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KOLMOGOROV OPERATOR AND FOKKER-PLANCK
EQUATION ASSOCIATED TO A STOCHASTIC BURGERS
EQUATION DRIVEN BY LEVY NOISE

BING HU, XIAOBIN SUN AND YINGCHAO XIE

ABSTRACT. In this paper, we consider a stochastic Burgers equa-
tion driven by Lévy noise and study the transition semigroup
of the solution to the initial value problem for the equation in
the space of continuous functions weighted by a proper poten-
tial. We show that the infinitesimal generator is the closure of
the Kolmogorov operator associated to the equation in a suitable
topology. We also prove existence and uniqueness results for the
associated Fokker—Planck equation.

1. Introduction and preliminaries

This paper is concerned with a stochastic Burgers equation driven by Lévy
noise on [0,1]. The classical Burgers equation describes the interaction be-
tween the diffusion part and the non-linear inertial part in fluid flow. Through
the celebrated Hopf-Cole transformation [15], the equation can be trans-
formed into a linear (heat) equation so the interaction can be expressed in
an explicit expression in the solution. But this method no longer works in
most of the random force cases. In recent years, many people have been inter-
ested in studying Burgers turbulence in the presence of random forces. Most
works are with white noise, for example, [1], [2], [3], [4], [5], [6], [7], [16], [12],
(13], [14], [17], [18], [19], [21] and references therein. As far as we know, there
are only a few articles dealing with the case of non-white noise, see [11], [22],
[23] for the Lévy noise.
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The aim of the present paper is to extend the results of [18] for stochastic
Burgers equation driven by Wiener noise to the equation driven by Lévy
noise. That is, we will investigate the transition semigroup of the solution
in the space of continuous functions weighted by a proper potential and we
show that the infinitesimal generator is the closure of the Kolmogorov operator
associated to the equation in a suitable topology. Moreover, we prove existence
and uniqueness results for the associated Fokker—Planck equation.

The paper is organized as follows. In the rest of this section, we give pre-
liminaries and an estimate of the solution in order to define the transition
semigroup and the infinitesimal generator. In the next section, we sketch the
proof of the estimate of the solution. In Section 3, we study properties of
the transition semigroup in Cp v (L®). In Section 4, we study an approxi-
mate equation and prove a-priori estimates for the derivative of the transition
semigroup in the space of continuous functions. Section 5, the final section,
is devoted to the proof of the main results. Due to the appearance of Lévy
noise, the methods for the equation driven only by Gaussian noise no longer
work. We will use the techniques for studying linear SPDE and stochastic
Navier—Stokes equation driven by Lévy noise developed in [8], [9], [10], [24].

Let (9,.%#,P) be a complete probability space equipped with a filtration
{Z,t > 0} satisfying the usual conditions of completeness and right conti-
nuity, and let N(dt,dz) be a Poisson random measure with intensity mea-
sure \(dz)dt on Rt x U, where \(dz) is a o-finite measure on a measurable
space (U, B(U)). We denote by N(dt,dz) the compensated Poisson measure
N(dt,dz) — A(dz) dt. Suppose W is a Q-Wiener process (the precise definition
will be given later) and that W; and N(dt,dz) are independent.

Denote by |- |r the usual norm of the space LP(0,1),p > 1, and by |- | the
usual supremum norm of L>°(0,1). We consider the separable Hilbert space
H = L%(0,1) (the inner product denoted by (-,-)). As usual, for k € N,p>1,
WkP(0,1) is the Sobolev space of all functions in LP(0,1) whose derivatives
of order up to k belong to LP(0,1), H¥(0,1) = W*2(0,1) and H}(0,1) is the
subspace of H(0,1) of all functions whose trace at 0 and 1 vanishes. We
define an unbounded self-adjoint operator A by
82
aez"

Note that the operator A is the infinitesimal generator of a strongly contin-
uous semigroup in H, which we denote by e*4,¢ > 0. Moreover, the semigroup
et4 can be extended to LP(0,1) (p > 1),

(1.1) le"a|,, <e'|a|, x€LP(0,1),

Ar=Ar = r € P(A)=H?(0,1) NH(0,1).

where 7, = 2p~!(p—1)72. Note that the usual Sobolev space W**(0,1) can be
extended to W*P(0,1), for s € R, then by [18], e/* (¢ > 0) have the smooth-
ing properties: for any s;,s, € R with 57 < sy, 7> 1, et4: W7(0,1) —
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W#2:7(0,1) and there exists a constant C depending on sy, 2,7 such that

(1.2) ’etAz‘Wﬁz,,.(o’l) <Ci(1+ t(sl_‘”)/Q) |zlweir0,1), 2€W™T(0,1).

For a >0, (—A)* is the power of the operator —A, and |- |, is the norm of
P((—A)*/?) which is equivalent to the norm of H*(0,1) = W*2(0,1). We
have |- |o =] |u. Then,

ex(§) = V2sin(kn¢), €€[0,1,keN
are eigenfunctions of A with eigenvalue A\, = —k?72. The Q-Wiener process
Wy is given by

Wy = Z\/Qkﬁfek, t>0,
=1

where oy, satisfies Qe = ager and {,Bk}keN is a sequence of mutually indepen-
dent standard Brownian motions on the stochastic basis (Q,.Z, (%)i>0,P).
Put

1
bo) = 5De(a?). Wlaws) = [ a©De(©)z(0) e
Then for any z,y € H}(0,1),

1
b'(z,z,y):—gb’(x,y,x), b,(x7y7y):0
and there exists a constant C' > 0 such that
|b(:f:)’H < C’|x|]%p, |b(a:)’H,1 < Clz|g|x|m,
|b(@) = b(y)]y < Clz =yl (|2 + |yl
and
C
[b(2) = b(¥) g1 < S 1o = ylu (el + [yla)-
In this paper, we shall study the following stochastic Burgers equation
driven by Lévy noise:
13) dXy = (AX; +b(Xy)) dt + dW; + [, f(Xe—,u)N(dt, du),
' X() =z, € H.
We fix a sequence of measurable subsets U,, of U with U,, T U and
A(Up,) <oo. Suppose that f(-,-): H x U — H is measurable and satisfies

f maps LP(0,1) x U to L?(0,1) for all p > 1 and that there exists a constant
K} > 0 such that, for fixed p > 1 and positive integer k,

(H1) [y 1£(0,u)[F0 Mdu) < 0o

(HQ) fU If(x7u) - f(y7u)‘lzf’/\(du) S Kk"r - y|]zmvm7y € Lp(07 1)7
(Hs) supjy|,,<c Jye |f(2,u)|5oA(du) =0, as m — oo, VC > 0;
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(Hy) f(-,-) is second order differentiable with respect to the first variable and
satisfies

Cp=max{C; ", C; ¥ 0,03} < o,

where

C’O"lzsup/ Dfx,u% o e Adu),
f ocH U| ( ).,f(H JHe) ( )

4
C’} = sup/ |Df(z,u)|$(H’H))\(du),
xeH JU

02:sup/ D*f(zx,u 2 A(du
f sell U| )’$(H,$(H,H)) (du)

Z(H,H) is the space of continuous linear operators from H to H.

It’s obvious that (H;) and (Hs) imply there exists a constant C' > 0 such
that

[ 1#t@lf ) <+ lals)

REMARK 1.1. An example of f satisfying (H;)—(Hy4) is the following. Let
A() be a finite measure with [;; [u|f;A(du) < oo for any positive integer k. By
simple computation, the conditions (H;)—(Hy4) hold for f(z,u) = z|u|y.

If FE is a topological space and E’ is a Banach space with norm |- |z, we de-
note by Cy(E, E’) the Banach space of bounded continuous E’-valued function
¢ on E endowed with the supremum norm |¢|lc,(z,e/) = SUP,ep [0(T)| -
For E' =R, we denote Cy(E) = Cy(E,R). If E =H, we simply denote by
I - llo the supremum norm of Cy,(H). We also denote by Cj1(H) the Banach
space of all continuous functions on H with norm

I fllo,1:= sup|f(m)(1 + |9:|H)71|.
rxeH

The set Cf(H) is the space of all p € Cy,(H) which are Fréchet differentiable
with differential Dy € C,(H,H). If E is a Banach space, .#(FE) denotes the
space of all Borel finite measures on E. If y € #(E), we denote by |u|rv
the total variation measure of . We shall denote by . (L°(0,1)) the set of
all pe .#(L%0,1)) such that fLﬁ(o,l) V(z)|p|rv(dx) < oo, where V(-) >0 is
a function on L5(0,1).

Suppose that E is a topological space. A sequence {@y, }nen C Cp(F) is said
to be m-convergent to a function ¢ € Cy(E) if lim,—, 00 pn(z) = p(z) (x € E)
and sup,,cy [|@nllo < 0o. An m-indexed sequence {@n, ..., f(ni,....npm)enm C
Cy(E) is said to be m-convergent to ¢ € Cp(E), if for i € {1,2,...,m — 1},
there exists an i-indexed sequence {¢n, ... n; }(ny,...ni)envi C Co(E) such that

m  @nyny = Pnypenes 1€{1,2,...,m—1}

MNij41—>00
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and lim,, o0 @n, Z . We shall write

s

lim -+ Im @n,, . n.=¢

ni—r00 Nym, — 0O
or ¢, - ¢ as n — 0o, when the sequence has one index.

