for every ¢ = 1,...,s. Hence, by the triangle inequality,
(20) [ (87a)) = [k (82])| + M2 (5])| < 2|a(5]2])| < 2|vy]

for every i = 1,...,s. We now separate the proof according to the degeneres-
cence of D with respect to Lo.

The case when D is non-degenerated. We mean the case where

U € HlL (D)
Then there exists ¢ independent of n such that us 4+ cu; € D, and in (19)
x7,...,2" can be chosen such that

(21) < clvg].

15 (i B?x?>

=1
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Since, by positivity,

T (B =)] <

II; (Zs: 5?33;7> |

i=1
for every i = 1,...,s, we get, by (20) and the triangle inequality,
(22) 8] < (2+ c)|v3| < (2+ )]

for every i = 1,...,s. We now write

(23) v] = <Z ﬂ?z?) + <UI’ — 11y (Z 6;%;’)) + (U;’ —TI7 (iﬂfx?))
i=1 i—1 i1

and set
S
w] =] =1 (Zﬂf:ﬁ?) .
i=1

Using (21) and the fact that

i _
m — = +09,
nlo |vg

we see that there exists 79 such that for every n < 1y along the sub-subsequence,
w]*xup >0 and |w]| < |v]|

Hence, by Case A, for every n < 79 along the sub-subsequence, there exists an

integer r < d and distinct ! _,...,z],, € 8" such that
T
(24) w’f - Z 6:+izg]+i < /4T,
i1
where 87,,,..., !, are minimizing integers verifying
n n
(25) |ﬁg+ixs+i| < Jwf] < il

Clearly together (19), (22), (23), (24), and (25) yield (15) and (17), which
completes the proof of the Theorem.

The case when D is degenerated. We mean the delicate situation
where

(26) uz ¢ 113 (D)

and where in particular (21) no more holds a priori. We denote by D (resp. 15’7)
the intersection of D (resp. D") with L = Ly @ Ly. Set (z1,22) for the coor-
dinates on Li @ Ly with respect to (u1,us). Because of (26), D is actually
reduced to the half-line {z; > 0, 20 =0, zx = 0}. However, since

uy € () II{-(Dn),

n>0
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for every 1 > 0 the intersection of D" with the open quadrant {z1 >0, 22 >
0, zx = 0} is non void. Set A" for the frontier of D" in {z1 >0, 20>0, 2zx =
0}. A" is another half-line whose slope with respect to L; decreases to 0 as 7
decreases to 0. Set (27, z9) = (n,2]) for the point of A" with u;-coordinate 7
and consider the increasing convex function

{ 10,1] — R*,
h: n
N zg.

The graph of A is located under a smooth curve with slope 0 at n = 0, but we
will see that h cannot grow too slowly in the neighborhood of 0:

Lemma 14.  The function h :]0,1] — R defined above satisfies
/ h(|z]) v(dz) = +oo.
|z[<1

Proof. Since h is positive increasing and since, because of (7), Suppv C
{z1 > 0}, it suffices to prove that

/ h(z1) v(dz) = +o0.
l2]<1

Suppose first that d = 2, i.e. K = {0}. Then clearly, by definition of h,
Suppv N {[2] < 1} C {23 < h(z1)}.

Hence

/ h(z1)v(dz) > / 23 v(dz) = 400
lz]<1 lz]<1
and this completes the proof of the lemma.

The case d > 2, i.e. K # {0} is more subtle. First, by the Hahn-Banach
theorem, there exists a hyper-plane H containing the half-line {z; > 0, 2o =
0, zx = 0} and separating D from {z; > 0, 2o > 0, zx = 0}. Its unitary
normal vector n oriented in the direction of D verifies n1 = 0 and ny < 0.
Besides, we can choose H such that no is the lowest possible, in the sense that
if m € S¥ 1N {2 = 0} and if my < ny, then

Dn{m=xz <0} #0.

