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THE HORMANDER MULTIPLIER THEOREM, I:
THE LINEAR CASE REVISITED

LOUKAS GRAFAKOS, DANQING HE, PETR HONZIK AND HANH VAN NGUYEN

ABSTRACT. We discuss LP(R"™) boundedness for Fourier multi-

plier operators that satisfy the hypotheses of the Hérmander mul-

tiplier theorem in terms of an optimal condition that relates the

distance |% — 1| to the smoothness s of the associated multiplier

measured in some Sobolev norm. We provide new counterexam-

ples to justify the optimality of the condition |% — 1< £ and we
1

discuss the endpoint case [ — =2,

1. Introduction

To a bounded function ¢ on R™ | we associate a linear multiplier operator
T,(f)(@)= [ [(&)a(&)e* ™ de,
R’n

where f is a Schwartz function on R" and f(¢) = Jan f(@)e 208 da s its
Fourier transform. The classical theorem of Mikhlin [12] (see also Stein [19])
states that if condition

(1) 0% (€)| < Calé| 1!

holds for all multi-indices o with size |«| < [n/2]+1, then T, admits a bounded
extension from LP(R™) to itself for all 1 < p < oc.

Mikhlin’s theorem was extended by Hormander [10] to multipliers with
fractional derivatives in some L" space. To precisely describe this extension,
let A be the Laplacian, let (I — A)S/ 2 denote the operator given on the Fourier

Received December 2, 2016; received in final form November 17, 2017.

The first author was supported by the Simons Foundation and by the University of
Missouri Research Board and Council. The third author was supported by the ERC CZ
grant LL1203 of the Czech Ministry of Education.

2010 Mathematics Subject Classification. 42B15, 42B20, 42B30, 42B99.

(©2018 University of Illinois

25


http://www.ams.org/msc/

26 L. GRAFAKOS ET AL.

transform by multiplication by (1 + 472|¢[?)*/2 and for s >0, and let L7 be
the standard Sobolev space of all functions h on R™ with norm
Il = |1 = 2)*/h|

Let ¥ be a Schwartz function whose Fourier transform is supported in the
annulus of the form {£:1/2 < [¢] <2} which satisfies >_, ., T(279¢) =1 for
all £ #0. Hormander’s extension of Mikhlin’s theorem says that if 1 <r <2
and s > n/r, a bounded function o satisfies

(2) supH\/I\/0(2k~)‘
kEZ

Lr < 00.

Lg<oo,

i.e., o is uniformly (over all dyadic annuli) in the Sobolev space L, then T,
admits a bounded extension from L?(R™) to itself for all 1 < p < oo, and is also
of weak type (1,1). An endpoint result for this multiplier theorem involving
a Besov space was given by Seeger [17]. The least number of derivatives
imposed on the multiplier in Hérmander’s condition (2) is when 7 = 2. In this
case, under the assumption of n/2 + ¢ derivatives in L? uniformly (over all
dyadic annuli), we obtain boundedness of T, on LP(R™) for all p € (1,00). It
is natural to ask whether LP boundedness holds for some p if s <n/2.

Calderén and Torchinsky [2] used an interpolation technique to prove that
if (2) holds, then the multiplier operator T, is bounded from L?(R™) to itself
whenever p satisfies

1 1 S
=

P n
and

1 1 1
4 - <=
() ‘p 2‘_7“

It is not hard to verify that if o satisfies (2) and T, is bounded from
LP(R™) to itself, then we must necessarily have rs > n; see Proposition 2.1.
Thus, £ < £ and comparing conditions (3) and (4) we notice that (4) restricts
(3). On the other hand, if we only have conditions (2) and (3) for some
r, s with rs >n, r € (1,00), s € (0,00), then one can find an r, such that

\% —3l< L <2 andr, <r. Inview of standard embeddings between Sobolev

spaces' we obtain that

(5) sup|| W (28]
keZ

L'go LT < OO?

< CsupH{I\/U(Qk-) ‘
kezZ

and thus we can deduce the boundedness of T, on LP(R"™) by the aforemen-

tioned Calderén and Torchinsky [2] result using the space Lf°. So assumption

(4) is not necessary.

