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THE INTRINSIC SQUARE FUNCTION
CHARACTERIZATIONS OF WEIGHTED HARDY SPACES

HUA WANG AND HEPING LIU

ABSTRACT. In this paper, we will study the boundedness of in-
trinsic square functions on the weighted Hardy spaces HP(w)
for 0 < p <1, where w is a Muckenhoupt’s weight function. We
will also give some intrinsic square function characterizations of
weighted Hardy spaces HP (w) for 0 < p < 1.

1. Introduction and preliminaries

First, let’s recall some standard definitions and notations. The classical A,
weight theory was first introduced by Muckenhoupt in the study of weighted
LP boundedness of Hardy-Littlewood maximal functions in [9]. Let w be a
nonnegative, locally integrable function defined on R"”, all cubes are assumed
to have their sides parallel to the coordinate axes. We say that w € A,
1<p<oo,if

p—1
(6/ w(e )dx)<|Q|/ w(@)” ﬁdx) < C for every cube Q CR",

where C' is a positive constant which is independent of the choice of Q.
For the case p=1, w e Ay, if

z)dx < C-essinfw for every cube Q C R".
QI / gfe(@)

For the case p =00, w € A, if for any given € > 0, we can find a positive
number § > 0 such that if @Qis a cube FE is a measurable subset of ) with
|E| <0|Q], then [,w(z)dz <e [,w(z)dz.
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368 H. WANG AND H. LIU

It is well known that Ao = ;0o
integrable function w(x) satisfies the condition A, if and only if it satisfies
the condition A, for some 1 < p < oco. We also know that if w € A, with 1 <
p < oo, then w € A, for all 7 >p, and w € A, for some 1 < ¢ <p. Therefore,
we will use the notation ¢, =inf{g >1: w € A;} to denote the critical index
of w. Obviously, if w € A4, ¢ > 1, then we have 1 < ¢, <gq.

Given a cube @ and A > 0, AQ denotes the cube with the same center
as @ whose side length is A times that of Q. @ = Q(x¢,r) denotes the cube
centered at xg with side length r. For a weight function w and a measurable
set B, we set the weighted measure w(E) = [, w(x)dz, and we denote the
characteristic function of £ by x,.

We shall need the following lemmas. For the proofs of these results, we
refer the readers to [4, Chapter IV] and [5, Chapter 9].

Ay, namely, a nonnegative, locally

LEMMA A. Let w e A,, p>1. Then, for any cube Q, there exists an
absolute constant C >0 such that

w(2Q) < C-w(Q).
In general, for any A > 1, we have
w(AQ) < C-X"w(Q),
where C' does not depend on @ nor on .

LEMMA B. Let we Ay, ¢>1. Then, for all r >0, there exists a constant
C > 0 independent of r such that

/ w@) 4 <. " w(Q(0,2r)).
|

z|>r |:L.|nq

LEMMA C. Let w € Ay. For any 0 <e <1, there exists a positive number
0 <8 <1 such that if E is a measurable subset of a cube Q with |E|/|Q| > &,
then we have w(E)/w(Q) > 4.

LEMMA D. Letw € A,, p> 1. Then there exists an absolute constant C' >0
such that ,
o((2) < 2E)
Q| w(Q)

for any measurable subset E of a cube Q.

Given a Muckenhoupt’s weight function w on R", for 0 < p < 0o, we denote
by LP (R™) the space of all functions satisfying

e = ([ 1sPuea) <o

When g = oo, Lgy will be taken to mean L>°, and we set ||f||ze = [|f]/ze~-
As we all know, for any 0 < p < oo, the weighted Hardy spaces HE (R™) can
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be defined in terms of maximal functions. Let ¢ be a function in .(R")
satisfying [, () de =1. Set

ou(x) =t""p(z/t), t>0,xzeR™
We will define the maximal function M, f(x) by
My f(x) = sup|f = @¢(x)].
t>0

Then H? (R™) consists of those tempered distributions f € .%/(R™) for which
M,f € LE (R™) with ||f||gr = [[Myf|re. For every 1 <p < oo, as in the
unweighted case, we have L? (R™) = HP (R™).

