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TUKEY TYPES OF ULTRAFILTERS

NATASHA DOBRINEN AND STEVO TODORCEVIC

ABSTRACT. We investigate the structure of the Tukey types of ul-
trafilters on countable sets partially ordered by reverse inclusion.
A canonization of cofinal maps from a p-point into another ultra-
filter is obtained. This is used in particular to study the Tukey
types of p-points and selective ultrafilters. Results fall into three
main categories: comparison to a basis element for selective ul-
trafilters, embeddings of chains and antichains into the Tukey
types, and Tukey types generated by block-basic ultrafilters on
FIN.

1. Introduction

Let D and E be partial orderings. We say that a function f: E — D
is cofinal if the image of each cofinal subset of E is cofinal in D. We say
that D is Tukey reducible to E, and write D <p FE, if there is a cofinal map
from E to D. An equivalent formulation of Tukey reducibility was noticed
by Schmidt in [29]. Given partial orderings D and E, a map g : D — E such
that the image of each unbounded subset of D is an unbounded subset of £
is called a Tukey map or an unbounded map. E >7 D iff there is a Tukey map
from D into E. If both D <p E and E <7 D, then we write D =r E and say
that D and E are Tukey equivalent. =7 is an equivalence relation, and <p
on the equivalence classes forms a partial ordering. The equivalence classes
can be called Tukey types or Tukey degrees.

In [37], Tukey introduced the Tukey ordering to develop the notion of
Moore-Smith convergence in topology to the more general setting of directed
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partial orderings. The study of cofinal types and Tukey types of partial or-
derings often reveals useful information for the comparison of different partial
orderings. For example, Tukey reducibility downward preserves calibre-like
properties, such as c.c.c., property K, precalibre Ny, o-linked, and o-centered
(see [35]).

Satisfactory classification theories of Tukey degrees have been developed
for several classes of ordered sets. The cofinal types of countable directed
systems are 1 and w (see [37]). Day found a classification of countable ori-
ented systems (partially ordered sets) in [8] in terms of a three element basis.
Assuming PFA, Todorcevic in [34] classified the Tukey degrees of directed par-
tial orderings of cardinality N; by showing that there are exactly five cofinal
types, and in [35] classified the Tukey degrees of oriented systems (partially
ordered sets) of size Ry in terms of a basis consisting of five forms of partial
orderings. However, he also showed in [35] that there are at least 2% many
Tukey incomparable separative o-centered partial orderings of size ¢. This
would preclude a satisfactory classification theory of all partial orderings of
size continuum.

However, the structure of the Tukey types of particular classes of partial
orderings of size continuum can yield useful information. This has been fully
stressed first in the paper [13] by Fremlin who considered partially ordered
sets occurring in analysis. After this, several papers appeared dealing with
different classes of posets such as, for example, the paper [31] of Solecki and
Todorcevic which makes a systematic study of the structure of the Tukey
degrees of topological directed sets. The paper [25] of Milovich is the first
paper after Isbell [17] to study Tukey degrees of ultrafilters on w.

In this paper, we investigate the structure of the Tukey degrees of ultra-
filters on w ordered by reverse inclusion. For any ultrafilter & on w, (U, D)
is a directed partial ordering. We remark that for any two directed partial
orderings D and F, D =r F iff D and E are cofinally similar; that is, there
is a partial ordering into which both D and E embed as cofinal subsets [37].
So for ultrafilters, Tukey equivalence is the same as cofinal similarity.

Another motivation for this study, is that Tukey reducibility is a general-
ization of Rudin—Keisler reducibility.

FacT 1. LetU and V be ultrafilters on w. If U >rx V, thenU >7 V.

Proof. Take a function h : w — w satisfying V=h(U) :={X Cw: h"}(X) €
U}. Define f: U —V by f(X)={h(n): ne X}, for each X €. Then f is
a cofinal map. O

Thus arises the question: How different are Tukey and Rudin—Keisler re-
ducibility? We shall study this question particularly for p-points.
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2. Notation and basic facts

In this section, we fix notation and provide some basic facts. All ultrafilters
in this paper have a base set which is countable. The base set will usually be
w, but in Section 6 we also investigate ultrafilters on FIN, the family of finite,
nonempty subsets of w.

DEFINITION 2. Let (P,<) be a partial ordering. We say that a subset
C C P is cofinal in P if for each p € P there is a ¢ € C such that p <c. We
say that (P, <) is directed if for any p,r € P, there is an s € P such that p < s
and r < s.

Fact 3. If C is a cofinal subset of a partial ordering (P, <), then (C,<) =r
(P,<).

Proof. Let C be a cofinal subset of P and let id¢ : C'— P be the identity
map. Then ide is both a cofinal map and a Tukey map. For if D C C
is cofinal in (C, <), then id,D = D is also cofinal in (P,<). If BC P is
bounded in (P, <), then there is a p € P bounding each element of B from
above. Take a ¢ € C such that p <c. Then ¢ bounds id;'(B). Thus, idc
maps each unbounded subset of C' to an unbounded subset of P, hence is a
Tukey map. O

The partial ordering < on an ultrafilter ¢/ is D; that is, for X, Y e U, X <Y
ifft X DY. Note that (U, D) is a directed partial ordering.

We now show that, for ultrafilters, there is a nice subclass of cofinal maps,
namely the monotone cofinal maps, to which we may restrict our attention.

DEFINITION 4. Let (P,<p) and (Q,<g) be partial orderings. A map
f: P— Q is monotone if whenever p,r are in P and p <pr, then f(p) <qg
f(r). For the special case of ultrafilters U, V), this translates to the following: a
map f: U —V is monotone if whenever W, X e Y and W D X, then f(W) D

f(X).

Fact 5. Let (P,<p) and (Q,<qg) be partial orderings. A monotone map
f:P—Q is a cofinal map if and only if its image f"'P is a cofinal subset
of Q.

Proof. Let f: P — @ be a monotone map. If f is a cofinal map, then
certainly the image of P under f is a cofinal subset of Q.

Conversely, suppose the image f” P is cofinal in ). Let C C P be a cofinal
subset of P and let g € Q be given. Since f” P is cofinal in @, there isa p € P
such that ¢ <¢g f(p). Since C is cofinal in P, there is a ¢ € C such that p <p c.
Since f is monotone, ¢ <¢ f(p) <¢ f(c). Therefore, f”C' is cofinal in Q. O

FAcT 6. Let U and V be ultrafilters. If U >7 V), then this is witnessed by a
monotone cofinal map.
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Proof. Suppose U >7 V. Then there is a Tukey map ¢ : V — U witnessing
this. Define f: U =V by f(U)=({VeV:g(V)DU}.

First, we check that f is a function from U into V. Let U € U. Note that
{VeV:g(V)DU}=g'({U' €U : U DU}). Since the set {U' €U :U' D
U} is bounded in U and g is a Tukey map, it follows that {V €V : g(V) DU}
is bounded in V. Thus, ([{V €V : g(V) DU} is a member of V.

Next we check that f is monotone. Let U D U’ be elements of &. Then
it is the case that {V eV :g(V) DU} C{VeV:g(V)DU'}. Thus, f(U)=
({V eV:g(V)2U} 2V eV: g(V)2U"} = f(U).

Finally, we show that f”I is cofinal in V. Let V' € V. Then ¢g(V’) is in U;
let U denote ¢g(V'). By definition, f(U)=([{V €V:g(V)2Dg(V')} C V.
Thus, by Fact 5, f is a monotone cofinal map from U into V. O

Thus, for ultrafilters, we can restrict ourselves to using monotone cofinal
maps.

We now fix some notation for the duration of the paper. Recall that the
partial ordering on a (finite or infinite) cartesian product of partially ordered
sets is the coordinate-wise ordering. Thus, the partial ordering on a cartesian
product of directed partial orderings is again a directed partial ordering.

NoOTATION. Let U, V, and U,, (n <w) be ultrafilters. We define the nota-
tion for the following ultrafilters.

MU V={ACwxw:{icw:{jew: (i,j) € A} eV} elU}.

(2) limy,yyUp={ACwxw:{ncw:{jew: (n,j) €A} el,} €U}.

(3) We shall use U? to denote U - U; and more generally, Y™ shall denote
U-U™. We shall use U* to denote lim,, .y U*", where (ky,)n<, is any
strictly increasing sequence of natural numbers. More generally, for any
ordinal o < wy, Ut denotes lim,_;;U*. For o a limit ordinal, U® is
used to denote any ultrafilter of the form lim,, . U”", where (8,)n<w is
a strictly increasing sequence of ordinals such that sup,,,, 6, = . (So
for w < a <wy, U* does not denote a unique ultrafilter, but rather any
ultrafilter formed in the way described above.)

(4) U x V is defined to be the ordinary cartesian product of & and V with
the coordinate-wise ordering (2, D).

(5) I,,<,U, is the cartesian product of the U, with its natural coordinate-
wise product ordering. We will let I, ., denote the cartesian product
of w many copies of U.

The following basic facts are used throughout the paper.

FacT 7. Let U,Uy,U1,V, Vo, and V1 be ultrafilters.
(1) UxU=rU.
(2) UxV>rU andU xV >7 V.
(3) Iful >r Z/[O and Vl >r Vo, then L{1 X Vl >7 Z/{O X V().
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4) fW=2rU and W >V, then W >r U x V. Thus, U x V is the minimal
Tukey type which is Tukey greater than or equal to both U and V.
B)U-V>rU andU -V >7V, and therefore U -V >7 U x V.

Proof. Let 1,72 denote the projection maps m; : w X w — w (i = 1,2) given
by 71 (m,n) =m, and m2(m,n) =n.

(1) 71 induces the map 71 : U xU — U, given by 71 (U,U’) =U, which is a
cofinal map. Conversely, the map f(U) = (U,U) is a cofinal map from U into
UxUu.

(2) Again, the induced map T : U x V — U given by 71 (U, V) =U is a
cofinal map. The second part follows since Y x V=7V X U.

(3) Given monotone cofinal maps f: U; — Uy and g : Vi — Vo, define the
map h: Uy x Vi — Uy x Vo by (U, V)= (f(U),g9(V)). Let X be a cofinal
subset of Uy x V; and let (A, B) € Uy x V. There are U € Uy and V € V; such
that f(U) C A and g(V) C B. Since X is cofinal in U; x Vi, there is some
(U, V') € X such that U' CU and V' CV. Since f and g are monotone,
RU V) =(f(U"),g(V") > (f(U),9(V)) > (A,B). Thus, h"X is cofinal in
Z/{() X Vo.

(4) follows immediately from (1)—(3).

(5) Define f: U -V —U by f(A) ={mi(m,n): (m,n) € A}, for each A €
U -V. Then f is monotone, and has cofinal range in &. Hence, by Fact 6,
U-V>rU. (Alternatively, one can just note that the map m; is a Rudin—
Keisler map from U -V to U; and hence U -V >1r U.)

Let g: U -V > V be defined by g(A) = {m2(m,n): (m,n) € A}, for each
AeU-V. Then g is monotone and has cofinal range in V, hence is a cofinal
map. O

REMARK. One cannot conclude from the above that U -V =7 U x V. Sec-
tion 4 contains an investigation into this matter.

At this point, we recall the definitions of the following special ultrafilters.
All these definitions can be found in [2]. Recall the standard notation C*,
where for X, Y in an ultrafilter i, we write X C* Y to denote that | X\ Y| < w.

DEFINITION 8. Let U/ be an ultrafilter.

(1) U is selective if for every function f: w — w, there is an X € U such that
either f [ X is constant or f [ X is one-to-one.

(2) U is a p-point if for every family {X,, : n <w} CU thereis an X € U such
that X C* X,, for each n < w.

(3) U is a g-point if for each partition of w into finite pieces {I, : n < w},
there is an X € U such that | X NI,| <1 for each n <w.

(4) U is rapid if for each function f : w — w, there exists an X € U such that
| X N f(n)| <n for each n < w.

The following well-known implications can be found in [2].
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THEOREM 9.

(1) An ultrafilter is selective if and only if it is both a p-point and a q-point.
(2) Ewery q-point is rapid.

We point out that all of these special ultrafilters exist under CH, under
MA, and even under weaker assumptions involving cardinal invariants. How-
ever, the existence of selective ultrafilters, p-points, g-points, or even rapid
ultrafilters does not follow from ZFC. We refer the interested reader to [2] for
further exposition on these topics.

We point out the next fact, since it is useful to know, especially in Section 4.

Fact 10. For any ultrafilter U, U -U is not a p-point.

Proof. If U is principle, generated by {n}, then U - U is also principle,
generated by {(n,n)}. If U is not principle, then it contains the Fréchet filter.
For each n <w, let A, =[n,w) x w. Then each A,, is in U. However, there
isno BeU -U such that B C* A, for all n < w; for if B C* A,, for all n < w,
then for each n there could only be finitely many j such that (n,j) € B. O

A word about the top Tukey type for ultrafilters. The directed set ([¢]<¥, C)
is the maximal Tukey type among all directed partial orderings of cardinality c.

FacT 11. Let (X, <) be any directed partial ordering of cardinality ¢. Then
(X, <) <7 ([]*,9).

Proof. Let g: X — [c]<% be any one-to-one function. Then ¢ is a Tukey
map. To see this, let W be any unbounded subset of X. Then in particular, W
must be infinite, since every finite subset of X is bounded since X is directed.
Since g is one-to-one, the image ¢g”W is also infinite. Every infinite subset of
[c]<¢ is unbounded, so ¢"”W is unbounded. O

The following combinatorial characterization of when an ultrafilter has top
Tukey type is useful.

FACT 12. Let U be an ultrafilter. (U,2) =r ([c]<¥,C) if and only if there
is a subset X CU such that |X| = ¢ and for each infinite Y C X, YV ¢ U.

Proof. We first show the foreword direction by contrapositive. Suppose
that there is no subset X CU such that |X| = ¢ and for each infinite Y C X,
(Y ¢ U. Then for each subset X CU such that |X|= ¢, there is an infinite
Y C X such that (Y €Y. We shall show that there is no Tukey map from
([e]<«, Q) into (U, D).

Let g: ([¢]<¥,C) — (U, D) be given. If the range of g has cardinality less
than ¢, then there is an uncountable subset C C [¢]<* and a U € U such that
¢9’'C={U}. So g maps an unbounded set to a bounded set, hence is not a
Tukey map. Otherwise, the range of g has cardinality ¢. By our hypothesis,
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there is an infinite set Y C ¢”[c]<* such that (Y € U. Letting C be the g-
preimage of ), we see that C is infinite, hence unbounded. Thus, g is not a
Tukey map. Therefore, ([¢]<¥,C) £r (U, D).

