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THE AUTOMORPHISM GROUP OF A GRAPH
PRODUCT WITH NO SIL

RUTH CHARNEY, KIM RUANE, NATHANIEL STAMBAUGH, AND ANNA VIJAYAN

ABSTRACT. We study the automorphisms of graph products of
cyclic groups, a class of groups that includes all right-angled Cox-
eter and right-angled Artin groups. We show that the group of
automorphisms generated by partial conjugations is itself a graph
product of cyclic groups providing its defining graph does not con-
tain any separating intersection of links (SIL). In the case that all
the cyclic groups are finite, this implies that the automorphism
group is virtually CAT(0); it has a finite index subgroup which
acts geometrically on a right-angled building.

1. Introduction

Classically, a collection of groups can be combined using free products
or direct products. More generally, a graph product of groups is a class of
groups which interpolates between these. Let I' be a finite simplicial graph
with vertex set V' and let {G,},cv be a family of groups. Then the graph
product Gr is the quotient of the free product of the groups G, obtained by
adding commutator relations between G, and G,, whenever v, w are adjacent
in I'. A discrete graph I' gives the free product of the G, and a complete
graph gives the direct product. Graph products encompass several important
classes of groups. In particular, one obtains the class of right-angled Coxeter
groups by requiring each G, be isomorphic to Z/2Z and the class of right-
angled Artin groups when each G, is isomorphic to Z. In this paper, we
require only that the vertex groups be finitely generated abelian groups. Any
such graph product is isomorphic to a graph product of cyclic groups, hence
we can restrict our attention to the latter.
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The automorphism groups of right-angled Coxeter and right-angled Artin
groups have been studied extensively in the literature (see, for example, [2, 4,
6, 11, 13, 18, 20, 23]). Automorphisms of more general graph products were
considered by Laurence in his thesis [19]. Building on work of Servatius [21],
Laurence describes a finite generating set for Aut(Gr) in the case when all
vertex groups have the same order, either infinite or a fixed prime p. More
recently, in [15], Gutierrez, Piggott, and Ruane begin a unified treatment of
the automorphism group of a general graph product of cyclic groups, and in
[7], Corredor and Gutierrez extend Laurence’s generating set to all such graph
products.

The automorphism group of Gr is generated by four types of automor-
phisms: graph symmetries, vertex isomorphisms, transvections, and partial
conjugations. The first two types generate a finite subgroup. Transvections,
which map v +— vw (or v — wv) for a pair of vertices v, w, are familiar to those
who work with free group automorphisms. Indeed, the automorphism group
of a free group is entirely generated by these transvections. For graph prod-
ucts, however, the transvections are more restricted (in some cases excluded
entirely) and the partial conjugations play an essential role.

Partial conjugations are defined as follows. Given a vertex v € V, let 1k(v)
denote the full subgraph of I spanned by the vertices adjacent to v and st(v)
the subgraph spanned by v and lk(v). For each connected component C' of
I'\ st(v), the partial conjugation 7, c conjugates all of the generators in C' by
v and leaves all other generators fixed.

The subgroup of Aut(Gr) generated by the partial conjugations is denoted
AutP®(Gr) and will be our main object of study. In the case where all vertex
groups have finite order, this subgroup has finite index in the full automor-
phism group Aut(Gr). This is also true for some graph products with infinite
vertex groups, namely those for which the structure of I" does not permit any
transvections (e.g., if T" has no circuits of length less than four and no valence
one vertices).

A simplicial graph T has a Separating Intersection of Links (SIL) if for
some pair v, w with dr(v,w) > 2, there is a component of T\ (Ik(v) Nlk(w))
which contains neither v nor w. Our main theorem, Theorem 3.6, states that
if T has no SILs, then Aut?®(Gr) is itself a graph product of cyclic groups.