Using a method similar to that used in [18], [11] and [8], one can prove
that (1.3) has a unique mild solution X € D([0,00); L?(0,1)), the space of all
L?(0,1)-valued cadlag functions. In fact, for finite intensity measures we can
argue as in [11], and for o-finite intensity measures we can use the argument
in [8] used for dealing with the Navier-Stokes equation. The corresponding
transition semigroup P;,t >0 is given by

(1.4) Po(z) =E[p(Xi(2))], t>0,0€Cy(H),z €H.
We will prove the following.

THEOREM 1.1. Under the conditions (Hy1)-(Hs), forp>2,k>1 and T >0,
there exists a constant Cp .7 > 0 such that

k
E[SUP|Xt(x)|Lp} < Cp k1 (1 + |x|lzp)’
+<T
where Cy, .1 is of the form of Cy(p, k)eC2PRT for some constants Cy(p, k),
CQ (p, k) > 0.

Theorem 1.1 shows that the semigroup P; is can be extended to spaces of
real valued continuous functions with polynomial growth. In particular, for
p="6, P, acts on the space Cj,/(L5) of all continuous functions ¢ € L°(0,1)
such that the function |¢(z)|/(1+ V(z)) is bounded, where V (z) = |z[3¢|2|2,
(z € L5(0,1)). The space Cp v (L), endowed with the norm

ll¢llo,v := sup —|@(I)‘ )
U serso) 1+ V()
is a Banach space.

As the case in [18], (P;):>0 is not strongly continuous on Cjpy (L°) (nei-
ther on Cy(H)). However, it is strongly continuous with respect to weaker
topologies. We follow here the m-convergence approach, suggested in [18] and
[20]. P can be also studied in other frameworks, for instance with respect to
uniform convergence on compact sets, see Corollary 3.1 below.

Now, we define the infinitesimal generator of (P;)¢>o by setting

(1.5) %@(x):tgrél+w, 0D (A ,Cyy(LY)),z e L%0,1)

with 2(%,Cy v (L°)) = {¢ € Cpy(L°) : Ig € Cy v (LP),limy_,o+ (Pip(z) —
o(x))/t = g(x),Vo € L®,sup;c g 1) | Pep — ¢llo,v /t < 00}
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The Kolmogorov operator associated to (1.3) is formally given by

(16) og(e) = 3 Te[D%0(@)Q] + (x, ADg(x)) — L (DeDi(r), 2°?)

4 / [o(z + f(2,w)) — o(x) — (Do), £z, u))]A(du),
U

where ¢ : L5(0,1) — R is a suitable function.

Let &4(H) be the linear span of ¢p,(z) = ¢?™*) h € P(A). The main pur-
pose of this paper is to show that (#, 2(#,Cy v (L?))) is the closure of %
defined on &4 (H) with respect to m-convergence. In other words, &4 (H) is a
core for (', 2(H ,Cp v (L°))) and ¥ o = Hop, Vi € Ea(H).

Apart from the interest to better understand the operator 7, the main
motivation is to solve the Fokker—Planck equation, for any Borel measure p
on H,

%ut:%*ﬂ“tv tZO,
Ho = f-

2. Estimates of the solution

We will prove Theorem 1.1 and give some estimates of the solution
in this section. In this paper, for simplicity, values of the constants
C,Cy, Ck, Cp i, Cp 1, Cp e, > 0 may be different from line to line.

For >0, let Z{ = f(f e(t=5)(A=a) g, be the solution of the equation
dZ8 = (A— Q) Z2 dt +dW,, 28 =0,
The following result is proved in [4].

LEMMA 2.1. Let ¢ > 1, € (0,1/4),6 € (0,1). Then there exists a random
variable K. 54 such that, for all « >0 and t >0,

122
and B(KE 5 ) < +oo for k>1.

<a "I (14 10) Ko 5,

We define the stochastic convolution
t 00 t
Wal(t) = / =94 qw, = Z a,lc/zek/ et=)4 qpk,
0 1 0

Let X be the solution of (1.3) and Y;(z) = X¢(x) — Wa(t). Then we can
write (1.3) as
Yi(z) = e+ § [j e De(Y;(x) + Wa(s))? ds
(2.1) + fy Sy €A (Ver () + Wals), w)N(ds, du),
Y(0,2)=2z, =xzeH.

X¢(z) is called a mild solution of (1.3) if Y;(x) = X¢(x) — Wa(t) satisfies (2.1)
P-a.s.
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Proof of Theorem 1.1. Put Y,*(x) = X¢(x) — Z*. We have
dY, = (AY +b(Y* + Z7) +aZ) dt +/ FYS + Z& u) N(dt, du),
U
YO =z
Put ¢(z) = |z|5,, then we have Dp(z)(-) = k\x|]z;p<|x|p_2x,IH(-)>, where

Iy(-) is the identity transformation on H. By Itd’s formula and integrating
by parts, one has

(2:2) (Y (2))
t
:\x|’zp+/ (Dp(YE (2)),dY.) + N§
\x|Lp+k/ Y2 |5 Va2 Y, AYS +b(YE + Z8) +aZ) ds
+k/ /| (sl ye (Y + Z2,u) )N (ds, du) + Ny
el [ v (e e )
0
+ (Yo" Y DY, Z2))
+ (1 p)/2(|Ye[" 2 Dev e,

oY+ ey i ve, 22 ds

+k/ / Yo 5Py [PV f(YE + 28, u) YN (ds, du) + NY,

lezredl\’) = Jo Jule(Ye + F(Xomsu)) — oY) = (Dp(Y2), f(Xomsu))] X

By |[Yo[P/? |y = |YO‘| 1 , Poincaré inequality and the interpolatory estimate

-8B B-a

|zlp <lala™|z[77", a<B<y,
one has
(23) (Yoo DY s, Z2)

<[|Ye | e Deve |22 1

|z2

|1l

< C’HY”‘|p/2’ ‘|Ya|p/2_1Dgya

1l 25 s

<Cl[ye B [ve [ [ve T Deve |y 22
<C{Ya (3p) /8||Ya|p/2 1D Y;a 5/4|ZQ‘L4

< Z||Ysa|z7/2 1D£YSOC|H+C|Za 8/3|Ya
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Hélder’s inequality and the Agmon estimate || < \x|1/ 2|x|1/ % imply
@4) (e[ Deve | ze))
<[P e P Dy 25 )
< (v e ) 2 e PP Deve | ze

<C¢|)/soz (Lpp 2)/4||Ya‘p/2 1D Yéoz (3p—2)/(2p) |Za

s

IN

1 _
e D+ (1 ze 4 ) (velh, 1)

and

25) o[ Ye" Y 28) < ol Ve[, 25 ] < Gl 20 (YT 4 ).

(2.2)-(2.5) yield

(2.6) Esup‘Y;o‘ .
t<T

k(p — 1)
b+ He

B [ el e

<lelsy k68 [ VI [(122 0+ 225+ 22, 02

+ap\Z“|Lp+|Za| +1]ds
+E/ / k‘Y“ |f XS’U‘LP
+ e (Y + [(Xsw) — (V)] A(du) ds.

By Hélder’s inequality and Young’s inequality (assuming from now on for
simplicity that p > 4), one obtains

(2.7) IEJ/O /Ulc,o(Ysa—kf(X&u)) — (YY) [ A(du) ds

[| [ Dotve + 070, X)) dn| )

<kE

1
; /0 Y2 +nf (Xoyw)|5 | F (X, )|, dn‘)\(du) ds

T
<0 [ el 1Ay + ) A s

+|z¢ 1] ds.

[+

T
SC]CE/ [|Ysa|Lp+‘Ya |Z(X’L1D
0
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(2.6) and (2.7) yield

T
Bsuplvi [, + SR [yl Devi s

<ol + Gy / vy 225+ el + 1221,

+|ze)}

||, +a|Z2|,,]ds+ CpiT.

2]

vk 2P
sup, <7 | Z&[$3% < 1. Hence, we have

Choosing o = [(1 + T)%Ki 11 8V Lemma 2.1 implies

N Y p||yap/2-1
Bauplv s, + XU el 7| |ve P D as
t<T 0
T k
<lzk, + Cp,k/ Esup|Yy |, , dt + Cp xTEQP + Cp 1 T.
0 s<t
Since T < eT for any T > 0, there exists Cp.r > 0 such that
T
k k
Esup{Yf“LF <lzlk, + Cp,k/ Esup’YﬂLF dt + C,, peCreT.
t<T 0 s<t
Gronwall’s inequality yields
Esup|Yto‘ "
t<T

|LP <Cp i (1 + |x|lzp)ecp”“T.

The proof is now complete.

Put 01 = sup,<7 |[Wa(t)|oo for T'>0. We have 07 < oo, P-a.s.

175

that

PROPOSITION 2.1. Suppose that (Hy)—(Hs) hold and x € LP(0,1) for p > 2,

we have that for T >0,

li E Xi(z) - X h)|,,=
il ST = K, =

or equivalently,

lim Esup|Y;(x) Yt(x—i—h)|Lp:0.