The real-variable theory of weighted Hardy spaces has been studied by
many authors. In 1979, Garcia-Cuerva studied the atomic decomposition
and the dual spaces of HP for 0 < p <1. In 2002, Lee and Lin gave the
molecular characterization of HZ for 0 < p <1, they also obtained the H?(R),
1 < p <1 boundedness of the Hilbert transform and the HE (R"™), S <p<l
boundedness of the Riesz transforms. For the results mentioned above, we
refer the readers to [3], [7], [10] for further details.

In this article, we will use Garcia-Cuerva’s atomic decomposition theory
for weighted Hardy spaces in [3], [10]. We characterize weighted Hardy spaces
in terms of atoms in the following way.

Let 0 <p<1<g<o0and p#q such that w € A, with critical index g,.
Set [ - ] the greatest integer function. For s € Z satistying s > [n(qw/p —1)],
a real-valued function a(zx) is called (p,q, s)-atom centered at x¢ with respect

to w(or w-(p,q,s)-atom centered at xg) if the following conditions are satis-
fied:

(a) a€ LL(R™) and is supported in a cube Q) centered at xq,
(b) Ha||Lq <w(Q)MVe
(€) Jon a(x)z®dz =0 for every multi-index « with |a] <s.

THEOREM E. Let 0 <p<1<¢qg<oo and p# q such that w € A; with
critical index q,. For each f € HE(R™), there exist a sequence {a;} of w-
(p,q,[n(qw/p — 1)])-atoms and a sequence {A;} of real numbers with
>0 NP < CllfIyy such that f =37, Nja; both in the sense of distributions
and in the HY norm.

2. The intrinsic square functions and our main results

The intrinsic square functions were first introduced by Wilson in [11] and
[12]; they are defined as follows. For 0 < o <1, let C, be the family of func-
tions Lp defined on R™ such that <p has support containing in {x € R™ : |z| < 1},
Jgn ¢(2x)dz =0 and for all z,2’ € R",

|o(2) — p(a')] < o — 2|,
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For (y,t) € R =R" x (0,00) and f € L} (R"), we set

loc
Aa(F)(y,t) = sup | f *¢u(y)]-
p€ECa
Then we define the intrinsic square function of f(of order «) by the formula

san@=(/ [ (Aa<f><y,t>)2f2ff)l/2,

where I'(x) denotes the usual cone of aperture one:

I(z)={(y,t) € RV |z —yl < t}.

We can also define varying-aperture versions of S, (f) by the formula

SN =([ [ M(Aa<f><y,t>)2f3f’f)1/2,

where I'g(z) is the usual cone of aperture 8 > 0:

Ta(z)={(y,t) R : [z —y| < Bt}.

The intrinsic Littlewood-Paley g-function (could be viewed as “zero-aperture”
version of S,(f)) and the intrinsic g}-function (could be viewed as “infinite
aperture” version of S, (f)) will be defined respectively, by

9o (f)(x) = (/()OO(AQ(][)(%’t))Q%)lm

sn@=(f [ () ey )™

Similarly, we can also introduce the so-called similar-looking square func-
tions S(a,s)( f)(x), which are defined via convolutions with kernels that have
unbounded supports, more precisely, for 0 <a <1 and € > 0, let C(, ) be the
family of functions ¢ defined on R™ such that for all x € R",

(@) < (1+2]) ",

and

and for all z,z’ € R",
[o@) = ()| < o =a'| (L4 ]a) 7+ (1) ),

and also satisfy [p, ¢(x)dz =0.
Let f be such that |f(z)|(1+ |z|)~"~¢ € L}*(R™). For any (y,t) € R, set

Aoy (Hy.t)= sup |f*puly).
PEC(a,e)
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We define
dy dt\1/?
S(a a) = (/ A(I) A(a E) y7 ))2t3+1> ;
dr\ /2
oo 0@ = ([ (o (D007 )
and

0o~ ([ [ (i) o) ) "

In [12], Wilson proved that the intrinsic square functions are bounded op-
erators on the weighted Lebesgue spaces LP (R™) for 1 < p < oo; namely, he
showed the following result.

THEOREM F. Let we Ay, 1 <p<oo and 0 <a < 1. Then there exists a
positive constant C >0 such that

[Sa (D)l < ClS s, -

Iz,

Recently, Huang and Liu [6] studied the boundedness of intrinsic square
functions on the weighted Hardy spaces H. (R™). Moreover, they obtained
the intrinsic square function characterizations of HJ} (R™).