To prove this, we consider the graph I' whose vertices are in one-to-one
correspondence with the partial conjugations m, ¢ of Gr. Two vertices of r
are connected by an edge if the two partial conjugations commute, thus we
have a graph product of cyclic groups Gt. In the case where I' has no SILS,
we prove that AutP®(Gr) is isomorphic to Gy. The main technical point is to
characterize exactly when two partial conjugations commute. Under the no
SILS assumption, we give a simple characterization of when 7, ¢ and m, p
commute in terms of the relative position of C' and D. This is the content of
Lemma 3.4.
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Our main theorem has some interesting geometric implications. Recall
that a CAT(0) metric space is a proper, complete metric space in which each
geodesic triangle is “at least as thin” as the Euclidean triangle with the same
side lengths. We say that a finitely generated group G is a CAT(0) group if G
acts properly, cocompactly by isometries on a CAT(0) metric space (such an
action is said to be geometric). A group G is virtually CAT(0) if some finite
index subgroup of G is CAT(0). Note that extending a geometric action from
a finite index subgroup to the full group is highly nontrivial. It is unknown if
virtually CAT(0) groups are CAT(0).

In Section 2, we show that any graph product of cyclic groups Gr acts
on a right-angled building. Right-angled buildings are always CAT(0) by a
theorem of Davis [9]. If the vertex groups are all finite, then the associated
building is locally finite, its automorphism group is a locally compact group,
and the graph product sits as a uniform lattice in this group. In particular,
Gr is a CAT(0) group. (For a discussion of right-angled buildings and their
lattices, see [1] and [22].) If some vertex group is infinite cyclic, then the
action is no longer proper. However, if all the vertex groups are infinite (the
right-angled Artin group case), then there is a different CAT(0) cube complex,
the Salvetti complex, which can be used to get a CAT(0) structure on Gr.

Our main theorem implies that under the no SILs hypothesis, Aut?*(Gr)
is itself a graph product hence also acts on a right-angled building. Moreover,
we show that this action extends to the larger group generated by partial
conjugations, graph symmetries and vertex isomorphisms. If all of the vertex
groups are finite, these generate a finite index subgroup of Aut(Gr) and we
conclude that Aut(Gr) is virtually CAT(0). (This last statement also follows
from [15] where they show that under these hypotheses, the inner automor-
phism group has finite index in Aut(Gr). Our construction gives a CAT(0)
action of a much larger subgroup, sometimes encompassing the entire auto-
morphism group.)

One would like to know whether, in general, these actions can be extended
to the full automorphism group Aut(Gr), that is, whether the action can
be extended to include transvections. This would almost certainly require
a different geometric construction as transvections do not behave well with
respect to the geometry of the cube complexes given here. Even in the case
of right-angled Coxeter and Artin groups, it is unknown whether the full
automorphism groups are CAT(0).

2. Graph products and associated geometries

In this section, we discuss graph products and their associated geometries.
We begin with a definition of a graph product.

DEFINITION 2.1. Let T" be a finite, simplicial graph with vertex set V,
together with a labeling of each vertex by a group G,. Let Fr denote the free
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product of all the vertex groups G,,v € V. Then the graph product Gr is the
quotient group of FT obtained by adding commutator relations between G,
and G,, whenever v,w are connected by an edge in I'.

In this paper, we investigate graph products of cyclic groups, that is, graph
products for which all of the vertex groups G, are cyclic. More generally, if
all of the vertex groups of a graph product Gr are finitely generated Abelian
groups, then Gr is naturally isomorphic to the graph product obtained by
replacing each vertex in I' by a complete graph with vertices labelled by
the (indecomposable) cyclic summands of G,,. Thus, our results apply more
generally to this class of groups.

Gutierrez and Piggott [14], generalizing work of Laurence [19], have shown
that for any graph product of indecomposable cyclic groups, the graph I' and
the vertex groups G, are uniquely determined by the isomorphism class of Gp.
Thus, when referring to the graph product Gr, we may assume that this data
has been specified.

For the remainder of the paper, we assume that all vertex groups are cyclic.