I This could be proved via the Kato—Ponce inequality IFGll e < C||F||Lgl ”G”ng ,1/q=
1/q1 +1/g2 with ¢ =7, and q1 =r; see [11], [8].
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In this note, we show that (3) is optimal in the sense that within the class
of multipliers o for which (2) holds, if T, maps L? to LP, then we must
necessarily have \1—1] -i<s

THEOREM 1.1. Fiz 1 <r <oco and 0 <s <5 such that rs >mn. Assume
that (2) holds. Then T, maps LP(R™) to LP(R™) for all p € (1,00) such that

1 1< 2. Moreover, if Ty is bounded from LP(R™) to itself for all o such

P 2
that (2) holds, then we must necessarily have |+ — 1| < 2.
p n

The proof of the positive direction in Theorem 1.1 is mostly folklore, and
is omitted. We only mention that the theorem could be proved via the inter-
polation result of Connett and Schwartz [5] or directly via the interpolation
technique of Calderén and Torchinsky [2]; on this see also the presentation in
Carbery, Gasper, and Trebels [3]. In this note, we focus on certain counterex-
amples related to the optimality of the hypotheses rs > n and |% — %\ <2 of
Theorem 1.1; these are in the spirit of the presentation of Chapter 4 in the
book of Wolff [21].

On the line |% — 2| =1 there are positive results for 1 <p <2 (see [16])
and for p=1 by Seeger [17]. In Section 3, we discuss a direct way to relate
the results in the cases p =1 and 1 < p < 2 via direct interpolation that yields
the following result as a consequence of the main theorem in [17].

PROPOSITION 1.2. Given 0 <s < %, 1 <p <2 satisfy |; — %| =2, then we
have N
ITo 2o o2 < Csupllor (25) ]| ..
kEZ s

Here LP2 denotes the Lorentz space of functions f for which t'/7f*(t)
lies in L2((0,00), %), where f* is the nondecreasing rearrangement of f; for
the definition of the Besov space BZ’/ls see the last section. Other types of
endpoint results involving LP norms as opposed to LP2 norms were provided
by Seeger [18]. We are also aware of a direct proof of Proposition 1.2 based

on weighted L? inequalities as in Christ [4].

2. Necessary conditions

In this section, we discuss examples that reinforce the minimality of the
conditions on the indices in Theorem 1.1. One way to see this is to use
the multiplier m, (€) = 1(€)[¢]~P€!€l” where a >0, a#1, b>0, and 1 is a
smooth function which vanishes in a neighborhood of the origin and is equal to
1 for large |£|. One can verify that m, ; satisfies (2) for s =0/a and r >n/s.
But it is known that T}, , is bounded in LP(R"™), 1 < p < oo, if and only if

\% - 1< b/Ta (see Hirschman [9, comments after Theorem 3c|, Wainger [20,

Part IT], and Miyachi [13, Theorem 3]). Alternative examples were given in
Miyachi and Tomita [14, Section 7].



28 L. GRAFAKOS ET AL.

In this section, we provide yet new examples to indicate the necessity of
the indices in Theorem 1.1. We are not sure as to whether boundedness into
LP, or even weak LP, is valid in general under assumption (2) exactly on the
critical line |% —3|==.

PROPOSITION 2.1. If for all o € L®(R™) such that
sup o (2°) |
keZ

L7 (R") < 00,

we have

(6) 1Tl gy s oy < Cpsupo(25) ¥

then we must necessarily have rs >n and \]% -1<

Proof. First, we prove the necessary condition rs > n. Let Z be a smooth
function supported in the ball B(0,1/10) in R™ and let ¢ be supported in the

~ o~

ball B(0,1/2) equal to 1 on B(0,1/5). Define f(&) =((N({ —a)) with |a| =1,
and o(§) = QAS(N(é —a)). A direct calculation gives ||f|prgn) ~ N~H/P
and [0 zr@ny) < CN*N="/"; for the last estimate see Lemma 2.2. More-
over, T,(f)(z) = N~"((xz/N)e?™ . We thus obtain that ||T,(f)|e@n) ~
N—"+7/P Then (6) yields the inequality N—"*"/P < CNSN—"/TN-n+n/p
which forces s — n/r >0 by letting N go to infinity. We note that the strict
inequality in condition rs > n in Theorem 1.1 is necessary as there exist un-
bounded functions in L], /T(R”), while Fourier multipliers are always bounded.