Analogously, for every n > 0 we set H" for the hyper-plane containing A",
separating D" from {z; > 0, 22 > ayz1, zx = 0} (where o,; = h(n)/n), and
such that if n" is its unitary normal vector oriented in the direction of D7,
then nJ < 0 is the lowest possible. Clearly, we have n” — n and in particular
ny — ng as ) | 0. Hence there exists A > 0 and 79 > 0 such that nJ < —\ for
every 1 < 1. A little Euclidean geometry shows then that if n < 79, then

D" {z*nk > 0} C{AManz1 — 22) + |2x| = 0},
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whereas obviously
D"N{zxng <0} C {22 < 21}
Hence, for every n < g,
D"N{lzk| < Aza/2} C {290 < 2021} C {22 < 2h(21)}

since n +— o, is decreasing. In particular

/ 22 1{0< )z |<rze /23 V(d2) < 2/ h(z1)v(dz).
z|<no

[2|<no

But the left-hand side equals 400 and we get
/ h(z1)v(dz) = 400,
lz]<1

which completes the proof of the lemma. O

Set now

for every p €]0,1]. Since
/ |z|Pv(dz) < 400,
lzI<1

Lemma 14 obviously entails that

lim sup L(p) = +o0.
plO

In the following we will consider {p,} a sequence in ]0, 1] with p, < 5, where
{n} is the original sub-subsequence, and such that

L(py) = sup L(p) T +oo.
pn<p<l1

By construction of h, we see that for every n > 0 there exist some integer s < d,

distinet 27, ..., 27 € 87N {0 < |zk| < 22} and minimizing integers 47, ..., 37
such that
S
(27) vi — I (Z ﬁ?x?) < /8T
i=1
and

I, (iﬁ?ﬁ) ‘
=1

I <iﬁ?w?> |
=1

— 1

PgilL(Pn)
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as 17 | 0. In particular, for every i =1,...,s

~ 0 n 3]
@“>| o)

T (B =)| < [T

and remembering (20),

03]

BIaP < 2 (T (8] + [T (872)) < 2 (p 1] + )
L(Pn)

as 7 | 0. On the one hand, since p, <7,
: —1,,7 —
li o™ v | = 0.

On the other hand

] < / o v(dz) < / h(z1) v(dz) < / 2P (|2] ) (d2).
n<|zl<1 n<|zl<1 pn<lzl<1

But since L(py,) = sup,, <,<1 L(p) T +00, we have

/Pn§|z|§1 121" (%) v(dz) =0

‘U2|
L(Pn)

as 7 | 0. This yields

-0
and, putting everything together,

(28) Blzl" — 0

as 17 | 0 along the sub-subsequence, for every i =1,...,s.
The proof draws now to its final step. Suppose first that

IT; (i: ﬂ{id?)
i—1

along a subsequence {n} of the original sub-subsequence. Then if we set

w] =of =1 <Z ﬂfx?)

=1

< |

as before, this entails that
wi*xu; >0 and |w]| < |v]]|

along this subsequence. Thus, reasoning exactly as above, we can write

r+s i
Zﬂnxn + <w - Zﬂs-‘rixz-i-i) + (”g — 1y (Z ﬂfa:?)) ’
=1
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where r < d and x!,,...,x],, (resp. 8], ,,...,3,,) are elements of S"
(resp. minimizing integers) such that (24) and (25) hold. Clearly together
(24), (25), (27), and (28) yield (15) and (16), which completes the proof of the
Theorem.

Suppose finally that

(29) > |v]|

II; <§: ﬂ?$?>

i=1

along the original subsequence. To treat this very last situation we will remove
some mass from Supp v in the L]-direction, digging some subset of S”, and
use Lemma 2 together with Skorohod’s absolute continuity theorem - see e.g.
Theorem 33.1 in [22]. Actually, we will need less vectors than in the above
situation.

We first appeal to Lemma 2 with vy = v and introduce 7y > 0 such that
for every n < 19, every subset Z, of {|z| < n} and every Lévy measure v < v,

PIZ"lrp < /2] > 1/2,

where fi is the Poisson measure over Rt x R? with intensity ds @ v(dz), ji =

i —ds® v, and
~ t —
Z = / / z i(ds, dz) —|—t/ zp v(dz)
0 J= |z|<n

n

for every t > 0. Choose n < 7o in the subsequence, distinct z7,...,27 €
877N {0 < |zk| < 22}, and minimizing integers 37,..., 37 such that (27) and

(28) hold. Set

Ay = inf{|z]|,...,[27|}/2 and p, =

I <Zﬂ?x?> ’ = [o7]-
i=1

We may rewrite (27) as

S
n n,.n
vyt pgur — E B x;

i=1

(30) < ¢/8T.