[hlLp—0  ¢<T
Proof. For n>1, put
Ty = inf{t >0, sup sup|Ys(z)+ Ys(z+h)+2Wa(s)|,, > n}
|h|Lp <e s<t
(2.1) implies that there exists a constant Cj, > 0 such that
(2.8)  E sup [|Yi(x)—=Yi(z+h)|,

t<T ATy

t
< Cylhlzs + 3B sup / |4 D (Y, (@) — Ya(a + h))

t<TNATp
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x (Yy(2) + Ys(a + h) +2Wa(s)))|,, ds

+CIE/ Tn/!f )+ Wa(s),u)
— F(Yae(z+h) + Wa(s),u)| , A(du) ds.

Put T'(t) =1+ t727% . Sobolev’s embedding theorem, Holder’s inequality
and (1.2) imply

(2.9) —E sup /|et DADe ((Yi(z) — Ya(a + 1))

t<TATyn

x (Yy(2) + Yi(a + h) +2Wa(s)))|,, ds

<CE sup / ’e(t_s)ADg ((Yo(z) = Yi(z + 1))

t<TATp JO

x (Ya() + V(@ + h) +2Wa(s)))]

EdS
2

3=

w

<CE sup /OI‘(t—s)|D5((Y;(x)—}Q(m+h))

t<TNATp

x (Yy(x) —|—Ys(a:+h)+2WA(s)))’W,Lg ds
SCEKS}? /OtF(t—S)\(lé(a:)—ﬂfs(m+h))

X (Ys(z) 4+ Yi(z + h) +2Wa(s)) |L§ ds

<CE sup /Or(t—s)‘(Ys(x)—K(SE-i-h)HLp

t<T ATy

x |(Yo(2) + Y(z 4+ h) +2Wa(s )|L,,

T
SCE/ nl(T —s) sup |Yy(x Yz(x—&—h)’mds
0

s'<sATy,
(2.8) and (2.9) imply
E sup |Yy(x)—=Yi(z+h)|,,

t<TATy,

|Lpd5
s'<sATp

T
< Cplh|rr —|—nC/ D(T - s)E sup |Yy(x)— Yy (x+h)

e E/ /I{5<Tm}|f 2) + Wa(s), )
—f( S( —‘rh)—I—WA( , )|LP du)d

T
§0p|h|Lp+/ [nCT(T—s)JrC'pKl]E sup |Ys/(z)7YS/(x+h)|Lpds
0

s'<SATp
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From Gronwall’s inequality,

p—1
E sup ‘}/t }/t(x‘i_h)‘Lp S CpeTLC(%T 2p +T)+CpK1T|h|Lp
t<TATy,

This yields

li E Y —Y; h =0.
i B sup |Vi(w) = Yiw+ b,

This and Theorem 1.1 show that this proposition is true. (|

3. The transition semigroup in Cj, (L)

In this section, we will study properties of semigroup (P;);>¢ in the space
Cyp.v (L5).

THEOREM 3.1. Under the conditions of Proposition 2.1, it holds that for
@€ Cyy(LY)

lim sup |Pip(z+h) — Prp(z)| =
€20h], 6 <e,te[0,T]

Proof. For ¢ € C(H), one has that, for t <T,
B (Xio+ ) — Bp (X (@)

/0 (Do(n(X¢(z+h) + (1 —n)Xi(2))), Xe(z + h) — Xy(2))dn

< sup|Dg0(m)‘H]E§2¥|Xt(x +h) — Xi(z)

czcH ! ’L6

<Esup
t<T

—0, as |h|ps —0.

The density of C}(H) in Cj (L°) implies that, for € > 0, there exists . €
C}(H) such that |- — ¢|lo,v <e. Hence, we have

lim Esup|cp( terh))*(P(Xt(x)H

[h]L6—0 t<
< 1 —
< |h|1L1£n—>0[E§1§l¥‘(p(X(t’x+h>) e (X(t,x+h))|

+Esup|e (X (¢ @ +h)) — e (Xe( )\HEsup!soa(Xt z)) - Lp(Xze(ﬂﬁ))H

< |h|li?%0 [SE?ISIg(l + V(X (t,z+h))) +EE§1S1¥(1 + V(Xt(g;)))]

<2+ Cry)e.
This yields

i, BSple (X (b a 1) - p(Xi(@)] =0

The proof is now complete. O
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Theorem 3.1 shows that P, maps Cj v (L) into itself.

THEOREM 3.2. (1.4) defines a semigroup (P;)i>0 on Cpy(L®) and there
exist constants co > 1,wp € R and a family of probability measures {ps(x,-),
t>0,z € L50,1)} C .4y (L°(0,1)) such that

(i) P € ,,S,”(Cb V(LG)) and ||Pt||$(Cb7V(LG)) < cge™ol,
(i) Prp(x) = [y o) ue(x,dy) for any t >0, p € Cy v (L°) and x € L5(0,1).
(iii) For ¢ 6 Cy.v(L®) and z € L°(0,1), Pyp(x) is continuous with respect to t.
(iv) PoPs=Piys for any t,s>0 and Py=1
(v) Suppose that {p, on,n > 1} C Cy (LO) satisfy on/(1+V) 5 /(1 +V).
We have
. Pipn = Prp
ATy iy 20

Proof. (i) For any ¢ € Cp v (L®), we can find {¢y, tnen C Cp(L%(0,1)) such
that |¢n| < |¢| (n>1) and ¢, (z) = ¢(x),Vx € L°(0,1). Theorem 1.1 implies

(31) EV (Xu(@)) < (B|X:@)] %) (BX:(@)]}.)*
< CeCt (14 [a18) % (14 |2]t4) ?
< Ce (1 Jafge) (1 + |al3a)
< Ce“ (1+V(2)).

Using the dominated convergence theorem, we can define

Pp(x)= nlgl;o Pip,(z) = nlgl;o Ep, (Xf(z))

For any ¢ € Cpy(L%), Theorem 3.1 yields that the function Pyp(z) on
L5(0,1) is continuous. By (3.1) and

|Prp() (1+V(Xe(2))) < Ce“llello,v (1 +V(2)),

we obtain that (i) holds.
(ii) For ¢ € bev(LG), we take (¢n)n>1 C Cyp(L5(0,1)) with |p,| < |p| and

. Yn w 2
] r_7_
nhee 14V 14V

Let pt(x,-) be the image measure of X;(z) in H. Then the representation (ii)
holds for any ¢,,, that is,

Prpn() = /H on(y)ie(z,dy), = cH.

Theorem 1.1 yields X;(z) € L5(0,1), P-a.s. for z € L°(0,1). Hence, pq(x,-)
can be seen as a probability measure on L%(0,1). The dominated convergence
theorem implies the result.



KOLMOGOROV OPERATOR AND FOKKER-PLANCK EQUATION 179

(iii) Indeed, for p € CZ(L5(0,1)) with Dy € C}(L5(0,1), 2(A)), by using
It0’s formula and taking expectation, one has

Ep(X,(z))

— o(2) +E /0 [(AD@(XS),XS> T (Dp(X),bX,) + %Tr [D%0(x.)Q] | ds

+E / / [0 (X, + F(Xoru)) — 9(X) — (D(X,), (X u))] A(du) ds.
0 U

It is obvious that Pyp(x) =Ep(X¢(x)) is continuous with respect to t. Thus,
for any ¢ € Cy,v (L), the function Pp(x) is continuous with respect to .

(iv) Take ¢ € Cp (L) and consider a sequence (¢n)n>1 C Cp(L5(0,1))
such that (1+V)"tp, = (14 V) e as n — oo. By the Markov property of
the process X;(z), (iv) holds for all ¢,. Then, by (ii) we find

Pt+590 I . PtJrsSDn . PtPs(Pn ™ PtPsSO
LtV  nbee 14V nbe 14V 14V

(v) Since (ii) holds and p(z,dy) € 4y (L5(0,1)), the result follows by the
dominated convergence theorem. O

THEOREM 3.3. Let X;(x) be the mild solution of (1.3) and (P;)i>0 be the
associated transition semigroups on Cy v (L°). Let (#,2(4 ,Cy v (L5))) be
the infinitesimal generator defined by (1.5). Then:

(i) For o € (A ,Cy v (L%)), Pip € D(H,Chy(L°)) and H Prp = PX o,
t>0.

(ii) For p € 2(A,Cpv(LY)) and x € L(0,1), the function Pyp(x) is con-
tinuously differentiable on Ry and

d
EPtgp(a:) =P p(x).

(iii) For ¢ € Cy v (L®), the function fg Pyp(x)ds € D(H ,Cyv (L)) and

t
%(/ Psgods) =P — .
0

(iv) For X > wg, wo is the constant in Theorem 3.2, the linear operator
AN, ) on Cpy(L°) defined by

RN, H)f(z) :/Ooo e MPf(z)dt, feCyy(L°),xeL%0,1)

satisfies #(\, ) € L (Cyp v (L)),

Co

H%()‘V%/)HX(C%,V(LC")) = )\——’wo’
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RN H)f € D(H,Cov(LY) for f€Cpy(LE) and
(I = J)BO, H)f = .
A\, H) is called the resolvent of A at .