Suppose there is a subset X C U such that |X'| = ¢ and for each infinite ) C
X, NY ¢U. By Fact 11, we know that (U, D) <p ([¢]<%,C), so it remains to
show that (U, D) > ([(]<¥, Q). Let g : [¢]<“ — X be any one-to-one function.
Let Z C [¢]<¥ be unbounded. Then Z must be infinite, since ([¢]<*,C) is
directed. Since g is one-to-one, ¢’ Z is an infinite subset of X'. Thus, (g¢"Z
is not in U, so ¢”Z is unbounded in (U4, D). Therefore, g is a Tukey map. O

3. Basic and basically generated ultrafilters

The following type of partial ordering was introduced by Solecki and Todor-
cevic in [31].

DEFINITION 13 ([31]). Let D be a separable metric space and let < be a
partial ordering on D. We say that (D, <) is basic if:

(1) each pair of elements of D has the least upper bound with respect to
< and the binary operation of least upper bound from D x D to D is
continuous;

(2) each bounded sequence has a converging subsequence;

(3) each converging sequence has a bounded subsequence.

Each ultrafilter is a separable metric space using the metric inherited from
P(w) viewed as the Cantor space. Recall that we define < on an ultrafilter to
be D. In this context, a sequence (W,,)n<w of elements of P(w) converges to
W € P(w) iff for each m there is some k such that for each n >k, W,, Nm =
W Nm. It is not hard to see that every bounded subset of an ultrafilter has
a convergent subsequence. Thus, an ultrafilter is basic iff (3) holds.

The next theorem shows that the basic ultrafilters are exactly the p-points.
We recall the following characterization of non-meager ideals, which can be
found in [18] or [32]. An ideal Z C P(w) is called unbounded if for each strictly
increasing sequence of natural numbers (n;);<., there is an X € Z such that
[ni,ni41) € X for infinitely many ¢ < w. It was shown in [18] that an ideal
is unbounded if and only if it is nonmeager (as a subset of P(w) with the
topology inherited from the Cantor space).

THEOREM 14. An ideal T on P(w) containing all finite subsets of w is
basic relative to the Cantor topology iff T is a non-meager p-ideal. Hence, an
ultrafilter is basic iff it is a p-point.

Proof. Let T be an ideal on P(w) containing all finite subsets of w.

Assume 7 is basic. Let (ny : k <w) be an increasing sequence of integers.
Note that each [ng,ng+1) € Z, since FIN CZ. [ng,ngt1) — 0; so by basicness,
there is a subsequence whose union is in Z. Hence, Z unbounded, and thus is
nonmeager.
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Let {A,:n<w}CZ. We can assume that for each n < w, A, C A,41.
Let A, = A, \n. Then A}, C A, so A, €Z. A}, — () in the Cantor topology,
so since Z is basic, there is a subsequence ny, such that (J, ., A4}, €Z. Let
A=Uycp An,- Then for each n <w, A, C* A, since for each n there is an
ny >n such that A, C A, C* A, CA. Thus, 7 is a p-ideal.

Now suppose Z is a nonmeager p-ideal. Suppose A,,A€Z and A, — A in
the Cantor topology. Take B € 7 such that for each n, A, C* B. Let my be
a strictly increasing sequence such that my =0 and:

(1) n>mygyq implies A, Nmy = ANmy, and

(2) n<my implies A, \ mgy1 C B.

Since Z is nonmeager, there is a subsequence (my;)i<w Oof (Mg )r<e such that
C=U;cplmu, s mp2) €. Let X =, Am,, +1-

We claim that X C AU BUC. Let i <w be given. Then Amki_H Nmg, =
Anmy,, by (1). Ap, +10[mg,,my,42) € C, since C contains the interval
(M, Mk, +2). Finally, Ay, 11 \my,42 C B, by (2). Thus, Ay, 41 € AUBUC.
Since i was arbitrary, we have the desired conclusion that X C AU BUC,
and hence X € Z. Therefore, 7 is basic, since every convergent sequence of
elements of Z has a bounded subsequence. O

REMARK. From the proof, we can see that an ultrafilter is basic iff every
sequence which converges to w has a bounded subsequence.

The next definition gives a notion of ultrafilters which is weaker than p-
point.

DEFINITION 15. We say that an ultrafilter U« on P(w) is basically generated
if it has a filter basis BC U (i.e. VAeU IB € B B C A) with the property
that each sequence {4, : n <w} C B converging to an element of B has a
subsequence {4, : k <w} such that (,_,, An, €U.

THEOREM 16. Suppose that U and U,, (n <w) are basically generated ul-
trafilters on P(w) by filter bases which are closed under finite intersections.
Then V = lim,,_y U, is basically generated by a filter basis which is closed un-
der finite intersections. It follows that the collection of all ultrafilters basically
generated by some filter base closed under finite intersections is closed under
Fubini products.

Proof. Let B, B, be filter bases of U, U, (n < w) which are closed under
finite intersections and which witness the fact that U, U,, are basically gen-
erated, respectively. Let p; : w X w — w be the projection map onto the first
coordinate. For A Cw Xxw and n < w, let (A),, denote {j <w: (n,j) € A}. Let
C={AeV: p[A] € B and for each n < w, either (4), =0 or (4),, € B,,}.
Then C is a filter basis for V which is closed under finite intersections.

Consider a converging sequence A, — B in C. Note that p;[A,] — X for
some X € Y containing p1[B]. X might not be in B, but p;[B] is in B, since
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BeC. So for each n <w, let A}, = A, N (p1[B] X w), so that A/, € C. Note
that A}, — B, p1[A}] — p1[B], and all p1[A]] € B, since B is closed under
finite intersections. Since B witnesses that U is basically generated, there
is a subsequence of (p1[A],])n<w whose intersection is in Y. Take such a
subsequence and reindex it, so that we have [, ., p1[A;,] €U. Let U denote
MNp<w P1[A}]. Note that U €, p1[An]. Enumerate U as (ng)r<w. Then
for each k < w and each m < w, (A]))n, = (Am)n, since ng € U Cp1[B]. So
for each k < w, we have that (A, )n, — (B)n, as m — oo. Take a decreasing
sequence My D My D --- D My D --- of infinite subsets of w such that for each
k, ﬂmeMk (Am)n, € Upn,. We may assume that my = min M}, is a strictly
increasing sequence.

Let C'=(,c, Am,- We claim that C' € V. Note that U = {ny: k <w} C
P1[Am,] for all I, so U C p1[C]. Thus, p1[C] € U. For each k, ;1 (Am,)ny 2
Mimenr, (Am)ny, Which is in Uy, . Hence, intersecting ﬂle(Aml)n;with finitely
more members (A, )n,, | <k, of Uy, still yields a member of U,,. Thus,
(C)ny. =Ny (A )y, » which is in Uy, . Therefore, C € V. O

REMARK. For any ultrafilter U, U - U is not a p-point. Thus, there are
basically generated ultrafilters which are not p-points.

Recall Fact 11 which says that for every ultrafilter U, (U, D) <7 ([c]<¥, Q).
We say that an ultrafilter U has top Tukey type if (U,D) =7 ([¢]<¥,C). The
following theorem of Isbell shows that, in ZFC, there is always an ultrafilter
which has top Tukey type.

THEOREM 17 (Isbell [17]). There is an ultrafilter Uop on w realizing the
mazimal cofinal type among all directed sets of cardinality continuum, i.e.
Usop =1 [¢] Y.

We remark here that the same construction in Isbell’s proof was done inde-
pendently by Juhdsz in [19] (stated in [20]) in connection with strengthening
a theorem of Pospisil [27], though without the Tukey terminology.

There are in fact 2° many ultrafilters on w having Tukey type exactly
([e]<%, ©), since any collection of independent sets can be used in a canonical
way to construct an ultrafilter with top Tukey type. Thus, already we see that
for the case of the top Tukey type, the Rudin—Keisler equivalence relation is
strictly finer than the Tukey equivalence relation, since every Rudin—Keisler
equivalence class has cardinality c.

Note also that Uiy, is not basically representable, or in other words,

THEOREM 18. IfU is a basically generated ultrafilter on w, then U < [¢]<“.

Proof. Let U be basically generated. Then there is a filter basis B C U with
the property that each sequence (A, ),<, C B converging to an element of B
has a subsequence (A, )r<w such that (), ., An, €U.



916 N. DOBRINEN AND S. TODORCEVIC

Let X be any subset of U of cardinality ¢. For each X € X', choose one
Bx € B such that Bx C X. If there is an infinite ) C X and a B € B such
that all X € Y have Bx = B, then this B C[]). Otherwise, {Bx: X €
X'} is uncountable, so there is a sequence (Ap)n<, C {Bx : X € X} which
converges to some B € {Bx : X € X'}, and such that all A,, are distinct. Since
B witnesses that U is basically generated, there is a subsequence (An, )k<w
such that ﬂk<w A,, €U. Taking Y to be the collection of X € X such that
Bx = A, for some k, we have that ) is infinite and (Y 2, _,, An, which
is in Y. By Fact 12, (B,2) < ([c]<¥, Q). O

COROLLARY 19. Every p-point has Tukey type strictly below the top Tukey
type.

Proof. Since every basic ultrafilter is basically generated, it follows from
Theorems 14 and 18 that every p-point has Tukey type strictly below [¢]<%.
O

The next theorem gives a canonical form for cofinal maps from p-points
to any other ultrafilter. This theorem or similar ideas will be used in the
majority of proofs in the rest of this paper.

Recall that any subset of P(w) is a topological space, with the subspace
topology inherited from the Cantor space. Thus, given any X,Y C P(w),
a function f: X — ) is continuous if it is continuous with respect to the
subspace topologies on X and ). Equivalently, a function f: X — ) is con-
tinuous if for each sequence (X, )n<w € X which converges to some X € X,
the sequence (f(X,))n<, converges to f(X).

If X €U, then we use U | X to denote {Y €U/ : Y C X}. Note that U [ X
is a filter base for U, and hence (U, D) =7 (U | X, D).

THEOREM 20. Suppose U is a p-point on w and V is an arbitrary ultrafilter
on w such that U >7 V. For each monotone cofinal map f: U — V), there is
an X €U such that f ] Z [X) is continuous. Moreover, there is a contin-
uous monotone map f*: P(w) — P(w) such that f* [ U [ X)=f U | X).
Hence, there is a continuous monotone cofinal map f* [U from U into V
which extends f | (U | X).

Proof. Let U be a p-point, V be an ultrafilter, and suppose that U >p V.
Let f: U — V be a monotone cofinal map. Such an f exists, by Fact 6. We
claim that there is an X €U such that f: U | X —V is continuous.

Construct a decreasing sequence Xg 2 X7 D --- of elements of U with the
following properties, for each n < w.

(1) X7L+1 g Xna

(2) X, Nn=10;

(3) for each s C n, for each k <n, if there is a U € U such that s=UnN(n+1)
and k ¢ f(U), then k ¢ f(sUX,,).
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That there is such a sequence of X,, follows from f being monotone, as
we shall see now. If there is a U € U such that 0 =U N1 and 0¢ f(U), then
let Xy be such a U. If not, let Xo =w. Suppose n > 0 and we already have
X, 1. Fix a W €U such that W C X,,_; and W Nn=0. For each s Cn and
each k <n, if there is a U € U such that s=UN(n+1) and k ¢ f(U), then
let U, be some such U. If there is no such U € U, then let Us , = W. Let
Xn=Wn{Usx:sCn,k<n}.

We check that X, has the desired properties. By construction, (1) and
(2) hold. Note the following for each s Cn and k <n. If there is a U €U
such that s=UN(n+1) and k ¢ f(U), then k ¢ f(Us k). In this case, for any
Uel]X,,since sUU C Uy and f is monotone, it follows that k ¢ f(sUU).
In particular, k is not in f(sU X,,). Thus, (3) holds.

Since U is a p-point, fix some Y € U such that for each n <w, Y C* X,,. Let
0=mng <ny <--- be such that for each i < w, for each n <n;, Y\ n;11 C X,,.
Let Z =J;2y[n2i4+1,n2i42). Without loss of generality, assume that Z ¢ U.
(If Z is in U, then let X be Y NZ. The proof for this case goes through
exactly as the one we give below, with the minor modification of readjusting
the indices by 1 at the outset.) Let X =Y \ Z. We show that f | (U [ X) is
continuous. Precisely, we shall show that there is a non-decreasing sequence
(M) k<o such that for each W e U | X, the initial segment f(W)N (k+1) of
f(W) is determined by W Nmy.

Given k < w, let i, denote the least ¢ for which ng;, +1 > k. Let W eld FX
be given and let s = W Nng;, +1. Recalling that Xn [n2i,+1,M2i,4+2) = 0,
we have that W \ N2i,+1 Q X \ N2i+1 = X \ N2, +2 g Y \ N2 +2 g Xn2ik+1.
Therefore, k € f(W) iff k € f(sU Xp,, ,,) iff k€ f(sU (X \ ngs,+1)). Letting
my = N, +1, we see that f [ (U FX) is continuous, since the question of
whether or not k € f(W) is determined by the finite initial segment W N my,
along with X \ my.

Next, we extend f on U | X to all of U by defining f(X)=f(Xn X),
for X €elUd. Then f':U — V is again monotone. Moreover, for each X € U
and k<w, ke f/(X) iff ke f(XNX) iff ke f(sU (X \ my)), where s =
X N X Nmy. So whether or not k is in f/(X) is determined by the initial
segment X N X Nmy of X N X; hence f' is continuous.

Finally, we extend f’ to a monotone continuous map f* defined on all of
P(w). For an arbitrary Z Cw set

(1) (2)= ﬂ{f’(X) : X D Z and X is cofinite}.

Note that since f’ is monotone, f*(Z) is exactly {f'((ZNn)U[n,w)) : n <
w}, since every cofinite X containing Z contains (Z Nn) U [n,w) for some n.
From the definition of f* and the fact that f’ is monotone, it follows that f*
is monotone.
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First, we show that f* [U = f'. Let Z €U be given. Let Z, =(ZNn)U
[n,w), for each n <w. Then f*(Z)={f(Z,): n<w}. Since Z,, — Z and
f’ is continuous on U, it follows that f'(Z,) — f'(Z). This, along with the
fact that each f'(Z,) 2 f'(Z) imply that ), ., f'(Zn) equals f'(Z). Hence,
(2) = Moo I'(Za) = F/(Z). Thus, [* 1 U~ J".

