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Asymptotic stability of small solitary waves to
1D nonlinear Schrodinger equations with
potential

By

Tetsu MIZUMACHI

Abstract
We consider asymptotic stability of a small solitary wave to super-
critical 1-dimensional nonlinear Schrédinger equations

it + Upe = Vux [ulP"'u for (z,t) € R x R,

in the energy class. This problem was studied by Gustafson-Nakanishi-
Tsai [18] in the 3-dimensional case using the endpoint Strichartz esti-
mate.

To prove asymptotic stability of solitary waves, we need to show
that a dispersive part v(t,z) of a solution belongs to L7(0,00; X) for
some space X. In the 1-dimensional case, this property does not follow
from the Strichartz estimate alone.

In this paper, we prove that a local smoothing estimate of Kato type
holds globally in time and combine the estimate with the Strichartz esti-
mate to show ||(1 4+ 22)™/*0|| w12 < 00, which implies the asymptotic
stability of a solitary wave. v

1. Introduction

In this paper, we consider asymptotic stability of solitary wave solutions
to

(1) {z’ut—l—um:Vu—&—f(u) for (x,t) e R x R,

u(z,0) =wup(x) forzeR,

where V(z) is a real potential, f(u) = a|ulP~lu with a = £1.
Let

2a
_ 2 2 pt1
1) = [ (1wl + V@l + 2 )
N(u)=/|u|2d;z:.
R
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Then a solution to (1.1) satisfies
(1.2) H(u(t)) = H(uo), N(u(t))=N(uo)

during the time interval of existence. Stability of solitary waves to NLS was first
studied by Cazenave and Lions [9], Grillakis-Shatah-Strauss [16] and Weinstein
[45] (see also Rose-Weinstein [34], Oh [30] and Shatah-Strauss [38]). In the
case of integrable equations such as cubic NLS and KdV, the inverse scattering
theory tells us that if the initial data decays rapidly as © — 400, a solution
decomposes into a sum of solitary waves and a radiation part as t — oo (see
[37]). Soffer and Weinstein [41], [42] considered NLS with potential

(1.3) iug + Au=Vu+ |uflu for z € R™ and ¢t > 0,

where n > 2 and 1 < p < (n+ 2)/(n — 2). They proved that if —A + V has
exactly one negative eigenvalue and initial data is well localized and close to
a nonlinear bound state, a solution tends to a sum of a nonlinear bound state
nearby and a radiation part which disperses to 0 as ¢ — co. This result was
extended by Yau and Tsai [46], [47], [48] and Soffer-Weinstein [43] to the case
where —A + V have two bound states. In the 1-dimensional case, Buslaev and
Perelman [6], [7] and Buslaev and Sulem [8] studied the asymptotic stability
of (1.1) with V' = 0. Using the Jost functions, they built a local energy decay
estimate of solutions to the linearized equation and prove asymptotic stability
of solitary waves for super critical nonlinearities (see also [17]). Their results
are extended to the higher dimensional case by Cuccagna [12] (see also Perel-
man [33] and Rodnianski-Schlag-Soffer [35] which study asymptotic stability of
multi-solitons).

However, all these results assume that initial data is well localized so that
a solution decays like 3/2. Martel and Merle [24], [25] proved the asymptotic
stability of solitary waves to generalized KdV equations using the monotonicity
of L?-mass, which is a variant of the local smoothing effect proved by Kato [19)].
They elegantly use the fact that a dispersive remainder part of a solution v(¢, x)
satisfies

(1.4) / lo(t, )% dt < oo
O loc

to prove the asymptotic stability of solitary waves in H' (see also El-Dika [14]
and Mizumachi [27] for BBM equation and Pego-Weinstein [32] and Mizumachi
[26] for KAV with localized initial data). Recently, Gustafson-Nakanishi-Tsai
[18] has proved asymptotic stability of a small solitary wave of (1.3) in the
energy class with n = 3. Their idea is to use the endpoint Strichartz estimate
instead of (1.4), which tells us that ||v]| Lzwhe remains small globally in time
for super critical nonlinearity. However, the Strichartz estimate is not sufficient
in the lower dimensional case to obtain some estimate like (1.4) because a
dispersive wave decays more slowly than the 3-dimensional case. To overcome
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this difficulty, we prove

2
(1.5) ([ (= > 2%t VIQ f | Loz < Clf |2,
(1.6) [0z et (=0:+V) QfHLocL2 < C|fllgrr2s

where @ is a spectral projection associated to the continuous spectrum of —92+
V. The local smoothing estimate of 1/2 gain derivative has been studied by
many authors (see e.g. Constantin and Saut [11], Kato and Yajima [20] and
Kenig-Ponce-Vega [21], [22]) to show the local well-posedness of semilinear
equations with derivative terms. Most of them are without potential ([11],
[39]) or local in time (see [36]).

Ben-Artzi and Klainerman [3] proved a time global local smoothing esti-
mate for the n-dimensional case with n > 3. See also Barcel6-Ruiz-Vega [2]
who use a Morawetz type inequality to obtain the result. Recently, Burq and
Planchon [5] has proved local smoothing estimates including an estimate sim-

ilar to (1.6) for Lu = —9,(a(x)d,u) (they use B21/020 instead of L°°). In the
present paper, we show (1.5) and (1.6) assuming the non-resonance condition
for L = —A + V. Another difference between [5] is that L may have negative
eigenvalues.

Our proof given in this paper for the 1-dimensional case is different from
[3], [5], [2]. We use the Born series (see Artbazar-Yajima [1] and Goldberg-
Schlag [15]) for the high frequency part and a theory of Jost functions for the
low frequency part.