EXAMPLES 2.2. If all of the vertex groups are cyclic of order 2, then we
obtain the right-angled Coxeter groups. If all of the vertex groups are infinite
cyclic, then we obtain the right-angled Artin groups.

Given g € Gr, a reduced word for g is a minimal length word ¢1¢s...gx in
Fr (with each g; belonging to some vertex group) representing ¢g. Any word
representing g can be reduced by a process of “shuffling” (i.e., interchanging
commuting elements) and combining adjacent elements from the same vertex
group. Any two reduced words representing ¢ differ only by shuffling [12].

For any subset T of the vertex set V', let Gr denote the graph product
associated to the full subgraph of I" spanned by T'. The natural map from G
into Gr splits, hence G is isomorphic to its image and we make no distinction
between them. By convention, we set Gy = 1.

To a graph product Gr, we associate a cubical complex Xr as follows.
Define two sets, partially ordered by inclusion,

Sr={Gr|T CV, Gr is Abelian}
> {T|T CV, T spans a complete subgraph of T'},
GSr ={9Gr|g€Gr, T CV, Gr is Abelian}.

Let Xt be the geometric realization of the poset GSr and let K C X1 be the
geometric realization of Sp. Left multiplication of G on this poset induces
an action of Gr on Xr. A fundamental domain for this action is K, and hence
the action is cocompact. The stabilizer of the vertex gGr is conjugate to G
which is finite if and only if all the vertex groups in T are finite. Thus, the
action of Gr on Xr is proper if and only if T" is a graph of finite cyclic groups.
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The complexes X are interesting in their own right. As we will now show,
they have the structure of right-angled buildings. These buildings are based
on a construction of Davis [9, 10]. In the case of a right-angled Coxeter group,
X is the well-known Davis complex. For a right-angled Artin group, Xr is
known as the Deligne complex (or in the terminology of [5], the “modified”
Delinge complex). We follow [1] and [8] for basic definitions.

First, recall that a chamber system over a set S is a set ® of chambers
together with a family of equivalence relations on ® indexed by S. For s € S,
we say two chambers are s-adjacent if they are s-equivalent, but not equal.
For a word w =51 ...k, s; €5, a gallery of type w is a sequence of chambers
b0, P1,- ..,k such that ¢;_1 is s;-adjacent to ¢;.

Now suppose S is the generating set of a right-angled Coxeter group W.
A W -valued distance function on ® is a function d: ® x & — W such that,
given a reduced word s;...si representing w € W, there exists a gallery of
type s1...s; from ¢ to ¢’ if and only if d(¢,¢’) = w.

DEFINITION 2.3. Let W = Wr be a right-angled Coxeter group with gen-
erating set S. Then a right-angled building of type W is a chamber system ®
over S such that

(1) for all s €S, every s-equivalence class contains at least two chambers,
(2) there exists a W-valued distance function d : & x & — W.

Let Gr be a graph product of cyclic groups. Denote by Wt the right-angled
Coxeter group obtained by replacing each vertex group G, by W, = Z/2Z.
Define a set-theoretic map (not a homomorphism) ~v: Gr — Wr as follows.
For g € Gr, represent g by a reduced word g =g¢; ... gx, with g; € G,,, and set
v(g) = 5182 ... s, where s; is the generator of W,,,. This is well-defined since
any two reduced words for g are related by commutator relations which also
hold in Wp. Moreover, s ...s; is also reduced since no shuffling of g; ... gx
(and hence of s ...s;) allows two elements of the same vertex group to be
combined.

THEOREM 2.4. For any graph product Gr of cyclic groups, Xr is a right-
angled building of type Wr.

Proof. We take ® to be the set of translates of K in Xt and we say that two
chambers gK,hK are s;-equivalent if g~1h € G,,. Then every s;-equivalence
class contains ¢ elements where ¢ = |G,,]|.