As a continuation of their work, the purpose of this paper is to investigate
the boundedness of intrinsic square functions on the weighted Hardy spaces
H? (R™) for 0 < p < 1. Furthermore, we will characterize the weighted Hardy
spaces HE (R™) for 0 < p < 1 by the intrinsic square functions including the
Lusin area function, Littlewood—Paley g-function and g3-function.

In order to state our theorems, We need to introduce the Lipschitz space

Lip(e,1,0) for 0 < < 1. Set bg = \Q\ fQ x)dx.
Llp(a,l,O) = {bGLloc(Rn) . ||b||Lip(o¢,1,0) < OO},
where
1
b||Lin(a :supi/byfb dy
|| ||LP( ,1,0) Q |Q|1+a/n Q| ( ) Q}

and the supremum is taken over all cubes @) in R™.
We say that a tempered distribution f vanishes weakly at infinity, if for
any @ € .7, we have f *@:(x) = 0 as t — oo in the sense of distributions.
Our main results are stated as follows.

THEOREM 1. Let 0 <a <1, - <p<l,wé€A,qse) ande>a. Suppose
that f € (Lip(a, 1,0))*, then a tempered distribution f € HE(R™) if and only
if ga(f) € LE,(R™) or §ia,e)(f) € LE,(R™) and f vanishes weakly at infinity.
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THEOREM 2. Let 0 < a <1, n+a <p<l,weA p(1+2) and € > a. Suppose
that f € (Lip(c, 1,0))*,~ then a tempered distribution f € HE(R™) if and only
if Sa(f) € L, (R™) or S(a,)(f) € LE,(R™) and f vanishes weakly at infinity.

THEOREM 3. Let 0 < a <1, L<p<1, wEAp(H_%), e>a and A >
3""‘20‘ Suppose that f € (Lip(a,1,0))*, then a tempered distribution f €
H? (R") if and only if g3 ,(f) € LL,(R™) or g3 (.o (f) € LL(R™) and f van-
ishes weakly at infinity.

REMARK 1. Clearly, if for every ¢ > 0, ¢; € Cq, then we have ¢; € Lip(a,
1,0). Thus, the intrinsic square functions are well defined for tempered dis-
tributions in (Lip(a, 1,0))*.

Throughout this article, we will use C' to denote a positive constant, which
is independent of the main parameters and not necessarily the same at each
occurrence. By A ~ B, we mean that there exists a constant C' > 1 such that
cspsC

3. The necessity of our conditions

In this section, we shall first prove the following lemma.

LEMMA 3.1. Let 0<p <1 and w € Ay. Then for every f € HE(R™), we
have that f vanishes weakly at infinity.

Proof. For any given ¢ € .7 (R"™) fRn x)dx =1, we denote the nontan-
gential maximal function of f by
M(f)(@)= sup [f*pi(y)|-
ly—z|<t
Then we have | f x ¢ ()| < M (f)(y) whenever |z —y| <t. As a consequence,
we obtain the following inequality

/| |<t!f*<pt(x)|pw(y)dy§/ (M2(F) () w(y) dy.

lz—y|<t

p 1 * p 1
| *¢u(2)] SmHMW(f)’Lﬁ,SC G Mo ()7

It is well known that for given w € A, then w satisfies the doubling condition
(Lemma A). Furthermore, we can easily show that w also satisfies the reverse
doubling condition; that is, for any cube @, there exists a constant C7 > 1 such
that w(2Q) > C1w(Q). From this property, we can deduce w(2*Q) > C¥w(Q)
by induction. Set Q = Q(z,/2). So we can get

dm Ry
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which implies

lim ————=0.

=00 w(Q(z, v21))

This completes the proof of the lemma. O

From the definitions of intrinsic square functions, we know that when
@ €Cq, 0 < a <1, then there exists a positive constant ¢ depending only
on «a,e and n, such that cp € Co ). Thus, we can get the pointwise in-
equality S, (f)(x) < CS(Q,E)(f)(x). Furthermore, in [11], the author proved
that this inequality has a partial converse; that is, for every o' satisfying
0<a <aand o <g, for all f such that |f(z)|(1 + |z|)~""¢ € LY(R"),
we have g(aja)(f)(:z:) < CSu(f)(x). So if we choose o/ =« and € > «a, we
obtain S, (f)(z) ~ S(a,s)(f)(x). In [11], the author also showed that the
functions S, (f)(z) and g.(f)(x) are pointwise comparable. Meanwhile, he
pointed out that by similar arguments we can show the pointwise compa-
rability of 5(078)(]”)(:0) and §(a,e)(f)(z). Therefore, in order to prove the
necessity of Theorems 1 and 2, we need only to establish the following propo-
sition.

