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SUM OF TOEPLITZ PRODUCTS ON THE HARDY SPACE
OVER THE POLYDISK

TAO YU

ABSTRACT. In this paper, we obtain several sufficient and neces-
sary conditions for a finite sum of Toeplitz products with form
Zi‘r{:l Ty,.Ty., on the Hardy space over the polydisk to be zero.
The methods used in this note are Berezin transform and the
essential fiber dimension.

1. Introduction

Let D denote the open unit disk in the complex plane C. Its boundary
is the unit circle T. Throughout this paper, let N denote a fixed positive
integer, and let DV and TV denote the Cartesian products of N copies of D
and T, respectively. For 1 <p < oo let LP(TV) be the usual Lebesgue space
on T with respect to do, the Haar measure on TV . Hardy space H? (DY) is
the closure of the analytic polynomials in LP(T"). Let P be the orthogonal
projection from L2(T™) onto H?(D"). The Toeplitz operator T, with symbol
u in L>(TY) is defined by

T.(f) = P(uf)
for all f € H>(DV). It is clear that T, is a bounded linear operator on the
H?(DY).

On the Hardy space of the unit disk, Brown and Halmos [4] firstly showed
that two Toeplitz operators Ty and T; commute with each other if and only if
either both f and g are analytic, or both f and g are coanalytic, or a nontrivial
linear combination of f and g is constant. They also proved that a Toeplitz
product T}T}, equals some Toeplitz operator if and only if either g is analytic
or f is co-analytic. In the case of the Bergman space, this problem is more
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subtle. Axler and Cuckovié¢ [3] characterized commuting Toeplitz operators
with bounded harmonic symbols on the Bergman space over the unit disk.
After that, there were many subsequent works about algebraic properties of
Toeplitz operators. Ahern and Cutkovi¢ [1] discuss when a product of two
Toeplitz operators with bounded harmonic symbols on the Bergman space
equals some Toeplitz operator with a symbol such that some restrictions. On
the Dirichlet space of the unit disk, Lee in [12] studied the commutativity of
two Toeplitz operators with harmonic symbols. Then, Chen and Dieu [6] and
Yu [15] extended, respectively, Lee’s result to more general case.

For the function spaces of several variables, Zheng [17] characterized com-
muting Toeplitz operators with parahormonic symbols on Bergman space over
the unit ball. Choe, Koo and Lee [5] characterized commuting Toeplitz op-
erators with pluriharmonic symbols on the Bergman space over the polydisk.
On the Hardy space over the polydisk, Lee [13] studied the commutativity of
two Toeplitz operators of which one symbol is an arbitrarily bounded function
and the other is a pluriharmonic function.

In the setting of several variables, even for Hardy space, it is interesting
when two Toeplitz operators with general symbols are commuting. Gu and
Zheng [9] obtained a condition for a product of two Toeplitz operators on
the Hardy space over the bidisk equals a Toeplitz operator. They proved the
following theorem.

THEOREM 1.1 (See [9]). Let f,g € L°(T?). The semi-commutator TfT, —
Tty equals zero on H*(D?) if and only if , for each i (i=1,2), either f or g
s analytic in the ith variable.

Ding, Sun and Zheng [8] completely characterized the commuting Toeplitz
operators on the Hardy space over the bidisk. In [8], the symbols f, and
f—— represent Py Py f and (I — Py)(I — P,)f, respectively, where P; (i =1,2)
denotes the Szego projection for the ith variable (their definitions can be seen
later).

THEOREM 1.2 (See [8]). Let f,g € L°°(T?). The Toeplitz operator Ty com-
mutes with the Toeplitz operator T, on H?(D?) if and only if the following
conditions hold.

