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Weighted integral inequalities for differential
forms

By

Juan L1 and Hongya GAO*

Abstract
In this paper, we obtain some weighted integral inequalities for
differential forms, which can be considered as generalizations of the
Poincaré inequality, the Caccioppoli-type estimate, and the weak re-
verse Holder inequality, respectively. These results can be used to study
the integrability of differential forms and to estimate the integrals of
differential forms. We also give some applications of the above results.

1. Introduction

Throughout this paper, we always assume that () is a connected open
subset of R® and write R = R!. Balls are denoted by B and o B is the ball with
the same center as B and with diam (6 B) = odiam(B). We do not distinguish
balls from cubes throughout this paper. The n-dimensional Lebesgue measure
of a set £ C R™ is denoted by |E|. We call w (z) a weight if w € L}, (R™) and
w > 0 a.e.. For 0 < p < oo, we denote the weighted LP-norm of a measurable

function f over E by

1/p
T ( / If(:v)l”w“dx) ,

where « is a real number.

A differential I-form w on Q is a Schwartz distribution on 2 with values in
AL (R®). We denote the space of differential I-forms by D (Q, /\l). We write
LP(Q, Al for the I-forms w(z) = Y, wi(z)dzr = Y wiyipei, (T)dzsy Adziy Ao N
dz;, with w; € LP(2, R) for all ordered I-tuples I. Thus LP(Q, A!) is a Banach
space with norm

ot = ([ roera) " = ([ (Shartor)a) "
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Similarly, VVp1 (92, Al) are those differential I-forms on 2 whose coefficients are in
W, (€, R). The notations W, .(Q,R) and W

p,loc p,loc
We denote the exterior derivative by

(9, Al) are self-explanatory.

d:D (A — D' (A

for 1 = 0,1,...,n. Its formal adjoint operator d* : D' (Q, AI*1) — D'(Q, Al) is
given by d* = (=1)"*1 % dx on D (Q, A1), 1=0,1,...,n

Differential forms w is called an A-harmonic tensor if w satisfies the A-
harmonic equation

(1.1) d*A(z,dw) =0,

where 4 : Q x AL (R®) — Al (R®) satisfies the following conditions:

(1.2) |A(2,8) | < algP~
and
(1.3) (A(z,€),&) = €

for almost every = € Q and all £ € A (R®). Here a > 0 is a constant and
1 < p < oo is a fixed exponent associated with (1.1). A solution to (1.1) is an
element of the Sobolev space W;},loc (22, A'=1) such that

/ (Az, dw), dip) = 0
Q

for all p € Wz} (Q, /\l’l) with compact support.

Iwaniec and Lutoborski prove the following result in [7]: Let Q@ C R™ be
a cube or a ball. To each y € @ there corresponds a linear operator K, :
Cc> (Q,/\l) — O (Q,/\l_l) defined by

1
(Kyw) (x;61,...,&) :/0 =1y (tr+y—ty;z—y,&1,...,&-1)dt

and the decomposition

w=d(Kyw)+ Ky(dw).
We define another linear operator Ty : C*° (Q, /\l) — O (Q, /\l_l) by aver-
aging K, over all points y in Q

%MZ/w@Kw@,

Q

where ¢ € C3°(Q) is normalized by fQ o(y) = 1. We define the I-form wg €
D' (Q,A!) by

wo = |c2-1/Qw<y>,z=o,
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and
wo=d(Tow),l=1,2,...,n

for all w € LP (Q,/\l)7 1<p<oo.

2. A.(\Q)-weighted Poincaré inequality

The following two A, (A, Q)-weights (or the two-weight) are introduced in
[17]. And if we choose w1 = wg in Definition 2.1, we obtain the usual A,.(\)-
weights introduced in [11]. See [11] for more properties of A,.(\)-weights.

Definition 2.1.  We say the weight (w (), wa(x)) satisfies the A, (\, )
condition for » > 1 and 0 < A < oo, write (wy(z),w2(x)) € A.(A\Q), if
wy(z) > 0,wa(x) > 0 a.e., and

Jr=1) D
1 \ 1 / ( 1 )1
sup | — | widx — - dx < Crxwyw
Bp(|B|/B ! )<|B| 5 \w2 A

for any ball B CC Q.
By a direct computation, we get that
(wi (), wa (@) = (||, []”)

is two A, (), Q)-weights if and if only —n < 6 < n(r — 1). We will need the
following generalized Holder inequality.