PROPOSITION 3.2. Let 0 <a <1, - <p<landwée Ap(1+%). Then for
every f € HP(R™), we have

9 ()| Lo, < ClIFllam,-

Proof. Set ¢ =p(1+ %). Then for w € A,, we have [n(qn/p —1)] =0. By
Theorem E, it suffices to show that for any w-(p,q,0)-atom a, there exists a
constant C' > 0 independent of a such that || g.(a)||Lz < C.

Let a be a w-(p, g,0)-atom with suppa C Q = Q(zg,r), and let Q* = 2/nQ.
By using Hélder’s inequality, Lemma A and Theorem F, we thus have

1) | Jauta) i) dz

< (/Q |90 (@) ()] w(z) dx> p/a ( / wle) dx) 1-p/q

< ||gala)|[, w(@")" 7"
< C||Sa(@)||}, w(@) 7/
< Cllallh, w(@)' '

<C.
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Below we shall give the estimate of the integral I = f(Q*)C |ga(a)(2)|Pw(z) dx.
For any ¢ € Cq, by the vanishing moment condition of atom a, we get

/(w@w—> o1 — o)) aly) dy

|y — x|
/ tn+a y)’ dy
<C- W/Q}a(yﬂ dy.

Denote the conjugate exponent of ¢ > 1 by ¢’ = ¢/(q — 1). Holder’s inequality
and the condition A, yield

/Q’a(y)’dy = (/Q|a(y)!qw(y) dy>1/q (/Qw(y)_l/(q_l) dy)l/q/

q 1/q
SCWMua(gﬁj)

Q)
= @

We note that suppp C {x € R™: |z| < 1}, then for any y € Q, x € (Q*)¢, we
have t > |z —y| > |x —xo| — |y —x0| > @ Substituting the above inequality
(3) into (2), we thus obtain

@ )@ = [ (sup fasan)]) 7

N t

|Q| 2 20 e dt
SC(U}(Q)W " eyl EraT
2

Q o 1
(o) ™

It follows from the inequality (4), Lemma A and Lemma B that

(5) [:/ ‘ga )’pw(x) dx

n+a
( 17 ) 41”(%)“ dx
P |lz—x0|>/nr |:E—1‘0| 1
n+a
C( L > w1 () dy
/v ly|>+/mr |y| 1

n+a
()

(2) |ax pi(2)| =

IN

IN
Q
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Tn+a p Cng
:C(MQP@>T w(@)
<C,

where wi(z) = w(z + xp) is the translation of w(zx), Q1 is a cube which is
the translation of @. It is obvious that w; € A, for w € Ay, ¢ > 1, and
Guw, = qw- Therefore, Proposition 3.2 is proved by combining the estimates

(1) and (5). O

PROPOSITION 3.3. Let 0 <a <1, A5 <p<1l, we Ap(1+ and \ >
%. Then for every f € HP(R™), we have

w

930Dl o < ClNFllas-

Proof. Let ¢ =p(1+%). Asin the proof of Proposition 3.2, we only need to
show that for any w-(p, ¢,0)-atom a, there exists a constant C' > 0 independent
of a such that ||g3 ,(a)l[zs, <C.

Let a be a w-(p,q,0)-atom with suppa C Q = Q(zo,r), and let Q} =
2,/n(2%Q). From the definition, we readily see that

(93.a(a)( ))2
//R”“ <t+ |z — y|) (Aa(a)(y,t))zfgff

An
odydt
= S Ag(a)(y,t
[ /;m@(r+x—m) (Aal)v:0) Gy
e’} n
> t 2dydt
+ / / (4) Aala)(y,t
,; 0 Jor-ti<jo—yl<are \E+ T — Y| (Aa(@)(w.0) A
+3 278, o (a)(x)zl :
k=1

Since 0 < p < 1, we thus get

< C|Sala)(z)®

|Sa,2k (a)|

p
p =0

o0
950 (@)% ISa(@)][7, +> 2775 a]
k=1

By Proposition 3.2, we can obtain ||Sy(a)||zz < C. It remains to estimate
||Sa’2k (a)HLﬁI for k= 1, 2, e
First, we claim that the following inequality holds.

kng

(6) [Sa2x (@], <C-27%

|Sa(a) k=1,2,....