We now turn to the other necessary condition |% — %| < 2. By duality
it suffices to prove the case when 1 < p < 2. We will prove our result by
constructing an example. We consider the case n =1 first while the higher
dimensional case will be an easy generalization.

Let 12, @ € 65°(R) such that 0 < @ < x[—1/100,1/100] and

X[~1/10,1/10] < )< X[-1/2,1/2]-
Therefore, @Z@ = . For a fixed large positive integer N, we define
N
(1) In© =Y BNE—j),  onu& =D a;(t)p(NE—j),
j=—N JEIN

where Jy ={j € Z: 5 <|j| <2N} and t € [0,1]. Here {a;}
quence of Rademacher functions indexed by all integers.

One can verify that Ty (fn) =: (on,efN)Y = (X ey a5 (OP(NE = 7)Y
Recall that Rademacher functions satisty for any p € (0, 00)

1/2
PRCTOZY N O DIEY Rt ) tCE?

0o .
72 oo s the se-

Cp )

Lr([0,1])

Lr([0,1
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where ¢, and C), are constants. Therefore,

1 1/p
([ el e dt)
p 1/p
(// gp(N 1x)62”irj/N’ dmdt)
JjeEIN

</<Z|N p(NT )eQ”izj/N|2)p/2dx>1/p

jE€JIN

1/p
~ N1 (/ ‘Nl/Qw(Nflx) |pdx)
R

~ N1/p—1/2

The Sobolev norm of oy, is given by the following lemma, proved in all
dimensions. For n>1 and i = (t,...,t,) € [0,1]" we define a function on R”
by

O—Nf(glw"vgn): Z a’jl(tl) a]n( ) (Ngl_]l) (an__jn),
jein
where Jy = {j = (j1,-...jn) €Z": ¥ <|ji| <2N,1 <k < N}. This oy
coincides with o, when n=1.

LEMMA 2.2. We have that |loy | Lr@n) < CON®.

Proof. Tt is easy to verify that |loy |- < C and [loy flr; < CN?. The
rest follows by interpolation between Sobolev spaces [1]. O

We continue with the proof of Proposition 2.1 when n=1. We note that
]?N has L9 norm bounded by a constant independent of N, which implies
by the Young’s inequality that ||fy||L« < C with C independent of N when
2 < g < oo. We show in the following lemma that this property is valid for all

€ (1, 00].

LEMMA 2.3. Let fiy be asin (7) and let p € (1,00]. Then there is a constant

C, independent of N such that || fx||zr < Cp.

Proof. We note that fy = Z;V:_N Lo(z/N)e?™@i/N = Lo(z/N)Dy(z/
N), where Dy is the Dirichlet kernel, whose LP-norm over [0, 1] is comparable
to NY/P" when p > 1; see, for example, [6, Exercise 3.1.6]. Using this fact and
that ¢ is a Schwartz function we obtain

”fN”LP(]R) = H%@(N)DN (N)

1
= —NYP|lpDy| L
vV P leDn e )y

Lr(R)
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oo j 1/p
— NP < Z /1|<p(:z)DN(.r)|pdl‘>

j=—o00
00 . 1/p
SCN_l/p/<Z ;M/] ’DN(CE)|pd:L‘>
oo A+ DM /-1

<C,N VPN =,
This proves the claim. O

In view of Lemma 2.3, we obtain the following inequalities
1 1
<O [ Twatro) ey )

1 :
<Al ([ ol at)
0

< CC,AN".

Letting N go to infinity forces 1/p —1/2 <.