(a) for almost all &5 €T,
(al) f(z1,&2) and g(z1,&) are both analytic in variable z; on D, or
(a2) f(z1,&2) and g(z1,&) are both co-analytic in variable z; on D, or
(a3) there are a1(&2) and bi(&2), not both zero, such that

a1(§2) f(21,82) +b1(&2)9(21,62)

is a constant in variable z; on D.
(b) for almost all & €T,
(b1) f(&1,22) and g(&1,22) are both analytic in variable zo on D, or
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(b2) f(&1,22) and g(&1,22) are both co-analytic in variable zo on D, or
(b3) there are az(&1) and ba(&1), not both zero, such that

az(61)f (&1, 22) + b2(&1)g(&1, 22)

is a constant in variable zo on D.
(c) One of the following conditions holds:
(c1)
fri(z1,22) = fi(21) + fa(22),
g++(21,22) = g1(21) + g2(22),
where f1, fa, g1 and g2 are in H1(D) for every q¢ > 1.
(c2)
fe—(z1,22) = fi(z1) + fa(22),
g——(21,22) = g1 (21) + G2(22),
where f1, fo, g1 and go are in H1(D) for every q > 1.
(¢3) There exist constants a, b, not both zero, such that

afyy(21,22) +bgiy (21, 22) = ha(21) + ha(22),

af-—(z1,22) + bg——(21,22) =T1(21) + T2(22),
where hy, ho, r1 and ro are in HI(D) for every q > 1.

Motivated by the above results, we discuss the algebraic properties of
Toeplitz operators on the Hardy space over the polydisk, and get the con-
ditions for a finite sum of Toeplitz products with the form Zf\le Ty, Ty,
to be zero. It is clear that this will generalize the cases of commutator and
semi-commutator of Toeplitz operators.

Let K,(¢) = 1_1§< denote the reproducing kernel of Hardy space H?(D)

at the point z € D and k,(¢) = K. (Q)/| K| = Vll__z‘élz the normalized re-

producing kernel of H?(D). Then, for z = (21,22,...,2y) € DV and ¢ =
(¢1,¢ay...,¢n) € TV, the normalized reproducing kernel of H?(DY) is given
by

N
kZ(O = H k., (CZ)

For a bounded linear operator S on H2(DV) the Berezin transform S of S
is defined by

5 = (Skerhs) = [ (SEIOR do(c).
For a Toeplitz operator Ty on H?(D") the Berezin transform of T is

Ty(2) = Tk = [ HOIRQ) dr(0)

which is exactly the Poisson extension to the polydisk of f.



228 T.YU

For 1 <4 < N write 0; and 0; instead of {;% and O%_i, respectively. Suppose
f is a twice differentiable function in a open set of CV. Then f is called
N-harmonic if &-@f =0 for each 1 <¢<N.

With these notations we state the following result.

THEOREM 1.3. Let fu,,gm € L°(TN) for 1 <m < M. Then Zf\f:l Ty, %

T,, =0 on H*(DY) if and only if the Berezin transform of E:\le Ty, Ty, is
N -harmonic in DN and, for almost all £ € TV, Z%Zl (&) gm (&) =0.

The equivalence between that a Toeplitz operator T commutes with T},
and that the Berezin transform of the commutator 17T, — T, T is N-harmonic
was proved in [10]. In fact this equivalence was also contained in the proof
of [8] and [16] for the cases of bidisk and polydisk, respectively. The proof in
this note is different from those and will be used to the proof of Theorem 1.5.

Let N denote the set {1,2,...,N}. For a subset I = {iy,ia,...,ix} of N,
let I¢°=N\1I, and

2] = (Zilvzim-'wzik)
and

(Z],ch) = (2’1,22, e ,ZN).

The normalized partial reproducing kernel of H%(D™) at the point z; € D* is
defined by

k., (CI) = H k., (Cl)

icl

DEFINITION 1.4. For f € LY(TY) the partial harmonic extension of f with
respect to I is defined by

1— |z

fr(zr &) = /Tn feéne ] FEPIE do(&r)

vl zi&il?
= [ fter&nlii € dnter

= <f(£1°7 ')k217k21>'

It is clear that f;(zl,&u) is k-harmonic in z; for almost all £ € TV=F. In
what follows, the partial harmonic extension fI of f will also be denoted by
f for short.