To see that f* is continuous, we show that for each k¥ < w and Z C w,
whether or not k is in f*(Z) is determined by the initial segment ZNXNmy, of
ZN X, along with X \my. Let Z Cw and k <w, and let Z,, = (ZNn)U[n,w)
for each n <w. Then k € f*(Z) iff for each n <w, k € f'(Z,) iff for each
n>my, k€ f'(Z,) iff for each n>my, k€ f/(Z,NX) iff k€ f(sU(X \ mg)),

where s =2ZNX Nmy. O

REMARK. Note that Theorem 20 gives the canonical form of cofinal maps
that is likely going to be the main object of study in this area from now
on: Every Tukey reduction U >7 V for U a p-point is witnessed by some
monotone continuous f*: P(w) — P(w) such that f* [ U is a cofinal map
from U into V. Moreover, for any monotone cofinal map f: U —V (where U
is a p-point), there is a a cofinal subset of the form U | X for some X €U such
that f | (U | X) is continuous. Note that the restriction of f to any cofinal
subset of U | X retains continuity, justifying the use of the word canonical.

REMARK. Whereas the top Tukey type has cardinality 2¢, the previous
theorem implies that the Tukey type of any p-point has cardinality c.

COROLLARY 21. Ewvery <rp-chain of p-points on w has cardinality <c*.

Proof. Theorem 20 shows that every Tukey chain F C {p-points} is ¢"-like,
that is, {Ve F: V<p U} <cforall U € F. O

Recall the Free Set Lemma of Hajnal.

LEMMA 22 (Free Set Lemma of Hajnal [15]). If | X| =k and A <k and
F: X — P(X) satisfies x ¢ F(z) and |F(x)| <X, for all x € X, then there is
aY CX withx ¢ F(y) and y ¢ F(x) for all x,y €Y and |Y|=k.

COROLLARY 23. Every family X of p-points on w of cardinality > ¢+ con-
tains a subfamily Z C X of equal size such that U L1V whenever U #V are
mn Z.

Proof. Let X be a family of p-points such that :=|X| > ¢t. Define
F:X—=PX)by FU)={VeX:V<pU}. By Theorem 20, for each U € X,
|F(U)| < ct. So, by the Free Set Lemma 22, there is a family ) C X’ such
that |Y| =& and for each U,V €Y, U ¢ F(V) and V ¢ F(U); that is, U £ V
and V <7 U. By Theorem 20, there are at most ¢ many ultrafilters Tukey
equivalent to any given p-point. Thus, there is a subfamily Z C ) also of
cardinality a such that every two p-points in Z are Tukey incomparable. [J



TUKEY TYPES OF ULTRAFILTERS 919

REMARK. A similar trick was used by Rudin and Shelah in [30] in part
of their proof that there are always 2° many Rudin—Keisler incomparable
ultrafilters.

Next, we use Theorem 20 to see that some strength of selective ultrafilters
is preserved downward in the Tukey ordering.

THEOREM 24. Suppose U is selective and U >7 V. Then V is basically
generated.

Proof. By Theorem 20, there is a continuous monotone map f: P(w) —
P(w) such that f"U CV and f"U generates V. By the selective version of
the Promel-Voight canonical form of the Galvin—Prikry theorem, there is an
M €U, a Lipschitz map ¢ : [w]¥ — P(w) such that ¢(X) C X for each X €
[w]“, and a 1-1 homeomorphism ¢ : range(¢) — P(w) such that f =1 0.

Let B= f"U | M. Note that B is a cofinal subset of V. We claim that
every converging sequence X,, — X of elements of B has a subsequence X,
such that (), ., Xn, € V. Let X,, n <w, and X be elements of B such
that X, — X. Let Y =+~ }(X) and Y,, =%~ !(X,). Then Y, — Y, since
¥ is a 1-1 homeomorphism. Let K ={A el : ¢(A)=Y} and K,, ={A €
U:p(A)=Y,} (n€w). Then K and K,, are compact subsets of & such that
K, — K. So in particular for an arbitrary choice A, € K,, (n € w), we can
find a subsequence A,,, converging to a member B in K. Note that A,, is a
sequence in U converging to the member B, which is in /. Since U is basic
there is a further subsequence A, such that

A=) An,, €U
i<w
It follows that X, = f(An,,) 2 f(A) for all i <w and so in particular, f(A4) €
Vand f(A) €., Xn,,- Thus, B witnesses that V is basically generated. [

It will be shown in Section 4 that for each selective ultrafilter U, U -U =7 U
hence U =1 V does not imply that V is selective.

QUESTION 25. If U is a p-point and U >1 V, does it follow that V is
basically generated?

QUESTION 26. From Theorem 16, we know that every iteration of Fubini
products of p-points is basically generated. Is there an ultrafilter which is
basically generated but is not a Fubini limit of p-points?

QUESTION 27. Can Theorem 20 be improved to show that if I/ is basically
generated and U >7 V), then there is a continuous (or definable) monotone
cofinal map f : U — V witnessing this?!

1 Throughout the paper, we note progress on questions which has taken place between
the date of original submission of this article and the time of its printing. Recent work
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More generally,

QUESTION 28. If V <p U < [c]<¥, then is there a continuous (or definable)
monotone cofinal map f: U — V witnessing this?

One might first try to show that the existence of a continuous cofinal map
propagates Tukey downwards, or in other words,

QUESTION 29. Suppose that U is such that whenever U > V then there
is a continuous monotone cofinal map from U to V. If U > W, then does it
follow that for each V <7 W there is a continuous monotone cofinal map from
W into V7?2

4. Comparing Tukey types of ultrafilters with (w*, <)

In this section, we investigate which ultrafilters are above (w*, <), where
h < g iff for each n <w, h(n) < g(n).

Fact 30. IfU is a rapid ultrafilter, then U > w®.

Proof. Define f : U — w* by letting f(X) be the function which enumerates
all but the least element of X in strictly increasing order. It is not hard to
check that f is a cofinal map. O

Hence, each selective ultrafilter and each g-point is Tukey above w®.
Fact 31. For each ultrafilter U, U - U >7 w®.

Proof. Define f: U -U — w* by letting f(A) be the function g4 : w — w
defined by ga(n) =min(A),,, where (ny)r<. enumerates those n for which
(A), € U. We shall show that f is a cofinal map.

Let X consist of those A € U -U with the properties that (a) whenever
(A)n #0, then (A), €U, and (b) whenever m <n and (A),, (A), €U, then
min(A),, <min(A),. Note that X is a base for U - U, so it suffices to show
that f [ X is a cofinal map from & into w*. We show that f [ X is monotone
and has range which is cofinal in w*, hence by Fact 5, f [ X is a cofinal map
from X into w*.

Let A, B € X be given such that A D B. Then the sequence (ix)g<, enu-
merating those n for which (B),, € U is a subsequence of the sequence (ny)k<w

of Raghavan in [28] implies that every basically generated ultrafilter has Tukey type of
cardinality ¢. In particular, he showed that if U is basically generated and V < U, then
there is another ultrafilter W =7 U such that the reduction V <7 W is witnessed by a
Rudin—Keisler map. Recent work in [9] provides a canonization for all monotone cofinal
maps witnessing a Tukey reduction from any iteration of Fubini products of p-points. These
canonical maps are continuous with respect to the topology on U-trees.

2 It has been recently shown in [9] that the answer is yes in the case that U/ is a p-point,
and in fact, weaker conditions are given there. In particular, every ultrafilter VW which
is Tukey reducible to a p-point has the property that every Tukey reduction below W is
witnessed by a continuous monotone cofinal map.
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enumerating those n for which (A), € Y. Hence, for each k, ny <ij. Since
A,B are in X and A D B, we have that min(4),, < min(A);, <min(B);,;
hence ga(k) < gp(k) for all k <w. Therefore, f [ X is monotone.

Next, let h: w — w be given. Define A to be the collection of pairs (n,!)
such that { > max{h(i) : ¢ <n}. Then A€ X and ga(n) > h(n) for all n <w.
Thus, f | X has cofinal range in w*. (]

THEOREM 32. For any ultrafilters U U, (n < w), lim,_y U, <7 U X
I, <oUy, where U x I, U, is given its natural product ordering. In par-
ticular, U - U <p I, U.

Proof. Let V denote lim,, .y U,. Let B={A €V : for each n <w, either
(A)p, =0 or (A), €U,}. Note that B is a basis for V; hence it suffices
to construct a Tukey map g: B — U X I, ,U,. Given A€ B let g(A4) =
(pl [A]7 <Qn(A))n<w)7 where qn(A) = (A)n if n € P1 [A] and qn(A) = w other-
wise.

To verify g is a Tukey map, let J be a bounded subset of V. Then there
is some (C, (D, : n<w)) €U x <, U, which bounds V. Let X ={A¢€
B:p[A] 2 C and Vn <w,q,(A) 2 D, }. Note that X’ contains the g-preimage
of Y. Let B=X. Then p1[B] 2 C and for each n € C, (B),, 2 D,,, so B€ V.
Moreover, by its definition, B bounds X. Hence B also bounds the g-preimage
of ). O

THEOREM 33. If U is a p-point, then I, , U =7 U X w* and therefore
Mpeod=rU -U-U.

Proof. First, we show that IT, <, U <7 U xw®. Given a sequence (A )n<w €
IT,, <, U, choose a B €U and an h : w — w such that B\ h(n) C A,, for each n.
(Since U is a p-point, there is a B € U such that B C* A, for each n. Let
h(n) be the least m such that B\ m C A,,.) Set g((Ap)n<w)=(B,h).

g is a Tukey map. To see this, let J be a bounded subset of U x w”.
Then there is some (B, h.) €U x w* which bounds Y. Let X = {(An)n<w :
9((An)n<w) < (Bs, hi)}. Note that X' set contains the g-preimage of ). We
claim that X is bounded by (B, \ h«(n))n<w. For given any (A,)n<w € X,
letting (B, h) denote g((Ay)n<w), we have that (B, h) < (B, hy), which means
that B 2 B, and h(n) < h.(n) for all n. So for each n, B, \ h«(n) C B\ h(n) C
Ay Thus, (Bi \ hi(n))n<w is a bound for X.

On the other hand, w* <t U -U <7 I, U, by Fact 31 and Theorem 32.
So U x w¥ <p U X Tye Jh = T JU.

Finally, U - U <y U -U -U and Fact 31 imply that U x w* <o U x (U -U) =r
U-U<pU-U-U. On the other hand, applying Theorem 32 twice, we have
U-U-U=plimpy oy <o U-U) X T el Sp Tl X e d = e uld.
Thus, U - U - U =711, ,U. U

COROLLARY 34. IfV is a p-point, V >7p w*, and U is any ultrafilter, then
U-V=pUxV. Hence, if bothU andV are rapid p-points, thenU -V =7 V-U.
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Proof. By Theorem 32, U -V <p U x Il,,.,V. Since V is a p-point,
<,V =r V xw¥, by Theorem 33. V > w® implies that V x w* =p V.

Therefore, U -V < U X I, c ., V=rU XV <7U-V. O
THEOREM 35. The following are equivalent for a p-point U.

(1) U >7 w¥;

(2) U =T Hn<wu;

B)U=rU-U.

Proof. Suppose U >7 w*. By Theorem 33, I« . U =r U X w* =p U <p
I, <,U. Suppose U =7 I1,,.,U. Since alwaysU <r U -U, and U -U <1 1L, .U
by Theorem 32, we have that Y =r U -U. IfU =7 U-U, then since U - U > w*,
we have that U >7 w®. O

COROLLARY 36. If U is a p-point of cofinality <0, then U X1 w* and
therefore U <p U -U.

REMARK. Such an ultrafilter U exists in any extension of a model of CH
by a countable support iteration of length w, of superperfect-set forcing since
by a result of Shelah such an iteration preserves p-points.

COROLLARY 37. IfU is a rapid p-point then I,  U=r U -U=7U.

REMARK. By Corollary 37, for each selective ultrafilter U, the Tukey type
of U is strictly coarser than the Rudin—Keisler type of U, even though they
both have cardinality ¢. That is, if U is selective, then U - U is not a p-point
vet U =7 U - U. However, if U =ri V then V is selective. We remark here
that Todorcevic has more recently shown that if I/ is a p-point, V is selective
and U >7 V, then U >rg V, and hence, V =gy U.2 Hence, although the
Tukey type of a selective ultrafilter includes non-p-points, any two selective
ultrafilters with the same Tukey type are isomorphic.

THEOREM 38. Assuming p = c, there is a p-point U such that U 27 w® and
therefore U <p U - U <1 Usop.

Proof. Let {fa: 0 < a <c} be an enumeration of all Souslin-measurable
mappings from w* into [w]“, and let {X,, : & < ¢} be an enumeration of P(w).
We build an ultrafilter U to be generated by a O* chain (4, : a < ¢) of infinite
subsets of w, while diagonalizing over all Souslin-measurable mappings of the
form fo : w¥ — W] (a<c).

Let Ag =w. Given av < ¢ and {A¢ : £ < a}, using the fact that p =, there
is an A}, € [w]“ such that A, C* A, for all { <a. Let A, = A, N X, if this is
infinite, otherwise, let A” = A’ \ X,,. If there is an x € w* such that A7\ f,(x)
is infinite, then let A, = A\ fo(z). Otherwise, we let A, = A”.

3 By the time of printing, this result has been extended by Raghavan in [28] to the
following more general context: For any ultrafilters & >1 V), if V is a g-point and there is
a continuous cofinal map from U into V, then U >rp V.



TUKEY TYPES OF ULTRAFILTERS 923

Let U be the p-point generated by the tower {A, : a < c}. We need to
show that U 27 w*”. Suppose toward a contradiction that U >7 w*. Then
applying (Theorem 5.3(i) [31]), there is a Souslin measurable map f: w* —U
such that f is a Tukey map. Since we listed all Souslin measurable maps
from w* into [w]®, there is an « < ¢ such that f, = f. Since the range of f
is contained in U, A, is not A/ \ fo(x) for any = € w*. Hence, A, = A and
Aq CF fol(x) for all z € w®.