Consider now the restriction of v to {|z| < A;}. Because of the degeneracy of
D, we see that for every p > 0,

(3D / 12114212 <4p2)22y V(d2) = +o0.
[21<A

Take p such that pu, < e/8T. From (31), it is clear that we can find A, €]0, A, [
and a positive measure 7 < v on {|z| < 1}, with 7 equivalent to v and 7 equal
to v on {|z] <A} U{|z| > A,}, such that

(32) g — pyus] < /ST,
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where we set

u”:/xp<|z|<xn z(y—ﬂ)(dz):/Z<1z(1/—17)(dz).

It follows from (30) and (32) that

S

n %]
”L"‘UW_E Bi'zi

i=1

(33) < g/AT.

Introduce the Lévy process Z given by

t t
7, = / / 2k p(ds,dz) + / / zp, fi(ds, dz) — tuy,
0 Jizl<1 0 Jizl<1

for every t > 0. Take Z,, = {|z] < n} N (V/ U--- UV, where the Vs are
respective neighborhoods of the z}’s in {\, <|z| < n} such that

P(l|Z"lrp < &/2] >0,

Zf:/ot/gczu(ds,dz)—t<u,,+ E%zu(dz)>

having set

n

for every t > 0 (this is clearly possible because of (28), (33), and the reasoning
in Case A which led to (13) and (14)). Lemma 2 entails that

B2l < £/2] > 0,
so that since Z = Z" + 7" with Z7 and 27 independent, we finally get
Pl Z||l7p < €] >0

by the triangle inequality. But now by Skorohod’s absolute continuity theorem,
the law of Z and Z are equivalent for every n > 0. Hence

P(|Z||z., < €] >0,
which completes the proof of the Theorem in the case Dim L = 2.

4.4. DimL > 2

We briefly describe how this higher dimensional situation can be handled.
First, it is clear that we just need to prove (15) and (16) along some subsequence
{n} tending to 0. Again, we can make a choice of strict positivity and suppose
that Suppv is included in a quadrant of R?. Take an asymptotic direction
L; = Vect{u;} and a corresponding subsequence {n}. In order to control
the projections of our approximating vectors and to preserve (16), we need to
refine our choice of positivity: consider the projection of Supp v onto L, take
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2d—1

an orthonormal basis of Li and divide Li accordingly into quadrants

Q17 e 7Q2d—1. Set
1
Vi = Vlieq,y and vl :/ zi vy,(dz)
<Jz|<1
fori=1,...,2% 1 It is clear that

|07

= —|—OO
n10 |’U¥z‘

along the subsequence. Take a sub-subsequence along which either

Ulz

e Lt liminf [07.| =0
7ﬁ0|v ‘ ulz 1> or 1%Egl|ULz| ’

for every i =1,...,297 and set Ly; = Vect{u, ;}.

Suppose first that Dim L = 3. Because of our choice of strict positivity for
each v ;, we can reason as in the situation Dim L = 2, Case A or B, and prove
that there exists a sub-subsequence {n}, z,,..., 2] ; € Suppwvi; N {|z] < n},

V-5 0y ; minimizing integers such that for every i =1,...,2¢71

i
n 7 i n ,.m d
vy, + pp U — 1 E Blixl, || <e/2°T,

where p}; > 0 and
lim zi,P=0
i 7,17

for every j =1,...,r;. Writing

2d1

”L*”lJFE:Ulz

and reasoning as in the end of Case B leads to
2d 1

(34) vf + pyuy + ZplquZ Zﬁn ;| <e/2T,
i=1 i=1

where p,, > 0 and

(35) limﬁﬂx?\p =0,
nl0

for some fixed integer r, z,...,z] € Suppr N{|z| < n}, and G/,..., 37 mini-
mizing integers. The approximation (34) is not exactly (15), but the (positive)
perturbing term

2d71

7
Py + E P12
i=1
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can be canceled as above by an absolutely continuous transformation of the
law of Z, after removing some mass from Suppwy; N {|z| < \,} for each i =
1,...,2¢71 with A\, = inf{|z]|}/2. This transformation leads to the small
deviation property for the original process Z.

When Dim L gets higher, we need to refine again and again our decom-
position of Supp v, dividing first each orthogonal of u, ; into 292 quadrants
Ry, ..., Rya—2 and introducing

_ no_ 1
Vaig = Vl{zfeQi,z;ieRj} and vy, ; —/ ZQ,iVQ,i,j(dz)
n<|z|<1

fori=1,...,2¢971 j=1,...,2972 __ etc. Setting k = Dim L and writing

gd—1 gd—1 gd—(k—2)

[/ —.} n n
v, =v; + E Vgt ot E E : Uk—1,i1,.cin_o

i=1 i1=1 ip_o=1

leads to an approximation of type (34) together with the control (35), which
finishes the proof of the Theorem.