Proof. (i) For ¢ € 2(#,Cp v (L°)), then supse(o,1) 1 Pep — ¢llo,v /t < oo.
By Theorem 3.2(i), we have Pip € Cy v (L8) and

sup || Pu(Ppp) — PtgoHO v/h < coe™t sup ||Pne — ¢llov/h < oo.
€(0,1) ’ he(0,1)

The dominated convergence theorem yields
- Pu(Bp)(x) — Prp(x) Poo—¢\, | _
g PHOAGIEED < i (550 o)< ot
Thus, Pyp € 2(#,Cp v (L8)) and H Pyp= Pt o, t > 0.
(ii) Tt is obvious from the proof of (i).
(iii) For ¢ € Cp v (LS), we first check fot Pyp(x)ds € Cpy(L5). For z €
L5(0,1), Theorem 3.2 implies

/Ot Pyo(z) ds

t
S%u+vmmwmy/emw&
0

that is,

1
sup ———————~ < 00.

t
P d
2 v, e

It’s easy to prove that x> fot Pyp(x)ds is continuous by Theorem 3.1. This
means fot Pyp(x)ds € Cy v (LY). Next, Theorem 3.2(i) implies
-~ P, fot Pyp(x)ds — fot Pyp(x)ds
h—0+ h
— im fg Physp(r)ds — fot Psp(z)ds
h—0+ h
. f:+h Ps@(x) dS—th Ps‘ﬂ(w) ds
= lim
h—0+ h
= Pip(x) — ¢(x)

and
P, fg P.pds — fg P,pds

sup

he(0,1) h 0,V
f:+h P,pods — foh P.pods
= sup
he(0,1) h %
<Clello,v-

Thus, fg Pyp(x)ds € D(H,Cp v (LP)) and Ji/(fot Pypds) = Prp — .
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(iv) For f € Cp v (L), we have
|%uw%ﬁuﬂs<r+vw»/’e*WRﬂmvﬁ
0

<eo(U+V(@) [ e e oy i
0

and it is easy to obtain that z — fooo e MP,f(z)dt is continuous by Theo-
rem 3.1. These yield Z(\, #) € £(Cpv(L°)) and

Co
‘|%(A7%)||$(Cb,v(146)) = A—wy

It is easy to compute

1 o0
E/ e M [Pryif(z) = Pof(x)] dt
0
e)\h 00 e)\h h 1 00
=— e MPf(x)dt — —/ e MPf(z)dt — —/ e MPf(z)dt
hJo hJo h Jo
PRV S A rh
= / e MPf(z)dt — —/ e MPyf(x) dt.
h 0 hJo
Then, we get
h—0+ h
N Y haa
= hli)r%’)]+ E\/O e At [Ph_;’_tf(x) — Ptf(x)] dt

=M\ K ) f(x) — [ ().
At the same time, we have

PN H)f = RN H)f

he(0,1) h 0,V
A _ 1 oo N
= sup ¢ / e MP,fdt — e e MP,fdt
he(0,1) h 0 h 0 0,V
< fllo,v < oc.
Thus, Z(\, #)f € D(H ,Cyv (L)) and (M — )R\, ) f = f. O

In the following, we shall show that the semigroup (P;):>¢ is strongly con-
tinuous with respect to another weak convergence.

THEOREM 3.4. Suppose that the conditions (Hy1)—-(Hs) hold. For p>2 and
compact set K C L?(0,1), it holds

li E|X — =0.
g 2 ) o,
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Proof. For any fixed T > 0, we have that, for any z € L(0,1) and 0 < ¢t < T,
(32) E|Xi(z)- x’LP

< ’etA;U — x‘Lp —i—E{WA |LP

+ E/|et5AD5( (@) + Wa(s))], ds

+2E/ /’e(t_s)Af«Ys—(m)+WA(S)),U)‘LP)\(du) ds.

Theorem 1.1 and (1.2) yield
(3.3) / | =IADe (Y, () + Wals))?|,, ds

go/o( +(t—s)" 1/2*1/2P)E|(Xs(z))2|Lg ds

2ptp2__p1 2
§C’<t+ b1 )supIE|Xs(:c)|Lp

s<t

<Cet(t+2pt'5 ) (1+ |2[30).
Also by Theorem 1.1 and (1.1), we obtain

(3.4) E/O /U|e(t75)Af(Xs(x),u)|Lp)\(du)ds

gCE/O /U’f(Xs(x)7u)|Lp>\(du)ds

t
< C/ (E|Xo(2)],, +1)ds < Cte®* (1 + |a|L») + Ct.
0
Finally, since |e!4z — z|r» — 0 uniformly on compact subsets of LP(0,1) and
E[Wa(t)|Lr — 0 as t — 0T, we can easily get the result by (3.2)—(3.4). O
Thanks to Theorem 3.4 we have the following.

COROLLARY 3.1. (P})i>0 is a strongly continuous semigroup in the mized
topology of Cy v (L®). That is, for ¢ € Cy v (L®), a compact set K C L°(0,1)
and T >0, we have sup,¢(o 1) || Prpllo,v < oo and

lim sup|Pyp(x) — ¢(z)| =0.
t—0t ze K

4. The approximate problem
Now we first consider the semigroup

Rip(z) =E[p(Zi(x))], t>0,0€Cy(H),z €H,
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where Z;(z) = ez + Wa(t) is the mild solution of the stochastic linear equa-
tion

dZ; =AZydt +dW;, t>0, Zo(x) =2 € H.
It is well known that, for p,k > 1,7 > 0, there exists a constant Cp, ;7 > 0
such that

(4.1) E sup |Zy(z)|}, < Cprr(1+ |2[E,).
t€0,t]

This implies that (R:):>0 can be extended to a semigroup in the space C 1 (H).
Define an operator by

. R -
Zo(x) Ztl_l)rélJr M, e (L, Cpi(H)),zeH

with 2(Z,Cy,1(H)) = {¢ € Cp1 (H) : g € Cp 1 (H), im0+ (Rep(x) — o())/
t=g(z),Vo € H and sup,¢ g 1) || Rep — ¢llo,1/t < oo}. We have

Rye'tM (x) = ei<em"’3’h>*%<th’h>, t>0,z,heH

and that &4 (H) is stable for (R;):>0, where Q:x = fot e*AQe*Ar ds.
Denote by %4, the OU operator

Lopo(x) = %Tr [D%p(x)Q} +(x,ADyp(x)), @€ Ea(H),xcH.

For ¢ = @M it is easy to prove Loy € Cy 1 (H).

We have ¢ € 7(.Z,Cy 1 (H)) and Lp(z) = ZLop(z) for p € E4(H) and z € H
(see [7] and [18]). This means that &4(H) is a w-core for (£, 2(.Z,Cp1(H)))
and, for ¢ € 2(Z,Ch 1(H)), there exists m € N and an m-indexed sequence
(@nasomm Jna,mmeN C E4(H) such that

lim --- lim Pnq,..., nm T %) :
mso Tantoe L[ w1+ Ja
. . go‘pnh...,nm m g(p
lim --- lim = .
ny—00 Ny, —> 00 ]-+||]HI 1+"|H
If p€ P(ZL,Cp1(H)) N CL(H), we can further get

lim ... lim (D¢, n.,h) = (De,h), heH.

ni—0o0 Mo, —> 00

For T > 0, (4.1) yields that there exists C > 0 such that
E[supV(Zt(x))} <Cr(1+V(z)).
t<T

This shows that R; acts on Cp v (L5).
Put 2(Ly,Cy v (L°)) ={p € Co v (L°) : 3g € Cp v (LO),lim,_, o+ (Resp(x) —
¢(x))/t = g(x),Vo € L°(0,1) and sup,¢ o 1) || Rep — ¢llo,v /t < oo} and

fvgp(x)z lim M, @E@(fv,cb,v(Lﬁ)),.IEij(O, 1).

t—0+ t
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Then (L, 2(Ly, Cp v (L°))) is the infinitesimal generator of R; on Cy, v (L%),
Ea(H) C D(Lv,Chv(LP)) and Lyp(x) = Lp(z) = Lop(x) for ¢ € Ea(H)
and z € L%(0,1).

In the following, we consider some approximate equations. For m > 1, de-
noted by T,, the projection operator from H to the linear space H,,, generated

by {e;,i=1,...,m}.
For m € N, set by, (v) = Tb(Tx),x € H and W™ =T,,W,. We consider
the approximate equation

AXT" = (AX]" 4 by (X)) dit + dW™
(4.2) + fo T f (T X7 w) N (dt, du),
Xy =z, zeHy,

whose solution is denoted by X;"(z) and

1 t
XM(z) =eta + = / (t=s)AT mDe (Trn X7 (x ))2d3—|—/ et A qym
0

// E=DAT, £ (T, X (x),u) N(ds, du).
Put Wi (t) = [5 e AdWr and Y™ () = X7*(x) — W (t). Then we have

th(x)—emx—i— /e(t DAT,, D¢ (T YY" ()+W$(s))2ds

Since (b, (x),z) = T b( m(2)),x) = (0(Tm(x)), Tmx) =0, all the above theo-
rems and proposmons hold uniformly on m and we have the following result.