Define P, to be {z € w¥: Ay \n C fo(x)}. There is an ng € w such that
P,,, is not bounded in w* relative to the ordering of eventual domination.
(For if not, then for each n, there is some g,, € w* which eventually dominates
every element of P,. Let g be a function which eventually dominates each
gn. Then g >* x for each z such that for some n, A, \n C fo(x). But
Ay CF fo(x) for all z € w*, and hence g eventually dominates every member
of w¥, contradiction.) In particular, there is a k € w and an infinite subset
{z; : i <w} C P,, such that z;(k) > for all i <w. It follows that {x; : i <w}
is unbounded in (w*, <) but its image {fo(2;) : i <w} is bounded by A, \ n,
which is in U. Thus, f, is not a Tukey map from w* into U. O

QUESTION 39. Is there an ultrafilter U/ on w such that U <p U - U <p
U-U-U<T Upop??

REMARK. Using some assumptions like p = ¢, it seems possible to get Tukey
chains of p-points of order-type ¢t which is, as we know, maximal possible.
By Corollary 53 below, CH implies there are Tukey chains of p-points of
length ¢. Dilip Raghavan has shown that, assuming CH, there is a Tukey
chain of p-points isomorphic to the reals.

QUESTION 40. Is there an ultrafilter U <7 Uiop which is not Tukey re-
ducible to any p-point?

QUESTION 41. Is every basically generated ultrafilter Tukey reducible to a
p-point?

Both of the preceding two questions are answered using the assumption
U #7 w® for any p-point U (which is true in the iterated superperfect exten-
sion). Namely, then U -U L7 V for every ultrafilter U and every p-point V.

QUESTION 42. Is there a p-ideal I on w which is not countably generated
but I 27 w*?

REMARK. If b # 0 there is such a p-ideal, so the question is whether we
can get one with no extra set-theoretic assumptions.

QUESTION 43. Does U -U =7 U < Uyop imply U is basically generated?
4 After this article was first circulated, Blass and Milovich [26] have independently shown

that for all ultrafilters U, U -U =7 U - U - U. Milovich’s results are more general, yielding,
for example, that U - V=p U -V -V for all nonprincipal filters U and V.
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5. Antichains, chains, and incomparable predecessors

We now investigate the structure of the Tukey types of p-points and se-
lective ultrafilters in terms of which chains, antichains, and incomparable
ultrafilters with a common upper bound embed into the Tukey types.

THEOREM 44.

(1) Assume cov(.#)=rc. Then there are 2° pairwise Tukey incomparable se-
lective ultrafilters.

(2) Assume 0 =u=c. Then there are 2° pairwise Tukey incomparable p-
points.

We prove Theorem 44 by proving it first in the case that 2¢ > ¢t (see
Theorem 47), and then proving it in the case that 2¢ = ¢t (see Theorem 49).
Of use will be two propositions of Ketonen. Recall (Theorem 1.7 [21]) of
Ketonen: If cov(.#) = ¢ then every filter with a filter base of size less than ¢
can be extended to a selective ultrafilter. The key part of his proof uses the
following proposition.

PROPOSITION 45 (Ketonen, Proposition 1.8 [21]). If cov(.#)=c and F
is a filter generated by less than ¢ many sets, and {P; : i <w} is a partition
of w so that for each i <w, |J{P;: j>1i} € F, then there exists a set X Cw
such that {X} UF has the finite intersection property, and for every i < w,
IXNP|<1.

The following proposition of Ketonen was used in his proof of (Theorem 1.2
[21]): ® =c if and only if any filter generated by a base of cardinality less than
¢ can be extended to a p-point.

PROPOSITION 46 (Ketonen, Proposition 1.3 [21]). If 0 =¢, then given any
filter F generated by less than ¢ elements and a sequence (A; : i <w) of ele-
ments of F, there exists a set A Cw so that FU{A} has the finite intersection
property, and for each i <w, A C* A;.

We are now equipped to prove Theorem 44 in the case that 2¢ > ¢T.

THEOREM 47. Assume 2> ¢™.

(1) Assume cov(M) =c. Then there are 2° pairwise Tukey incomparable se-
lective ultrafilters.

(2) Assume 0 =u=c. Then there are 2° pairwise Tukey incomparable p-
points.

Proof. We prove (1) first. Recall that cov(.#) = ¢ implies u = ¢, so every
filter base of cardinality less than ¢ does not generate an ultrafilter. We fix
some notation used throughout the proof. Fix a listing (D,, : a < ¢) of all the
infinite subsets of w. There are ¢ many partitions of w, so we fix a sequence
(P, : a <c) such that each P, = (P": n < w) is a partition of w (that is,
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Uncw Py =w and for each m #n, PJ* N P} =0) and each partition of w
appears in the listing. We shall say that a filter U/ is selective for the partition
P, if either there is some n < w such that P €U or else there is some X € U
such that | X N PY| <1 for each n < w.

We now begin the construction. In a very similar manner to the proof of
(Theorem 2 [3]) of Blass, we will construct selective ultrafilters U, = € 2°,
such that for x #y, U, #U,. Let U .y be the Fréchet filter. If there is an i <w

such that P¢ is infinite, then let Uj, be the filter generated by (., U {Pi}.
Otherwise, for each i <w, P¢ is finite. Then take some infinite X such that
for each i, | X N Pi| <1 and let Uy, be the filter generated by U(., U{X}. Take
ap minimal such that both D,, and D, are in (U2,>)+. Let Uy be the filter
generated by Z/{é'> U{Da, } and let U1y be the filter generated by L{b u{Dg,}-
Note that both Uy and U(;y have countable filter bases, are selective for 130,
and any ultrafilter extending U(;, does not extend U _;y, for each i < 1.
Suppose for t € 2<¢, the filter U; has been constructed and has a filter
base of cardinality less than ¢. Let 8 be the length of ¢t. The partition
of w under consideration is P = (P§:n<w). If there is an n <w such

that Pj € Uy, then let U} =U;. Otherwise, for each n < w, Uj>n Pg € U.
Apply Proposition 45 to find an X € [w]¥ such that {X} U, has the finite
intersection property, and such that for each n <w, [X N Py <1. Let U; be
the filter generated by {X} Ulf;. Take ag minimal such that both D, and
Dy, are in (U;)*. (Note that ag > B.) Let Us~o be the filter generated by
U U{Dq,} and let Us~1 be the filter generated by Uy U{Dy, }. Note that for
each i <1, both U;~; have filter bases of cardinality less than ¢, are selective
for ]33, and any ultrafilter extending U;~; does not extend U~ (1_;).

For t € 2<¢ with length of ¢ some limit ordinal +, if for all 5 <, Uy has
been constructed, then we let U =Js_., U3

This constructs filters U;, t € 2<°, satisfying the following. For each t €
2<c7
(1) Uy is a filter with a filter base of cardinality less than c¢;
(2) If s is an initial segment of ¢, then Us; C Uy;
(3) If the length of ¢ is v+ 1 for some « < ¢, then for all 8 < «, U, is selective

for ﬁg, and either Dg or Df is in U;

(4) No ultrafilter can extend both Up~g and Us~1.

For each x € 2°, let Uy, =y Uzjp. Then by (1)—(3), each Uy is a selective
ultrafilter. Furthermore, (4) implies that for x,y € 2¢, if « # y, then U, #U,.
Thus, we have 2°¢ selective ultrafilters. By Theorem 20, each U, has Tukey
type of cardinality at most ¢. Thus, there are 2° Tukey types among the
collection of Tukey types of the U,., x € 2°. Since 2° > ¢+, Corollary 23 yields
2¢ Tukey incomparable selective ultrafilters.
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The proof of (2) of the Theorem follows exactly the same steps as for (1)
with only the following modification which ensures that we build p-points
(instead of selective ultrafilters). Before starting the construction, fix an enu-
meration (A, : o < ¢), where A, = (A" : n < w), such that for each countable
collection B = (B,, : n < w) of infinite subsets of w, B = A, for cofinally many
a<c.

We now begin the construction for (2). Let U.y be the Fréchet filter. If the
sequence (Af : n <w) is contained in U.y, then apply Proposition 46 to obtain
a set B such that B C* Af for each n < w and such that {B} Ul has the
finite intersection property. In this case, let L{Z‘> denote the filter generated
by {B} UU.y. If the sequence (Af : n <w) is not contained in ¢(.y, then let
Ui, =Uy,. Take g minimal such that both Dy, and Dg, are in (Z/l<’_>)+. Let
Uy be the filter generated by U2.> U{Daq,} and let Uy be the filter generated
by Uy, U{Dg, }-

Suppose for t € 2<¢, the filter I/; has been constructed and has a filter base
of size less than ¢. Let 8 be the length of ¢. If the sequence (Ag in<w)
is contained in U, then apply Proposition 46 to obtain a set B such that
B C* Af for each n <w and such that {B} Ul; has the finite intersection
property. In this case, let U] denote the filter generated by {B} Uly. If
the sequence (Aj : n <w) is not contained in Uy, then let U; =U;. Take ag
minimal such that both D,, and D¢ are in (U])*. Let U;~o be the filter

[e7¢] ag

generated by U; U{Da,} and let Us—~1 be the filter generated by Uy U{Dg }.
For t € 2<¢ such that length of ¢ is some limit ordinal v, if for all 5 <+, Uy
has been constructed, then we let Uy =Jg_, Usis.

For each = € 2°, let U, = Js_ Uypp. By similar arguments as for (1), each
U, is an ultrafilter and for x # y, U, #U,. Moreover, 0 = ¢ implies that the
cofinality of ¢ is uncountable. Thus, any countable collection of elements of
U, appears in U, for some t € 2<¢ such that ¢t C x and hence is considered at
some stage in the construction of U,. Thus, U, is a p-point. By Theorem 20
and Corollary 23, we obtain 2° Tukey incomparable p-points. O

Next we take care of the case when 2° = ¢*. In this case, Corollary 23 does
not apply, so we present a new way of constructing ¢t Tukey incomparable
selective ultrafilters (or p-points). To do so we shall use the following notion.

Given a continuous monotone function f : P(w) — P(w), define f: 2<« —
P(w) by letting f(s) =(,,>,, f(5U[n,w)), for each m < w and each s € 2",
where § denotes {i <m: s(i) =1}. We shall say that f is presented by the
function f if the following hold:

(1) For each Z Cw, f(Z)=U{f(s): sC Z}, where Z is identified with its
characteristic function;
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(2) For any X Cw and any [ <w, [ € f(X) iff I € f(X N (I+1)), where
X N (1+1) is identified with its characteristic function of length [ + 1.

In the proof of Theorem 20, it was shown that for any p-point Z, any
ultrafilter ¢, and any monotone cofinal map f: Z — U, there is a continuous
monotone map f* : P(w) — P(w) and a cofinal subset Z | X of Z such that
f*1 (21 X) equals f](Z|X). Moreover, the proof of Theorem 20 shows
that this f* is presented by f *. Thus, it suffices to consider only continuous
monotone maps f : P(w) — P(w) which are presented by f.

LEMMA 48. Let f : P(w) — P(w) be a continuous monotone map presented
by a map f: 2<% — P(w), let U be a non-principal ultrafilter, and let Y be a
filter containing the Fréchet filter with a filter base of size less than u. Then
there is a Y € YT such that for any ultrafilter Z which extends YU{Y'}, f | Z

is not a cofinal map from Z into U.

Proof. Let f, U, and Y satisfy the hypotheses. If there is a Y € YT such
that f(Y) ¢ U, then we are done. So now suppose that for each Y € YT,
f(Y)eU. If there is a U € U such that for each Y € YT, f(Y) Z U, then for
every ultrafilter Z extending ), f/Z is not cofinal in U.

Thus, the remaining case is that f”Y7T is cofinal in U, which we assume
throughout the rest of the proof of the lemma. Let f: 2<¢“ — P(w) be given
such that f is presented by f Recall that for each s € 2<%, f(s) is the set
of all k which must be in f(X) for every extension X of s, and f has the
property that for any X Cw and any [ <w, [ € f(X) iff L€ f(X N (I +1)).
For a filter W, the dual ideal is denoted by W*.

CLAIM 1. For any ultrafilter U, given any collection {C; : i <w} CU* such
that each C; is infinite, there is a U €U such that for each i <w, C; L U.

Proof. Let {C;: i <w} be a collection of infinite sets such that each C; €
U*. Let ag =min(Cy) and by = min(Cy \ {ap}). Let Iy ={i <w: {ag,bo} C
C;}andlet I = {i <w: {ap,bo} £ C;}. Let i3 =min(Iy). Let a; = min(C;, \
{ao0,b0}) and let by = min(C;, \ {ao,bo,a1}). Let h={ie€ I : {a1,b1} £ C;}.
For general m, given I, let i, = min(l,,), let a,, =min(C;,, \ ({a;: j <
m}U{b;: j <m})) and let b,, = min(C;,, \ ({a;: j <m}U{b;: j<m})).
Let Iyv1={i €l : {am,bm} € Ci}.

Let A={a,, : m<w} and B={b,,: m <w}. Then A and B are infinite
and AN B ={. Moreover, for each j < w, there is an m such that j < i1,
50 {@m, by } C C; for some m' < m+ 1. Hence, ANC; #0 and BN C; # 0.
Therefore, for each j <w, C; € A and C; € B. Note that one of A and
BU(w\ A) must be in Y. However, neither A nor BU (w\ A) contains C; for
any j <w. U

Now we exhaust the possible cases regarding f .
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Case 1. For each X € YT, identifying X with its characteristic function,
there is a finite initial segment s C X such that f(s) €Y. Let S be the
collection of s € 2<% such that f(s) €Y. Then for each X € Y*, f(X) is the
union of the f (s), where s € S and s C X. Since there are only countably
many f(s), s €S, they cannot generate the ultrafilter ¢/. Hence, for any
ultrafilter extension Z of ), f”/Z is not cofinal in U.

Case 2. Not Case 1. Then there is an Xy € Yt such that for each finite
initial segment s = Xo, f(s) is not in U.

Subcase 2(a). There is an X1 C X in YT such that for each Y € YT with
Y C X3, there is a finite initial segment s of ¥ such that f(s) is infinite. Let
S be the collection of finite initial segments s of members Y C X; in YT such
that f(s) is infinite. Then {f(s) : s € S} satisfies the hypotheses of Claim 1.
Thus, there is a U € U such that for each s € S, f(s) Z U. Therefore, for any
ultrafilter Z extending YU{X1}, f”Z is not cofinal in U, since for any Z € Z,
1(Z)=ULf(s): sC 2},

Subcase 2(b). For each X1 C X in Y7, there is some X3 C X7 also in Y+
such that for each finite initial segment s = X5, f(s) is finite. Fix some such
X,. Then note that for each s € 2<¢ such that § € [X5]<%, f(s) is finite.
(Recall that § denotes {i € dom(s) : s(i) =1}.) Let Sy denote {s€2<¥: 5C
Xo}.