Define d : ® x ® — Wr by d(gK,hK)= (g 'h). Then for a reduced word
w=8182...S, there exists a gallery of type w from gK to hK if and only if
g th=gp...gx for some g; € G,., or equivalently, d(¢K,hK) = w. O

These buildings and their automorphism groups are studied by Barnhill,
Thomas, Haglund, and Paulin [1, 16, 17, 22]. If the vertex groups are all
finite, then the (full) automorphism group of the building is a locally compact
topological group and Gr is a uniform lattice in this group.
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Although X1 was defined as a simplicial complex, it has a natural cubical
structure whose cubes correspond to “intervals”. For a pair of subsets T; C T5
in Sr, the interval [G1,, G1,] is the subcomplex of K spanned by the vertices
Gr, Ty CT CT,. It is combinatorially a cube of dimension |75 — T3|. The
translates of these intervals give a cubical structure on all of Xr.

The fundamental chamber K is independent of the orders of the vertex
groups. Thus, it is isometric to the fundamental chamber in the Davis complex
for Wr. Tt was shown by Davis in [9] that any such right-angled building is
CAT(0) with respect to the cubical metric described above. (This can also be
proved directly for Xr using the link condition for cubical complexes.)

The action of Gr takes intervals to intervals, hence preserves the cubical
metric and the quotient by Gr is just the fundamental chamber K. Thus
Gr acts faithfully (the stabilizer of Gy is trivial), cocompactly by isometries
on Xr. As noted above, however, the action is proper if and only if every
vertex group is finite.

COROLLARY 2.5. For all graph products of cyclic groups, the cubical metric
on Xr is CAT(0). If the vertex groups are all finite, then Gr is a CAT(0)

group.

REMARK 2.6. For use later in the paper, we remark that this action can be
extended to a slightly larger group. Let X1 be the (finite) group of automor-
phisms of Gr generated by symmetries of the graph I' (which permute the
generators of Gr) and automorphisms of a single vertex group. This group
acts on the poset GSr in the obvious way, o - gGr = 0(gGr), and hence it acts
on Xr. Combining this with the Gr-action gives an action of the semi-direct
product Gr x ¥pr on Xpr. This action is again proper, cocompact, isometric,
and faithful.

3. Automorphism groups and separating intersections of links

In this section, we introduce the no SILs condition on I" and study automor-
phism groups of graph products of cyclic groups Gr satisfying this condition.

Servatius [21] and Laurence [18, 19] described a finite generating set for
Aut(Gr) for certain classes of graph products, such as right-angled Artin
groups. This result has recently been extended to all graph products of cyclic
groups by Corredor and Gutierrez in [7]. We now describe this generating set.

In order to simplify notation, we will think of the vertex v as the generator
of the cyclic group G,, so that the vertex set V generates Gr. Denote the
order of v (and hence of G,) by |v]. Associated to a vertex v in I' are two
subgraphs: the link of v, lk(v), is the full subgraph spanned by the vertices
adjacent to v and the star of v, st(v), is the subgraph spanned by v and lk(v).

THEOREM 3.1 ([7, 18]). If Gr is a graph product of cyclic groups, then
Aut(Gr) is generated by automorphisms of the following types:



THE AUTOMORPHISM GROUP OF A GRAPH PRODUCT WITH NO SIL 255

FIGURE 1. A graph with separating stars but no SILs.

(1) Symmetries: induced by symmetries of I', permute the generators.
(2) Vertex isomorphisms: automorphisms of a single vertex group G,,.
artial conjugations: conjugate all of the generators in ome connecte
3) Partial jugati jugate all of th t j ted
component C of T'\ st(v) by v.
ransvections: map v — vw”® or v— w v where one of the followin
4) T i kv wh the following
holds
(a) |v| =00, k=1, and lk(v) Cst(w), or
(b) |v|=p', |w|=p?, k=max{1,p’ "}, and st(v) C st(w).

We are interested primarily in the partial conjugations. Denote by m, ¢
the partial conjugation by v of the component C, and let Aut”(Wr) denote
the group generated by all partial conjugations.

