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Analytic Jacobi Eisenstein series
and the Shimura method

By

Bernhard E. HEIM

Abstract
In this paper it is proven that analytic Jacobi Eisenstein series al-
ways admit a meromorphic continuation on the whole complex plane and
statements about the location of possible poles are given. Moreover a
new interpretation of Shimura’s approach to the standard L-function of
a Siegel modular form is presented.

The purpose of this paper is twofold. First and mainly we prove the an-
alytic continuation (which has not known before) and study the location of
pole of analytic Jacobi Eisenstein series. Applications of this results have been
presented in [He98a], [He98b]. Secondly we present a new interpretation of
Shimura’s approach to automorphic L-functions and indicate several improve-
ments. It is maybe important to note, that the analytic continuation of Jacobi
Eisenstein series does not follow from the work of Langlands [La76]. So this
fact seems to be interesting in its own way.

In [Sh75a] Goro Shimura introduced a method to study in a precise way
the poles of the Rankin L-function Dy(s) attached to an elliptic cusp form f
by integrating the cusp form against an Eisenstein series of half-integral weight
multiplied with a theta series. Later on this method was generalized to standard
L-functions of Siegel modular forms ([An79], [A-K79], [Sh94]).

In this paper we show that Shimura’s integral can be interpreted as the
Petersson scalar product of an analytic Jacobi Eisenstein series (introduced by
Arakawa [Ar90], [Ar92], [Ar94]) restricted to the Siegel variable against the
modular form.

The reason for this is the following insight: an analytic Jacobi Eisenstein
series can be interpreted as the product of a Siegel Eisenstein series (of integral
or half integral weight) with a theta series, up to some trace. As a by-product we
get the meromorphic continuation and a precise description of possible poles
of analytic Jacobi Eisenstein series of every degree and index. To get the
functional equation one may have to proceed in a different way. This has been
done in the elliptic case by Tsuneo Arakawa in [Ar90] and [Ar92], using methods
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of Roelcke and Selberg. He worked with vector-valued half-integral Eisenstein
series.

It should be mentioned that the Fourier-Jacobi expansion of an analytic
Siegel Eisenstein series is not a Jacobi Eisenstein series in the sense of Arakawa.
This is in contrast to the holomorphic situation.

Acknowledgements. This work was inspired by Tsuneo Arakawa’s pa-
pers [Ar90] and [Ar94]. The author would like to thank him, Siegfried Bécherer
and Paul Garrett for useful discussions and encouragement. But without the
hospitality of the Max-Planck Institut fiir Mathematik in Bonn and a Max-
Planck fellowship, this work would not have been possible.

Notation. For an associative ring R with identity element, we denote
by R* the group of all invertible elements of R and by R"™"™ the module of
all m x n matrices with entries in R. If M is a matrix, M, det(M), and
tr(M) stand for its transpose, determinant, and trace. We put M, (R) = R™",
Gl (R) = M, (R)*, Sl,(R) = {M € Gl,,(R)|det(M) = 1} (when R is commu-
tative). The identity and zero elements of M, (R) are denoted by 1, and 0,
respectively (when n needs to be stressed). Let J, = ( ° §) then Sp,(R) =
{M € Glap(R)|M* T, M = J, }.

Py (R) = {( On:,nfr : ) e Spn(R)},
P .(R) = {( Oniijnr_r I ) € Spn(R)}.

For convenience let 'y, = Sp,(Z), Py = Py »(Z), T =T and I', = Py .
For real symmetric matrices A and B, we write A > B (A > B) to indicate that
A — B is positive definite (positive semi-definite) and A[B] = B'AB if A, B are
suitable. If A, As,..., A, are square matrices, [A1, As, ..., A,] denotes the
matrix with Ay, As,..., A, in the diagonal blocks and 0 in all other blocks.
Let A denote the set of all half-integral positive definite matrices of size n.
Let Z € C™", then we put e{Z} = > (r%) and Re(Z),Im(Z) for the real
and imaginary part of Z and for M € C™" we put occasionally z; = Re(M)
and ypr = Im(M). Further 6(Z) = det (Im (Z)). By @ we denote the complex
conjugation of an element a € C.