CLAIM 2. There is a Y € YT such that Y C X5 and f(Y) ¢ U.

Proof. Since each f(s) is finite for s € Sy, for each k there is an m such
that for cach s € 28N S,, max(f(s)) <m. Let jo=0. Given j;, choose j;i1
to be the least m > j; such that for each s € 27 N Sy, max(f(s)) < m. Notice
that for each i < w and each s € 2/ N Sy, we have that max(f(s)) < jit1.

Let W be the filter generated by Y U{X2}. Then W has a base of size less
than u (since ) does), so W is not an ultrafilter. Let H = J,_,,[j2i, j2i+1)-
Then H and H€¢ cannot both be in W*, since W* is a proper ideal. Without
loss of generality, assume that H ¢ W*. Then H € W+. (If H is in W*, then
use H¢ and modify the indexes in the following argument.)

SUBCLAIM. There is an infinite, co-infinite set K C w such that both
Usekli2is Jaiv1) and U;e geliis joir1) are in W

Proof. For each i <w, let j; denote the interval [ja;, j2;41). Let K ={K C
w:IWeWVi<w Wnj #0—ie K)}. Note that K is a filter: By its
definition, KC is closed under supersets and contains the Fréchet filter since
W D Y contains the Fréchet filter. Also if K and K’ are in K as witnessed
by W, W’ € W, respectively, then WNW' e W, and W NW' witnesses that
KnK'eKk.

Let C be a base of size less than u for the filter W. For each W € C, define
Kw={icw: Wnj;#0}. Let B={Kw : W €C}. Note that B is a base for
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the filter KC. Also, |B| < |C| <u, so K is not an ultrafilter. Thus, we can fix a
K e KT\ K. Then also K¢ € KT\ K; so K and K¢ are both infinite. Define
A to be (¢ i [J2i, j2i+1) and B to be ;¢ g [j2i, j2i4+1). Note that both A and
B are subsets of H, ANB=(, and AUB=H.

We claim that both A and B are in WT. Since K € K, it follows that for
each J € K, |[KNJ|=w. Since B generates K, we have that for each W €,
|K N Kw|=w. Therefore, for each W €C, {i € K: WNj; # 0} is infinite.
Thus, ANW = (U,cx Ji) "W is infinite for each W € C. Hence, ANW is
infinite for each W € W. Thus, A € Wt. Likewise, since K¢ is in KT, we
have that B € WT. This finishes the proof of the subclaim. O

We claim that f(A) N f(B)=0. We shall prove more: For any I C w,
F(Uierliaisgziv1)) € Uierlizis j2ive). It suffices to prove this for all finite
I Cw since for any I Cw, f(U;c;li2isd2i41)) = Upew f(Uicrarlioi j2it1))-

f(0) must be the empty set (for if not, then f would not map YT cofinally

intoU). f([jo,J1)) C [Jo,J2), by definition of j5. Suppose that k& > 1 and given

any finite I C &, f(U,c;lj2is32i41)) € Userli2in Joige). Let I' C k41 be given
and let I denote I’ Nk. By the induction hypothesis, f(UieI[jQi,j2i+1)) -
Uicrljois joive). If I =1, we are done. If I # I', then k € I'. Recall
the fact that f has the property that for any X Cw and any I <w, [ €
f(X) iff I e f(X N (l+1)). Hence, by our choice of the j;, we have that
FUier [2is aiv1)) N jax = f(Uierliois jeiv1)).  Thus, f(U;ep[i2ir J2i+1)) C
Uicr g2, Jaiv2)-

Thus, f(A)N f(B)=0. This implies that at least one of them is not in U.
Thus, Claim 2 holds. O

Taking a Y € Y7 satisfying Claim 2 contradicts the hypothesis that f” x
YT CU. Thus, the lemma holds. O

THEOREM 49.

(1) Assume cov(.#) =c. Then there are ¢ pairwise Tukey incomparable
selective ultrafilters.

(2) Assume 0 =u=c. Then there are ¢ pairwise Tukey incomparable p-
points.

Proof of (1). Assume cov(.#) = c. To show that there are ¢ Tukey incom-
parable selective ultrafilters, we shall show that given < ¢ selective ultrafilters,
there is another selective ultrafilter Tukey incomparable with each of them.

Let U, v < k, where x <, be a collection of selective ultrafilters. Fix a

listing (D : a < ¢) of all the infinite subsets of w. Fix a sequence (P, : o < )
such that each P, = (P} : n <w) is a partition of w and each partition of w

appears in the listing. Fix a listing (fg: § < ¢) of all continuous monotone
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maps f: P(w) — P(w) which is represented by f: 2<¢ — P(w). Finally, fix
an onto function 0: ¢ — {U, : vy <k} x{fg: B <c}.
We will construct filters V,, a < ¢, satisfying the following:

(1) For a< o <¢, Yo C Vo

(2) Yo has a base of cardinality less than c;

(3) Va1 is selective for P.;

(4) Either D,, or D is in Va41;

(5) If 6(«) is the pair (U, f3.), then for each ultrafilter Z extending Va1,
fs. TU,, does not map U,, cofinally into Z, and fg, [ Z does not map
Z cofinally into U, .

We now begin the construction. Let )y be the Fréchet filter. Suppose
the filter ), has been constructed. The partition of w under consideration is
P, =(P":n<w). Ifthereis an n < w such that P € Vo, then let yﬂl =Va-
Otherwise, for each n < w, Uj>n ) € Vo Apply Proposition 45 to find an
X € [w] such that {X} U Y, has the finite interbection property, and such
that for each n <w, | X NP2 <1. Then let yaH be the filter generated
by {X} U ya If D, € (yffﬁm then let yaﬂ be the filter generated by
{Da} UV, 1. Otherwise, let ya {1 be the filter generated by {D¢} U ).

Next we conelder 6(«v), which is a pair (U, fs,) for some v, < Kk and

Bao <c. If fgal/[% C yfjjl, then fg, [U,, will not be cofinal into any ultrafilter
extending yél_gl. In this case, let yfﬁrl = 1 CIf f”al/[% Z ygljl, then take
some U € U,,, such that fg (U) ¢ yfj and let ya {1 be the filter generated by
yé 21 U{fsa( ) ‘}. Note that fg, [U,, cannot be cofinal into any ultrafilter
extending Y oi1- By Lemma 48 there is a Y € (y§+1)+ such that for any
ultrafilter Z which extends ya 11 U{Y}, fs. | Z is not a cofinal map from Z

into U, . Let Vo41 be the filter generated by :))aﬂ u{Yt.

For limit ordinals A <¢, let Y\ =, Va-

Let Y =UaccVa- Then Y is a selective ultrafilter, by (1)—(4). Moreover,
Y is Tukey incomparable with each U, v < &, by (5).

Since for each collection of selective ultrafilters of cardinality less than or
equal to ¢ we can build another selective ultrafilter which is Tukey inequivalent
to each of them, it follows that there are ¢™ Tukey inequivalent selective
ultrafilters.

The proof of (2) of the theorem follows exactly the same steps as for (1)
with only the following modification. Before starting the construction, let
Uy, v < K, where kK <¢, be a collection of p-points. Fix an enumeration
(Ay : < ¢), where A, = (A" : n < w), such that for each countable collection
B= (B : n <w) of infinite subsets of w, B = A, for cofinally many o < c.
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Let ) be the Fréchet filter. Given the filter ), if the collection {A” : n <
w} is not contained in ), then let yffjl =Yo. IF{A” : n <w} is contained in
Y, apply Proposition 46 to obtain a set B such that B C* A for each n <w
and such that {B} U ), has the finite intersection property. In this case, let
yffjl denote the filter generated by {B} U Y,. The rest of the construction
of Vat1 proceeds exactly as in part (1). Letting Y =J,.. Vo, we see that
Y is a p-point which is Tukey inequivalent to every p-point U, v < k. The
theorem then follows as in part (1). O

Theorem 44 follows from Theorem 47 and Theorem 49.

REMARK. The stipulation in (1) in Theorem 44 that cov(M) = ¢ is optimal,
at least for this comstruction. For by results of Fremlin and Canjar (see
Theorem 4.6.6 of [2]), cov(M) = ¢ iff every filter with base of cardinality less
than ¢ can be extended to a selective ultrafilter. The stipulation in (2) of
Theorem 44 that u =0 = ¢ is perhaps not optimal, since p-points exist just
under the assumption that 0 = ¢. It remains open whether, just assuming 0 =
¢, there are 2" Tukey incomparable ultrafilters for any x such that cf(x) = cf(c)
and 2<% = .

One way of making Tukey increasing chains of ultrafilters is by using xk-OK
points. We give the following definition straight from [22].

DEFINITION 50 (Kunen [22]). Let X be a topological space and x any
cardinal. If p € X and U, (n <w) are neighborhoods of p, a k-refinement
system for (U, : n < w) is a k-sequence of neighborhoods of p, (V, : a < k)
such that for all n > 1,

Vag <as < <ap<k (Vo,N---NVy, CU,).

A point p € X is k-OK iff whenever U,, (n < w) are neighborhoods of p,
(Up, : n <w) has a k-refinement system.

Translating this into the context of ultrafilters, we let X be the Cech-
Stone remainder Sw \ w, the collection of all non-principle ultrafilters on w.
A non-principle ultrafilter U is k-OK iff whenever U,, € Y (n < w), there is
a k-sequence (Vo : a < k) of elements of U such that for all n > 1, for all
o) < <ap <k, Vo, NNV, C*U,.

Kunen remarked in [22] that if U is k-OK and & > cof(U), then U is a
p-point. It is easy to see the following.

PROPOSITION 51. IfU is k-OK but not a p-point, then U >r [k]<“. Hence,
if U is k-OK but not a p-point, then cof(U) =k iff U =7 [k]<Y.

Proof. Let U be k-OK but not a p-point. Then there are X,, € U such that
for each X € U, there is an n < w such that X Z* X,,. Let {C\, : a € [k]<¥} C
U witness that U is k-OK for (X,,)p<o. Let g: [5]<“ = U by g(a) =C, for



932 N. DOBRINEN AND S. TODORCEVIC

each « € [k]<¥. If X C [5]<“ is unbounded, then X is infinite. Hence, g"”" X
is infinite, since g is 1-1. Take {C,, : n < w} to be any infinite subset of
9" X. Suppose {C,, : n <w} is D* bounded below by Y € «. Then for each
k, Y C* ﬂn<k Cq, C* Xj. But then for each n, Y C* X,,, contradicting our
choice of {X,, : n <w}. Thus, g: [k]<* — (U, D*) is a Tukey map. Therefore,
[]= <z U,27) <7 (U,2).

If cof(U) # &, then U Zr [k]<%; hence, U >1 [k]|<¥. If cof(U) = Kk, then
U <rp [K]<v. O

It follows that if there are xk-OK non p-points with cofinality s for each
uncountable k < ¢, then there is a strictly increasing chain of ultrafilters of
length «, where a is such that X, =c¢. We would like to point out that
Milovich showed in [25] that and ultrafilter & is ¢-OK and not of top degree
iff U is a p-point.

We now give a general method for building Tukey increasing chains of p-
points.

THEOREM 52. Assuming CH, for each p-point D there is a p-point E such
that E >gri D and moreover, £ >7 D.

Proof. We use the notation from [3]. In (Theorem 6 [3]), Blass proved
assuming MA that given a p-point D one can construct a p-point F >gg D.
Hence, E >1 D. His construction can be slightly modified to kill all possible
cofinal maps from D into F so that we construct a p-point E which is both
Rudin—Keisler and Tukey strictly above D.

Let D be a given p-point. Fix a bijective pairing J : w X w — w with inverse
(m1,72), and identify w with w x w via J. A subset Y Cw X w is called small
iff the function cy (i) := |{y €w: (i,y) € Y}| is bounded by some n < w for all
7 in some X € D. Otherwise Y is called large. It is useful to note that from
(Lemma 1, p. 152 [3]), it follows that w x w is large, the union of any two
small sets is small, the complement of a small set is large, and any superset
of a large set is large. We give the following characterization of large sets.

CLAaM 1. Let Y Cw xw. Y is large iff there is a W € D such that cy [ W
is bounded below by a non-decreasing, unbounded function on W.

Proof. First note that for any ¥ Cw x w, Y is large iff for each n < w,
{i<w:ey(i)<n} ¢ Diff for each n<w, {i<w:cy(i)>n}eD. Let Y C
w X w be large. For each n < w, define W,, = {i <w: ¢y (i) > n}. Then each
W, €D and W,, D W, ;1. Since D is a p-point, there is a W € D such that
for each n <w, W C*W,,. Let k, be a strictly increasing sequence such that
for each n <w, W\ k, CW,. Note that for each i € W\ ky,, ¢y (i) > n.
Therefore, for each n < w, for each i € W N (ky,, knt1], ¢y (2) > n. Hence, cy is
bounded below on W by the function g : W — w, where for each n, for each
i€ W N (kn, knt1], g(i) =n.
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For the reverse direction, if Y Cw x w, W € D and ¢y [ W is bounded
below by a non-decreasing unbounded function, then for each n < w, {i €
W : ey (i) <n} is finite, hence {i <w: ¢y (i) <n} ¢ D. Therefore, Y is large.

O

For the sake of readability, we repeat an argument of Blass (pp. 151-152
[3]) in this paragraph. We are going to construct a p-point E on w x w such
that 71 (E) = D. To ensure that E Zrx D, it will suffice that m; is not one-
to-one on any set of F. This means that F must contain the complement
of the graph of every function from w to w. Hence, E must also contain
the complement of every finite union of such graphs. If Y is the graph of
a function, then Y is small, for ¢y is bounded by 1 on all of w. Also, if
AeD and Y = (w x w) — 7 '(A), then Y is small, for cy is bounded by 0
on A. Therefore, if E is an ultrafilter on w X w containing no small set, then
E>ri D.

We now construct an ultrafilter F in wq stages. Let (f, : o < wi) enumerate
all functions from w X w into w, and let (hy : @ < wi) enumerate all continuous
monotone maps from P(w) into P(w). We build filter bases YV, a < wy, with
the following properties.