THEOREM 4.1. Suppose that (H1)—(Hy) hold. Forp>2, x € LP(0,1), (4.2)
has a unique solution X™ € L?(0, 1) Moreover,

(4.3) lim Esup\X - X¢(z)|,, =0, T>0.

m—ro0 ’LP
Proof. We only prove that (4.3) is true. For k > 1, set
T = inf{t > 0,sup|XS(x)‘Lp > k}
s<t

Then (73)k>1 is a sequence of stopping times with 74, 1 0o as kT oo. For m > 1,
one has

(4.4) Y™ () = Ye()]
< 1/t|e<t—S>A[T D¢ (T, Y (z) + WH(s))
= 2 m/E m-s A

— De(Ya(x) + Wa(s))?]|,, ds

2
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o(t=5)A [Tmf(Tm (YST (z) + W,T(S)) ) u)

— f (Yo (2) + Wa(s),u) | N(ds, du)

Lr
and

(4.5) /0 {e“—b')“[TmDE(TmYSm(m)+W;,"(s))2

«j FM@WWHWMW—M@+M@)

2

/|€t 94 [T De (s () + Wa(s))
— DYy () + Wa(s)?]], ds
= C/OtF(t ) (| Tn Y () = Yi(@)|, + |[WE(s) = Wa(s)],,)
X T Y™ (2) + WE(8) + Ys (@) + Wa(s)| , ds
+/Ot|e(tS)A[Tng(l{g(x)+WA(s))2
— De(Ya(x) + Wa(s))"]|,, ds

By Theorem 1.1, we have

sup /|e(t_s)AD5(Xs(x))2‘Lpds§ C sup /OF(t—s)|(Xs(x))2‘Lg ds

t<TATL JO t<T ATy

< CTsup‘(Y}( )+ Walt )’Lp<oo a.s.
t<T
This implies
(4.6) lim E sup /’T et S)ADg( s(z) +Wals ))

M—=00 ¢t <TATy

e =IAD (Vi) + Wa(s))] , ds =0

(4.7) lim ]Esup|WA —Wa(s)|,, =0.

m—r oo
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On the other hand,

(4.8) ]Et<871}/137k// AT f (T (Y22 () + W (5)) )
— f (Yoo (z) + Wa(s),u) | N(ds, du)

Lp

TNATk
<C]E/ /\T T (Y () + W(3)), 0)
— F(Ya(@) + Wa(s) ]!Lp (du) ds

+C]E/ /11 Tn) f(Ye(x) + Wals) )|, A(du) ds
SOE/ | S/\Tk s/\‘rk )|L” ds
+CTE sup|TmYSm x) =Y (x) |Lp
s<T
+ CTE sup|WXL(8) — WA(S)}L,)
s<T
+C]E/ /11 Ton) f (Ys(@) + Wals),u) |, A(du) ds.

The conditions (H;) and (Hs) yield
(4.9) mlgnooE/ /| I =T f (Yoo (2) + Wa(s),u)|,, A(du) ds =
By using

Sup| T V™ (2) — Y ()

sup =

—0, m—o0

= suple" (o~ o™, <o -2,

and Gronwall’s inequality, (4.6)—(4.9) imply that, for k£ > 1,
(4.10) lim E sup |Ym =0.

m— o0 t<T x)|Lp

Finally, since

E Y
sup) s
<E sup |th($) ($)’Lp
t<T AT

+ (P(Tk < T))%E[iggpﬁm(z‘) — Yt(fv)’ip} :

<E swp [¥"(2)

X
t<T ATy )’LP
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1 1
2 m 2 72
+P[§g¥|Xs(x)|Lp > k] E[jggpft (z) — Xt(:n)|Lp}

m 1 2
<E sup Y, (:r)—Yt(x)’Lp+EEsup|Xs(x)|Lp.
t<TANATL s<T
First, let k — oo and then let m — oo Theorem 1.1 and (4.10) show that (4.3)
is valid. O

We denote by P/™ the transition semigroup
Po(z) =E[p(X;"(2))], t>0,0€Cyv(L°),z€ L%0,1).
By a standard argument, we have
. Pm(P ™ Pt‘ﬁ
1 t 2 X > 0.
mgnoo 1+V 1+V’ -

For m > 1, we can define the infinitesimal generator (%, 2(%m,
Cy.v(L9))) of the semigroup (P/");>0 as (1.5). It is clear that all results
in Section 3 hold for (P/™):>o and (A, Z(Hm, Cyv (LE))).

In the following, we shall give a-priori estimates.

As the case in [18], a-priori estimates on DP,p for D,X;(z) cannot be
applied here. As the authors did in [18] and [20], we consider a Kolmogorov
operator with an additional potential term, for ¢ > 0 sufficiently large,

Ao p(2) = Hop(x) — clz[pap(z), ¢ € Ea(H).
By the Feynman—Kac formula, we have the corresponding semigroup
Spp(x) =Ele=lo Xe@liads, (X, (2))], > 0.
Now, consider the following equation
dXt :%/Xt dt+C‘ . |%4Xt dt, X() = .
Since S; is the corresponding semigroup of %, there exists an unique mild
solution

t
Xi = Sip+ C/ St—s(| : |Ai4Ps<P) ds.
0

Hence, P, is the solution of the Kolmogorov backward equation
dPyp
dt

= o Pip =y Pip+c| - |11 Pip.
This yields
t
Pth = St(p + C/ St75(| . |i4P5L)0) ds.
0

In order to get the estimate for DP;¢, it is sufficient to estimate DS;p by
the above formula. To do this, we mainly follow the method developed in [4]
for the Wiener case. We intend to extend it to the jump case. Because the
proof is more involved, we need to check several crucial Propositions in [4] in
jump case. The detailed steps are described below.
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For h € H, consider the following equation

dni!(z) = (Anp () + b(X(2))n (x)) dt
+ [ Df (X (t—, @), u) - " (t—, 2)N(dt, du),
nh(ovx):hy

where b(X;(x))nl(x) = De(Xi(x)nt(x)). We can prove that there exists a
unique solution nf(z) for this equation as in [9].

LEMMA 4.1. Under the hypotheses (Hy)—(Hy), for any o = —3/4,—1, there
exists ¢ = c(a) >0 such that

—C T 8/3 S 2 1 —C T,T 8/3 T 2
S XL @)1 |n£1(l.)‘a+§ﬂ4:/0 g 1XGalE amgn ()2 g
< e“rnf3.
Proof. We only prove the case of « = —3/4, for a = —1 is similar. Itd’s
formula yields
t
o 2 2
@) [CAE @+ [ @),
t
a2
<|(-ytf; 2 / Xe@) @] ()]
w2 [ [ (A @, DS (X0l 0) Vs,

// Df (Xo- (), u)n)_(a),

F(Xo (@),), 1 (2))N (ds, du).
By H1(0,1) € L*(0,1) and interpolation, one has

SC,| t |3/4+O¢| h([I]) 1/4704

i ()| < Clnf ()| e

1
i
and

(@) 50, < Clil ()] |l @) |2

These yield that there exists a constant C,, > 0 such that

(4.12) |Xt($)‘L4‘77f(x)’L4 ’77? |1+2a
<O ol @) b @)

8/3

Sca‘Xt ‘nt | +1/2’nth(x)ﬁ+a
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Using 1t0’s formula for e=¢(@) o Xa@I% dsjpn 1)1 with c(a) £ 2C,, (4.11)
and (4.12) imply

ds

Fe—c(@) fy |1Xe <x)\8”ds|,7 |2+E/ —c(e) f§ |X(Tx)\8/3d7-|ng K

< |hf2 +E/ / —e@) SIX AT D (X, (@), u)n® (2)2 A (du) ds
<|h|2+CE c(a f0|XTz)|8/3dT h 2
<|hlg+Cf [n2(z)| ds.
0
Gronwall’s inequality shows that the result with oo = —3/4 holds. O

LEMMA 4.2. For any ¢ € Cp(H), Sy is differentiable in any direction h € H
and

DSip(x)h
_ (el X @itaas [ aw,
E[w(X( ) | tta).aw >}

—4CIE[@(Xt(x))e_cfot|Xs($)|‘i4ds/0t(1—§><X§(ag),n?(m)>ds .

Proof. For fixed t >0, ¢ € Cp(H), define u(t,z) = Ee~¢ /o [Xs(@)[1ads
©(X¢(z)), 0<s<t. Ito’s formula yields

e—clo 1Xn (@)1 o (X ()
=u(t,r)+ /t [Du(t — s, X(2)) + Hgu(t — s, Xs(x))]e™Io |Xr(@)lgadr g
/ / —cfo [ X (ﬂc)‘ 4d7"( (t—S,XS(LU)+f(XS,($)7U))
—u(t—s5,X,—(2)))|N V(ds, du)

¢
—|—/ <Dmu(t—S,Xs(x))e—c.f(flxr(z)\i4 dr,dWS>
0

=u(t,z) + /t<D u(t—s,X(x))e —eJo Xr(@)za dr ,dW)

// [e=elo 1Xr@lnadr (4 (¢ — 5, X, (2) + f(Xo—(2),u))

—u(t—s,X,_(z )))]N(ds du).
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Multiplying this identity by fo nh(x),dW,) and taking the expectation, we
obtain

E[@(Xt(x))eCfotXs(m)i4d5/0t<n:«(z)7dvvs>:|
=5 [ (Dt 5, X)) k) e g,
On the other hand, since
DI [e=elo Xr@lpadry (p s X (z))]
— _deeClo 1Xr (@) padr u(t — s, X )/ (X3(2),n"(z)) dr
+(Dyu(t — 5, Xs(2)), 1l () yem e Jo 1Xr@ladr,
we obtain
E[so(Xt(x))e-CfJ ool de /0 t<n?(w)7dWS>]

t s
= ]E/ D" [e*cfob X (@)I3a dru(t —5,X,(2))] ds
0

+4CE/ e—c 51X (@)} dr / (X3 (), nk(z)) dru(t — s, X,(x)) ds
0

¢
= / D"S,p(x) ds
0

+E |:¢(Xt(x))e_cfot | X (2)|7 4 dr /Ot /OS<X3(Q;),77:}(;C)> dr ds}

=tD"S,p(x)
t
4 ACE {¢(Xt(z))ecfg|x7,<x>i4 dr/ (1 _ j><X§(x),n?(x)>ds},
0
which implies the result. O

LEMMA 4.3. Let ¢ be sufficiently large. For any ¢ with |¢|o,ax =

SUp,c 4 1|f|( Il‘ < 00, there is a constant C >0 such that

IDSip(2)], < CeCH(1+177/%) (Ja| s +1)" zeL*t>0.