1. Modular forms

1.1. Siegel modular forms
The group Sp,(R) acts on the Siegel upper half space H,, of degree n by

(M, Z)— M(Z)=(AZ + B)(CZ + D)™},

where M = (é B) with A,B,C,D € R™". We denote by M be the space
of Siegel modular forms and S¥ the subspace of cusp forms of degree n and
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weight k for the Siegel modular group T',,. Let J(M,Z) = (CZ + D) and
j(M,Z) = det (CZ + D). Then every F € MF satisfies the transformation law

(1) F(Z)=F(M(2))j(M,z)™%  forall MeT,, Zc H,.

The right side of the equation (1) is usually abbreviated by (F|zM)(Z). For
arbitrary complex valued functions F and G on IH,, which satisfy (1) for a
congruence subgroup I of T, we define the Petersson integral, convergence
assumed, by

(2) (F, G)rv = / oy PG 82 a2

Here Z = X +4Y and d*Z = det (Y)~(®*DdXdY denotes the symplectic
volume element. Every F' € S* has a Fourier expansion of the form F(Z) =
> reat af(T)e{TZ}. If o is an automorphism of C, then

(3) Fo(Z)= Y a"(T)7e{TZ} € S}
TeAL
([Sh75b]). We denote by # the complex-conjugation in C. If we assume that

F € Sk is a Hecke eigenform with Satake-parameters (ap p; @1.p; - - - ; Qi p), then
the standard zeta function D% (s) of F' is given by

—1

@ Dils) =T =p™) [T = agpp™) (1= afpp™)

P
For more details the reader is referred to Andrianov [An87] or Klingen [K190].

1.2. Jacobi Eisenstein series

Every element g € P/ +1,n(R) can be parameterized by

(5) (A w3 p), M) € (RE™ x RE™ x RYY) x Spp,(R)

determined by

L0 p o L A 0 0
I R 0 1, 0 0

© 9=1 9 o 1, o 0o 0 1, o | (daxM)
0 0 0 1, 0 0 -A 1

An important normal subgroup is given by the Heisenberg group H,, ;(R), con-
sisting of all elements h of the form h = (A, u; p) = (A, 15 p), 1an). The group

P;L]+l,n(R) acts on Dn,l = Hn X (Cl,n by
(7) P;L]+l,n(R) X Dy — Dpy

g(r,2) = (M(7), 2] (M, 7)™" + AM (1) + ),

where g = (A, p; p), M) and (7, 2) € D,,;. It is sometimes convenient to regard
Spn(R) as a subgroup of P/, (R).
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Definition 1.1. Let k,/,ne€ Nand S € Af. The factor of automorphy
Jr,s of index S and weight k for PnJH’n(R) is the map

. [P 2(R) XDy — Dy,
(8) Jk,S { (gji',z)) = Jrs(g, (1, 2))

)

where

(9) Jr.s(g, (r.2)) = §(M, 7)*e{-Sp}
e{—=SA\ M () — 2\ SzJ (M, 1)~  + S[z]J (M, 7) " e}

for g = ((A\, 5 p), M) and M = (2%). Let F : D, ; — C, then the generalized
Petersson slash operator | is given by

(10) (F|J,lcg) (T> Z) = jS’,k(g7 (Ta Z))_lF(g(T, Z))

Let J}'s and J;'¢"™" denote the space of Jacobi forms and Jacobi cusp
forms, respectively, of weight k, index S and degree (n,l) for Pﬁ]+l,n(Z)- We
abbreviate P/ +in(Z) by F;i,l. For more details see Arakawa [Ar94, Sections
1.1 and 1.2]. Similarly as Fisenstein series on the Siegel upper half plane, one
defines Jacobi Eisenstein series. For each r with 0 <r <n, let

(11)  TJ . ={((0Xa, 3 p), M) | N2 € Z"", p € Z", p € ZM and M € P, }

and

Dn,l — Dr,l

()~ (T[0)]=(D)

Definition 1.2. Let k,l,n € Nwith k even, 0 <r <mand S € Al‘". To
¢ € J,:6"" we attach an analytic Jacobi Eisenstein series of Klingen type on
D,,; defined by:

(13)
ESH(r2)d)is) = 3 o(r(ma)e) dns(r () (—

yery A7,

n,l,r
here v = (h, M), s € C with Re(s) sufficiently large and (il ;i)* =174 € H,.
If r = 0, we put E>*((1,2);5) = Efjg((ﬂ z),1; 5).