5. Proof of the Corollaries

5.1. Small deviations around continuous curves

The following proposition shows that the small deviation property for Z
also holds around L-valued curves with finite regular p-variation. Of course,
this would be a direct consequence of the Theorem if one had some kind of
Cameron-Martin formula for Z as for Brownian motion. But here Z has no
Gaussian part and it is well-known, for example, that the law of Z% : t — Z,+tu
is not absolutely continuous (and even singular) with respect to the law of Z
if u # 0 —see again Theorem 33.1. in [22]. To prove this proposition we will
need Lemma 13 as well as a slight perturbation of the Poisson measure, which
replaces in some sense the density transformation.

Proposition 15. Let 1 < p < 2 and Z be a Lévy process with finite
p-variation and parameters (o,v). For everye >0, T >0 and ¢p, : RT — L
with finite reqular p-variation over compact sets,

Pl|Z — ¢Lllrp <] > 0.

Proof.  Clearly, we can suppose that ¢1(0) = 0 and that the jumps of Z
are bounded by 1. In particular

t
Zt:/ / zﬁ(d&dz)—i—t/ zrv(dz)
0 Jpz1<1 |2]<1

for every t > 0. Fix e > 0, T > 0 and ¢y : Rt — L with finite regular p-
variation over compact sets. By Lemma 13, there exists ng € N such that for
every n > ng

3
oz = dEllzs < 5.
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where ¢7 is the polygonal approximation of ¢, over [0,T] with step T'/n. Fix
n > ng. Let vg =0 and vy,...,v, be the vectors of L defining ¢7:
SL(t) = —(vo+ - tuvy) +(E—s)vjpn i sy St < s,
where again we set s; = jT'/n. Set, for every j =0,...,n and s; <t < 5,1,
Zl =2 — Z,, — (t—s;)vjn
and

} t
Y/ :/ / Zﬁj(dsydz)ﬂL(t—Sj)/ zkv;(dz),
sj J)z<1 |zI<1

where we wrote
vi(dz) = v(dz) + 2|vj+1|52‘v,~+1 ‘ (dz)
Ui+l

for every j =0,...,n (with the notation v;/|v;| = 0 if |v;| = 0), and where fi;
is the compensated measure of 1, the Poisson measure with intensity ds @ v;.
Notice that clearly,

t
Y/ :/ / zﬁj(ds,dz)Jr(tfsj)/ zi v(dz),
s; Jz|<1 [2|<1

so that for every 0 <n < 1/2and j=0,...,n,
{||Yj||[sj,sj+1],l) < 77} - {Y;] = Zg Vt € [S]'7Sj+1}}'
In particular
{||Yj||[8j,5j+1],p < 77} = {||Zj‘|[s]-,3j+1],p < 77}
Now, by the Theorem,
P[||Yj||[5j,8j+1],p < 77] > 0

for every n > 0 and j = 0,...,n. Hence we get, by independence of the
increments of Z,

(36) P[||Zj||[sj’sj+l]’p < n for every j =0,...,n] >0

for every 0 < 1 < 1/2. Introduce now the following function:
or(t) = ¢L(t) + Z Zf,w if 55 <t <sjp,
k=0

for every j = 0,...,n. 52 is a discontinuous perturbation of ¢} such that
@7 — ¢} is a step-function and ¢} (s;) = Zs, for every j = 0,...,n. On the one
hand, reasoning as in Lemma 13, we can choose 7 sufficiently small such that

oy . 5 = €
(37) {||ZJ||[SJ.7SJ.+1]4, < n for every j =0,...,n} C {HZ —rllrp < 5} )
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On the other hand, since according to Lemma 8

n __ np p+1 7k |p
H(bL ¢L||T7p S n Ogrkng'r}f—l |Zsk+1| )
we also have
€

(33) {12 sy0,0a1p < 1 for every § = 0,....,n} € {16 = B¢z < 5 }

for n small enough. Putting (36), (37), (38) together and using the triangle
inequality complete the proof of the Proposition. O

5.2. Proof of Corollary A
(a) By the Theorem we just need to prove the reverse inclusion. Suppose
ay, # 0. Since

Zi=a,+ Y AZ,

s<t

for every t > 0, we see by Lemma 12 that
Pll[Z]l11 <] =0

as soon as € < |a,|.
(b) This follows readily from Proposition 15.
(c) Fix e, 7 > 0. Since o € ' (Ay), there exists a; € L such that

B=a;,—a, €C.