‘3/4

Proof. Following the proof of Lemma 3.2 in [4], we can easily obtain the
desired result by Lemmas 4.1 and 4.2. Since the proof is almost the same as
that of Lemma 3.2 in [4], we omit it here. O
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LEMMA 4.4. For ¢ being sufficiently large and for ¢ € C}(H) with
sup,cy | Do(z)|1 < Cy, there exists a constant C >0 such that

|DSwp(x)|, < Coo + Cllpllo(J s +1)°eC

Proof. By Holder’s inequality, Theorem 1.1 and Lemma 4.1 with a = —1,
we have

DSyp(x)h = E[e= o 1Xe@liads Do (X, (2)) -l ()]

— 4cE [f Ko@)l dr / <X§<w>,nﬁ<w>>dw<xt<x>)}

< CpR[ee o Xe@lads |yl ()| _ ]
t

+C||¢||0E[ sup |Xt(x){i6/ e—c Iy 1Xr (@) 4dr|77 )‘ds]
€[0T 0

3
< (C’cp + C’||<p||0(\m|L6 + 1) )eCt|h|_1~
This implies the result. o

LEMMA 4.5. Assume ¢ € C}(H) and sup,cy |Do(z)|1 < C,. Then there
exists a constant C >0 such that

’DPt(,D ‘3/4<C¢+C||@||0€Ct(|l‘|[/6+1)4.

Proof. Let h € H, we have

t
DPiplah=DSuplalh-+c | DSiu(|: [P (2,
0

where we choose ¢ such that Lemmas 4.3 and 4.4 hold. The inequality

4 1p
4 2| 74| Psip(2)]
H| [Ls S¢||0,L4,4 22% 1+ |z]ta < llello,
implies

|DPp()h] < (Cy + Clpllo (2] ze + 1)) |h] 4
+ 0l [ €0 (1t (e 57T el 1) ol
0
which gives the result. O

Now, we are going to extend Proposition 3.6 in [4] to the jump case.

PROPOSITION 4.1. Under the conditions (Hy)—(Hy), there exists wy > 0
such that, for m € N, t >0 and ¢ € C}(H) with Dy € Cy(H,H'(0,1)), we
have DP™p(z) € H'(0,1) and

|DPo() | 191y < (1P, 0,1y) + willello ) (L + | s) et



192 B. HU, X. SUN AND Y. XIE
Proof. Let h € H, we have
DP (o= DSis(alh+e DS (|- [LuPap) ()b ds
= DS;p(z)h + 4c/otE[e_c- o X @lLadr(x3(t s ) gt (2))

X Pyp(Xy—s(x))] ds
+ c/otIE[e_C- o " IXn(@)lza d7'|ths($)‘i4
X DPyp(X;—s(x)) - nf(x)] ds
42 /OtE [e_c T X (2)] 14 dT|ths($)|i4ps@(ths(x))
X /Ot_S<X3(7", x),nf(x»dr} ds

=1+ o+ Js+ Jy.

By Lemma 4.4, we get

3
|DSip()], < [IDellc, @ 0.1 + Cllelo(|olze +1) e,

Theorem 1.1 and Lemma 4.1 with o = —1 give

t
3 —c s T r
|J2|§4c||¢||01E( sup \Xt(x)|L6/ S0 X (@) d It ( |d8>
te[0,T) 0

t 1/2
3 —2¢ [I=¢ z)|% 4 dr 2
SC||(P||0(|Z‘|L6+1) <IE/ e 2 jo | X0 ( )|L4d |771}§l—5(x)| dS)
0
< Cllgllo(|xlze +1)°eCt[hl 1.

Set D(X;—s(2),0) = 1 D¢lle, @i 0.1)) + Cllelloe™ (| Xe—s(@)|s +1)*. By
Lemma 4.5, Lemma 4.1 and |-[_3,4 <C|- o, one has

|J3|§cE(/ el @l dr |, (@)
0
X D(Xi—s(@),0) i )|—3/4d8>
t
<CE ( / el IXe@lnadr| X, ()|},
0

xD(Xt s )|77t R | ds>

< (ID¢llc,@mm 0,1)) + Clliello) (|| rs + 1) e“"|h|_1.
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J4 can be treated similarly as J; and we can easily obtain
|4 < Cllello (|| o +1)%eCt[h|

Hence, we deduce that there exits a constant wy; > 0 such that

8 w
|DPip(x)h| < (I Delley @ 0,1)) +willello) (1z]s + 1) e |h]| 1.
The conclusion holds for DP;p(x). We can then easily obtain that the con-
clusion also holds uniformly on DP/™p(zx). O

The following two results are essential for the proof of our main results.

ProOPOSITION 4.2. Take A > wq V wy, where wy and wy are the same as
in Theorem 3.2 and Proposition 4.1 respectively. For g € E4(H) and m > 1,
define

o(z) = /OO e MPMg(x)dt, =€ L°(0,1).
Then (i) ¢ is continuouz, bounded and Fréchet differentiable and Dy €
C(L5(0,1),H(0,1)). Moreover, it holds
D60 ) < 5 (IDglls s 0 + wtlglo) (1 + felze)”
(ii) For ¢ € 2( Ly, Cb,V(LG)) N D(Hm, Cy v (LO)) and 2 € L9(0,1),
(18) (o) = Lople) - 5(DeTnDple), (Ta)?)

— S T [D%e(a)(I - T)Q)

+/U[g0(m+Tmf( m,u)) — ()

— (Dg(a), Ton f (T, u) ) \(du).

Proof. (i) The proof is the same as that of Proposition 11 of [18].

(ii) Theorems 3.2 and 3.3 imply ¢ = R(\, #,)g and ¢ € Z(Hp,, Cp v (L)),
Then we only need to show ¢ € (%, Cy v (LP)).

(a) Let X;™ be the solution of (4.2). By using It6’s formula and taking
expectation, we have

(4.14) E@(Xr(?)’@(x) = 1]E/t<Dgp(X;”),AX;"+me;">ds
+ 5B [ DX T,,0) s

+ E// (X7 4+ T f (X 0)) — o(XT7)

Dgo ) mf( )>])\(du)d
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We shall prove the existence of the limit of each term in the right-hand side
of (4.14).

By (1.1) and the definition of mild solution, one has that, for 0 < s <T
and x € 2(A) N L5(0,1),

(4.15) |AXT"(z)|y

1 S
<lacrtel + [a[L [T DB ) b+ W
// (s=m)Amp mf (T X (2),u) N (deu)
< e 2| Axly + |,\m|’/ e(s,T)ATme (TmX_T(x))Q dr +Wjit(s)
0

+/OS/Ue(S_T)ATmf(TmX:“(x),u)]v(dT,du)

Ho
< e |Az|g + | A - ‘X;”(x) — eSA:r|H
< e T Azl + (M| (| X7 ()| o + €77 |]ir)
and
(416) b XDy < O X7 h < O[T X} < Ol |XT'[2

Similarly, one also has
(4.17) [AXT (@) = X7 (@) [
<[ (e = e ) Al + Al | X () - XU ()|
+ Pl (e = e )zl

H

and

(4.18) b X = b X',
< C|TmX;” — T X i
< C|>‘m| |X:n -X

([T X3
a (1% |

)

s +

)-

It6’s formula implies that, for s > s’ >0,

(4.19) | X7 —
=2 [ (0 = X (X ydr
+2/ / (XM — X T f (X, u) YN (dr, du)

//|Tmf T X, u) |2 N (dr, du).
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It is well known that

(4.20) E[WT(s) - WE(s)|2 =0, s—s.
By (4.19) and (4.20), one has
(4.21) E|X — XI'
Similarly, we can prove

(4.22) E|XI"— X0 —0, s—s.

2
g0, s—s.