Let ¢ € Ji's, then (Dog)(7) := ¢(7,0) € ME.

Remark 1.3.

a) The Eisenstein series is absolutely convergent for k +2 Re(s) > n+r+
I+ 1. Ifk>n+r+1+1, then ESF(¢,(r,2);0) € Tis-

b) Let us put

(14) X359, (7,2)) = s, (7,2)) M (M, )72,
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then we have the cocycle relation

(15) X (gh, (7,2)) = x5 (9, h(7,2)) X (b, (7, 2))

for g,h € P7{+l,n(R) and

EJE(r2),8) =6(1)° Y X (s (1,2)).

'YEFE]n,z),o\F;{,z

2. The Main fomula

The Jacobi Eisenstein series introduced in the last section, can be used to
study analytic and arithmetic properties of the standard L-function attached
to Siegel modular forms. In this section we present a formula, which can be
used as a starting point in this direction.

Let S € Al+. Then we attach to S the theta series

(16) 0%r)= Y e{SIN7},  (r€H,).
)\eZl,n

It is obvious, that one can choose

(17) Rin = {((X\0;0),M) |\ €Z" and M € P, o\I'}

for a representative system of I‘T{yl,o\l“;{ . Thus a simple pullback formula of
the Jacobi Eisenstein series via the natural embedding

Hn — Hn X (Cl’na T = (Ta O)

is given by

(18) E;%k ((7,0),8) = d(7)* Z XZ7S(M7 7) ©%(M(71)),
MGPn‘U\Fn

where

XS (M, 7) = (M, 7)™ | j(M,7)[7%.

Because the generalized automorphic factor X/’j’s?" splits into
(19) X (M, 7) e{SIAIM (1)}
For further simplifications we put: T',,(s) = [[/_; (s — (v — 1)/2) and

DoES*(s) := E3*((7,0), s).
).

Theorem 2.1 (Main formula Let k,l,n € N and k even. Let S € Al+
and F € Sk. Let s € C with 2 Re(s) +k >n+1+ 1. Then

n+1

1
(DoE*(s); Fir, = (dm) e 5qnin-b/tp, ( +h- 13 )

2
1
XDg’l (F#7k+s—n—2’_ >

(20)
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Here

DG, s):== > a%(S[\) (det(S[A])~*
AezZbn | Gl (Z)

for G € SE.
Proof. After all our previous observations, this can be done in a straight-

forward manner. Let P, = {Y € R™"|iY € H,} and R, a fundamental
domain of the action of Gl,,(Z) on P,, viaY — Y[U"].

(21)  (DoER"(s); F)r

n

| [ eswFmama
F'IL,O\H'IL

(22)

/ / Q%X +iY) F(X +iY)§(Y)Fs 14X dYy
Xe(R/zZ)r™ J Ry,

(23) > alS) det(y)Fts—n—1 e=4mt(SINY) gy

AEZL™ /G, (Z) y>0

Obviously, we have only to care for S[A\] > 0. But if this is the case, then fy can
be calculated by applying Lemma 2 given in [K190] (Chapter 6), which proves
the theorem. O

Thus (DoES*(s); F>r =0, if { < n. Let now F' be a Hecke eigenform. It
had been shown by Andrianov [An79], Bocherer [Boe86] and Shimura [Sh94],
that D¢ (F, s) is essentially an Euler product obtained from the eigenvalues,
i.e. the standard L-function of F'.