Hence, for every n > 0, there exists z7,...,z]) € Supprv N {|z| < n} and
of,..., o) minimizing integers, such that

(39)

e
ﬁ_zaixi

=1

d
‘ < e/4T.

Besides, since C is strictly convex, it is clear that there exists ¢ > 0 independent
of 1 such that

(40) || < clB|

7

for every i = 1,...,d. Introduce now p, = inf{|z}|, ¢ = 1,...,d}/2, and
decompose Z into R
Z=7"+2Z"

where we set

¢ t
zZ) :/ / Zyepu(ds, dz) —|—/ / zpp(ds, dz)
0 Jzl<pn 0 Jlzl<py

+t (aL - / ZLZ/(dZ)>
pn<|z|<1
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and :
Z) = ZAZsl{‘AZSDp"} —t8

s<t

for every t > 0. The Theorem and Proposition 15 yield readily
B 2"z, < £/2) > 0.

Hence, by independence and the triangle inequality, it suffices to show that
Pll|Z"l1,p < /2] > 0.

It is now clear that the latter can be done through (39), (40), and the same
approximation procedure which we used repeatedly during the proof of the
Theorem.
(d) This follows readily from the main Theorem in [26] and from the in-
equality
Pll|Z2"lrp <&l SP[|Z7|1,00 <]

for every T,e > 0.

5.3. Proof of Corollary B
We first quote a lemma which is a direct consequence of Lyons’ continuity
theorem [19].

Lemma 16.  Let {2}, 0 <t < T};—12 be the solutions to the following
rough differential equations on R™:

t
xizxi—l—/ f(a:i)dzs,
0

where z is a function with regular finite p-variation and f an a-Lipschitz vector
field with a > p. Then there exists a constant K (depending on T and f) such
that

o’ — a7, < Kloy - s,

We can now proceed to the proof of Corollary B, which will mimic that of
the Theorem in [25]. The first inclusion Supp X C S is an easy consequence of
the fact that for every n > 1

lim | X — X"||np =0,
n—0

where X" is the solution to (1) with v replaced by 1.|>,v(dz)—which follows
readily from Lemma 1 and Theorem 7, and of the usual routine which may be
found e.g. in [30].

The second inclusion S C Supp X will be a consequence of Theorem 7
and Proposition 15, as in [25]. Fixn € N*, ¢ > 0, u € U, and ¢ : Rt — L
with regular p-variation. Let ¢ be the solution of (2) given by u and ¢r. Let
N,, € N* be such that

t0:O<t1<"'<tN”§TL+1<th+1
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are the successive jumping times of . Introduce

t
n=inf{|z], i=1,...,N,}/2 and Zt":// zu(ds, dz)
0 Jlz|zn

for every t > 0. Set {I,} for the sequence of Z"’s successive jumping times,

and ¢ for the solution of (2) where {t,} is replaced by {T,}. For every p > 0,
the event

{ sup  |[Tg —t4] < p}

1<q<N,+1

has a positive probability. We now introduce A, the only piecewise linear change
of time transforming ¢, into T}, for each ¢ = 1,..., N, and whose right deriva-

tive takes its values in {1/2,1,2}. Thanks to the continuity of 1 (resp. of 1)
on each |t;,t;11[ (resp. on each |T;,T;+1[) and to a repeated use of Lemma 16,
it is easy to see that

{ sup [Ty — 4] < p} (oA = Blomsny < £/2}
1<¢<N,+1

for p > 0 small enough. Hence

{ sup [Ty —t] < p} C (A, ) < </2)

1<g<Np+1
for p > 0 small enough. On the other hand, Proposition 15 entails easily that

P(IZ" = ¢* lln+1p < p] > 0

for every p > 0, where we set Z" = Z — Z". Using now Theorem 7 and
reasoning exactly as in the proof of the Theorem of [25] (under the p-variation
norm) entail

P|X — ¢llns1p < £/2, d2(,0) < /2] > 0,

which finishes the proof since obviously
{I1X = Vllns1p < £/2, di(eh,9) < £/2} C {dj(X,9) <e}.
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