It follows from Lemma 2.8 of [15] that when the vertex groups are all finite,
AutP®(Wr) has finite index in the full automorphism group Aut(Gr). This is
also the case when there are no permissible transvections (for example, when
I" has no cycles of length less than 5 and no vertices of valence less than 2).

The interaction between two partial conjugations m, ¢ and m, p depends
on the relative position of the components C and D. A crucial role will be
played by the following.

DEFINITION 3.2. A simplicial graph T'" has a Separating Intersection of
Links (SIL) if for some pair (v, w), with dr(v,w) > 2, there is a component of
'\ (Ik(v) N1k(w)) which contains neither v nor w.

REMARK 3.3. The no SILs condition is most interesting for connected
graphs. For if I' has more than two connected components, then it neces-
sarily has a SIL. If it has two components I'; and I's, one of which is not a
complete graph, then it also has a SIL since if v and w are vertices in I'; with
d(v,w) > 2, then I'y C T\ (Ik(v) N1k(w)) is a component containing neither
v nor w. Thus, a graph with no SILs is either connected or it is the disjoint
union of two complete graphs.

As illustrated in Figure 1, a graph with no SILs may still have separating
stars, giving rise to partial conjugations. In the case where I' has no SILs,
we will prove that AutP(Gr) is itself a graph product of cyclic groups Gy
where the vertex set of T’ corresponds to the set of partial conjugations. The
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edges of I will correspond to the partial conjugations that commute, and are
prescribed by the following lemma.

LEMMA 3.4. Suppose I is a connected simplicial graph which does not con-
tain any SILs and let v and w be vertices of T'. Suppose d(v,w) > 2, and let
Cy be the component of T\ st(v) containing w, and Dy be the component of
'\ st(w) containing v. Then
(1) Ewvery component of T \ st(v), except Cy, lies entirely in Dy, and every

component of T'\ st(w), except Dy, lies entirely in Cy.
(2) The partial conjugations m, ¢ and T, p commute unless C = Cy and D =
.DO.

Proof. (1) Let C be a component of T\ st(v). If C' contains any vertex of
lk(w), then it also contains w, so C' = Cy. If not, then C'Nst(w) =0, so C lies
completely in some component D of T\ st(w). We claim that D = Dj.

Let C denote the graph generated by C and the vertices adjacent to C.
Clearly C'\ C C lk(v). On the other hand, C'\ C ¢ lk(v) Nlk(w), since this
would imply that C' was a component of I'\ Ik(v) Nlk(w) which did not contain
v or w. It follows that C' and v are adjacent to a vertex which is not in the
link of w. Hence, C' and v are in the same component of I' \ st(w), that is,
D = Dy as claimed.

(2) First, we note that m, ¢, and 7, p, do not commute. By direct com-
putation,

Tw,Co © Tw, Dy (V) = T,y (wvw_l) = vwow o7t

ToDo © T,y (V) = T (v) = worw ™.

Next, consider the case where C' # Cy and D # Dy. By (1) CN D ={, and
we do another direct computation.

vzv T, xzeC,
Tp,C © Tw,D(T) = Tw,p © Ty,c(T) = wrw ™, r€EeD,
x, x ¢ (CUD,).

Now suppose C # Cy and D = Dy. Then by (1), we know that C C D, v € D,
and w ¢ C. We can once again check this by direct computation.

wvzvtwT zeC,
Tp,C O T, (T) = Ty, p © Ty c(x) =  wrw™1, x€D\C,
x, x ¢ D.
The remaining case where C' = Cy and D # Dy is similar. O

We now construct the graph T'. The vertices of T’ are in one-to-one corre-
spondence with the partial conjugations 7, ¢, and are denoted by V = {p, ¢ }.
Any two vertices p, ¢ and p,, p are connected by an edge unless d(v,w) > 2,
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V6

Vs Pveviva,v3,vs vs,{v1,v2,v3}

V4 Py v} Pva.{ve}
—

V3 Dvs.pv1} Dvs.{vs.ve}

V2 Pvy{v4.vs,ve} v1,{v3,v4,V5,v6}

Vi

FIGURE 2. The graphs I' and r.

ve D, and we C. We assign to the vertex p, ¢ the cyclic group of order |v|.
An example is shown in Figure 2.