(1) Every set in ), is large.
(2) If < a<wr, then Y3 CV,.
(3) Y, is countable.
(4) fo is finite-to-one or bounded on some set of YV, 41.
(5) ho [ D is not a cofinal map from D into any ultrafilter extending Ve11.
Let yo ={wxw}. If @ <w; is a limit ordinal and Y3 has been constructed
for all 8 < «, then let ), = Uﬁ<a Va.
If Y, is given, do the following. By (Lemma 3, p. 153 [3]), there is a set
T Cw X w on which f, is finite-to-one or bounded, and such that TNY is
large for each Y € ),. Let Y/ be the filter base obtained by adjoining T' to
Y. and closing under finite intersections.
Next, consider the continuous monotone map h,. If b2 D does not generate
an ultrafilter, there is nothing to do; let Y,41 = Y.,. Suppose now that h!.D
generates an ultrafilter.

CLAIM 2. There is a set Z such that ZNY and Z°NY are large for each
Ye).

Proof. By the inductive construction, ), is countable and every element
of )/, is large. Let X, (n <w) be a base for Y/, such that each X,, D X, 1.
Since each X, is large, by Claim 1, there is a W,, € D and a non-decreasing
unbounded function g, : W,, — w such that for each i € W,,, cx, (i) > gn(4).
Without loss of generality, we can assume that each W,, D W,, 1. Since D is
a p-point, let W € D satisfy for each n <w, W C* W,,.
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We shall build disjoint Zy, 77 Cw x w and a strictly increasing sequence
(kn : n <w) as follows. Let kg be least such that for each i € [ko,w) N Wy,
go(i) > 2 and W \ kg C Wy. In general, choose k, > k,,_1 satisfying
(1) for each j <m and each i € [ky,,w) N W;, g;(i) > 2(m + 1)%;

(2) W\ k,, CW,, (and hence for each j <m, W\ k,, CW;).

Given m < w and i € W N[k, k1), for each j <m, choose x; ;1,v: 5,1, | <m,
distinet in {z € w: (4,2) € X;} \ {@i g1, Yiqr: | <m,q<j}. (This is possible
since for each i € W N [k, km+1), for each j <m, cx, (i) > g;(i) > 2(m+1)2.)
For each i € W, define m; to be the integer m for which i € [k, ky11). Define
Zo={(i,xs50) i €W, j<mi, I<m}; Z1 ={(l,ysj0): 1 €W, j<my, I <
m; }. Note that Zy, Z; are large, disjoint, and have large intersection with each
X,. Letting Z = Zj, then both Z and Z°¢ have the desired properties. O

Take Z as in Claim 2. If Z € b/ D, let Y441 be the filter base obtained by
closing Y/ U{Z°} under finite intersections; and if Z¢ € h”2 D then let Y, 41 be
the filter base obtained by closing Y/, U{Z} under finite intersections. Then
ho | D cannot be a cofinal map from D into any ultrafilter extending Vyt1.

As in the final argument of (Theorem 6 [3]), let ¥ =J,,,, Va, and let B
be the filter of all sets whose complements are small. Every set of ), being
large, has infinite intersection with every set of B, so there is an ultrafilter £
extending YU B. Then E >grk D, and F is a p-point since requirement (4) is
met for all @ < w;. Moreover, £ >7 D, since for every continuous monotone
map h: P(w) — P(w), h | D is not a cofinal map from D into E. O

REMARK. Dilip Raghavan has independently observed Theorem 52.

REMARK. If one is only interested in building an ultrafilter £ Tukey strictly
above D, then one does not have to use large sets in the previous construction,
but one only needs to ensure that E is a p-point and that all continuous
monotone maps are prevented from being cofinal maps from D into E. In
the above proof, we used large sets to ensure that E also be Rudin—Keisler
strictly above D in order to obtain the following corollary.

COROLLARY 53. Assuming CH, there is a Tukey strictly increasing chain
of p-points of order type c.

Proof. In (Theorem 7 [3]), Blass proved that MA implies that any RK
increasing chain of p-points of length w has an RK upper bound which is
a p-point. The p-point E constructed in the above Theorem 52 is also RK
strictly above D, so for any a < wj, we can construct w-length chains of p-
points Dy, where each Dyipnt1 >7 Dagn and Doyni1 > Datn (@ <wi)
and then use (Theorem 7 [3]) to find a p-point RK above each Dy, n < w,
hence also Tukey above them. O

The following questions are to be answered assuming that p-points exist or
some assumption that guarantees their existence.
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QUESTION 54. Is there a Tukey strictly increasing chain of p-points of
length ¢*?

The Tukey increasing chain of p-points constructed in the proof of Theo-
rem 52 is also Rudin—Keisler increasing. This leads to the next question.

QUESTION 55. Given any strictly Tukey increasing sequence of p-points of
length w, is there always a p-point Tukey above all of them?

In particular,

QUESTION 56. Given any p-point V, is there a p-point U such that U >1 V),
but ¢ and V are RK-incomparable?®

We now show that, assuming Martin’s Axiom, there are incomparable p-
points with a common upper bound and a common lower bound which are
also p-points.

THEOREM 57. Assume Martin’s Axziom. There is a p-point D with two
Tukey-incomparable Tukey predecessors m1(D) and wa(D) which are also p-
points, which in turn have a common Tukey lower bound E which is also a
p-point. (In the following diagmm, arrows represent strict Tukey reducibility.)

/\
\/

Proof. In (Theorem 9 [3]), Blass proved that assuming Martin’s Axiom,
there is a p-point with two RK-incomparable predecessors. He used the fol-
lowing notions which we shall also use. A subset of w X w of the form P x @,
where P and @ are subsets of w of cardinality n < w, is called an n-square.
A subset of w x w is called large if it includes an n-square for every n, and
small otherwise. Blass’ construction builds a p-point D C w X w consisting
of large sets such that w1 (D) and my(D) are RK-incomparable. For ¢ =1, 2,
(D) <gk D, hence m;(D) are also p-points and are <r D. The fact that
every member of D is large ensures that 71 (D) and 72 (D) are non-principal.

The following lemma will be useful for constructing the desired D.

LEMMA 58. Given Y a filter base on w X w of size < ¢ and a monotone
function h: P(w) — P(w), there is a large set U such that U C*Y for each
Y €Y, and for any ultrafilter D' 2 Y U{U} consisting only of large sets,
h | m(D') is not a cofinal map from m;(D') — m;(D’), fori# j.

5 At the time of press, it is now known from recent work in [11] that the answer is yes.
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Proof. By (Lemma 2, Section 6 [3]) (which uses MA), there is a large set
X such that X C*Y for each Y € Y. Since X is large, we can choose Ly C X,
k < w, such that Ly is a (2k)-square and (71 (L) : k < w), (ma(Lg) : k <w)
form block sequences; that is, for each k < w and i =1,2, each element in
7i(Ly) is less than each element in 7;(Lyq1). Let I =), m1(Lx) and J =
Uk<w m2(Lk)-

Case 1. There is an infinite I’ C I such that letting J' = (w \ A(I")) N
J and my = min{|I’ N7y (Lg)|,|J N m2(Lg)|}, the sequence (my : k < w) is
unbounded. Then there is a strictly increasing subsequence (my, : n < w).
Let W=U,.,(I'Nmi(Ly,)) x (J' Nma(Ly,)). Then W C X and W is large.
Note that if D’ is any ultrafilter extending Y U {W}, then I’ = w1 (W) is in
m1(D’) and h(I') is disjoint from J' = o (W) which is in 7o(D’). Therefore,
F(I') ¢ ma(D).

Case 2. Not Case 1. Then for each infinite I’ C I, letting J' = (w\ h(I")) N
J, there is an m < w such that min{|I’ N7y (Ly)|,|J Nw2(Lk)|} < m for each
k<w. Let W =J, ., Lx. Then W' C X and W' is large.

CramM. For any I' C I such that I' =71 (V") for some large V! C W' there
is a strictly increasing sequence (k, : n < w) and an m < w such that for each
n, |h(I") Nmo(Ly, )| > 2k, —m.

Proof. Let I' C I be such that I’ = m (V') for some large V' C W', and
let J' = (w\ h(I"))NJ. Since we are in Case 2, there is an m < w satisfying
min{|I’ Ny (L), |J Nwa(Li)|} < m for each k < w. Since V' is large and
V! CW’, there is a subsequence (k,, : n < w) such that (|I'Nm(Lg, )| : n <w)
is a strictly increasing sequence of numbers greater than m. Then for each
n < w, it must be the case that |J' Nma(Lg, )| < m. Note that for each n,
(w\h(I"))Nma(Ly, ) = (w\h(I"))NJINma(Ly, ) = J' Nwe(Ly, ), since wa(Ly,, ) =
J N ma(Lg, ). Thus, for each n, |(w\ h(I")) Nma(Ly, )| =|J Nm2(Lg, )| < m.
Since |mo(Ly, )| = 2k, it follows that |h(I") N wa(Lg, )| > 2k, —m. O

Divide each ma(Ly) into two disjoint sets each of size k, labeling one of
them M. Let J*=J,., Mr. Let W=W'N(wx J*). Then W C X and
W is large. Let D’ be any ultrafilter extending Y U {W} consisting only of
large sets. Since W € D', we have that J* € mo(D’). We claim that for all
I'em (D), h(I') € J*.

Let I’ be any member of 71 (D’). Then thereis a V" € D’ such that V"’ CW
and I :=m (V") CI'. By the claim, there is a strictly increasing sequence
(kn : n <w) and an m such that for each n, |h(I") N mo(Ly, )| > 2k, — m.
However, for each n, |J* N7ma(Ly, )| = | Mk, | = kn, which is less than 2k, —m
for all large enough n. Thus, h(I”) € J*. Since h is monotone, h(I') also
cannot be contained in J*. Thus, h [ 71(D’) is not a cofinal map from 7y (D")
into mo(D’). This ends Case 2.

Thus, in both Cases 1 and 2, we have found a large W such that W C*Y
for all Y € Y and such that for any ultrafilter D" extending Y U{W} consisting
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only of large sets, h [ m1(D’) is not a cofinal map from 7 (D’) into 7o(D’).
Now repeat the entire above argument starting with W in place of X and
reversing the roles of m; and 7 to obtain a large U C W such that for any
ultrafilter D’ O Y U{U} consisting only of large sets, h | m2(D’) is not a cofinal
map from mo(D’) into 71 (D’). This finishes the proof of the lemma. d

Now we construct the desired p-point D on w X w. Enumerate P(w X w)
as A,, a < ¢, and enumerate all continuous monotone maps from P(w) into
P(w) as h,, a <c. We construct filter bases )V,, o < ¢, which satisfy the
following.

(1) Y, is a filter base of size less than c.

(2) Every set in Y, is large.

(3) If f<a<c, then V3 C YV,.

(4) Either A, or w x w\ Ay isin Vot1.

(5) There is a U € Y441 such that U C*Y for each Y € V.

(6) For any ultrafilter D’ extending V,4+1 consisting only of large sets, f, |
m1(D’) is not a cofinal map from 7 (D’) into mo(D’), and f, | ma(D’) is
not a cofinal map from mo(D’) into 71 (D’).

Let Yo = {w x w}. If o is a limit ordinal and Vg has been defined for all
8 < a, then let Y, = Uﬁ<a V5.

In the case that ), has been constructed, construct V,+1 as follows. By
(Lemma 2, p. 162 [3]), there is a large T such that T C*Y for each Y € },.
If A, NT is large, then let Y, =), U{A,NT}. Otherwise, A, NT is small.
Since T is large, then T\ A, is large, by (Lemma 1, p. 162 [3]); so let V! =
Vo U{T\ An}.

Next use Lemma 58 for )/, and h, to obtain a large U, such that such that
U, C*Y for each Y € Y/, and for any ultrafilter D' D V! U{U,} consisting
only of large sets, hy [ m;(D’) is not a cofinal map from m;(D’) into 7;(D’),
fori<1land j=1—1. Let YVoy1 =Y, U{Us}.

Let D=, Vo By (2), mi(D) and m2(D) are non-principal; by (4),
D is an ultrafilter; by (5), D is a p-point; and by (6), 71 (D) and ma(D)
are Tukey-incomparable. Since (D) and m2(D) are Rudin—Keisler below
D, they are also p-points. Moreover, since the p-point D is Rudin—Keisler
above both 71 (D) and w3 (D), it follows from (Theorem 5 [3]) that there is a
p-point which is Rudin—Keisler (hence Tukey) below both 71(D) and m2(D).
Thus, assuming MA, the diamond lattice embeds into the Tukey degrees of
p-points. O

(Theorem 5 [3]) states that if countably many p-points have an RK up-
per bound which is a p-point, then they have an RK lower bound (which is
necessarily a p-point).
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QUESTION 59. If countably many p-points have a Tukey upper bound
which is a p-point, do they necessarily have a Tukey lower bound which is
a p-point?

QUESTION 60. Does every Tukey strictly decreasing sequence of p-points
have a Tukey lower bound which is a p-point?

REMARK. Laflamme showed in [23] that in the NCF model of [5], the RK
ordering of p-points is upwards directed, and hence also downwards directed.
Thus, in the NCF model, the Tukey degrees of p-points are both upwards
and downwards directed. (We know by Theorem 16 that the class of basically
generated ultrafilters with bases closed under finite intersections is upwards
directed.) Recall that the cardinal inequality u < g implies NCF (see [6]), so
it is natural to ask the following.

QUESTION 61. Does u < g imply there is a minimal Tukey degree in the
class of p-points?

6. Block-basic ultrafilters on FIN

In this section, we study the Tukey ordering between idempotent ultrafilters
U on the index set FIN and their Rudin—Keisler predecessors Umin,max, Umin,
and Upmax- We begin by giving the relevant definitions for this investigation.

The following definitions may all be found in [1]. We let FIN denote the
collection of nonempty finite subsets of w. Note that FIN is countable and
can serve as a base set for ultrafilters. Because of the natural structure on
FIN, which we shall give shortly, the ultrafilters on FIN may have some ex-
tra structure which can be utilized in the study of their Tukey types. The
set FIN carries the semigroup operation U, where for z,y € FIN such that
max(z) < min(y), x Uy is defined to be {i Ew: i € x or i € y}, the usual
union. (If max(x) £ min(y), then z Uy is undefined.) This operation natu-
rally extends to a semigroup operation on the collection 8 FIN of ultrafilters
on FIN, that is, the Cech-Stone compactification of FIN, as follows. For U
and V ultrafilters on FIN, ¢/ UV is defined to be the collection of all A C FIN
such that {z e FIN: {y e FIN: zUy € A} €U} € V. An idempotent ultrafilter
on the semigroup (FIN,U) is an ultrafilter & on FIN such that Y UU =U.
The existence of idempotent ultrafilters on FIN was established by S. Glazer
(see [7]).