Finally, we introduce scvcral notations For complex valued functions f(x)
and g(z), we denote (f,g) = [, f(x)g(z)dz. Let

q/p 1/q

Jull Loy = ( / ( u(t,x)pdx) dt) ,
R \JR

s/r 1/s

LaLy = (/ (/ |u(t,x)|rdt) dx) ,
R \J/R

and let H*(R) be the Hilbert space equipped with the norm

[l

1/2

ull g = Z/ (1+ 2% u(2) 2da

1=0,1

For any Banach spaces X, Y, we denote by B(X,Y) the space of bounded
linear operators from X to Y. We abbreviate B(X, X) as B(X).
We define the Fourier and transform of f(x) as

Fl(©) =€) = / f(@)e— " da,

and the inverse Fourier transform of g(§) as

Felo@) = of—x) = <= / )i de.



474 Tetsu Mizumachi

We define Sg(R?) as a set of functions written as f(t,z) = Ef\il filt)gi(z)
with f;, g; € S(R) (1 <1< N)

For an interval I C R, let x;(x) be a characteristic functions satisfying
x1(z) =1for z € I and x;(x) =0 for & ¢ I. We denote /1 + |z]2 by (x).

2. The Main result and Preliminaries

In the present paper, we assume that the linear potential V() is a con-
tinuous function on R and satisfies the following.
(V1) (1 +2%)V(x) € L*(R).
(V2) L = —92 + V has exactly one negative eigenvalue E,, and 0 is neither
a resonance nor an eigenvalue of L.
Let £ € R and e~ *Pt¢p(x) be a solitary wave solution of (1.1). Then ¢g(x) is
a solution to

(2.1) { ¢+ Edp = Vop + lésl’ "¢ forz €R,

2, $5(0) =0

Using the bifurcation theory, we have the following.

Proposition 2.1.  Assume (V1) and (V2). Then there exist a 6 > 0,
E = E(s) € C*((—46,6)) and h(s) satisfying the following:
1. ¢ = s¢« + h(s) is a positive solution of (2.1), where ¢, is an normal-
ized eigenfunction of H (satisfying ||¢«||rz = 1) belonging to E.,
2. for every k € N, the function h(s) € HY* N+ span{¢p.} are C* in
s € (—6,0),
3. E(s) = Ex + allg.|7i (IsP~" + o(1)) and [[A(s)l|lg1x = O(sP) as

s — 0.

Proposition 2.1 follows from a rather standard argument. See for example
[29] and [41, pp.123-124].
Now, we introduce our main result.

Theorem 2.1.  Assume (V1) and (V2). Let p > 5 and gy be a suf-
ficiently small positive number. Suppose ||ug|lgr < 9. Then there exist an
E, <0, a real-valued function 0(t) and vy € H*(R) such that

|Ey — E YD 4 oy | g = O(lluollan),
. i itd2
i ult) = 05, — Wehu. e, =0,
where W = lim,_, o, e~ itLe—10%

Since 0(t) could be discontinuous at a time E(t) = E., we introduce fol-
lowing parameters as [18]: @ = (a1, a2) = s(cosf, —sin ) and

(a1 +iaz) ((b* + hﬂj”) ifa #0,

pla) = gppse ¥ =
0 ifa=0.
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Remark 1. By Proposition 2.1,

100, & = Gull () + 10020 — iullarngmy S 1E = Bil = O(la(t)P).

Remark 2. Let us decompose a solution to (1.1) into a solitary wave
part and a radiation part:

(2.2) u(t, z) = ¢(a(t))(z) + v(t, ).

If we take initial data in the energy class, the dispersive part of the solutions
decays more slowly than it does for well localized initial data. So, being differ-
ent from Soffer-Weinstein [41, 42] or Buslaev-Perelman [6], we cannot expect
that ftoo E (s)ds is integrable. Thus in general, we need dispersive estimates for
a time-dependent linearized equations to prove asymptotic stability of solitary
waves in H'(R). To avoid this difficulty, we assume the smallness of solitary
waves so that a generalized kernel of the linearized operator is well approxi-
mated by a 1-dimensional subspace {(¢. |3 € C}.

Substituting (2.2) into (1.1), we obtain
(2.3) iy =Lv+ g1+ 92+ g3,
where
91(t) = —ia(t) - Vao(a(t)) + E¢(a(t)),

92(t) = f(#(a(t)) +v(t)) = f(o(a(t))) — O f((a(t)) + ev(t))]e=0,
g3(t) = 0-f(8(a(t)) + ev(t))|e=o-

By the gauge covariance of ¢(a), we have
(2.4) id(a) = 4104, — 04204, ¢

and g¢; is rewritten as g1 = —i(a1 — Ea2)04, ¢ — i(a2 + Fa1)0,,¢. To fix the
decomposition (2.2), we assume a secular term condition

(2.5) S (v(t), 9a, #(a(t))) = S (v(t), Day p(alt))) = 0,

which is equivalent to R(e??®y(t), PEw) = (e My(t), OpdEr@w) = 0if a(t) #
0. By Proposition 2.1, we have

(2.6) |a(0)] + [v(0)[[ 12 < llwoll -

Since u € C(R; HY(R)), it follows from the implicit function theorem that there
exist a T' > 0 and a(t) € CH([-T, T]; R?) such that (2.5) holds for ¢t € [-T,T].
See [18] for the proof.

Differentiating (2.5) with respect to ¢ and substituting (2.3) into the re-
sulting equation, we have

R(Lv + g1 + g2 + g3, 0a, #(a)) = Z v, ajagmj¢(a)> fori=1, 2.