For a nonempty subset I = {i1,42,...,%;} of N let 0 = 03,05y 0y, . If
I=0,let dpf = f.

Let |I] denote the cardinal number of a set I.
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THEOREM 1.5. Let fu, gm € L®(TN), 1 <m < M. Then Y\M_ Ty T, =
0 on H2(DN) if and only if for all I C N,

(1.1) Z O frm (21, €1)019m (21, E1¢) =

m=1

for all zr e DI and for almost all &re € TN-HI,

REMARK 1.6. When N = M = 2, if putting fo = fig1 and go = —1 in The-
orem 1.5, then we obtain Theorem 1.3 in [8], and if putting fo = ¢g; and
g2 = — f1, then Theorem 1.4 of [8] follows.

Given f € LY(TV) and 1 <i < N, the Szegd projection P; is defined by
12 Py = [ HO T
(1.2) (PN tmn) = [ 1O

where z; €D, £ € TV. Tt is well known that P; is bounded on LP(TY) (1 <
p < o0), and P; commutes with P; for 4,5 € N, see, for example, 8]

do—(&i)v

DEFINITION 1.7. For I = {iy,is,...,ix} C N, let Py =P, --- P,

. FOI' I
1k )
JC Z\[7 Iﬁ J—(Z) and ’ < L (TN)7 let ’(I,J) denote (1 - PI)PJJ :

It is clear that fi7 7)€ (Ncjcoo LY(TV) and fa.n(zr, 20,85\ (ru)) 18 co-
analytic in z; € DUl and analytic in z; € DIVl for almost all §N\(IUJ) €
TN=I=IJ],

THEOREM 1.8. Let f = (fl,fg,...,fM),g = (gl,gg,...,gM) € LOO(TN) &
CM. Then er\r/le Ty, Ty, =0 on HX(DY) if and only if

M
(1.3) > fn(©gm(§) =0

for almost all £ € TN. And for every nonempty set I = {ny,na,.. N N
the following condition holds.

(CIK) for almost all &7 € TN, there exists a natural number k(Ere) (0 <
k(&re) < M) and an orthonormal bases {eq(&1¢),ea(Exc), ... enr(€re)} of CM
such that

1]
(14)  (fo.n(zrntre)eilére))en = > FiGenny &), 1<i <k(Ere)
Jj=1
and
[
(1.5) (g(r,0)(21.&1¢),€i(&re)) ZQU (2n\{n;3-81¢)5  K(re) +1<i<M

Jj=1
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for z; € DU, where all functions ffj(zj\{nj},&c) and g{j(zl\{nj},gp) are an-
alytic in zp\ (n;}-

Moreover, if j € I¢, then for almost all given §re\ ;3 € TN=HI=1 k(¢re) can
be chosen independent to ;.

In Section 2, we introduce several notations as the partial harmonic exten-
sion and the essential fiber dimension. Theorems 1.3 and 1.5 will be proved
in the Section 3. In Section 4, we give the proof of Theorems 1.8 and 4.4.

2. Preliminaries

2.1. Partial harmonic extension. In this section, we discuss the rela-
tionship of a function in LP(TY) and its partial harmonic extensions (see
Definition 1.4).

LEMMA 2.1. If 1<p<oo, f€LP(TN) and I C N, then

(@) Jon [f(r&r,Ere)Pda(€) < || B for 0 <7 <1;
(b) f']I‘N |[f(r&r &re) — f(&r,61e)Pdo(€) =0 as r— 17

If furthermore f,g € L*(TY), then

(c) (f(r&r,)g(rér, Vkreye, kre,e) = f(€)g(€) as 7 — 17 in the norm of
LP(TN).

Proof. The proof of (a) and (b) is similar to that of Theorem 2.1.3 in [14].
(a) By Jesen’s inequality, we have
f(Crére)

<[ [ g

Since [ry |kre, (Cr)?do (&) =1, we get

kre, (C1)|7 do(¢r)| do(€)

/ |f(rér, &e)
TN
P\ kre, (€| do(Cr) dor(€).