[
Lw
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In fact, by using the Fubini theorem and Lemma A, we can get

e @Iy = [ ([, (Ao @00 i o o)

([ w0 ot

come (] re)inionarts

=021 Sa(0)|[7,

Using Holder’s inequality, Lemma A, Theorem F and (6), we thus obtain
1

1/p L
7) (/QZ|Sa,zl«<a>(x>|pw(x)dm> < || Sa,x (@)]] 12 w(QF) "2

kng

<025 |Su(a)]| 1 (2 10(Q)) 7

1
2

kng 1/p—1/2
<2 a2 (w(@) /7Y

kng

<C.27%",
where we have used the fact that w e A,, 1 <qg <1+ 7 <2, then w € Aj.
Below we give the estimate of the integral J = f(Q;)C Sao6(a)(x)|Pw(z) dr.
Note that suppe C {z € R : |z| < 1}, by a simple calculation, we know

that for any (y,t) € I'or(x), = € (Q5)¢, then t > |m2;f1‘". It follows from the
previous estimates (2) and (3) that

dydt
(8) |Sa72k(a)(x)|2§0< |Q|1/p) // tg(n-l—g) tn+1

Q| ) 200k / dt
< C’( reaQrm ST
w(Q)l/p |Z;ﬁ)| t2(nta)+1

C . 93kn+2k it N2 1
< . 2 n (e} .
B (MQ)””) |2 — wo[2(nFe)
Applying Lemma A, Lemma B and the above inequality (8), we have
) J= / 1, 2 (a) () [Pro() da

(@p)°

<c. QkP(BngZoc) @ / L)n i
W(Q) Jiz—ao|>ym2kr [T — To|™

kp(3n+2a) 7“1"("+(")

O k,r -nq k nqw
<C-2 2(0) (2%7) " (2%) w1 (Q1)

kp(3n42a)
2

<C-2

— )
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where the notations w; and ()1 are the same as Proposition 3.2, we have
w1 (Q1) =w(Q). Hence, by the estimates (7) and (9), we obtain

kp(3n+2a) kp(3n+2a)
2 2

‘ ’ Sa,Qk (a’)
Therefore

<C. (2"t 49 )y<C-2

Iz,

oo
l5a(@]?, < ozgﬂ% PCESIY

where the last inequality holds since A > 3"+20‘ The proof of Proposition 3.3

is complete. O

Using the same arguments as above, we can also show the H?—-LP bound-
edness of g3 ( that is,

aa)’

(10) 15 ey (| g, < Cll Sl

Therefore, by Lemma 3.1, Proposition 3.2, Proposition 3.3 and (10), we have
proved the necessity of our conditions.

4. The sufficiency of our conditions

We shall need the following Calderén reproducing formula given in [2].

LEMMA 4.1. Let ¢ € S(R"), suppy C{z € R : |z| <1}, [p. ¥(x)dz =0
and

/Oo|w(§t)| — =1 whenever £ #0.
0

Then for any f € ' (R™), f vanishes weakly at infinity, we have

dy dt
t )

(1) fa= [ [ sentinia-y)

where the equality holds in the sense of distributions.

Suppose that 1 satisfies the conditions of Lemma 4.1. For every f €
' (R™), we define the area integral of f by

s = ([ IrenwPi) "

We are going to prove the following result.

PROPOSITION 4.2. Let 0 < a <1, n+a <p<landweA, (1+2)- Then for
any f € (R"™), f vanishes weakly at infinity, we have

1f1lmz, < C|[Sy (),
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Proof. We follow the same constructions as in [1] and [8]. For any k € Z,
set

Let D denote the set formed by all dyadic cubes in R™ and let

DkZ{QE]D) QN Q> Y |Q‘ QN ey < |Q}

Obviously, for any @ € D, there exists a unique k € Z such that Q € Dg. We
also denote the maximal dyadic cubes in Dy by Qﬁe Set

Q={.neRM:yeQ,UQ) <t<20(Q)},
where (@) denotes the side length of Q.