7j=1,2
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Using (2.1), (2.4), (2.5) and the fact that E is a real-valued C'-function of |a|?,
we have

R(Lv + g3,04,0) = R <v, (L + ‘T%lqﬂp‘l) D0, ¢+ ]%1¢|p‘3¢2m>

=R(v, B0y, ¢ + (04, F) )
= E3(v, 0202, ¢ — 4102 ,,9).
Thus we have

1) A me) = (36

where

N

o
SRS
N———

A=-5 ( <8a1 ¢7 8a2¢> - <Uv 822¢> <8a2¢a 8a2¢> - <Ua a§§a2¢>>
<aa1 ¢, a(11 ¢> - <’U, 821(12 ¢> <aa2¢, ath ¢> - <U’ aal ¢>

1 0 _
(o %))+l +lap=

To prove our main result, we will use the Strichartz estimate and a time
global estimate of Kato type. The Strichartz estimate along with L> — L-
estimate for 1-dimensional Schrédinger equations with linear potential was ob-
tained by Goldberg and Schlag [15].

Let Pu = (u, ¢+) ¢«, Qu = (I — P)u. Then we have the following.

Lemma 2.1 (Strichartz estimate ([15], [23])).  Assume (V1) and (V2).
(a) There exists a positive number C such that for any f € L*(R),

le™™ Qf | Lszsenrzerz < Cllfllze-

(b) There ezists a positive number C such that for any g(t,z) € S(R?),

To estimate the the quadratic term of v in g5, we need the following lemma.

= CHgHLf/gL}CJrLtng'

t
/ e =L Qg(s, )ds

0

L{L®NLeL2

Lemma 2.2.  Assume (V1) and (V2).
(a) There exists a positive constant C such that for any f € S(R),

(2.8) (z) =22 Qf | e 12 < CI f 122,
(2.9) 1026~ QLo £z < Cllfllzr1/2-

(b) There exists a positive constant C such that for any g(t,z) € S(R?),

(2.10) ‘

/ eiSLQg(s, )ds
R

< CH<$>3/29||L;L’;‘7
L3
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Lemma 2.3.  There exists a positive constant C such that for any g(t, x)
€ S(R?) and t € R,

(2.11) >

7=0,1

t
(x)~1o / e 1 =9LQg(s, )ds
0

< C||<¢”>9||L;L$~
LyL?

Furthermore, if sup,cg |V (z)| < oo holds for an a > 0, there exists a
positive number C' such that

< Cligllzyre-

(2.12) ‘
LeL?

t
/ &Ee*i(tfs)LQg(s, -)ds
0

Lemma 2.1 is not applicable to a linear term g3 in (2.3) because we do

not have g3 € Lf/ BL}C + L} L2. To deal with g3, we use a lemma by Christ and

Kiselev [10] to combine Lemmas 2.1 and 2.2.

Lemma 2.4.  Assume (V1) and (V2). Then there exists a positive con-
stant C' such that for any g(t,z) € S(R?) and t € R,

The proof of Lemmas 2.2-2.4 will be given in Section 4.

t
/ e~ =9 Qg (s, )ds
0

< Cllgll ez L2 (r: (2)5 da) -
LiLeeNLge L2

3. Proof of Theorem 2.1

In this section, we will prove Theorem 2.1. Let us translate (2.3) into an
integral equation

¢
(3.1) v(t) = e o(0) —i Z / e~ t=9)L g (s)ds.
1<5<370
All nonlinear terms in (3.1) can be estimated in terms of the following.

My(T) = sup |E(t) - E.|, Ma(T)= ||<$>_3/2Qw||L;oL2(o,T)>
0<t<T

M(T) = || Pvl| e 22(0,7) + 102 PVl Lo 120, 1)
My(T) = HQUHLq(o,T;W;~2P)mL°°(0,T;H;) + ”Q””L“(QT:L;’,")’
M (T) = [|1Poll ps o, mowr=ynpee 0.5y, Me(T) = [102Qull Lge L2 (0,1)-
where 4/g=1—1/p.
Proof of Theorem 2.1. By (2.7), we have
a1 — Eas| + |az + Ear| S Y (92, 0a,9)|
i=1,2

S D (100,60% (0 + 100, 0f () 12) -

i=1,2

(3.2)
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Suppose that the decomposition (2.2) with (2.5) persists for 0 < ¢ < T and
that M;(T') (1 <14 < 8) are bounded. Eq. (3.2) implies that

lar — Eaz| p1o,7) + lla2 + Eaxll£10,1)
< CM)([|0a, #0*| L1 (0,1301) + 100,00 L1 (0,7521))

< C(M) Z H <x>38a7;¢ ’LialrLoo (0,T) || <x>_3/2v||%g°L2(0,T)
(3.3) i=1,2 '
<CcM™) (Z H<x>58ai¢ ’L"“(O,T;Li")) ||<x>_3/2v‘|%i°L2(07T)
i=1,2
< C(M)(My(T) + M3(T))?,
and
@1 — Eazllp=(0,1) + a2 + Ea1llL= (0,1
34
B4 S sup (ol + [0]:) < COM)MU(T) + Ms(T))2.
0<t<T
Hereafter we denote by C(M) various functions of My, ..., My that are bounded

in a finite neighborhood of 0. By (3.3) and (2.6),
(3.5) M (T) S ol + C(M)(Mz + M3)?.
By Remark 1 and (2.5), we have

[{v(t), &2)]|
|
|

< [R(u(t), .)] + [S(v(t), 6.)]
< |S(V(E), Dayd — i) + [S(0(t), Py & — 6)]
< )20l ey (102)7/2(Bar6 — 62)agey + 162/ 2(Das 6 — i62) 12w )