[ o€l ao©) <1513

(a) implies (b) since C(TV) is dense in LP(TV) if 1 <p < cc.
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(c) Applying (a) and (b), we have that

/ FrEn, Vg (rén, Vonere bivere ) — (£9)(€rr€re)|”

TN

do(§)

= [ KL g(rEr, ) = Fler Dot Wiy ks, o

<[] e Geate o
— [ (Er Cre)g(En, Cro) | [Rreye (Cre) | dor(Cre) dor(€)

=/ / |f(r&r, Cre)g(rér, Cre) — f(&1,Cre)g(Er, Cre)
-1 Jinl

Pdo (&) do((re)

< 2p/ ([frér &) [P g(rér, &re) — (&)
’]I‘N
+[f(rénére) = FO]]9(6)]") do(€)

<o ([ oaefa©) ([ loosan o0 aoto)

) 1/2
+ 2ol ([ |rrerern) - s aote))

—0 asr—1.

1/2

Applying (b) again, we have that (f(rér,")g(r&r, )kree,kre,e) tends to
f(©)g(&) in the norm of LP(TV) as r — 17 O

2.2. Essential fiber dimension. For to obtain concrete forms of f and g
when Ty commutes with Ty, we need to discuss the dimension of the space
generated by the range of a vector-valued function. So we introduce a notation
of essential fiber dimension which will be used in the proof of Theorem 1.8.

Let n be a positive integer, H?(D) ® C" the vector-valued Hardy space.
For a subspace M of H?(D) ® C" and z € D, the fiber M(z) at z is defined
by

z{f(z):fEM}C(Cn,
and the fiber dimension fdp(M) by
fdp(M) = sup dim M (z).
zeD

The fiber dimension fdp(M) is achieved for all z € D except possibly a discrete
subset. For the notation and applications of fiber dimension we refer to see
(2], [7] for examples.

In following, we introduce the definition of essential fiber dimension at the
unit circle. Suppose A is countable subset of H?(D) ® C". Taking a repre-
sentative f for every element in A, then for every £ € T, f(§) is a determined
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vector in C™. So for a given choice of representatives of A, the fiber A(&) at
¢ is defined by

A(&) =span{f(§): fe A} CC".
Note that for a given point £ € T the space A(€) perhaps changes with respect
to the different choices of representatives of A.

DEFINITION 2.2. The essential fiber dimension fdr(A) of A is defined by
fdr(A) = ijlslfsup{dimA(f) :£ €T\ Eop,0(Ey) =0}
0 ¢

for a choice of representatives of A.

For two choices of representatives of A, since A is countable set, this two
choices is complete consistent except some subset of T with measure zero. So
the essential fiber dimension fdr(M) is well defined.

LEMMA 2.3. If A is a countable subset of H*(D)®C", then, for every choice
of representatives of A, the essential fiber dimension fdy(A) is achieved for
almost all € €T, that is,

(2.1) fdr(A)=dim A(§) a.e. £€T.
Moreover, fdy(A)= fdp(A).

Proof. Fix a choice of representatives of A. Let d denote the essential fiber
dimension fdy(A). By the definition of fdr(A), there exists a subset E of T
with positive measure such that

dim A(¢) =d

for all £ € E. So there exist f1¢, f2¢,... f4¢ in A and iy¢,i2¢,...,04,¢ in
{1,2,...,n} such that

G G G
do | 75O 2O o],

. . .
fil,f(g) figys(g) fid,g (E)
for all £ € E. Because of A is countable, so is the set
{f1’§7f2)€7"'7fd’§ai1,§;i2,§,“~vid,§ 156 E}

Therefore, there exist f1, f2,..., f¥in A, i1,i2,...,iqin {1,2,...,n} and E' C
E with o(E’) > 0 such that

L&) SR o fLE)
F(f) -— det 121(5) 122(5) e izd (5) 7£ 0

de) fLE) - S
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for all £ € E'. Let
n) ) o fh)