Moreover, Andrianov and Shimura used a similar expression as given in the
box, given in (21), to study analytic properties of the L-function. Actually, this
approach had been introduced by Shimura [Sh75a] to give a precise description
of the poles of the Rankin L-function related to D} "'(F, s). Hence the Shimura
method can be interpreted as the Petersson scalar product of a cusp form
with an analytic Jacobi Eisenstein serieson restricted on the Siegel variable.
This view point avoids somehow the theory of modular forms of half-integral
weight. But nevertheless, in the next section we will go somehow in the opposite
direction to study analytic properties of the Jacobi Eisenstein series.

3. Jacobi Eisenstein series and theta series

Shimura established an isomorphism between Ji's and a certain space
of vector-valued Siegel modular forms [Zi89, Theorem 3.3]. Main ingredients
of the isomorphism are theta series with characteristic (a,b) on D, ; of the
following type:

(24) O5,4.6(T,2) 1= Z e{S\+a]T +2(A+a)'S(z+b)}

AEZL™
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with (a,b) € Q" x Q'". For n = [ = 1 see [E-Z85] and for simplification of
the notation let ©5 = ©g,,0-

In a non-holomorphic setting (e.g. Jacobi Eisenstein series E;?f( *,5)) the sit-
uation becomes much more complicated. A first approach to connect non-
holomorphic Jacobi Eisenstein series with Siegel Eisenstein series has been es-
tablished by Arakawa [Ar90] (Proposition 3.1) and [Ar92] (Theorem 6.2), at
least in the case n = 1. He related the Jacobi Eisenstein series to Eisenstein
series with theta multiplier system on IH;. By making use of a general the-
ory for Eisenstein series of SLy(Z) due to Selberg and Roelcke, he was able
to establish the meromorphic continuation and the functional equation of the
Jacobi Eisenstein series. Here we would like to state a slightly different ap-
proach, which reduces the problem of meromorphic continuation to that of
certain Siegel Eisenstein series (of half-integral weight).

Remark 3.1.  Let g = ((A,0;0), M) €T} ;. Then we have

J,s(g, (1,2)) = 5(M, T)k e{S[z]J(M, )" c}

(25) X e{—SIAIM(r) — 2A ST (M, 7)1},

This gives us the following description of analytic Jacobi Eisenstein series.

Epk((r,2),8) | = 6(7)° > Xy (M, ) e{S[z]J (M, )" ¢}
M=(25)eln 0\l

x Y e{SINM(r) + 2M\'SzT (M, )"}
AeZL™

=|6(r)" Y Xpt(M.7) ef=S[)J(M, )" ¢} O (M(r,2)).
M=(2 )€ n 0\

(26)

To employ the transformation law of the theta series ©®g we decompose
'y 0\I'y into
(Pro\T5(q)) x (TG (q) \Tn).

Here g denotes the level of the quadratic form 2S5, and

. A B
(n)

By xg (M) we denote the multiplier, an eighth root of unity, attached to
S € A and I'j () ([A-M75]). For example in the case [ =n =1 and S =1 we
have

(27) YD) = (2) e;! <M = <i Z) € r0(4)> :

here ¢ = 1 if d = 1(4) and i if d = 3(4) and (§) is a generalized quadratic
residue symbol (Jacobi symbol, for more details [Sh73]). Let 7 € C*. For the

c=0)}.
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square root 71/2 we always choose the branch with —7/2 < arg(7!/?) < 7/2
and put 77/2 = (7'/2)" for all r € Z.

(28) ((g) et (er + d)1/2)2 - (;) §(M, 7).

More general (e.g. [Boe83, Proposition 9]) we have

Lemma 3.2. Let S € Al‘" and let q be the level of S. Then for M €
'y (q) we have

(29) Os(M(r,2)) = e{S[2] J(M, )" c} hs(M,71)Os(r, 2),
with hs(M,7) = j(M,7)"/> % (M) and (7, 2) € Dy,

Definition 3.3. Let k,I,n € N and k even and let S € Al+ with level q.
Let s € C with 2Re(s) + k > n+1+ 1. An (Siegel-)Eisenstein series of general
type is defined by

BEFUa(r ) =5(r) Y X hs(7)
’YEPH,O\Fg(q)

=) > om0,
’YEPH,O\Fg(q)

(30)

Let us recall some well known results on multiplier systems coming from
theta series ([An87], Chapter 1). Let S € A;" with level q.
e Let [ = 2g with g € N. Then Xgn) (M) = ¢gdet(D)), where 9g is a
certain real Dirichlet character modulo g.
o Let | =29+ 1 with g € N. Then x§" (M) = x\™ (M) ¢s(det(D)),
where 9% is again a certain real Dirichlet character modulo g. Further let

-4

(n) 2 _ (n) _
(NP =sen(erD) (o) ad G0 =1,

here sgn(z) = x/|z| and (-) denotes the Jacobi symbol.