Lemma 2.2. Let0<a<oo,0<f<ocands t=a t+p7L Iff
and g are measurable functions on R™, then

1f9lls.2 < lfllag-llgllse
for any Q C R™.
The following weak reverse Holder inequality appears in [9].

Lemma 2.3. Let u be a differential form satisfying the A-harmonic
equation (1.1) in Q, 0 > 1 and 0 < s,t < co. Then there exists a constant C,
depending only on s,t,a,p,n and o, such that

lulls,z < CIBI* = |[u]l.op
for all balls or cubes B with oB C €.

Different versions of the Poincaré inequality have been established in the
study of the Sobolev spaces of differential forms, (see [3], [7], [9]). The following
version of the Poincaré inequality appears in [9].



718 Juan Li and Hongya Gao

Lemma 2.4. Letu e D' (B,A!) and du € LP(B,A*Y). Then u—up is
in Wy (B,A') with 1 < p < oo and

lu—upllp,p < Cn,p)|BIY"|dull,,5
for B a cube or a ball in R*, 1 =0,1,...,n.

We now generalize Lemma 2.4 into the following two A, (A, Q)-weights
Poincaré inequality for differential forms.

Theorem 2.5. Letu e D' (Q, /\l) be a differential form satisfying the
A-harmonic equation (1.1) in a domain Q@ C R™ and du € L* (Q, /\H‘l) =
0,1,...,n. Suppose that (wi(z),ws(x)) € A (X, Q) for some r > 1 and 0 <
A<oo. If0<a<1,0>1,and s> a(r—1)+1, Then there exists a constant
C, depending on a,p,n,s,r, 0, a, A\, wi,ws, such that

1/s
(2.6) (/ o — uBswg*dx> < ¢|B[V/" (/ |du|sw§‘dx>
B oB

for all balls B with cB C Q). Here up is a closed form.

1/s

Note that (2.6) can be written as
(2.6) lu = uplls pwer < CIBIY™|dulls,o s -

Proof. Lett=s/(1— ), then 1< s <t Since 1/s=1/t+ (t—s) /st,
by Lemma 2.2, we have

1/s s
(/ u—uB|Swf>‘d:c) = (/ <|u—u3|wf‘)‘/s) da:)
B B

A (t—s) (t—s)/st
(2.7) <|lu—ugl.s </ w0 dm)
B

afs
= |lu—uglls (/ wfdw) )
B

Taking m = s/(a(r — 1) + 1), we find that m > 1 and m < s < t. Since up is
a closed form, by Lemma 2.3 and Lemma 2.4, we find that

1/s

||U/ - uBHt,B S Cl (S7a7p7 n,o, a7T)|B|(m_t)/mt||u - uBHm,O'B

(2.8)
< Cy(s,a,p,n, 0, 0,7)| B ™ BV dul| o

for all balls B with cB C . Now 1/m = 1/s+ (s —m)/sm. By Lemma 2.2
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again, we obtain

1/m
(/ |du|md:13)
oB
_ (/B (|duwg/sw;a/5)mdx>
1/s (s—m)/sm
< </ |du|sw§‘da:> (/ (1/w2)°‘m/(s_m) d:c)
oB oB
1/s . . a(r—1)/s
= / |du|sw2adx> (/ (1/wq) " ("~ )dx> .
oB oB

Combining (2.7), (2.8), and (2.9), we have

1/s
(/ |u — uBsw‘f‘Ada:>
B

m—t)/m n al/s a/s
(2.10) < G| B0/ BV un |83 11 /w2 13761y o

1/s
X (/ |dusw§dx) .
oB

Since (wy(x),ws(x)) € Ar(A,Q), then

</B “’?dx> ofs (/UB(l/U)?)l/(T_l)dx) (1))
() ([ 0 e0) )
_ <03|r (it [ i) (g [ e d>>/

< Cs(r, /\,wl,wg)|0'B\"”/S

S 04(T7 A,’U}l,’U)Q,O', «, 8)|B|ar/s'

1/m

afs

(2.11)