S lalP i) =0 2wy,
and that
Ms(T) < sup |a(t)[P~" (@) 2w 120,12
(3.6) t€[0,T]
< C(M)M(T)(M2(T') + M3(T)).
Similarly, we have
3.7) M (T') < C(M)M, (T)(Ma(T) + Mi5(T)).
Next, we will estimate My(T'). By (3.1),

Mo(T) < I1 + Lo+ I3 + Iy,
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where

Iy = (@) =2 " Qu(0) |l Lo 20,1y S Nw(0)] 22,

and

I =

§ for 2 <j <4.

t
<$>_3/2 / e—z(t—s)Lng_l(s)ds
0

L L2(0,T)

By Lemma 2.3, Remark 1, (3.3) and (3.4),

I S {2)Qg1 Ly p2(0,1)
< K@) Q0a, ¢(a(t))ll L1 0,1 161 — EazllL2(0,1)
+ [{2)QBa, d(a ()| L1 oo (0,7) a2 + EaallL2(0,7)
< C(M)(M2(T) + Ms(T) + My (T) + Ms(T)).

Lemmas 2.2 and 2.3 yield

T
I S (@) é(a() P~ *0?|| Ly L2 o,) +/ [lvl”ll L2 ds
0

<

~

(@)°/% sup |¢(a(t))[P>

||<117>_3/2U||L30L2(0,T) 0]l o (0,7, L20)
t€[0,T)

L

+ v« (OTLW)HU( )“(Zq(o,T;Li”)

) > My(T)

2<i<5

where 4/g =1 — 1/p. By Proposition 2.1 and Lemma 2.3,

(@)°/ sup |e(a(t)P~*

\|<$>_3/2U||L;°L2(0,T)
t€[0,T]

I S (=)gallrr2 0,1y S

L
< C(M)M(T)(Mo(T') + Mi3(T)).

Combining the above, we see that

(3.8) M (T) < [luoll g + C(M) Y M
1<i<5

Likewise, we have

(3.9) Mg(T) < [luoll g + C(M) Y M
1<i<5

Finally, we will estimate My(T). In view of (3.1),

My(T) < Jy + Jo+ Js + Ju,



480 Tetsu Mizumachi

where

_||—itL
J1 = ||e ’ QU(O)HLoo(o,T;Hll,)qu(O,T;W;""P)mL4(0,T;Lg°)

¢
Jj = ’/ e_i(t_s)Lng,l(s)ds

0

Lo (0,T; H)NLA(0,T;Wa?P)NL4(0,T; L)
for 2 < j <4, where 4/¢g =1 —1/p. By Lemma 2.1 and (3.3),

Ji S v0) ]l a,
and

Jo < ||Q91(3)||L1(0,T;H;)

S llar — Eaz|lpior) sup [|Q0a, ¢(al(t))| a2
t€[0,T]

+ llag + Eaz||pr o,y sup [|Q0a,¢(a(t)) ||z
t€[0,T]
< C(M)(Ma(T)* + M3(T)?).

Using Minkowski’s inequality and Lemma 2.1, we have

J3 < H|¢(a(t))|p_202HLG/5(07T;W11,6/5) + 1 f ()21 0,101

— 2/3 — 7
< (@) sup (D)2l ynors 0120 rpe | 3 1) ™00 1 20,1

te[0,T] i=0,1
IOl s 10O o g )

<cmn Y M(T)

2<i<6
where 4/qg =1 — 1/p. By Proposition 2.1 and Lemma 2.4,

Ju S 162> 2 gsll 2o r2)

Sl tS[‘épT]<x>4‘¢(a(t))|p_1”L§(||<x>_3/2'UHL;°L2(O,T) + 1020l Lo 2 (0,1))
€10,

S My (T)(M2(T) + Ms(T) + Mg(T)).
Combining the above, we have

(3.10) My(T) < [luoll g2 + C(M) Z M, (T)?.
1<i<6

Tt follows from (3.5)—(3.10) that if g is sufficiently small,

(3.11) > MT) S ol

1<i<6

4/3
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Thus by continuation argument, we may let T — oc.
By (3.3) and the fact that

d|a(t)|2/dt = 2@1(@1 - ECLQ) + 2&2(&2 + ECLl) S Ll(O, OO)7

there exists an F, < 0 satisfying lim; o, E(t) = Ey and |E, — E,|'/®~1 <
lluo|lg1. In view of (3.11), we have

vy = —1 Z / e*LQg;i(s)ds € H'(R),
1<5<370
lorllae Sllgr(s)lLims + lg2ll porsyrermy papn + 1) g3 p2 511
Slluolla,
and
Jim [Qu(6) = = H(@u(0) + 1) s =0
By [15], we have |[e= ™ Qf||r~ < t=Y2|f||z1. Since L'(R) is dense in H'(R),
it follows that ||e=®(Qu(0) + v1)||z=~ — 0 as t — oo, and that
1Qu(t)|| Lo
(3.12) <[1Qu(#) — e (Qu(0) +v1) |l + Qe (Qu(0) + 1)l
—0 ast— oo.
Analogously to (3.6), we have
(3.13) 1Po(t)llLoe < la(t)P~HIQu(t)] Lo~
Combining (3.12) and (3.13), we have lim;_. || Pv(¢)||g1 = 0. Thus by (2.2),

lim [|u(t) - ¢(a(t)) — e Qv(0) + v1)|| 1 = 0.

t—oo

From [1] and [44], we see that there exists a v, € H' such that
Jim e Q(u(0) + v1) = We' v [ =0,

where W = limy_, e~*Le~% . Thus we complete the proof of Theorem

2.1. |

4. Linear estimates

Let R(A\) = (A — L)™' and let dE,.()\) be the absolute continuous part of
the spectral measure of L. We have R(A —i0) = R(\ +40) for A < 0 and it
follows from the spectral decomposition theorem that

Qe—ith — /00 e—it)\dEac(A)f

:% O:oeit,\Q(R(AZ'())R(A+i0))fd>\~



482 Tetsu Mizumachi

To prove Lemmas 2.2-2.4, we will apply Plancherel’s theorem to the above
formula.