By Proposition 4.2(i), for g(z) = e with h € H(0,1), we have
|De(XT") = Do (X))

H(0,1)
1 m m
= A—w [HDQ( + X *Xs/) *Dg(')HCb(H,Hl(UJ))
+Clg(-+ X7 = X2) = g() |, [1+ X2 o)
1 i(x T=XT, Wz,
T A—w [ilel]}pﬂ|e< FRITEI M — el h>h|H1(O,1)

+ C'sup|e = XS xR _ giteh) ” 14 |X7

8
c€H LG]

1
<
_)\—wl

+ Clhlm o,y | X5 = XTI

(|h|1%11(0,1) ’X;n - X?‘Hfl(o,l)

m 8
H*l(O,l)) (1 + ‘Xs’ ‘L6)
H+|h|H1(0,1)|X§n*X;7

< C(‘h|112-111(0,1) | X0 - X
Theorem 1.1 and (4.22) show
(4.23) E|Dy(XI") - Do(XI)[5

<E[Dp(X]") — Dp(X)
<CE[|X]"— X}

) (1 X3

2
H*(0,1)

o (1 X220
<CE|xr — X2 PO+ [X2] )7 =0, s
By Theorem 1.1 and (4.15)—(4.23), we have
(4.24)  |E(Dp(X™), AXT + b, XY —E(Dp(XT), AXZ + b, X
<E(|Dp(XT") = Dp(X7) || AXT + 0 X))
+E(|Dp(X0) | |A(XT = XT) + b X" = b X0 1)
< C[E[Dp(X2") = Do(X2) [a] " [E(AX [} + b X2 )]
+ (B[ Do (X3 [7) P [B(2lA(XT - X77)
+ 2| b X" — by X

-

;,1)]1/2%0, s— 5.

8
o) -

195
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(4.24) yields

(4.25)  lim —E/ (Do(XI"), AXT" 4+ by, X" ) ds = (Do(z), Az + by, x).

t—0+ t

For k,l € H, we have
E[D%g(X["(2)) (k, )] = —E(e" X (g, o (2)) (ot o (2)))
+iB [T (G (@),
where n¥, ,(x) = DX]"(x)k is the solution of the equation
dnp, o () = Ang, (%) dt + De (X[ (2)ny,, (@) dt
+ Jy DT f(XP (), w)ny, o ()N (dt, du),
Mho(z) = (k. z)
and Cfllt(x) = D2X"(z)(k,1) is the solution of the equation
dGpty (@) = AGy'y(x) dt + De(nf, (@ ) Umt( )+ X7 ()Gt () dt
[y (DT f(XP (), 0)Gy () + DT, f(X{" (2),u)

Ny Oy o (), o eI (),
G, o(z)=0.

By It&’s formula and Gronwall’s inequality, we can prove that E[ie* X ():h) (h,
dj@,lt( -))] and E(— eUX (), h><h,77m’t( )}(h,nm’t( ))) are continuous in H. Hence,
we have that

Tt [D?*¢(1) T, Q)] ZZ D*p(-)Qep, ex) Z/ e M(D*P"g(-) Qe ex ) dt

k=1
implies
t—0t

1 [ 1
(4.26) lim —E /0 Tr(D*o(X") T Q) ds = ETr[DQgp(x)TmQ].

For 0 < s < ¢/, the conditions (H;) and (Hs) show

E/UKDSD(X;"),Tmf(XTau» (Do (XF), T f (X3, u) )| M(du)

<& [ (Do) - Do) Tof (470

— (Dp(XT), T f (X" 1) = Ton f (XI,0) Y| ] M (du)
SCE|D‘P(Xsm) _D@(Xsn’l) H(1+ ’X;n’H)

+ CE|Do(XI) || X — X0y
< C(E[Do(XT) — De(X1F)[3) (B (1 + [ X2 [2)

+ C(E|Do(X7) [2) " (Bl X7 - X3 [2)"?

)



KOLMOGOROV OPERATOR AND FOKKER-PLANCK EQUATION 197

which goes to 0 as s — s’ by (4.21) and (4.23). Notice that
P(XI 4+ T f (XS 0)) = 0 (X7)

_ </1 D(X™ + v f (X, 1)) du,Tmf(X;",u)>.
0

As the above, we can easily obtain
e [ (o2 + T (X2 0)) = o (XT)

as s — s'. Therefore, we obtain

(4.27) lim ]E/ / (X7 + T f (X u)) —o(XT)
— (Do(X"), T f (X, u) Y] A(du) ds
= /U (o (& + T f (T, 0)) — () = (Dp(@), T (T, u) Y] A(du).
(4.14) and (4.25)—(4.27) show for z € 2(A) N L5(0,1),

Hmp(x) = (Dy(x), Az + bpz) + %Tr [TmQD2go(x)]

+ [ o+ T f (T, ) = p(o) = (D), o (T )Y,
U
(b) In the following, we will prove ¢ € (%, Chv (L)) and
(4.28)  Lro(z)=(Dp(x), Az) + %Tr [QD*p(2)], =€ 2(A)NL%0,1).
This yields
Jifmsﬂ(m)
= Lvo(@) + (De(@), bn(2)) — 5 TT[(I Tn)QD*¢()]

4 / [0 (@ + T f (Tonit, ) — 9() — (Dp(), T f (T, u)] A(ds).
U

For the proof of ¢ € (%, Cyv(L5(0,1))), we have to show the existence
of the derivative 4 Ryp(z) at t = 0 and SUPse(0,1) | B — ¢llo,v /t < +00, where

Ryp(x) =Elp(Zi(x))]-
Because the operator A is unbounded, we now consider the approximate
problem

dZP = A, Z dt +/QdWy, >0,
Zy =z,
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where A,,n > 1 are the Yosida approximations of A. Clearly the problem
above has a unique solution Z}*(x).
Put RYo(x) =E[p(Z](x))]. It6’s formula yields

%R?g@(m) = lim w =(Anz,Do(z)) + %[TrQDng(x)].

Proposition 7.5 of [6] implies that
lim Z]'(z) = Zi(z), P-as.

n—oo
uniformly in ¢ € [0,7]. This shows

d
= —Rip()
=0 dt

Thus, it follows that (4.28) holds. sup,c(q 1) [[Rep(x) — @(x)]lo,v/t < oo can
be verified by (1.1) and Theorem 1.1. Then ¢ € Z(%y,Cy v (L)) and (4.13)
is established. g

d
lim — Ry p(x)

t=0

PROPOSITION 4.3. Fized m €N, f € &4(H), let ¢ be as in Proposition 4.2.
There exist k € N and a k-indezed sequence {¢n, . ny}(n,,...ny)ent C Ea(H)
such that

lm .- lim Pheome m P
ni—oo mp—oo 14+V 1+V’
. . fotpn ng T gQP
1 . 1 15Tk =
nlgnoo nkﬂnoo 1+V 1+ ‘/7
DeDon.  moih) = (DeDg,h
lim oo lim 28 P ) = {De l ) hem
n1—00 ng—00 1+|.|L6 1+||L6

Proof. The idea of the proof comes from Proposition 12 of [18]. But for
the function

Yp(z) = (1 +p71|ep_1Ax’8L6)71<p(ep_1Az), rzeH,peN,
we need the inequality
(4.29) [(Dyy(),h)] < C(Cp(A —wi) " +8]lpllo) (1 +p"?) |,

for constants C}, > 0 and C' > 0. This inequality is different from that in [18].

Note that ,(x) is Fréchet differentiable with respect to € H and its
differential Dy, : H — H is bounded continuous. Therefore, D, € C}(H).
Indeed, from Sobolev’s embedding theorem, the interpolatory inequality and
(1.2), we have

| 4h] o < [ h] ) < el <C+7Y2) .
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Hence, we obtain that there exists a constant C, > 0 such that
plDp(e?” A)|ule?” Ahli | 8pligllole’” Aaljaler” Ah|pe
p+ler Aalf, (p+ ler™ 4a]3)?
( PCy(1+|e” Aaf3) 8p||<P||0€p1A$|26)|ep1Ah|
(p+ler Az]3e) (A —w1) — (p+er " Azliq)? Le
< (pCy(A—w1) ™' +8[leflo) C (1 +p'?) |

This is (4.29). The rest of the proof is the same as did in [18]. We omit it
here. (]

(D (), k)| <

5. Main results
We are ready to prove our main results.

THEOREM 5.1. Suppose that the conditions (Hy)—(Hy) hold.
(i) The operator (K, 2(H,Cp v (LY))) is the extension of Hy, and for any
¢ € Eo(H) we have p € D(H ,Cy v (LO)) and H p = Hop.
(ii) Ea(H) 4s a m-core for (KA, 2(H,Cpyv(LY))), that is, for any
0 € D(H,Cov(LY)) there exist m and an m-indeved sequence
{Sonlp--»'n«k}(TL1,--<,TLk)ENk C &E4(H) such that

3

. . Pna,...,nm, ¥
lim --- 1 AL
nlgnoo nmlgloo 1+V 1+ V’
. . H0Pny,inm © K P
lim --- 1 Loofm T .
nlgnoo nml§oo 1+V 1+V
Proof. (i) For h € 2(A), it is sufficient to show the claim for ¢(z) =

e!®h) e 15(0,1). By using It6 formula and taking expectation, we have

Ep(Xi(x)) — o(x)
t

¢ ¢
= %E/ <AD<p(X5),XS>ds+ %]E/ <D<p(XS),bXS>ds
0 0

(5.1)

1 t
+ Q—tE/O Tr[D?p(X,)Q)] ds

1 t
+;E/O /(][@(Xs+f(X57U))—<p(XS)
— (Dp(Xy), f(Xs,u))] \(du) ds.