Flo)=det | 72 JRG) - G| cp

)

i) fi) o fi)
Then F is a analytic function on D and, for almost all £ € T,
F(z) = F(§)

as z — ¢ non-tangentially. By Privalov’s uniqueness theorem [11, III:D],
F(&) #0 for almost all £ € T. So the conclusion (2.1) holds and fdr(A) <
fdp(A). The converse inequality is obvious and so fdr(A) = fdp(A). O

For a vector-valued function f = (f1, f2,...,fm) on D" x T and £ € T, let

V¢(f) denote the subspace span{(fi(z,), f2(2,§),..., fm(2,§)) : 2 € D"} of
C™. The dimension of \/,(f) is denoted by vde(f).

LEMMA 2.4. Suppose f = (f1,f2,..., fm) is a vector-valued function on
D™ xT. If fori=1,2,...,m fi(z,€) is analytic in z € D" for almost all £ € T,

and is in H2(T) for all z € D™ and z+— f(z,-) define a continuous map from

D" to H?(T). Then vde(f) is constant for almost all £ € T.

Proof. For i =1,2,...,m and almost all £ € T express f; as a power-series
filz8) =Y al ()",
kezn
where Z denote the set of nonnegative integers, k = (k1, ko, ..., k,) a multi-

index and zF := 2% 22 ... 2kn Then, for 0 <7 <1 and k € Z", we have

Fi(r¢, )¢ do(¢) = rMa( (¢),

Tn

where |k| := k1 + ks + -+ + k. The function a,(f) is in H2(T) since the map

2z f(z,-) is continuous from D™ to H2(T). Let ay denote the vector-valued
function (ag),a,(f), . 7alim)) € H2(T)®@ C™ for k € Z7.

For given £ € T and a vector e = (e1,€a,...,e,) € C™ it is clear that
(Fz€.e) =& > a(©):F =0
=1 kezn

for all z € D™ is equivalent to that (ax(§),e) =0 for all k€ Z. So

VAGEFIG)

where A= {ay : ke Z}}. It follows from Lemma 2.3 that vde(f) is constant
for almost all £ € T. (]
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3. The proof of Theorems 1.3 and 1.5

Recall Definition 1.7, for f € L>(TY), one can have a decomposition as
following

(3.1) f= Z fu.re-
ICN

The following is a well-known fact.
(3.2) Tt rerkz = fir10) (21,0

Proof of Theorem 1.3. The necessity is trivial. For the sufficiency, suppose
the Berezin transform of Z%zl Ty, Ty, is N-harmonic in DV and, for almost

all €TV, 3,0 fn(€)gm(€) = 0.
By equations (3.1) and (3.2), we have

M M
< (Z Tfngm> kzvkz> = Z Z <Tfngm(IJC)kz; kz)
m=1

m=1r1cN

S

= Z Z Tfm Im(1,1¢) (Z[7 )k ],kz>

E

= Z Z fm %Iy gm(I IC)(ZI7 )kzlc’k216>'
=lrcnN

Applying Lemma 2.1, for 1 <p < 00

M
< (Z wanTgm> kr&’ kr£>
m=1

Z > Fnl€)Gm(1,109(€) =

m=ljcN m=1
as 7 — 17 in the norm of LP(T¥). Thus

<<2Tfm gm>kz,k> , 2DV,

Since the Berezin transform is one-to-one, Z 1 T4, Ty, = 0. This completes

the proof. O

tends to

M:

fm(€)gm (&)

Proof of Theorem 1.5. For the necessity, by Theorem 1.3, suppose that the
Berezin transform of Z 1Ly T

gm
E € TN’ Zm:l fm(g) m(f) = 0

is N-harmonic in DV and, for almost all
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Note that if ¢ € I¢, then (f,(zr, -)gm(Llc)(z[, Vkzpe, kzpe) is harmonic in z;.
Differentiating under the integral sign, it follows from formula (3.3) that for
aset IC N