We now consider the higher dimensional case. Let Fn (%)= fn(z1):---
fn(xn), where fn is as in (7). It follows from Lemmas 2.2 and 2.3 that
|Fn|ler <Cand ||on]|Lr < CN?®. A calculation similar to the one dimensional
case shows that || T (Fy)|r» & NA/P=1/2n thus letting N — oo we obtain
that |1/p—1/2| < s/n. O

=
=

N

Related examples were given by Olevskii [15] who showed among other
things that Li /20 L is not contained in the space of LP Fourier multipliers

for p # 2.

|==

3. The endpoint case |% - >

1
2
In this section, we discuss an interpolation theorem applicable in the critical
case |% — 3| =%=. We introduce the Besov space norm
1
._ isaplle )
g, = (I asplL, )+ 1Soh
Jj>1

where A; are the Littlewood—Paley operators and Sy is an averaging operator
that satisfy Sy + Z;’il Aj =1. We assume that for j > 1, A; have spectra

supported in the annuli 27 < |¢| < 29%2, while Sy has spectrum inside the ball
B(0,2).
We recall the following result of Seeger [17]

(8) 1Tl 1 222 < Csupllo (2 |y
keZ 2
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concerning the endpoint case p=1. We also have the trivial estimate

(9) 1T llp2—r2 = 1 Tollp2—r22 < Ciu12||a(2k-)\lf||3&1.
€
In this section, we derive the intermediate estimate contained in Seeger [16]:
(10) ||Tg||Lp_>Lp,2 SCSUp||O’(2k )\I’| le
for \1—17 —1il= 2,1<p<2,and 0<s < 5. We deduce (10) from the following

theorem.

THEOREM 3.1. Fiz 1 <rg,r1 <00, 1 <po,p1 <0, 0<50,51 <0o. Let T
be supported in the annulus 1/2 <|£] <2 on R™ and satisfy

Y (277 =1, £#£0.

JEZ
Assume that for k € {0,1} we have

(11) |76 (D] 1o SKk?elgHU(Qj')‘i”

st |l

for all f € €5°(R™) and o which make the right hand side finite. For 0 <6 <1
define
1:1 9_’_&7 l:l 9—&—&7 s:(1—9)30+951.

p Po 4! r To 1
Then there is a constant C, = Ci (79,71, S0, $1,P0,P1,D,1) such that for all f
in 65°(R™) we have

(12)  [|Z.(f)

pet I fllLe@ny.-

HLPvQ(R”) <C. KK sup"a(zj.)\fl’
JEL

Moreover, conclusion (12) also holds under the assumption that po =1 and
(11) is substituted (only for k=0) by

(13) 17, (f) gKO?IégHa(zj.)m

B! Hf”Hl

I
for all f € €5°(R™) with vanishing integral.

Proof. Let ®(¢) = >oi<o U(277¢) and ®(0) = 1; then ® is supported in
|¢| < 2. Fix a bounded function ¢. For an integer k define the dilation of o*
by setting 0¥ (¢) = (2¥¢). For z in the closed unit strip, we introduce linear
functions

L(z):i(l—z)—i—Lz, M(z)=s—(1—2)sg — 281
To T1
and when ] > 1 introduce Littlewood-Paley operators Aj(g) = g * ¥a—j,
Aj (9) =g = \112 i, where U is a Schwartz function whose Fourier transform
is supported in an annulus only slightly larger than 1/2 < |£ | <2 and equals 1
on the support of U. We also define Ao(g) =g ® and Ag(g) = g * ®, where
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the Fourier transform of ® is supported in |¢] < 4 and equals 1 on the support
of ®. Then define:

0. =YY M@ (k)T
k€eZ j=0

< By (4, (B[O (o7 ) B (27,

where

-1
&= 18D, (s X2 Al ), )
HEZ 5
Next, we estimate
(14) SHPZ2ZS° INCAD] P
Z7>0

We notice that for a given y € Z, in the sum defining o;, only finitely many
terms in k appear, the ones with k =y, + 1,0 — 1. For simplicity, we only
consider the term with k = u, since the other ones are similar. This part of
(14) is estimated by