4.1. High energy estimate
To begin with, we will estimate the high frequency part of the resolvent
operators R(A £i0). Let x(z) be a smooth function satisfying 0 < x(z) <1

for x € R and
(2) 1 if x> 2,
xTr) =
X 0 ife<l,

and let xar(z) be an even function satisfying xar(x) = x(x — M) for 2 > 0.

Lemma 4.1.  Assume (V1) and (V2). Then there exist positive num-
bers M and C such that

sup [ xar (VA R(A £ 0)u| 12 0,00) < Cllull 2(m),
sup [[xar (VAo (R(A = 0) = RO +0))ull 12 (0,00) < Clluull /22

for every u € S(R).

Lemma 4.2.  Assume (V1) and (V2). Then there exist positive num-
bers M and C' such that

D I (VAR £ i0)ul L w2y < Cllull Ly e

i=0,1
for every A € R and u € S(R).
Proof of Lemmas 4.1 and 4.2. Let Ry(\) = (A4 92)~! and

eik\w| e—k|w\
2ik ) GQ(ka) - —9%k :

We remark that Ro(A Fi0)d = G1(z, £k) for A = k? with k& > 0 and Rg()\)d =
Go(x, k) for A = —k? with k > 0. If M is sufficiently large, we have

Gi(z, k) =

(4.1) R\ +i0)u = i Ro(\ £i0)(V Ro(\ £i0))’u
j=0

for A € R with |A\] > M and v € S(R) since
1) Ro(A £30) () Ml Bzem) S (N2
By the definition of G1(z, k) and Plancherel’s theorem,

sup / dk (k) s (B)(Ga (-, k) % u) ()]
x R

4B <o [ dk<k>_1< /  u(y)eHvay +‘ | wtwetay

—o0
Sllull3s-

2

2
)dk;
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For k = v/A > 0, it holds that

(4.3)
F1 o (z, £k) :== Ro(A Fi0)(VRo(A F i0)) u(x)

= Gi(x — x1,£k) H (2j)G1(xj — xjp1, 1k)) u(Tpi1)dey - depgr.

Rn+1
Combining Minkowski’s inequality with (4.2), we have for n > 1,

s (VX Fun (@, £V 13 0,00)

n—1

S/}Wld ~dzy ]HO{\V x]+1)l sup (|kG1(zj — 541, K)])}
1/2
(44) X {/ﬂ{{dkxjw(k)2<k>—2n+l |(G1(,]€) *U)($n)|2}

SV sup ([ dbk=2n s, 02 (G ) u)(xn>|2>1/2
S M7V Rl 2,

where xo = x. Similarly, we have

45) (VN Frn (@ £V 12 (0.00) S M2V 21 [l 2.

Since

0z (Ro(A —10) — Ro(A +140))u =5 k:a /dyu e~ k@) 4 gtk(z=v)) gy,

— \/;( (k) — e zk’”u(—k)) ,

it follows from Plancherel’s identity

1/2
we  10s(Ro0 = 0) = R+ 0l S ( [ arthfapar)
< e

Combining (4.1), (4.4)—(4.6), we obtain Lemma 4.1.
Next, we will prove Lemma 4.2. In view of (4.3), we have

sup (xar (B) Fun (2, F)[ 4 (X1 (R) O Py (0, F))

(4.7) < sup <k:>‘/ H\v ) W@ g)ldas - - - dmss
Rn+1

z€R,|k|>M i

S MV @ llull @)
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For A = —k? with k > 0, we have

Fy (2, k) == Ro(A\)V Ro(A\)"u(x)

n

= Go(x — x1,k | | (2j)Ga(xj — xjq1, k) w(@nir)dey - - - dapya,
Rn+1
j=1

and it follows that

sup (|xn (k) Fon (2, k)| + (X0 (k)03 Fa (2, )|
(4.8) @,k
S MTVITr@yllull e

Combining (4.7) and (4.8), we obtain Lemma 4.2. O

4.2. Low energy estimate
Next, we will estimate the low frequency part of R(A £ i0). Let xar(z) =

1—xm(x).

Lemma 4.3.  Assume (V1) and (V2). Let M be a positive number given
in Lemma 4.1. Then there exists a positive number C such that for every
u € S(R),

sup [[ (@) "X ar (VAR £ 10| 12 (0,00) < Cllull 2(w);

sup || Xar (VN9 ROA £ i0)u 12 (0,00) < Cllull r2my-

Lemma 4.4.  Assume (V1) and (V2). Let M be a positive number given
in Lemma 4.2. Then there exists a positive number C such that

sup (@) LR £ i0)ul| . < Cll(@)uly e
=01 AE[= M, M] v

for every A € R and u € S(R).
Furthermore, if sup,cg e*1®1|V (z)| < oo holds for an a > 0, there eists a
positive number C such that

sup |0, R(A £ i0)ul[ poc < CllullLy(m)
AE[—M,M] v

for every A € R and u € S(R).