Substituting (2.11) in (2.10) and noting (m — t)/mt = —ar/s, we obtain

1/s 1/s
</ |u — uBsw?’\dx) < Cs|B|Y™ (/ |du|sw§‘dx> .
B oB

Where Cs depends on a,p,n, s,r, o, a, A, w, ws. We have completed the proof
of Theorem 2.5. O

3. A, (©)-weighted Caccioppoli-type inequality

The following two A, »(€2)-weights (or the two-weight), which can be con-
sidered as an extension of the usual A,-weights [5], appear in [13]. Also, see
[14], [15] for more applications of two A, x(€2)-weights.
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Definition 3.1. We say a pair of weights (w(z),wo(x)) satisfy the
A, 2 (Q)-condition , write (w1 (z), wse(z)) € A, A(Q2) , for some 0 < A < co and
1 <7 <oowith 1/r+1/r =1 in a domain Q € R™ if wy(z) > 0, wy(z) > 0
a.e. and

, /27
1 \ 1/Ar 1 1 Ar /v
sup | — [ widz — — dz < Chrown,w
Bp<B/B : ) |B|/B<w2>

for any ball B CC Q.

As two special examples of A, \(€Q)-weights we know that the weights
(w1 (z), wa(z)) = (J2|°, |]°) are in A, x(Q) if and if only —n/A < § < n(r—1)/A
and the weights (wy (), w2(x)) = (|z|°, |2|%2) are in A, \(Q) if Q is a bounded
domain and é; > —n/A,d2 < min(dy,n(r — 1)/A). These are easily verified by
a direct computation.

we will need the following local Caccioppoli-type estimate for differential
forms appearing in [9].

Lemma 3.2.  Let u € D (Q,AY) be a differential form satisfying the A-
harmonic equation (1.1) in a domain Q € R®, 1 =0,1,...,n, and o > 1. Let
1 < s < o0 is a fized exponent associated with the A-harmonic equation (1.1).
Then there exists a constant C, depending only on a, s,n, such that

| dulls,5 < Cdiam(B)™|u —c|ls.on
for all balls or cubes B with oB C 2 and all closed forms c.

We now prove the following two A, »(€2)-weights Caccioppoli-type inequal-
ity for differential forms.

Theorem 3.3. Let u € D' (Q,A!) be a differential form satisfying the
A-harmonic equation (1.1) in a domain Q € R™, 1 =0,1,...,n,. Assume that
p > 1 and (w1(z),wa(x)) € A A(Q) for some 1 <7 < 00 and 0 < A < 00
with 1/r + l/r/ =1. If1 < s < o is a fired exponent associated with the
A-harmonic equation (1.1). Then there exists a constant C, depending on
a, S, n, T, \, Wy, wa, 3, p, but independent of u, such that

1/s 1/s
(3.4) (/ |du|swfdx> < Cdiam(B)™! </ lu — c|swgdx)
B pB

for all balls B with pB C Q and all closed forms ¢ and any real number 8 with
0< B <A

Proof. Choose t = As/(A—p3), then 1 < s < t. Since 1/s = 1/t+(t—s)/st,
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by the Holder inequality and Lemma 3.2, we have
(3.5)

1/s s 1/s
(/ |dusw16dx) = (/ (\du|wlﬁ/s) dx)
B B
(t—s)/st
< ldulls (/ wft/“‘s)dx>
B

B/Xs
< Cl(a,s,n)diam(B)71||u —c|lt.oB (/ wfdx)
B
for all balls B with ¢B C Q and all closed form ¢. Since ¢ is a closed form.

Then, taking m = As/(A+ B(r — 1)), we find that m < s < ¢t. Applying Lemma
2.3 yields

”u - C”t,UB < CQ(av n,s, >‘a T, ﬁa p)|B|(m—t)/mt||u - CHm,ozB

(3.6)
= 02(a7 n,s, )‘a T, ﬁa p)|B|(m—t)/mt||u - ch;PB7

where p = o2. Substituting (3.6) in (3.5), we have

1/s
</ |du|sw’fdx> < Csdiam(B) ™Y B|™=/™ |y — ¢[|,, .5
B

B/Xs
X (/ wfdx) .
B

Where the constant Cs depends on a,n,s, A\, 7, 3,p . Now 1/m = 1/s+ (s —
m)/sm, by the Holder inequality again, we obtain