Remark 3.4.  Let ! = 2¢ then the function defined in (30) is an ordinary
Eisenstein series (of integer weight) with real Dirichlet character t¢g. If | =
2g + 1, then it is an Eisenstein series of half-integral weight with Dirichlet
character 5. Both Eisenstein series possess a meromorphic continuation on
the whole complex plane (Langlands [La76], see also Shimura [Sh94], the remark
given in the last paragraph on p. 562).

Thus the E5*~" 2"1(7, s) is absolute convergent and behaves like an auto-
morphic form with respect to I'f}(q). Further it admits a meromorphic contin-
uation on the whole complex plane.
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Definition 3.5. Let F' be a complex-valued function on D, ;, which
transforms like a Jacobi form (of weight k& and index S) with respect to a
congruence subgroup I'V of T',,. Then the n'P-trace of F is defined by

(31) ('I‘I‘%F)(T’Z) = Z (F‘J,kM)(Tﬂ Z)
MeT\TI',,

This function transforms like a Jacobi form with respect to I';,. Of course,
we can also apply this construction to functions which are restricted to the
symplectic variable 7 (i.e. z =0).

Theorem 3.6. Let k,l,n € N and S € Al+. Let k be even and q be the
level of S and s € C with Re(s)+k > n+1+1. Then we have for (7,z) € Dy -

(32) E* ((r,2),8) = Trps ) (BF1/24(r,5) Os(7, 2)).

Theorem 3.6 gives us a tool to study analytic properties of the Jacobi
Eisenstein series, by reducing everything to the theory of (Siegel-)Eisenstein
series of integral or half-integral weight and properties of the trace map Tr.

Let IV be a congruence subgroup of I';, and let us assume that F' behaves
like automorphic forms with respect to IV and G with respect to I'. Then we
have, if the scalar products exist,

(33) (TrLr F, G)r, = (F,G)r.

This principle works of course in much more general situations. A first appli-
cation is the following. If we make the same assumptions as in Theorem 2.1,
then we have

(34) I(F,s) == (DoE; " (s); F)r, = (B "(x,5)(Do(©5)) ; F))ry(e)-

Thus the meromorphic continuation (and functional equation) of DyE5"*(s)
and EJ%:4(7 s) transfer directly to I(F,s). Moreover one gets a sharp picture
about the possible poles of I(F,s). It is of course also interesting to compare
directly the properties of the corresponding Eisenstein series of Jacobi and
Siegel type.

4. Applications

4.1. Analytic properties of Jacobi Eisenstein series

Let U C C be an open subset and F(7, 2, s) a function F': D,,; x U — C
holomorphic in s. Further, let IV a congruence subgroup of I' and F|;,y = F
for S € A and v € I'". Then Trk, F remains holomorphic. Hence we have the
following

Theorem 4.1.  Letl,n € N and k € 2Z and S € A]". Then E3*((1,z),

s) has a meromorphic continuation to the whole complex plane with possi-
ble poles coming from FEisenstein series E;?’kil/zq((ﬂ 2),8) of integral or half-

integral weight (the latter can be studied by [Sh75al, [Sh94] (Theorem 7.3)).
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Let us be more precise, at least in the simplest (non-trivial) case n =
Il =1. Let K € N be odd, N € 4N and w be a Dirichlet character modulo
N which satisfies w(—1) = 1. Further, let L(s,w) = S w(n)n=%, j(v, 2)
O1(7(2)) / ©%(2) for v € T§(4) and

(35)  E(zs Kw)=0(2)"> > w(d)i(y,2) (27
YEP o\T§(NV)