Before we start to prove Lemmas 4.3 and 4.4, we recall some properties of
the Jost functions. We refer the readers to Deift-Trubowitz [13] for the details.
Let fi(x,k) and fo(z, k) be the solutions to Lu = k?u satisfying

lim e~ f)(z,k) — 1] =0, lim et fo (2, k) — 1] = 0,

Tr—00
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and let my(z, k) = e **f (2,k) and ma(z, k) = €*® fy(x, k). For each z,
mi(x, k) and ma(z, k) are analytic in k& with Sk > 0, continuous in k with
Sk > 0, and satisfy

00 tek(y z) _ 1
k) =14 [ R . B

z esz(x v 1
ma(z,k) = 1+ / e V(y)maly, k)dy.
. ik

Deift-Trubowitz [13] tells us that for z € R and k € C with Sk > 0,

@9 ek <11 S (07 (L max(-2.0)) [ dyl) Vi)
(4.10) ma(e k) = 11 S )70+ max@,0) [ dy@V o)L
(411) (w01 S 17 [ dnlv )l

(4.12) 1Oy (2, k)| / dy()|V (y)

For every § > 0, there exists a Cs > 0 such that for x € R and k£ € C with
Sk >0 and |k| > 6,

oo

(4.13) Imy(z, k) — 1| < Ca/ dy|V (y)l,

T
x

(4.14) oz, k) — 1] < Cs / dy|V ()].

— 00

There exist continuous functions T'(k), Ry (k) and Ra(k) on R satisfying

(1.15) Folo k) = ) oK)+ s )
(4.16) o) = o e ) + s oo )

for k € R with k # 0. Let [f(x),g9(x)] = f'(x)g(x) — f(x)¢'(z) and let W (k) =
[f1(z, k), fa(x, k)]. As is well known, the Wronskian W (k) does not depend on
x and W (k) = 2ik/T (k) # 0 for k # 0. Moreover, the assumption (V2) implies
W(0) # 0.

Proof of Lemma 4.3. For A\ = k? with k > 0, the resolvent operator
R(X £i0) has the kernel

(x, :Izk’)f ( )
) for z > y.,
(4.17) Ki(z,y,k) = fo(z, +k) f1(y, k)
) forz <y
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That is,
RO\ +i0)u = Jm [ dy f2(y, £k)u(y)
(4.18) _ fa(x, £k)

+k
=: I(£k) + II(£k).
We will estimate L3-norm of the right-hand side of (4.18). We may assume

x > 0. Let

fl (1‘, k)
W (k)

I =— (I + Iy + I3),

where
I =/0 dy fo(y, k)u(y),

0
I — / dye="Vu(y) = V21 Fy (X (-0 01) (),

~
I =/_ dye™ "™ (ma(y, k) — 1)u(y).

By (4.9) and (4.10), we see

(4.19) sup (112 )]+ (o) ol D) <

(4.20) 0% [ dylu)l £ @072 ule

and

(121) sup Is| < H [ v ullze < flullze-
v=0 -0 L3(=00,0)

Similarly, we have I] = —fagg(c,’c’;) (I1; + IIy) with

I, = / dye™u(y) = V2rF ! (Xa,00 ) (k)

II, = / dye™ (ma(y, k) — Duly),
and

(4.22) sup [I1o| < [Jul 2.

Obviously,

(4.23) sup([[12[z2 + [[{11]lr2) < llull 2.
x>0 ’
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Since W (k) # 0 for every k € R and (k) is compactly supported, it follows
from (4.19)—(4.23) that

2
< (@) lull-.

sgp/de\m }XM(k)/RdyKi(x,y, k)u(y)

By (4.17), we have

_Lﬁ;@ / _dufa(y, ERpuly)

Wi
a:cfQ(xa ik)

- Sl / dy 1 (y, +k)u(y)

= ITI(£k) + IV (+F).

9, R(\ + i0)u =

By symmetry, it suffices to consider the case where z > 0. Let us rewrite 111
as
eikm
HI=———(UIIL+ 11+ 1I1I
W(k)( 1+ 11T + 1113),

where

0
IT1; = (ikmy(z, k) + Oyma (x, l-e))/ dy f2(y, k)u(y),
I11, = ikmy (2, k) /0 ’ dy f2(y, k)u(y),

I3 = 9,mq(x, k) /0“’ dy f2(y, k)u(y).

By (4.9) and (4.11),

sup  sup (|kmy(z, k)| + |0zm1(x, k)|) < co.
k€[—M,M] >0

Thus we have

(4.24) I || L2 (—ne s oe (—arnny S llullze

in the same way as (4.21) and (4.23). Under the assumption (V1) and (V2),
we have 1/T(k) ~ k= as k — 0 and Ry (k) and Rs(k) are continuous in k € R.
Hence by using (4.15), we see that

(4-25) HIIIQHL%(—]VLMH—LZ"(—]VLM) S ||UHL2

follows in the same way as (4.21) and (4.23). By (V1), (4.11) and Schwarz’s
inequality, we have

o 1113|<(/ ay|V (y )/ dy(y

S @) )V ol .
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Similarly, we have
(4.27) sup IV L2 (—neary oo (—arnny S llullze.
x

Combining (4.25)—(4.27), we obtain

2
sup / Akl ‘;zM(k:) / dyd, K+ (z,y, K)u(y)| < lulZs.
x>0 JR R

Thus we complete the proof of Lemma 4.3. 1

Proof of Lemma 4.4. Since W (k) is continuous and W (k) # 0 on R, it
follows from (4.9)—(4.12) and (4.17) that

(4.28) sup  sup (2) Ky (x,y, k)| ()"t < oo forj=0, 1.
ke[—M,M] z,yER

Thus we have

(420) sup () Fas (VOZRO £ 0)ulsz: < Clle)ulisgy for =0, 1.