1/m
o= el = ([ fu=mc)
pB

(/ (\u wd*wy )mdx)

pB

(38) Bm/(s—m) (s—m)/sm

< < / Ju— ¢ wy dz

pB B

)\/(r 1) B(r—1)/As

= (/ lu — c|*w dx

pB B

for all balls B with pB C Q and all closed forms ¢. Combining (3.7) and (3.8),
we obtain

(3.9)

1/s 1/s
(/ |duswfd:c) < Cydiam(B)~1|B|m=1/mt (/ — of*wf )
B
B/Xs L \M=D P/
A
X (/ w] da:) ( (—) ) .
B w

(3.7)
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Since (w1 (z),wa(x)) € A A(2), then

(3.10)

</B d”“’>%< (%)W 8 )ﬁmms
(L) (L))
o (oo ><p3|/ <;>A/(T1)dx>

< Cy(r, A, wlawz)‘pBwr/)‘s
< Cs(r, A\, wy,wy, s, 3, p)| BIPT/s.

B/

IN

r—1 B/ As

Substituting (3.10) in (3.9) and noting (m — t)/mt = —fr/\s, we obtain

1/s 1/s
(/ |du|swfd:c> < Csdiam(B)™* (/ |lu — c|5w§da:> .
B pB

Where Cg depends on s, a,n,r, A\, wy, ws, p, 3. We have completed the proof of
Theorem 3.3. O

4. A, (Q)-weighted weak reverse Holder inequality

Using similar methods, we can prove the following two-weight weak reverse
Hoélder inequality.

Theorem 4.1.  Let u € D (Q,A!) be a differential form satisfying the
A-harmonic equation (1.1) in a domain Q@ € R®, 1 =0,1,...,n,. Suppose that
0<s,t<o0,0>1and (wy (x),wax)) € ArA(2) for some 1 < r < 0o and
0 <A< oo with1/r+ 1/7"' = 1. Then there exists a constant C, depending on
a,p,mn, s, t,r,\, 3,0, w1, ws, but independent of u, such that

1/s 1/t
(42) (/B ul%?daz) SC|B|(t_s)/St(/B|U|tw§t/sdx>

for all balls B with 0B C Q and any real number § with 0 < § < A.

Note that (4.2) can be written as the symmetric version

1 s\ ot/ e
) s < t t/s )
w3 (i i)z (i [ i)

Proof. Choose k = As/ (A — ), then s < k. Since 1/s = 1/k+(k — s) /ks,



Weighted integral inequalities for differential forms 723

applying the Holder inequality yields

1/s s 1/s
(/ |uswfdx> = (/ (\u|wf/s) da:)
B B

/O (k—s)/sk
(44) < lu LB ’LUB /( _s)dCC
, 1
B

B/
— ullis ( / wwx)
B

for all balls B with 0B C Q. Next, choose m = Ast/ (As + St(r — 1)), then
m < t. Using Lemma 2.3, we have

(4.5) lulle,s < Ca| BI85y o5

Where C; depending on a,p,n, s, t,r, X, 3,0. Since 1/m = 1/t + (t — m)/tm,
by the Holder inequality again, we obtain

1/m . 1/m
ullm,on = (/ |u|mdx) = (/ (|u|w§/sw;ﬁ/5) da:)
oB oB
. 1/t 1\ Amt/(t=m)s (t—m)/mt
(4.6) < (/ Jultus) /de> / (_) i
oB oB \W2
1/t A (r=1) B(r—1)/As
s 1
(L) (L,
oB oB \ W2

From (4.4), (4.5),and (4.6), we find that

1/s B/ s
(/ |usw’fdx) < C’1|B|(m_k)/mk (/ wi‘dx)
B B
1 B(r—1)/As ) 1/t
X / (—)M Vg / |u\tw§ /S da .
oB W2 oB

Since (w1 (z), wa(x)) € Ay (), then

B/Xs 1 \ME=D B(r—1)/xs
(o) ([, 2"
B oB \ W2
L AMe-D D oI

(L) ([, ()" =)
oB oB \W2

M=) \"
loB|" i/ widx i/ S dx

loB| Jop loB| Jo5 \w2

< CQ(?”, A, wi, w2)|UB|Br/>\s
< Cs(r, A, wi, wa, 5,0, B)|B|PT/*.