Now, we shall prove that the expectation and the integral can be ex-
changed, E{(ADy(X,), Xs), E(Dp(Xs),bX,), ETr[D?p(X,)Q] and E[p(X, +
f(Xs,u) —o(Xs) — (Dp(Xs), f(Xs,u))] are continuous with respect to s.
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Since |ie"{Xs:m) (Ah, X,)| < |Ah|su|Xs|x, Theorem 1.1 and Fubini’s theorem
imply that, for 0 <t < T,
[t
‘t/ Eie" XM (Ah, X,) ds| < |Ah|uE sup | X,z < Cnr (1 + V(2)).
0 s<T

By Theorem 1.1 and Proposition 2.1, one obtains

(5.2) |E(AD¢(X,), Xs) —E(ADp(Xy), Xy)
<E|e!XM (A, X,) — "X (AR, X))

+E[e"Xe ) (AR, X,) — "X M (AR, X))

< (E|ei<Xs,h) _ ei<X5"h>|2)1/2(E|<Ah,Xs>|2)1/2 +E|(Ah, X, — X))

1
= {E / (ihetmXaFA=mXorh) XY dn
0

+ |Ah|HE|Xs - Xs’|IHI
1/2 1/2
< |l Ablm (BIX, — X |f) ' (B X, [f)
+ |Ah|gE|Xs — Xo|lw — 0, s— .

212 2\1/2
} (E|(Ah, X,)|?)

We can similarly deal with the other terms on the right side of (5.1) as we
just did in (5.2) for the first term. Thus we have

i BPXe(@)) —p(2)

t—0+ t
= <ADLp(.Z‘),.Z‘> + %Tr [DQ@(JU)Q] + <Dgo(x), b(x)>
+ [ plat fa) = o(o) = (D). o) \(),
and sup,c 0. [Bp(X:(2)) — () oy /¢ < o0,

(ii) The proof is similar to that of Lemma 3 in [18]. The term with f can
be dealt with similarly as the term of b(-). This completes the proof. O

REMARK 5.1. Theorem 5.1 shows that we can easily obtain that (Al —
#0)(&4(H)) is dense with respect to the m-convergence in Cp v (L8). In fact,
from Theorem 5.1, one has that &4 (H) is dense in 2(#", Cp (L)), this yields
that it is dense in Cp v (L5). Since A — # : 2(H,Cy v (L°)) — Cp v (L) is
bijective, we have that there exists ¢ € 2(#, Cy v (L°)) such that

o= —A)
for any ¢ € C, v (L%). And there exists {1, }nen C &a(H) such that

Yo x U
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These show

(L= o)« (M = KV
1+V 1+V

By Theorem 5.1, we have that P, can act on Cy(L5(0,1)). Hence, the
infinitesimal generator can be defined by

:gp.

H p(r) = lim M, € (A ,Co(L(0,1))),z € L9(0,1)

t—0+ t
with — 2(¢,Cp(L5(0,1))) = {p € Cu(L’(0,1)): Jg € Cu(L%(0,1)),
limy o+ Pip(x) — p(x)/t = g(x),Yx € L°(0,1), and sup,c( 1y [P — ¢llo/t <
00}.
THEOREM 5.2. The family of linear maps P} : (Cp(L5(0,1)))* — (Cy(L (
1)))*, t >0, defined by the formula, for t > 0,F € (Cy(L5(0,1)))*,
Cb(L6 (0’ 1)),

(53) C’b(L6(O,1))<§07Pt*F>(Cb(L6(071)))* = Cp(L5(0,1)) <Pt§07F>(Cb(L6(O,1)))*a

is a linear operator semigroup of on (Cy(L°(0,1)))* which is stable on

A (L6(0,1)). Moreover, for any u € .#(L%(0,1)) there exists an unique family
of measures {j,t >0} C.#(L5(0,1)) such that

T
(5.4) / el v (L8(0,1)) dt < 00, T >0,
0

65 | RCCICER / oy POHCEE) / /| oy X () .

for any p € 2(H ,Cy(L5(0,1))),t > 0. Finally, the solution of (5.5) satisfying
(5.4) is given by Pfu,t > 0.

The proof is the same as the Theorem 6 in [18], so it is omitted.
By Theorem 3.2 and Theorem 3.3, we can extend Theorem 5.2 to the space
Ch,v (LO).

THEOREM 5.3. Let (P;)i>0 be the semigroup defined by equation (1.4) and
the infinitesimal generator (A, 2(H ,Cy v (LY))) is given by equation (1.5).
Then, the formula

(D PIF) 0y (150,10, (Co,v (LS(0,1)))%)
= (P10, F') 6:(Cy v (16(0,1)),(Co v (LS (0,1)))%)

defines a linear continuous operator semigroup Py on (Cp v (L5(0,1)))*, which
is stable on .y (L°(0,1)). Moreover, for u € #y(L°(0,1)) there exists an
unique family of measures {p,t >0} C Ay (L5(0,1)) such that, for any t >0,
0 € D(H,Cyv(L5(0,1))), (5.5) holds and

T
(5.6) // (14 V(@) ljaelrv(de) dt < 0o, VT >0,
o Jrs0,1)
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The solution of (5.5) satisfying (5.6) is given by (P 1)i>0-

Proof. These are consequence of the essential propositions and theorems
above. We give here a sketch of the proof. We mainly prove that the P}y is
the unique solution of (5.5) satisfying (5.6).

Ezistence: Fixed pu € #y(L5(0,1)), we now show that for any ¢ €
D(H ,Cyv(LE(0,1))) the function

R, SR, s Pyp(w)u(de)
L6(0,1)
is differentiable and the differential is given by
- H plw) Pru(da).
L6(0,1)
By (1.5) we have,

1

— P — P d
ho+ h Ls(o,l)[ +hp(@) — Pop(@)] p(de)

Pro(z) — ()

= 1i Pru(d
hi)rg+ L6(0,1) h SM( :L.)
— [ Hela)Piu(da).
L6(0,1)

Since # p € Cp, v (L%(0,1)), we have

/ H p(x) P} p(dx) :/ P ¥ o(x)p(dz).

L5(0,1) L5(0,1)

Theorem 3.3 shows that this is a continuous function of s. By the fundamental

theorem of calculus it follows that (P u)i>0 solves (5.5) satisfying (5.6).
Uniqueness: Assume that {u;,t > 0} C .4y (L5(0,1)) satisfies (5.5) and

(5.6). It is straightforward to show that 2(%#,Cy(L°(0,1))) C 2(X,

Cy,v(L5(0,1))). Then (5.5) holds for any ¢ € 2(#,Cy(L%(0,1))). It is also

obvious (5.6) implies (5.4). Then, Theorem 5.2 yields p; = Pfu for any

t>0. O

THEOREM 5.4. For any p € #y(L5(0,1)) there exists an unique family of
measures {us,t >0} C My (L5(0,1)) satisfying (5.6) and the Fokker—Planck
equation

(5.7) / oy P() / oy P = / / o KR ds

for any ¢ € Es(H),t >
v

t The solution s given by Pfu,t > 0, where
Pt* : (Cb7v(L6))* — (Cb

0.
(L®))* is the adjoint operator of P;,t > 0.
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Proof. Ezistence: Fix u € #y(L°(0,1)). Theorem 5.3 implies that
(Pfu)e>o satisfies (5.6). On the other hand, by Theorem 5.1 we have
Ea(H) C 2(H ,Cy v (L%(0,1))) and # ¢ = Hop for any ¢ € Ea(H). It fol-
lows that (5.5) holds for any ¢ >0, € &4 (H). Then, P/u,t > 0 is solution of
(5.7) satistying (5.6).

Uniqueness: Assume that {u;,t > 0} C .4, (L°(0,1)) fulfilling (5.7) with
(5.6). For ¢ € Cy (L), Theorem 5.1 yields that there exist m € N and an
m-indexed sequence {©n,.....n,, }(n1,....nm)enm C Ea(H) such that

lim --- lim Prapnm 7P ,
ni—oo  nm—oo 14+V 1+V
lim --- lim K0P, i z A e
N1—00  Myy—00 1+V 1+V°
Since {u, e, t > 0} C Ay (L5(0,1)), the dominated convergence theorem

shows

lim - lim < [ o @tin) - | sonl,..,,nm<x>u<dx>)
n]—00 nm =00\ J16(0,1) L5(0,1)

:/LS(OJ) o() e (dx) —/ p(z)p(dx)

L5(0,1)

.....

and for any s € [0,¢],

lim --- lim %cpnhm,nm(m)us(dx):/ Ho(x) s (d).

ny—o0 My, —> 00 L6(0,1) LG(O,l)

By using (5.6) and the dominated convergence theorem, we have

t
lim --- lim (/ %wnl,‘,‘,nm(x)us(dxo ds
0 LG(O,I)

ni—00 N, —> 00

= /Ot (/LG(Oyl)%w(x)us(dwo ds.

This means that {u:,¢ > 0} is the solution of (5.5) satisfying (5.6). Theo-
rem 5.3 shows the uniqueness of the solution. Hence, p; must coincide with
Pru,t>0. O
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