M
(3.4) Do Y 0fm(z0,)0r9mgge) (205 Vezge zye ) =0,

m=ljcjcN

For a function f €, LI(TV) and a set I C N, we have

35 ofergn) = [ fen&on (k6] dote)

§i—Zi
= — do
/]1‘\1\ S g (1= 2&) (1 — 2:&)? )
for almost all & € Tl For given z; € DI it is clear that

(3.6) Orf(zr1,81¢) € ﬂ LTV,

1<g<oo

ForIcJCN by differentiating under the integral sign it is easy to see

(3.7) Orf(z1,85:) = 81<f(21, '7§JC)kZJ\I’kZJ\I>
- <8If(217 'ach)kZ,]\Iakz,1\1>'

Using the polar coordinates zjc = r€re in the left hand side of formula (3.4)
and taking limit as » — 17, by formulas (3.6) and (3.7) and Lemma 2.1, we
get

M
OZZ Z affm(zfvflC)élgm(J,Jc)(ZLflc)
m=1l1cjcN

M
= Z 8If7n(217€[c)5[gm(],®)(ZI,gIC)
m=1

M
= Z 81fm(21,€1c)519m(317516>
m=1

for almost all &7 € TH I, R
Sufficiency. Suppose equation (1.1) hold for all 7 € N. Taking I =0, we
have Z%zl Fm(€)gm(€) =0 for almost all £ € TN. By Theorem 1.3, we need

to prove that the Berezin transform of fo:l Ty, Ty, is N-harmonic in DV,
by formula (3.3), which is equivalent to

M
(38) Z Z <8ifm(zlv')5igm(l,lc)(zh')kzzc,k210>:0, 1 SZSN

m=licIcN
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We will prove it by induction. If N =1, taking I ={1} in formula (1.1), then
2%21 01 fm(21)01gm(21) = 0 which is equivalent to formula (3.8).
Fix i € N. By formula (1.1), for all J € N\ {i}, we have

M
D 050 fm (2620, (sugiy)) D5 0im (20 205 €50 (sugiy) = O

m=1

for almost all fN\(Ju{z'}) e TN-I7I=1, By induction, for given z; € D, we have
therefore

M
Z T, fon(20) T8, gy (20,) = 0-
m=1

It follows from formula (3.3) that

M
0=2" > (Oifmlzi,20,)0i9m s 50 sutipy) Fi 20 W oy
m=1jcN\{i}

kzz\?\uw}>>

M
= Z Z <8ifm(217')5igm(I,IC)(217')k2163k216>'

m=l;cicN

This completes the proof. O

4. Proof of Theorem 1.8

LEMMA 4.1. Suppose f = (f1,f2,---sfn), 9=1(91, 92,---,9n) € HD™)RC"
such that

for all z € D™. Then there exist a natural number k (0 <k <n) and an
orthonormal base {e1,ea,...,e,} in C™ such that

(f(2)ie)en =0, 1<i<k
and
(9(2),€i)en =0, k+1<i<n
for all z€ D™,

Proof. Asin [1, Lemma 2] “complexifying” formula (4.1), we have
(2 9)) g =0
for all z,w € D™. Hence,
span{ f(z):z2€ D™} Lspan{g(z):z€D™}.

So the conclusion follows. O
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Proof of Theorem 1.8. By Theorem 1.5, Y"M_ T, T, =0 on H2(DV) if
and only if for all I C N,

M
(4.2) > 01 fm(21,610)Orgm (21, €10) = 0
m=1
for zr € DMI and almost all £7. € TN=II. When I = (), formula (4.2) is equiv-
alent to

M
> fn(€)gm(€) =0.
m=1

When I C N and I # 0, Lemma 4.1 implies that formula (4.2) is equivalent
to that, for almost all £;c € TN-HI, there exist a natural number k(&) (0<
k(£rc) < M) and an orthonormal base {ej(&rc),e2(Ere), ... enr(&rc)} of CM
such that

(4.3) Orfo.n(zr,re),ei(€re))on =0, 1<i<k(&re)

and

(4.4) (Orgr,0)(z1,€1¢),€i(Ere))ons =0, k(o) +1<i<M

for z; € DHI. Tt is easy to see that conditions (4.3) and (4.4) are equivalent

to the conditions (1.4) and (1.5) in Theorem 1.8, respectively.