(4.7)

IN

4.8
(4.8) L\ Bie
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Finally substituting (4.8) into (4.7) and using (m — k)/km = 1/k — 1/m =
1/s — 1/t — Br/)\s, we obtain

1/s 1/t
(/ u|swfd:c) < Cy|B|t==)/st (/ u|tw§t/sd:c) .
B ocB

Where Cy depends on a,n,p,r,s,t, A, 3,0, wy,ws. The proof of Theorem 4.1 is
completed. O

5. Applications of the above results

As applications of our main theorems obtained in this paper, we give three
examples as follow.

Example 5.1. Let u € D' (Q,A!), 1 =0,1,...,n, be a differential form
satisfying the equation

(5.2) d*(|du|P~2du) = 0.
Then u satisfies (2.6), (3.4), and (4.2), respectively.
Proof. Let A:Q x A{(RP) — AY(R™) be an operator defined by
Az, €) = [€]P72¢.
Then (1.1) reduces to (5.2) and A satisfies the conditions:
Az, ) < P71 and (A(,€),€) > |7

for almost every = €  and all ¢ € A/(R®). By Theorem 2.5, Theorem 3.3, and
Theorem 4.1, we find that u satisfies (2.6), (3.4), and(4.2), respectively. O

In particular, we consider the equation (5.2) in R3. Clearly, u = (asx3 —
azxa)dry + (azz1 — a123)drs + (129 — agwy )drs is a 1-form in R3. Here a; is a
constant for ¢ = 1,2, 3. By simple calculation, we know u satisfies the equation
(5.2) when 1 < p < 00, and n = 3. Then u satisfies the inequalities (2.6),(3.4),
and (4.2), respectively.

Example 5.3 ([16]). Suppose that f : Q@ — R"—{0} is a K-quasiregular
mapping, i.e., f € VVﬁ):(Q,R") and

(5.4) |IDf(x)|" < KJf(x),for almost every z € Q
We define the matrix-valued function

G1(2) = %, if Df(x) exists and J¢(x) # 0
1, otherwise

By (5.4) we see that G~1(x) is defined everywhere in Q as a symmetric positive

definite n x n matrix such that det G~!(z) = 1 and

€ < (G ()€, &) < K2/m¢)?
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Hence the inverse matrix, denoted by G(x), satisfies

(5.5) K~2MgP? < (G(a)€.€) < J¢)”

It is known that for any K-quasiregular mapping f : Q@ — R™—{0} the function
u = —log |f] is the weak solution of the equation

(5.6) divA(z, yu(z)) =0

n—2

where A(z,§) = §(G(2)¢,£) 7 G(x)¢ and G(x) satisfies (5.5). Then it can be
easily derived by using (5.5) that A satisfies the following conditions

A, )] < F1¢", and (A(2,€),€) = SK ¢l

Since equation (5.6) is a special case of (1.1), then by Theorems 2.5, 3.3, 4.1,
we find that u = —log | f| satisfies (2.6), (3.4), and (4.2), respectively.

Example 5.7. It is known that if f = (fl, 2., f") be K-quasiregular
in R™, then
w= fldft NdfEA - AdfTE
1=1,2,...,n,is a differential form satisfying A-harmonic equation (1.1), where
A is some operator satisfying (1.2) and (1.3) (see [6]). Then by Theorem

2.5, we obtain the following local weighted integral inequality for quasiregular
mappings.

(/ |Fdft Adf2 A - AdfiY
B

1/s
— (fldf* ndf? A AT P wi e )

1/s
< C|B|M/" (/ dfY AdfP A A dfl|3w§‘dx) ,
oB
where 0 < a < 1 is any real number.

By Theorem 3.3 and Theorem 4.1, we obtain the following two local
weighted integral inequalities for quasiregular mappings, respectively.

1/s
(/ ldfY Adf2 A A dfl|8wfdx>
B

1/s
< Cdiam(B)™* (/ |FLdfY AdfP A - N dft — cswgdx> :
pB

where c¢ is any closed form and [ is any real number with 0 < 5 < A.

1/s
(/ \FLldf  Adf2 AN d l—lswfdx>
B

1/t
< C‘B‘(tfs)/st </ ‘fldfl A df2 A A dflltwgt/sdx) ,
ocB

where 3 is any real number with 0 < § < A.
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