(15) supZZQlSOQJ o)
HEL S0 j=0
Ru(B, (| (8) [0 einrs 0" 0)) G|

Using Lemma 3.2 (stated and proved below), we obtain that (15) is bounded
by

(16) supZZTé"Q](é s0)

HEZIS0 =0

|C | 70 CM2—2|1—%\max(j,l)MmAj ((TH(I\/) %

x ||

Lro”

Lo’

But the sum over [ in (16) is bounded by C’M2j502_j2‘1_%|M < Cp29%0 for
M sufficiently large, and consequently (16) is bounded by

(17) CMsupZW(g G")Z”"’c”’l__ (U“\If) o
MEZ] —0
< Cur (sup 322,048 . )
H 7>0

by the choice of c;‘ . Likewise, we obtain a similar estimate for the point 1+ it.
We summarize these two estimates as follows: for m =0,1 and Rez =m we
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have

r

o)
keZ >0

Now consider the analytic family of operators T, associated with o, defined
by f+ T,.(f). When Rez =0, T, maps L% to LP if py > 1 and H' to
LY2 if py = 1 with constant By and when Rez =1, T, maps LP'2 to LP* with
constant By, where

(18) supZQl“”’"HAl (Ug\fl)’

MEZ 1>0

B, =CuK; (supz2j5||Aj (ok@)| L,,) 77, m=20,1.
k€L 30

We now interpolate using Theorem 1.1 (with m =1) in [7]. We obtain
HTUg (f)H(Lp0,2)1—9(Lp1,2)9 < C(p0>p17p)B(1)7(ng||f”(LPO,LPI)g-

Noting that (LPo-2)1=9(LP1:2)0 = [P-2 and (LPo, LP1)g = LP (even when py = 1,
in which case LP° is replaced by H'), we obtain the claimed assertion. O

LEMMA 3.2. Using the notation of Theorem 3.1, for any M >0 there is a
constant Cyr (also depending on the dimension n, on W, and V) such that for
any 1 < g < oo we have

< CM2—2(1—%)max(j,l)M

(19) 153 (9)09) |, <

gl La

for alll,5 > 0. We also have that for any M > n there is a constant Cy; such
that
(20) |A(A;(g)TW)

2% Carz GO0 g

Proof. The claimed estimate is obviously true when ¢ =1. So we prove
it for ¢ =2 and derive (19) as a consequence of classical Riesz—Thorin inter-
polation theorem. Examining the Fourier transform of the operator in (19),
matters reduce to computing the L norm of the function

(21) ¥(27) [ BEe—m)otm)dn
where ¢(n) = U % U is a Schwartz function. Since the integral is over the set
|€ — | = 2!, we estimate the absolute value of (21) by Cas[sup{(1 + |n|)~ :
|€ — | ~ 2!} where |¢| ~27. Notice that if [ > j + 10, then |n| ~ 2!, while if
j >1+10, then |n| ~27. These estimates yield the proof of (19).

We now turn our attention to (20). Using Fourier inversion, we write

~

Ai(B;(9)0) ()= /}R _gmw(27") / U (277€) (€ — e de dn.

n
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We integrate by parts in the inner integral with respect to the operator (I —
A{)N to obtain that the preceding expression is equal to

Z Csy
iy (L am2 )N

< [ gt [ 200 (279 (@0 6) €~ memi de
Since for g € H* we have [g(€)| < c||g||z1 for all £ and we deduce the estimate

Cumllgllar / dg
A 9)0) ()| £ 52 Ssup T oM
[8:(84(9)6) () (L+4r2zP)N 7 o Jjegmas (L€ —n))2M

for M >n. We easily derive from this estimate the validity of (20). Note
that in the case j = 0 the notation |£| ~ 27 should be interpreted as |¢| < 2;
likewise when [ = 0. U

Proposition 1.2 is a consequence of Theorem 3.1 with initial estimates (8)

and (9).

Acknowledgment. The first author would like to thank Andreas Seeger for
useful discussions.
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