For A < 0, the resolvent operator R(A) has the kernel

)f2( for x >
- . Y,
(4.30) K(a,9,)) = Wiik)
_ fa(,ik) f(y, ik for o <
W (ik) v

where k = /—X. We have W (ik) = 0 for a k > 0 if and only if A = —k? is
an eigenvalue of L. Thus the assumption (V2) yields that W (ik) has a simple
pole at k = \/|E.| and W (ik) # 0 for k € [0,/|Ex]) U (\/|Ex|,o0). Thus by
(4.9)—(4.12), we have

sup (([2) 7 RO)Qul| o + @) 7 2 RN)Qu] ) S Nwpullss

Combining the above, we obtain the former part of Lemma 4.4.
Next, we will estimate 0, K1 (z,y, k) and 0, K (z,y, \) assuming that V()
decays like e=I#I. Tn view of (4.9)-(4.12), we have

(4.31) sup ( sup |0, Kyi(x,y,k)|+ sup |8wKi($,y,k)|) < 0.
ke[—M,M] \z>0>y <0<y

Suppose = and y has the same sign. By symmetry, we may assume x > y > 0.
By (4.9)-(4.11), we have supye(_ s, [0zma(y, k)| S (y) < (), and

~

o

|0z (2, k)ma(y, k)| < <x>/ dy()|V (y)] < <x>e—a|x\_

xT



Asymptotic stability of solitions to 1D NLS 489

As in the proof of Lemma 4.3, it follows from (4.15) that

sup  sup |kma(y, k)| < oc.
ke[—M,M] y>0

Combining the above, we see that
_etik(z—y)

Ox Ky (x,y,k) = TWER

{xikmq (x, k) + Oomy(x, k) }ma(y, £k).
are uniformly bounded with respect to z >y > 0 and k € [-M, M].

By (4.9)-(4.14), we have

sup  sup |(A— B0 K(x,y,\)| < o0,
A<—a?/16 z,yER

sup |\ — E.| ( sup [0nK (2,5, )|+ sup |amK<x,y,A>|> < .

A<0 <0<y y<0<zx

Now we will prove the remaining case by using (4.15) and (4.16). We may
assume > y > 0 by symmetry. Under the assumption sup,cp e®*!|V(z)| <
00, mi(z, k) and ma(z, k) are analytic in k with Sk > —«/2 and there exists a
C, > 0 for every a > 0 such that

(4.32) i (2, k) — 1] < C, / dy(y)e= 23|V (y)]
for x > —a and —a/2 < Sk < 0, and
(4.33) Ima(z, k) — 1] < C, / dy(y)e*>|V (y)|

for z < a and —a/2 < Sk < 0. Furthermore, we see that

1 1
m _g[fl(w7 k)>f2(x7k)]7
]1%}((]{]3) :ﬁ[fg(x, ]f),fl(l‘, —]{i)], };2((:)) = ﬁ[.fé(xa _k)vfl(x’ ]f)],

are meromorphic in k with |Sk| < /2 and have a pole of order 1 at the origin.
Hence it follows from (4.15), (4.9) and (4.32) that

sup sup k|lma(y,ik)| < oo.
0<k<a/4 y>0

By (4.10) and (4.11),

sup |ma(y,ik)| S (y) < (@),
0<k<a/4
o

(w0 S [ AV W] S (w)e

x
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Hence, we have

sup  sup [0p f1(x,ik) f2(y, k)|

0<k<a/42>y>0

= sup sup e "|(—kmy(z,ik) + Opymi(z,ik))ma(y, ik)| < co.
0<k<a/4x>y>0

Combining the above, we obtain supy_q |0 R(N)Q||p(r1,1) < co. Thus we
prove the latter part of Lemma 4.4. O

4.3. Proof of Lemmas 2.2-2.4
Now, we are in position to prove Lemmas 2.2-2.4.

Proof of Lemma 2.2. By the spectral decomposition theorem, we have

Qe—ith — e_itLXM (L)f + Qe_itL%M (L)f7

and
(4.34)  xwm(L)e *”LJuQWZ /OO e Py ar (V) (R = i0) — R(X +i0)) fd,
(435) Qe (D] =5 [ PR (QRO — i0) — RO+ i0) A

Integrating (4.34) by part, we see that

X]\/I( ) thf |
_ (it)*.g /jo dhe A {(R(A +140) — RN —i0))xar(N)}f  in SL(R)

2w
for any t # 0 and f € S,(R?). Since
15 QR(\ £ 0)|| BL2.G+/240, L2 -G 20y S (A2,

the above integral absolutely converges in Li’_(j /20 ¢, j>2.
Suppose g(t, z) = g1(t)g2(x), g1 € C5°(R\ {0}) and g2 € S(R). We define
(-,)z and (-, )y, as

o0
(u1,ug)y ::/ up(x)ug(x)de, (v1,v2) / / 1(t, x)va (¢, x)dxdt.

—00

Making use of Fubini’s theorem and integration by parts, we have for j > 2,

<XM (L)e_itha g>t,w
QLM dt(it)_jm(t) /_ dXe” 3 (xar(\)(R(A +i0) — R(A — i0)) f, g2),,

S / D Car( (RO i0) = RO i0) 1.2, [ alit) Fgn ()=

A) O (M (R(A +1i0) = R(A = i0)) f, g2),, -
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Hence it follows from the above and Fubini’s theorem that

(xam(L)e™™ f.g), .