If weset Q.= |J @, then we have R = UU@ Hence, by the
QL 2QeDy k1
expression (11), we obtain

ZZ/ I *Y(y)ve(x —y) M ZZ)\klak

where
dydt

b= 37t [ sentmte—n

and

l 1/2
Akl = w(Qi)l/%U2 (/227 | f = ¢t(y)|2ﬁ£i]|“) dytdt) .

By the properties of 1, we can easily get suppal, € 5Q}, [5. ak(z)dz =0. Let
g=p(l+ %), we A, Since

/n al (z)b(x)w(z) dz|.

lajllLg, = sup
el 4 <1

Then Hélder’s inequality and the definition of Ag; imply

/” at (z)b(x)w(z) dx

dy dt
</\kl/ | £ e(y)|| g % e (y) |y

SA;f(/Jf*wt( M) (/\ Uy M)

1/2 dud
|%z| 1/p (/ ‘ *Pi(y 2y_t> ’
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where g(z) = X5t (z)b(z)w(z). For any (y,t) € 6727 then a direct calculation
shows that
n 1
g% ()] < C -t bl Ly w(Qh) %

Hence,

11/2 du dt 1/2
el 5 € G @0 ™ %)
k
<C-w(@)) T,

where in the last inequality we have used the fact that for any (y,t) € Q}, we
have t" ~ |Q! |. Therefore, these functions a} defined above are all w-(p, g,0)-
atoms.

Set O ={z € R": My(x,, )( ) > C"}, where Cyp is an appropriate con-
stant and M, (f)(z) = SUDLeQ wiay fQ |f(y)|w(y) dy. Using the weighted weak

type estimate of weighted maxunal operator Mw, we have w(Q}) < Cw(Q).
Consequently

[ Superetd < (20) w(oq) < 02 ()
QL1

We set E = E(y,t) ={z € Q;\Qp41 : |z —y| <t}, then we have

/Q;\Qk+1 Self) @) w(@) dz = /Rn+1 {/Rn X (2)w(x) da:} | ()| fi/ff

> 3 1 et u(Ewn) gl

QEDy

We also set Q, = {z € R": M(x,, )(z) > 3} and E=E(y,t) ={z € [
Qpt1: |z — y| < t}, where M denotes the classical(unweighted) Hardy—
Littlewood maximal operator. It is easy to check that

E(ya t) = E(ya t) for any (y7 t) € @a Q € Dg.

In [1], Chang and Fefferman actually proved that |E(y,t)| > c|Q|, with a
positive constant ¢ independent of @ and (y,t) € Q. See also [2, p. 158] for its
proof. Since w € Ay, then by Lemma C, we know that there exists a constant
0 < C’ < 1 such that

(12) w(B(y.1) = w(E(y,t)) > C'w(Q).

Suppose that {Q%} is the family of maximal dyadic cubes containing ) which
belong to D. Then by Lemma D and the above inequality (12), we can
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get
(13) 22k () >CZ/lf*wt w >f§ff
QEDy
>OQ%E‘)k/lf*¢t )<@>Qfﬂt
>cz/ [+ bely 2“]5’;) Q;;ffcf
2 CF [yl m g

where the last inequality holds since ¢ ~(QL). For any [ € Z, since |Q} N

Q| > ‘Q’“‘, w € Ay, then by using Lemma C again, we have that there ex-
ists a constant 0 < C” < 1 such that w(Q% N Q) > C"w(Q}). Note that the
maximal dyadic cubes Qfﬁ are pairwise disjoint, we thus obtain

(14) w(Qy) > w((UQk> N Qk)
= Z (@ %)
> C"Z“’(Qk)'

l

Then it follows from Holder’s inequality, the estimates (13) and (14) that

p/2
D%l = 303 (w(@h) ”’/2(/ [T *taly 2“’Qk)dydt)

QL t
sz<2wm>l (g
<CZ ) PR (2% w(y))
SCHSw Iz

Therefore, by using the atomic decomposition of weighted Hardy spaces, we
get the desired result. O

Finally, we choose a function v satisfying the conditions of Lemma 4.1.
Obviously, we have ¢ € C,, for any 0 < a <1, which implies

(15) Sy (£)(@) < Sa(f)(@) < CS(ae)(/)(@) < CFx (0.0 () (@).
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Combining the above inequality (15) and Proposition 4.2, we have proved the
sufficiency of our conditions.
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