Now suppose j € I¢. Let J=IU{j}. The condition (CIk) implies, for
almost all given & € TN=VI there exist k(¢sc) (0 <k < M) and an or-
thonormal base {e;(£7c),e2(€s¢),...,enr(€5¢)} of CM such that

(05f(z1,€50),€i(E5e))one =0, 1 <i <k(Eje)
and
(059(21,€5¢),€i(E5¢) ) s =0, k(Eje) +1<i<M
for z; € DIYI. Therefore, there exists a unitary matrix U of degree M x M
such that
Uan(ZJ,fjc) E(CMQE
and
U0;g(z5,61c) €E
for z; € DI’I, where E denotes the subspace of CM consisting of all vec-
tors vanish at the coordinates after the k(£;¢)th item. Let F and G denote
Uf(-,&5¢) and Ug(-, &), respectively. It is clear that

(45) <8[F(Z[,€j),6IG(ZI,£_]')>(CM =0
for z; € DIl and almost all & €T, and
(4.6) PEa]F(ZJ) =0 and PCM@EajG(ZJ) =0

for z; € DI’I, where Py denote the orthonormal projection from C onto FE.
Formula (4.6) implies that PrdrF(z1,¢;) is a vector-valued function on DI x
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T with which entries are analytic in z; € DI for almost all & €T, and in
H2(T) for all z; € DII. By formula (3.5), it is easy to see that the map
21+ PpOiF(zr,-) is continuous from DI to H2(T) ® E. By Lemma 2.4, we
have that the dimension of \/gj (PgOrF) is constant, say ki, for almost all

& € T. Similarly the dimension of \/g,- (Perm e p0rG) is constant, say ko, for
almost all §; € T.

Fix a point &; € T such that vd¢,(PpdrF) = ki, vdg, (Pevgp01G) = ko and
formula (4.5) holds. Let Ey and E5 denote ij (PgorF) and ng (Permep0iG),
respectively. Then we have that
(4.7)  01F(21,&;) = Pp,ep,0rF (21,§5) + Pevg(Bap,) OrF (21,€))

and
(4.8) 01G(21,&) = Ppop,01G(21,&5) + Ppep, 01G(21,§;)-
By “complexifying” formula (4.5), we have
0= (01F(21,&;),01G(wr,&5)) o
= (Pr,0p,01F (21,&}), Pr,0p, 01G(W0r,&;)) s -
It follows that
(4.9) \/gj (Pg,oRp,0rF) L \/gj (PE,0R,01G).
Since
dim \/Ej (Pg,ep,0rF) > dim \/fj (Pg,01F) =k
and dim ng (Pp,eE,01G) > ko, formula (4.9) implies that
vde,(Priop,0rF) =k and  de, (Pg,op,0:G) = ko.
Applying formulas (4.7) and (4.8), we have
vde,; (01 F) <vde, (PE,gr,0rF) + vde, (Pov g (Bgp,)Or F')
=k +M—k(&se) — ks
and
vdg, (01G) <vdg, (Pg,op,01G) +vde, (Pper, 01G) = ko + k(1) — k1.

Let k= ko + k(§5e) — k1. Then we can choose k which is independent to §;
excepting a set of measure zero as for k(£;c) in the condition (CIk). This
completes the proof. O

COROLLARY 4.2. Let f and g are in € L>=(TN). Then TyT, =T,T; on
H?(DY) if and only if for all nonempty subset I = {ny,na,... N of N and
almost all Erc € TN~ one of the following conditions holds.
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(al)
1]
Jo,n(zr,&1¢) ka Z1\{ny}>E1¢)
k=1
and
7]
9w, (z1,&1¢) ng 21\ fne}sE10)s
where all of f]g(ZI\{nk},&-[c) and gk(ZI\{nk},glc) are analytic in zp\(n,}-
(bI)