At this point, we define some standard maps. The map min: FIN —
w is given by min(z) is the least element of x, for any x € FIN. Like-
wise, max : FIN — w is defined by letting max(z) be the largest element
of . The map (min,max) : FIN — w x w is defined by (min, max)(x) =
(min(z), max(z)). Note that whenever U is an ultrafilter on FIN, then the fol-
lowing are ultrafilters: Uy, is the ultrafilter on w generated by the collection
of sets {min(z) : x € U}, U €U. Unax is the ultrafilter on w generated by the
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collection of sets {max(x) : £ € U}, U € U. Unin,max is the ultrafilter on w x w
generated by the collection of sets {(min(z), max(x)): x €U}, U €U. Note
that these are all ultrafilters, since they are images of & under the Rudin-
Keisler maps min, max, and (min, max), respectively. Thus, it also follows
that U ZRK umin,maX7 umin,max ZRK umin; and umin,max ZRK umax- Thusa
the same Tukey reductions between these ultrafilters hold.

In [4], Blass showed that Glazer’s proof easily adapts to show the following.

THEOREM 62 (Blass, Theorem 2.1 [4]). Let Vo and V1 be a pair of non-
principal ultrafilters on w. Then there is an idempotent ultrafilter U on FIN
such that Upin = Vo and Upax = V1.

COROLLARY 63. There exist idempotent ultrafilters on FIN realizing the
mazimal Tukey type Uiop.

Proof. Let Vy = V; be a nonprincipal ultrafilter on w such that Vo =1 [¢]<“.
Then by Theorem 62, Upin = Umax = Vo. Since U > g Umin, we have that

U >1Vy, which implies that U/ has the top Tukey type. O

Thus, one is naturally led to consider the conditions on idempotent ul-
trafilters & on FIN that would prevent U from having the maximal Tukey

type.

DEFINITION 64. A block-sequence of FIN is an infinite sequence X =
(Zn)n<w of elements of FIN such that for each n < w, max(x,) < min(z,41).
For a block-sequence X, we let [X] denote {z,, U+ Uz, : k <w and n; <
-+ < ng}, the set of finite unions of elements of X. For any m < w, let X/m
denote (z,)n>r where k is least such that min(zy) > m.

The collection of block-sequences carry the following partial ordering <.
For two infinite block-sequences X = (2, )n<w and Y = (y, )n<w, define Y < X
iff each member of Y is a finite union of elements of X; i.e. y,, € [X] for each n.
We write Y <* X to mean that Y/m < X for some m <w. That is, ¥ <* X
iff there is some k such that for all n >k, y, € [X].

An idempotent ultrafilter & on FIN is called block-generated if it is gener-
ated by sets of the form [X] where X is an infinite block-sequence. (Block-
generated ultrafilters are called ordered-union ultrafilters in [4].)

We now state some relevant information about block-generated ultrafilters,
much of which was proved by Blass in [4].

FAcT 65. Let U be any nonprincipal block-generated ultrafilter on FIN.

(1) (Proposition 3.3 [4]) U is idempotent.

(2) (Corollary 3.6 [4]) U is not a p-point.

(3) U is not a g-point.

(4) (Corollary 3.7 [4]) Umin,max ts isomorphic (i.e., Rudin—Keisler equivalent)
to Z/{min . umax'
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(5) (Proposition 3.9 [4]) Umin and Umax are q-points.
(6) Unmin,max 1S neither a p-point nor a g-point.
(7) If Umin is selective, then Uminmax 15 rapid.

Proof. (3) We provide a proof of (3) since it does not seem to yet be in the
literature, though most likely it has been noticed before. Let &/ be a nonprin-
cipal block-generated ultrafilter on FIN and let P, = {x € FIN : max(z) =n}.
Then (P,)n<. forms a partition of FIN into finite sets. Let U be any element
of U. Since U is block-generated, there is some block sequence X such that
[X] €U and [X] CU. Let y be any member of X except the first member of
X, and let n =max(y). Then there is an z € X such that max(x) < min(y).
Thus, both 2 Uy and y are in [X]N P,. Hence, for each U € U, there is some
n such that |U N P,| > 2. Therefore, U is not a g-point.

(6) Let M, = {®min,max : min(x) =n}. Then {M, : n <w} is a partition
of w. If X is any block sequence, then |[X]minmax N My| = w for infinitely
many n. SO Unin,max 1S not a p-point. Let P, = {¢({k,n}): k <n}, where ¢ is
some fixed pairing function. Then for each n > 1, P, is finite, and {P,, : n > 1}
is a partition of w. If X is a block sequence, then |[X]min,max N Pn| > 1 for
infinitely many n. Hence, Umin,max 15 DOt a g-point.

(7) Given a strictly increasing function ¢ : w — w, without loss of generality
assuming the coding function ¢ : [w]? — w has the property that t({m,n}) >n
for each m < n, let k; = 2! for all | < w. Since Um;y, is selective, there is an
infinite block-sequence X such that [X] € U, |Xmin N [0,9(k2)]| =0, and for
each [ > 2, | Xmin N (g(k1), 9(ki+1)]] <1. Then |[X]min,max N g(n)| < n for each
n<w. (]

By (5), the existence of block-generated ultrafilters on FIN cannot be
proved on the basis of the usual ZFC axioms of set theory, though using
Hindman’s theorem one can easily establish the existence of such ultrafilters
using CH or MA.

As noted above, no nontrivial idempotent ultrafilter on FIN is basic, since
such an ultrafilter is never a p-point, so we are naturally led to the following
relaxation of this notion.

DEFINITION 66. For infinite block sequences X, = (2})k<w and X =
(k) k<w, the sequence (X, )n<w converges to X (written X,, — X as n — 00)
if for each | < w there is an m < w such that for all n > m and all k </,
xp = . A block-generated ultrafilter I is block-basic if whenever we are
given a sequence (X,,),<, of infinite block sequences of elements of FIN such
that each [X,] € 4 and (X,,)n<. converges to some infinite block sequence X
such that [X] €U, then there is an infinite subsequence (X, )x<w such that

mk<w[Xnk] eu.

DEFINITION 67. Let FIN[™ denote the collection of all block sequences of
elements of FIN of length n. A block-generated ultrafilter &/ on FIN has the
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2-dimensional Ramsey Property if for each finite coloring of FIN[Q}7 there is
an infinite block sequence X such that [X] € ¢/ and [X]?! is monochromatic.
A block-generated ultrafilter & on FIN has the Ramsey Property if for each n <
w and each finite coloring of FIN[”]7 there is an infinite block sequence X such
that [X] € U and [X][ is monochromatic. Let FIN™! denote the collection of
all infinite block sequences of elements of FIN. A block-generated ultrafilter 4
on FIN has the co-dimensional Ramsey Property if for every analytic subset
A of FINI*®! there is an infinite block sequence X such that [X] € U and
[X]l] is either included in or disjoint from A. (For more information about
oo-dimensional Ramsey Theory, see [36].)

The following theorem shows how the notion of block-basic ultrafilters fits
with several equivalences shown by Blass in [4].

THEOREM 68. The following are equivalent for a block-generated ultrafilter
U on FIN.

(1) U is block-basic.

(2) For every sequence (X,) of infinite block sequences of FIN such that
[Xn] €U and X1 <* X,, for each n, there is an infinite block sequence
X such that [X] €U and X <* X,, for each n.

(3) U has the 2-dimensional Ramsey property.

(4) U has the Ramsey property.

(5) U has the co-dimensional Ramsey property.

REMARK. (2) is called a stable ordered-union ultrafilter in [4].

Proof. The equivalence of (2), (3), (4) and (5) were established in (Theo-
rem 4.2 [4]).

(1) implies (2). Suppose U is block-basic. Let (X, )n<, be a sequence of
block-sequences of FIN such that [X,] €/ and X,,+1 <* X,, for each n. Let
(My)n<w be a strictly increasing sequence such that Xo > X7 /mq1 > Xo/mg >
<. Let Yy, = ({{})i<m,” (Xn/my). Then each Y,, =* X,, and Y,, — ({I})i<w-
By (1) there is a subsequence (n)r<. such that (), [Yn,] €U. Since U is
block-generated, there is a Z such that [Z] €U and [Z] €[, [Yn,]. Then
for each n < w, taking k such that ny > n, we have that X,, =*Y,, >* Y, > Z.
Thus, (2) holds.

Now suppose that (2) holds. Since U is block-generated, (2) is equivalent
to the statement (2)': For every sequence (X, )n<. of infinite block sequences
of FIN such that each [X,] €U, there is an infinite block sequence X such
that [X] €U and X <* X,, for each n. Let (X,)n<w be a sequence of block
sequences such that each [X,] €Y and (X,)n<w — X. By (2)’, there is a
Z < Xy such that [Z] € Y and for each n < w, Z <* X,,. Thus, there is a
strictly increasing sequence (my)r<, such that each my = min(z) for some
z € Z and

(a) n>my4q implies X, Nmy, = X Nmy;
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(b) n <my implies X,,/mg41 > Z.

Let Zy ={z € Z : Fk(mar, < min(z) < mar42)}. If [Zo] € U, then take some
Y < Zy, X such that [Y] €U. For each k < w, Xypy3 N Mmypr2 =X Nmygyo >
Y Nmygy2. For each y €Y, y N [mag o, Marga) = 0. Xapis/maria > Z2>Y.
Therefore, (), . [Xarss] 2 [Y]. If [Zo] ¢ U, then since U is block-generated,
there is a Z; such that [Z1] € U and [Z1] C [Z]\ [Zo]. Since Z; < Z and [Z1] N
[Zo] =0, for each z € Z, if min(z) € [ma, mag+2) then z ¢ Z;. Therefore,
Z1N Zy=10. Hence, for each z € Z;, min(2) € [myg12,Mar14). Letting ¥ <
Z1,X such that [Y] €U, (., [Xars1] 2 [Y]. Hence, (1) holds. O

REMARK. Blass showed in [4], that for every stable ordered-union ultrafilter
U on FIN, both Ui, and Uy are non-isomorphic selective ultrafilters. Thus,
we have the following corollary.

COROLLARY 69. If U is a block-basic ultrafilter on FIN, then Ui, and
Umax are Rudin—Keisler incomparable selective ultrafilters on w.

REMARK. It follows by (Theorem 10 [28]) that for any block-basic ultra-
filter U on FIN, Ui, and Upax are Tukey-incomparable.

Applying (Theorem 2.4 [4]) of Blass, we get some sort of converse to the
previous corollary.

COROLLARY 70. Assuming CH, for every pair Vy and V; of non-isomorphic
selective ultrafilters on w, there is a block-basic ultrafilter U on FIN such that
umin = VO and umax = Vl .

Our interest in block-basic ultrafilters on FIN is based on the following fact
whose proof is analogous to that of Theorem 20.

THEOREM 71. Suppose U is a block-basic ultrafilter on FIN and that U >
V for some ultrafilter V on any countable index set I. Then there is a mono-
tone continuous map f: P(FIN) — P(I) such that f"U is a cofinal subset
of V.

Though the proof the next theorem follows the general outline of that of
Theorem 20, we include the proof here since it does use some extra arguments.

THEOREM 72. Suppose U 1is a block-basic ultrafilter on FIN and V is
any ultrafilter on a countable index set I. If Uminmax >1 V, then there are
an infinite block sequence X such that [X] € U and a monotone continu-
ous function f from {[X]|minmax: X < X} into P(I) whose restriction to
{[X]minmax : X <X, [X] €U} has cofinal range in V.

Proof. Let B be the collection of block sequences X such that [X] e U.
Then {[X]: X € B} is a base for Y. Let C = {[X]min,max : X € B}. Then C
is a base for Umin,max. For the sake of notation, let ¥V denote Umin max. Let
V be any ultrafilter on some countable base set I such that W >1 V and let
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f: W —YV be a monotone cofinal map witnessing that W > V. Then f [C
is also a monotone cofinal map from C into V.

In a similar manner as in the proof of Theorem 20, we construct an X € B
such that the map f is continuous on {[W]min,max: W € B,W < X} Let
(in : n <w) be an enumeration of I. Let Xy = ({0},{1},{2},...). Given X,,,
take X, 11 < X, such that, letting (x?+l)i<w denote X, 41,

(1) min(zg™) >n+1;

(2) For each finite block sequence s C P(n + 1), for each k < n, if there is
a Z € B such that min(Z) > n+1 and it ¢ f([s U Z]min,max), then s ¢
f([S U Xn]min,maX)'

Since U is block-basic, there is a Y € B such that for each n <w, Y <* X,.
Let lp =0 and for each n < w, let {41 > [, satisfy l,,11 = min(y) for some
yeY and Y/l,4+1 < X, .

Color [Y]? as follows: Let h((yo,y1)) =0 if there is an n < w such that
max(yp) <l and l,,12 <min(y;); 1 otherwise. Since U has the Ramsey prop-
erty for pairs, there is a block-sequence X <Y such that h is constant on
[X]12. h cannot be constantly 1 on [W]? for any block-sequence W, since
for any block-sequence (zi), there will be some n and some k < &k’ such that
max(zx) < I, and l,,12 < min(zy); and such a pair will have color 0. Thus, h
is constantly 0 on [X][].

Let (l,,) be a subsequence of (l,) such that for each x in X, either
max(x) < ln,,,, O ln,,,, <min(x). Suppose W = (wp,wi,ws,...) < X and
is in B. Let C = [W]minmax and let ¢ € I. Let k be such that i = ij.
Take j large enough that & <1, , and there is an m such that max(w,,) <
lng; .y and min(wy,11) > lny,,,. Note that W/l < X /lyy o, CY/lny,,, =
Y/l o < Xlnzj+1 Thus, i ¢ f(C) iff i & f([t U(W/lny,, 1 )]minmax), Where
t=(wo,...,wy),iffi¢ f([tUXln2j+1]rr1in,max) iff i & f([EU(X /lng, 1) min,max)-
Thus, f is continuous on {[W]min,max : W € B,W < X}

In the following natural way, f | {{W]minmax: W € B,IW < X} can be
extended to a continuous monotone map from {[X]minmax: X < X } into
P(I). For any X < X, define P ([ X]min,max) to be N{f([W]minmax) : W €
B,W <X, and X < W1, It follows from the definition of f’ and the fact
that f is monotone on {[Wlmin,max : W € B,W < X} that f’ is monotone on
{[X]min,max : X < X'} Note also that when restricted to {[W]minmax : W €
B,W < X} fis the same as f. Finally, ' is continuous, since for any X < X
and any k < w, k€ f'([X]minmax) iff for all W e B,W < X, and X < W,
k€ f([W]minmax), and each of these is determined by the initial segment of
W lying strictly below some particular lnzj .» depending only on k. So a finite
amount of information which depends only on k£ and X determines whether
or not k is in f'([Xmin,max). Hence, f’ is continuous. O
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Recall the following theorem of Hindman from [16], which is useful for
constructing block-basic ultrafilters.