T _ |
- V2 /_Oodx/_oo dX (xar (N (R(A +i0) — R(A —i0)) f) Frg(\, )

for every g € C§°(R; \ {0}) ® S(R,,). Using Plancherel’s theorem, we have
|(xar(L)e ™ f, g)¢.z|

(436) < (2m) 2 xar(\) (RO +1i0) — RO = i0)) fll Lo 12 [ Feg N )1 22
= (2m) " xar (A (R(A +i0) — R(X — i0)) fll 2o 2.2 (0,00) 191l L1 L2

Similarly, we have

(4.37)
Qe ™ Xar(L) )t
< (2m) 72 )(@) PR (N Q(R(A = 0) — R +0)) f || oo 22 1 (2)* gl 1 22

and

(0™ Qf, 91,0
< (2m) 72 (Ixar (M0 (R(A = i0) = RO +140)) |12 13

+Xar (V)02 (R(A = i0) = RN +10)Qf | o= 12) 9l e 13-
Since C§°(R; \ {0}) ® S(R,) is dense in LLL?, Egs. (2.8) and (2.9) follow from

(4.36)—(4.38) and Lemmas 4.1 and 4.3. By using the duality argument, we see
that (2.10) follows from (2.8). Thus we complete the proof of Lemma 2.2. O

(4.38)

To prove Lemma 2.3, we need the following.

Lemma 4.5.  Assume (V1) and (V2). Let g(t,7) € Sg(R?) and

7

U(t,x):m

/_oo dhe "M R\ —i0) + RO\ +i0)}Q(F, rg) (N, ).

Then,

0

t
Ulta) =2 [ dse 2 Qg(s, )+ [ dse (s, )
0

—/ dse_i(t_s)LQg(s,-).
0

Proof. 'We may assume that g(t, z) is written as g(¢,x) = g1(¢)g2(z) with
g1, g2 € S(R). Let h € S(R) and

FN) = (Q{R(A = i0) + R(A +i0) }g2, h),
fe(N) = (Q{R(X —ie) + R(A +ig) }ga, h).
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Then f(A) and f.(\) are smooth functions satisfying

sup (NFFZ (|5 F(N)] + |95 f-(N)]) < o0
AER,e>0

for every k € NU {0} (see e.g [28]), and

TN _ Z e*it)\ —1
/}R Ut el = —— / e FO) (F 1 g1) (V)

- E / dsf(t — 5)g1(5).

By the spectral decomposition theorem,

(4.39)

(4.40) = M«Eac(um ).

Taking the Fourier transform of (4.40) and using Fubini’s theorem, we have

fo(t) = \/% /R d(Bac(11)g2, h) /R d/\e—m(AQ_(Z)Qi)EZ

=V 27ri/ d(Eqc(p)ga, h)e =t sgn .
R
Hence it follows that
(4.41) F() =lim fo(t) = v2misgnt(Qe™" g2, h).

Substituting (4.41) into (4.39), we obtain
(Ut )b = — / dsgi(s) ( / sgn(t—s)e—“t—smdwac(u)gg,h>)
R R
t

o0
:/ dsgl(s)<e_z(t_s)ng,h>—/ dsgl(s)<e_’(t_s)Lg2,h>.
oo t

Thus we complete the proof of Lemma 4.5. 1

Proof of Lemma 2.3. Since Sg(R?) is dense in LLL?, it suffices to prove
(2.11) for g € Sg(R?). As in the proof of Lemma 2.2, we have

[(2) "' OU (@) | oo 2 < [[{2) T OI{R(A — i0) + R(A +i0)}QF; ' g(N, )| oo 2
Applying Plancherel’s theorem and Minkowski’s inequality, we have

K2) ' OLU (- @)l oo 2
<G THHRA = i0) + RO+ i0)}QC) ™ Iz, pe 1) F (A )
<sup 1) 7T OR(N = i0) + RO +10)}Q() Ml pzr ) 1{2) gl 11 12

L3
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for j =0, 1. Hence it follows from Lemmas 4.2 and 4.4 that
(4.42) K2) " Ul g 2 + @) "1 02Ul e 2 S @) gll oo 2

For I = [0,00) and I = (—o0, 0], we have

/ e—i(t—s)LQg(S)dS
1

= [t ([ a0

- % dAdse™ """ R(X = i0) — R(A+i0)}Qx1(s)g(s, ")
7 R2

= —iFA{(R(A = i0) — R(A +i0)QF, " (x1(s)g) (A, ) } (1)

By Plancherel’s identity and Minkowski’s inequality, we have

x—laj e—i(t—s)L s s
()00 / Qutstds|
(443)  <||(@) 02RO~ i0) — RO+ i0)QF (rr(99) 0] 1

< sup 1) THOARN — i0) — RO +10)}Q() " Hlpzs ) {2)gll 11 12

for j =0, 1. Combining (4.42)—(4.43) with Lemma 4.5, we obtain (2.11). Since
(2.12) can be obtained in exactly the same way, we omit the proof. d

Finally, we will prove Lemma 2.4. To prove Lemma 2.4, we will use a
lemma of Christ and Kiselev [10].

Proof of Lemma 2.4. Let (q,p) = (4,00) or (¢q,p) = (00,2) and let
Tg(6) = [ dse - Qq(s).
R
Lemmas 2.1 and 2.2 imply f := [, dse™“Qg(s) € L*(R) and

1TgOlLere S I1fllez S 1) gl Ly L2

Thus by Schwarz’s inequality, we see that there exists a C' > 0 such that for
every g € S(R?),

(4.44) 1Tg)are < CllgllLzrz &, (2)5da)-

Since ¢ > 2, it follows from Lemma 3.1 in [40] and (4.44) that

(4.45) ’

/ dse= =L Qg(s)
s<t

S HQHLng(R,(z)SM)-
LILE

Thus we prove Lemma 2.4. O
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