1

foo (21, €1¢) ka 21\ {ni}>E1¢)

and
1]

9cr,0)(21,€1¢) ng 21\ {n}>E1¢)s
k=1
where all of fé(ZI\{nk}yflc) and g,ﬁ(zf\{nk},flc) are analytic in zp (n,}-
(cI) There exist two function a(Ere) and b(Ere) with |a(Ere))* + [b(&re)|? =1
such that
1]

a(ére) fo.0) (21, €10) + b(Ere) g0,y (21, €r) = D i (21 gy €1)
k=1

and
1]

a(&re) fr,0y(21,61¢) + b(E1¢)9(1,0) (21, 1) Z?"k 21\ {na}> 610

where all of hi(zl\{nk},&c) and Tk(zl\{nk},flc) are analytic in zp\ {n,}-
Moreover, if j € I¢, then for almost all given e\ (5 € TN-HI=1" one of
three conditions above holds for almost all &; € T.

REMARK 4.3. If let N =2, then the above corollary implies Theorem 1.2.

THEOREM 4.4. Let f and g are in € L>®(TV). Then TyT, = T, on
H2(DN) if and only if for each i € N, either f(2) is co-analytic in z; or
g(z) is analytic in z; for all Zi iy € DN-1

Proof. Sufficiency. Suppose I C N such that f(2) is co-analytic in z; and
9(z) is analytic in zy, ;. We have
<TngkZ7kZ> = <Tgkzasz> = <P1(gkz),f_kz>
= <gkzvf_kz> = <ngkzakz>~

Since the Berezin transform is one-to-one, the equation TyTy =T, holds.
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Necessary. Suppose that the conclusion fails for some i € N. Then there
exist two subset F; and Fy of TV~ with positive measure such that

az‘f(zhfz\‘f\{i}) #0
for 51\7\{2.} € F4 and almost all z; € D, and

51‘9(27:»51(/\{1'}) #0

for 5\ ;3 € F1 and almost all z; € D. If there exists some j € N\ {i} such that
both 0; f(z;, 51\7\{1'}) is not co-analytic and Big(zi,flv\{i}) is not analytic in the
variable £;. Then there exist two subset E, and F5 of TN-2 with positive
measure such that

3j8if(z{i;j}’§1\7\{iaj}) 70
for €5\ () € E2 and almost all z(; ;; € D?, and

5j5i9(z{i,j}a§1§f\{i,j}) 7é 0
for gJ\AfA\{i,j} € F5 and almost all zg; ;1 € D?. By induction, we can find a subset

I of N and two subset E and F of TN ~I| with positive measure such that

(4.10) Orf(zr,1¢) #0
for ;e € E and almost all z; € DHI, and

919(z1,&1) #0
for £7c € F and almost all z; € DI and either Orf(zr1,&r¢) is co-analytic or
0rg(zr,&;¢) is analytic in the variable &; for each j € I°.

Let J, K be two subset of N\ I such that JUK =1¢, JNK =0 and
Orf(zr,&1¢) is co-analytic in &; for j € J and 9;g(z1,&7¢) is analytic in the
variable &, for k € K. By formula (4.10), there exist a subset E of T/¥| with
positive measure such that

Orf(zr,67,6x) #0

for £; in a subset of T!’| with positive measure and each éx € E’ and almost
all z; € DI, Therefore we have that 9; f (27, -, k) # 0 for almost all (£7,£) €
T x E’ and almost all z; € DHI. Similarly there exist a subset F’ of TlJI
with positive measure such that 0;g(z1,&,€x) # 0 for almost all (£;,&x) €
F’ x TIXI and almost all z; € DI, So we have

Orf(21,€1,€x)019(21,€5,€K) # 0

for almost all (£7,£x) € F’ x E' and almost all z; € DI, This contradicts to
Theorem 1.5 and completes the proof. O

REMARK 4.5. If let N =2, then the above theorem implies Theorem 1.1.
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