THEOREM 73 (Hindman’s theorem). For every finite coloring of FIN, there
is an infinite block sequence X = (x,) of members of FIN such that the set
[X] of all finite unions of members of X is monochromatic.

THEOREM T74. Assuming CH, there is a block-basic ultrafilter U on FIN
such that Umin max <7 U and Umin and Umax are Tukey incomparable. (In the
following diagram, arrows represent strict Tukey reducibility.)

u

|

umin,max

Proof. Recall that for every block-generated ultrafilter U4 on FIN,
Unin,max =RK Umin - Umax, and by Fact 30 and Corollary 34, Unin - Umax =
Umin X Umax. Recall that Ui, and Upnax are Tukey incomparable, since they
are non-isomorphic selective ultrafilters. Thus, it suffices to construct a block-
basic ultrafilter ¢ on FIN such that Umin max <7 Y. Assuming CH, one can
construct a block-basic ultrafilter on FIN in the standard way (see [4]).

Fix a well-ordering (Ag: f <wi) of P(FIN). By Theorem 72, we can
enumerate as ((fm)zg) : B <wy), all pairs (f,X) such that X € FINI[>! and
f i A{lZ]min,max : Z < X} — P(FIN) is a monotone continuous function. We
build a sequence (S : o < wy) of elements of FIN™! such that for each a <
wi:

(i) For all 8 < a, So <* Sg;
(ii) Either [Sq] C A, or else [S,] N Ay =0;
(iii) One of the following hold:
() [Sa] N [Xa] = 0; ox
(b) for each W’ <S4, fo([W/]min,max) € [Sal; or
(©) fa([Salminmax) N [Sa] = 0.

Let Sy be any block sequence such that either [So] C Ag or else [So]N Ao = 0.
Such an Sy exists by Hindman’s theorem. At stage a in the construction, let
Y be a block sequence such that:

(i) for all B<a, Y <* Sg, and
(ii) either [Y]C A, orelse [Y]N A, =0.
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(The standard argument using Hindman’s theorem to find such a Y can be
found on p. 93 of [4].)

Now we show there is an S, <Y satisfying (iii). If there is no block
sequence Z <Y, X,, then the domain of fo is not contained in Umin max for
any block-generated ultrafilter ¢ extending {[Sg]: 5 < a}. In this case, use
Hindman’s theorem to find an S, <Y such that [S,] N [Xa] = 0.

Now suppose there is a Z <Y, X,. If there is a W < Z such that for
each W < W, fo([W'lmin,max) € [W], then let S, = W. This ensures that
fa cannot be cofinal into any block-generated ultrafilter extending the filter
generated by {[Ss]: 8 < a}, since f, is monotone.

Otherwise, for each W < Z, there is a W’ < W such that fo([W']min,max) C
[W]. Let (z;) denote Z. Fix W = (w;) to be the block sequence where
each w; = 23; U 23,41 U 23;42. Thus, W < Z. Fix some W’ < W such that
fa((W' lmin,max) € [W]. W' < W means that W' = (w;), where each w; =
Uite w;, where each I; is some finite set. Let m; = min(J;) and k; = max(I;).
Let S = (s5), where each s; = z3n; U 23x;42. Then min(s;) = min(w;) and
max(s;) = max(w}) for all j <w; s0 [W/lninmax = [Sa)minmax- Note that
(W]N[Sa] =0, and S, < Z. Note that for any ultrafilter U extending {[Ss] :
5 < a}a [Sa]min,max € Z/[min,max~ Hencev fa([sa]min,max) = fa([W/]min,max) c
[W] which is disjoint from [S,]. Thus, the range of f, will not be contained
in Y. By this and the previous two paragraphs, we have satisfied (iii).

Let U be the filter generated by {[Sa]: @ <wi}. Condition (ii) ensures
that U is an ultrafilter which is block-generated. Condition (iii) ensures that
umin,max ZT L{, and thus U > Z/lmin,max. O

QUESTION 75. If U is any block-basic ultrafilter, does it follow that U >p

umin,max?

REMARK. Note that the proof of Theorem 74 shows that the generic filter
for the forcing notion (FINI*!, <*) adjoins a block-basic ultrafilter &/ on FIN
with the properties stated in Theorem 68. On the other hand, an argument
analogous with the case of selective ultrafilters on w (see Theorem 4.9 of
Todorcevic appearing in [12]) shows that if there is a supercompact cardinal,
then every block-basic ultrafilter & on FIN is generic over L(R) for the forcing
notion (FIN*!, <*). Thus, the conclusion of Theorem 4.9 in [12] is true for
any block-basic ultrafilter ¢/ on FIN assuming the existence of a supercompact
cardinal. This leads us also to the following related problem.

PROBLEM 76. Assume the existence of a supercompact cardinal. Let U be
an arbitrary block-basic ultrafilter on FIN. Show that the inner model L(R)[U]
has exactly five Tukey types of ultrafilters on a countable index set.

This problem is based on the U-version of Taylor’s canonical Ramsey theo-
rem for FIN stating that for each map f: FIN — w, there is an [X] € U such
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that f [ [X] is equivalent to one of the five mappings: constant, identity, min,
max, (min, max) (see [1], [33]). If the answer to this problem is positive, then
one can look at ultrafilters U on the index set FIN (k=1,2,3,...) with analo-
gous Ramsey-theoretic properties whose corresponding inner models L(R)[]
have different finite numbers of Tukey types. This will of course be based on
Gower’s theorem for FIN; and Lopez—Abad’s canonical Ramsey theorem for
FINy, (see [1], [24], [14]). For example, for a block-basic ultrafilter & on FINg,
one could expect exactly 43 Tukey types of ultrafilters in L(R)[].
The following is a subproblem of Problem 76.

QUESTION 77. Is it true that for each block-basic U, there are no Tukey
types (a) strictly between U and Umin max, (b) strictly between Unin max and
Umin, and (c) strictly between Unin, max and Unax?

QUESTION 78. Are there block-basic ultrafilters ¢,V on FIN which are
Tukey equivalent but RK incomparable?

7. A characterization of ultrafilters which are not of Tukey top
degree

In this section, we investigate Isbell’s question of whether ZFC implies that
there is always an ultrafilter which does not have top Tukey degree. It will be
useful here to consider the directed partial ordering O* on ultrafilters as well
as the one we have been considering all along, namely O. We note that always
(U, 2*) < (U, D); for any subset X C U which is unbounded in (U, D*) is also
unbounded in (4, 2), so the identity map idy : (U, 2*) — (U, D) is a Tukey
map. Hence, if (U, D) <7 [c]¥, then also (U, D*) <7 [¢]*. Milovich showed in
[25] that for any non-p-point U, there is an ultrafilter V such that (V,2) <p
(U,D*). Thus, there is an ultrafilter ¢ such that (U, D) <r ([c]<¥, Q) if and
only if there is an ultrafilter V such that (V,2*) <z ([¢]<¥, Q).

CH implies the existence of p-points, which solves Isbell’s problem, since
p-points have Tukey type strictly below the top, by Corollary 19. Thus, we
now assume —CH throughout this section. Assuming —CH, the following
combinatorial principle holds.

DEFINITION 79 (Todorcevic). Qe is the statement: There exist sets S4 C
A, A€ [c]¥, such that for each X C¢, {A€[c]¥: X NA=S5y4} is stationary
in [¢]“.

This implies the next combinatorial principle in the same way that the
standard ¢ implies {~.

DEFINITION 80 (Todorcevic). Oﬁw]w]w is the statement: There exist ordered
pairs (Ua,X4), where A € [[w]¥]* and X4 CU4 C A, such that for each pair
(U, X) with X CU and X, U € [[w]¥]¢, {A € [[w]¥]Y : Ua=UNA, Xy =XNA}
is stationary in [[w]“]“.
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We now proceed to define some dense subsets of [w]*, denoted D4 and
D', which can be used to give conditions under which an ultrafilter on w is a
p-point, and other conditions under which it has Tukey type less than [c]<%.
For the rest of this section, fix a Q.. sequence (Ua, X4), where A € [[w]“]*.

DEFINITION 81. Let PAa={W € [w]*: IX eUs(WNX =0)}, Qa={W €
[W]¥: VX € Xu(W C* X))}, and Q4 = {W € [w]¥ : F(Bpn)n<w € [Xa]“(Vn <
w, W C* Bn)} Note that Q4 C QZA Let Dy =PoUQ4 and D;l =Py UQ%

FACT 82. For each A € [[w]*]¥, Da and D', are dense open in the partial
ordering ([w]*, D).

Proof. First, note that P4, D4, and D/, are open. Thus, we need only
show density. Let Y € [w]“. Suppose Uy does not generate a nonprincipal
filter. Then there are U,V € Uy such that |UNV| < w. Either |[Y\U|=w or
Y\ V| =w. Thus, there is a W € [Y]¥ such that for some X € Uy, WNX =0.
Hence W € P4. Suppose that U, generates a nonprincipal filter. Then for any
U,V €Ua, U and V have infinite intersection. If Y ¢ (Ua)™, then there is an
X €Uy, such that [Y NX|<w. So W=Y\ X € Py. Otherwise, Y € (Ua)™.
Then there is a W € [Y]“ such that for each B € Uy, W C* B, since [Ua| < w.
In particular, W € Q 4, and any W' € [W]“ is also in Q4. Therefore, Dy is
dense open in [w]¥. Moreover, since Q4 C @', it follows that W € Q' and
any W' e [W]¥ is also in Q';. Therefore, D', is also dense open. O

Fact 83. For any nonprincipal ultrafilter U, {A € [[w]*]¥ : UN D’y # 0} is
stationary.

Proof. Let U be a nonprincipal ultrafilter and suppose that {A € [[w]“]* :
UN D #0} is not stationary. Then {A € [[w]“]“: U N D’y =0} contains a
club set, call it C. Let X = J{Xa: A€ C}NU. Let X € U. There are club
many A € [[w]¥]¥ with X € A. Thus, there are club many A with (4,4 NA) <
(w]¥,U). By O{w]w)w there is an A € [w]¥ with X € A such that YN A=Uy
and Y N A= X,. Therefore, U = X.

We claim that for each Y €[], there is no X € U such that X C* Y for
eachY € Y. Let Y € [U]¥, and take an A € C containing the Fréchet filter such
that YC A, UND,, =0, Uy =UNA, and X4 =UNA. Then Y CUNA=X4.
For each infinite subset Z of ), there is no U € U such that U C* Z for all
Z € Z, since Q' NU = 0. Contradiction, since w € @, NUN A, and w is a
pseudointersection of the Fréchet filter, which is contained in U N A. O

FactT 84. IfU is an ultrafilter and U N D'y #0 for club many A € [[w]“]*,
then (U, 2*) <t ([c]<¥,C). Thus, there is an ultrafilter V such that (V,2) <r
([e]<~,9).

Proof. Let X € [U]¢. {A€[w]“]¥: (A, UNAXNA) < ([w]¥,U,X)} is club
in [[w]“]¥. By Ol {Ae[w]“]Y : UNA=Us,X N A= Xy} is stationary.
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If U N D'y #0 for club many A, then there are stationarily many A such that
UNA=Uy and X N A= X4; and either there is a U €Uy and a W €U
such that U N W = 0, which is impossible, or else there is a W € Y and a
sequence of distinct sets (Bp)n<y € [Xa]¥ = AN X such that for each n < w,
W C* B,,. Therefore, (U,2*) is not of Tukey top degree. It follows from
(Proposition 3.12 [25]) that there is an ultrafilter V such that (V,D) is not of
Tukey top degree. O

Fact 85. The following are equivalent:

(1) U is a p-point;
(2) UNDa#0D for all A€ [[w]“]¥;
(3) UNDA#D for club many A.

Proof. To show (1) implies (2), suppose U is a p-point and let A € [[w]*]*
be given. If Us € U, then taking an X € Uy \ U, we have w\ X €U N Pa.
If Uy CU, then since X4 is countable, there is a W € U which is almost
contained in every member of X4. Hence, W €U N Q4. Thus, UNDy#D
for all A € [[w]*]*.

(2) implies (3) is trivial.

To see that (3) implies (1), suppose that C is club in [[w]“]* and for each
AeC,UND4 #0. Let Y € [U]“. Take A such that Y C A, (A, UNAUNA) <
(W, U, U),Us =UNA, Xy=UNA,andUND4#0. Then Y CUNA=X,.
Since U N D # 0, there is a W € U such that for each X € X4, W C* X.
Hence, there is a W € U such that W C*Y for each Y € V. O

w

REMARK. Assuming —CH and that there are no p-points (the remaining
open case for Isbell’s Problem), to solve Isbell’s Problem in the affirmative,
Fact 84 shows that it suffices to find an ultrafilter ¢/ such that the collection of
A € [[w]¥]¥ such that U N D’y # () contains a club set. Under the assumption
of no p-points, Fact 85 implies the set {A € [[w]“]* : U N Dy =0} cannot be
club.

QUESTION 86. Assume —CH and there are no p-points. Can we use these
dense sets, or similar ones, to obtain

(1) an ultrafilter which is not Tukey top?
(2) an ultrafilter which is not Tukey top but also is not basically generated?

8. Concluding remarks and problems

Recall that the properties of p-point and rapid are preserved under Rudin—
Keisler reducibility.
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QUESTION 87. Which properties of ultrafilters are preserved under Tukey
reducibility?°

By Theorem 35, if a p-point U >7 w*, then U =r U - U, which is not a p-
point, so the property of being a p-point is not preserved by Tukey reducibility.
However, we may ask the following.

QUESTION 88. If U is a p-point and U > V), then is there a p-point W
such that W=, V77

QUESTION 89. Which lattices can be embedded into the Tukey types of
p-points? In particular, are there two Tukey incomparable p-points which
have no p-point as a common Tukey upper bound?

QUESTION 90. Are there two Tukey non-comparable ultrafilters whose least
upper bound is the top Tukey type?

QUESTION 91. Does every Tukey minimal type contain a selective ultrafil-
ter?

QUESTION 92. What is the structure of the Rudin—Keisler types within
the top Tukey type?
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