We put Mg = 0 or 1 according A = (1 — K)/2 is even or odd. Then it is well
known [Sh75a] (Proposition 3), that

K _
(36) F(z,s,K,w):F(s_; )F(S >\2+>\0>L(23—2)\,w2)E(z,s,K,w),

multiplied with (s — A — 1) can be continued to a holomorphic function in the
whole complex-plane. The factor (s — A — 1) is unnecessary either if (|K|+1)/2
is even or if w? is non-trivial. Hence we get:

Corollary 4.2.  Let k € 2N and xo(N) be the principal Dirichlet char-
acter modulo N, then

(8T)  Tls+k—1/2)T(s +k/2) L(ds + 2k — 2,x0(4)) ELH((7,2),5)
can be continued to a holomorphic function in the whole complex-plane. In

particular Ey"((7, 2), (3 — 2k)/4) = 0.

Next we would like to compare theses results with [Ar90]. For simplicity
let K = k/2 —1/4 and E4(s) = E}’k((T, z),s — k). From the work of Arakawa
one can deduce the following

Proposition 4.3.  The FEisenstein series EA(s) admits a meromorphic
continuation on the whole complex plane with functional equation

(38) EA(1—s) = ®(1 — s)EA(s),
here

I'(2s—1) C(4s-12)
T(s+x)[(s—kr)C(4s—1)

(39) (I)(S) _ 23/2—256—7rik/2
Poles of the Fisenstein series can only occur in the strip 1/4 < Re(s) < 1/2,
when ((2 — 4s) has (non-trivial) zeroes.

The result about possible poles is equivalent to the statement that the

function . )
EA(s)=T (25 + 5) C(4s — 1) (s — 5) EA(s)
is holomorphic. Which is again the same as to say that
(40) [(2s + k) C(4s + 2k — 2) (2s + k — 3/2) E1F((7,2), 5)

is holomorphic.
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Remark 4.4. Corollary 4.2 and Proposition 4.3 give the same candi-
dates for possible poles of the analytic Jacobi Eisenstein series. But of course,
Arakawa’s approach has the advantage of giving a functional equation. Sup-
plementary the corollary determines a value of s where the Eisenstein series
vanishes, which is not obvious from the Proposition 4.3. Hence (40) can be
improved to the statement that

(41) [(2s + k) C(4s + 2k — 2) EV*((7,2), 5)
is holomorphic.

4.2. Properties of the standard L-function

As already stated, Theorem 2.1 can be used to study properties of the stan-
dard L-function D%(s) attached to a Hecke eigenform F € S%. For simplicity
and because Arakawa’s result is at the moment only available for Eisenstein
series on IH; x C! we demonstrate this in the case of elliptic cusp forms.

Let us recall, that D}"' (F,s)/2 = > sen @ (M%) A7%%, which is equal to

C(4s — 2k +2) "' D5 (2s),

here Dp(s) is the Euler product of degree 3 attached to a normalized Hecke
eigenform F € SF. The Main formula, given in Theorem 2.1, specialized to
this case leads to

(DoB"(s), F)r = (4m) """V (s + k — 1) Dy (F b +5 — 1)
= (4m) "+ DD (s 4k — 1)¢(4s + 2k — 2) 71
x Dp(2s + 2k — 2).

This integral representation of D} (s) and the holomorphy of the expression
given in (41) leads to the holomorphy of

(42) [(s—k+2) T(s/2 — k) Dk(s).

Thus DL (s) is a holomorphic function. Proposition 4.3 allows the standard zeta
function to have only one possible pole (at s = k—1/2), but from Corollary 4.2,
we know that ‘there’ the Eisenstein series has a zero, which gives the desired
result. Hence the holomorphy of the L-function can be deduced directly from
the analytic behavior of an (Jacobi) Eisenstein series, which can be seen as a
slight refinement of the Shimura method (e.g. [Sh75a]).

Remark 4.5. These observations suggest that generalizing Proposition
4.3 to Jacobi Eisenstein series of degree n should lead to a better understanding
of the analytic behavior of the standard zeta function attached to a Siegel Hecke
eigenform of arbitrary degree ([Mi9l]).
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