By the lemma, there is a homomorphism ¢ : Gg — Aut”®(Gr) which takes
Dy,c > Ty,c. This homomorphism is clearly surjective; our goal is to prove
that if I' contains no SILs, then ¢ is an isomorphism. To do this, we will pass
to the outer automorphism group.

The outer automorphism group of Gr is the quotient of Aut(Gr) by the
subgroup Inn(Gr) of inner automorphsims of Gr. The inner automorphism
by a vertex v is the product of all the partial conjugations by v, hence this
subgroup lies in Aut?®(Gr) and we can define Out”®(Gr) accordingly. We
would like to define a corresponding quotient for Gf.

The inner automorphism group is isomorphic to the group modulo its cen-
ter. In the case of Gr, the center is generated by the vertices (if any) which
are connected to every other vertex in T'. Let A be the (possibly empty) graph
generated by these vertices and let T'o =T'\ A. Then Gr decomposes as the
direct product of Ga and Gr,, so Inn(Gr) is isomorphic to Gr,.

We denote by p, the product p, = [[pw,c over all components C of I"\ st(v),
so that ¢(p,) is the inner automorphism by v.

LEMMA 3.5. The correspondence v +— p, induces a homomorphism f :
Gr, — G and the image of f is a normal subgroup of Gt

Proof. The first statement follows by definition of T' since if dv,w) <1
in I', then p, ¢ commutes with p,, p for all C, D, so commuting relations are
preserved and the order of p, is |v|.
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To prove that the image is normal, we will show that for any v € 'y and
for any generator of p,, p of G, the following equation holds.

Do, IJI"’U¢_D7

—1
D = .
Pw,DPvDy; D {pwpquzl’ ifveD.

Note that in either case, pw,DpUp;}D is in f(GFO).
Case 1: v ¢ D. Then by Lemma 3.4 p,, p commutes with p, ¢ for every C.
Case 2: v € D. Consider the expression p,,p,p,*. Then for each connected
component D’ of T"\ st(w) with D # D’, the partial conjugation p,, p+ com-
mutes with p, by Lemma 3.4. Simplifying the expression, we get the desired
result. O

In light of the lemma, we can now form the quotient group, Q = G/ f(Gr, ).
If f denotes the inclusion of the inner automorphisms into Aut’®(Gr), then
the diagram below clearly commutes.

f

Gr, ——— Gy

j¢

Inn(Gr) —f> Aut’*(Gr)

It follows that f is injective and that ¢ induces a map on the quotient
groups, so we have a commutative diagram of exact sequences,

f 2

1 Gr, Gy 0 1
j¢ jw
1 Inn(Gr) ——— AU (Gr) ——— Out™(Gr) 1

We are now ready to state and prove our main result.

THEOREM 3.6. Let Gr be a graph product of cyclic groups whose defining
graph T' contains no SILs. Then the map ¢ : Gy — Aut’®(Gr) is an isomor-
phism. In particular, Aut®®(Gr) is a graph product of cyclic groups of the
same order(s) as the vertex groups of Gr.

Proof. In light of the exact sequence above, it suffices to prove that the
map ¥ on the quotient groups is an isomorphism. The theorem will then
follow from the 5-lemma. Since ¢ and g are both surjective, o g=go ¢ is
surjective, and so v is as well.

Suppose T' is connected. We first argue that @ is Abelian. Take two
generators p, ¢ and p, p € Gg which do not commute. By Lemma 3.4, we
know that p, ¢ does commute with p,, p- for every connected component D’ of
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['\st(w) with D’ # D, hence it commutes with the product p’ =[], p Pw,p’-
But p’ and p,, p represent inverse elements in @, so the images of p, ¢ and
Dyw,p commute in Q.

Since @ is Abelian, for any Z € ), we can write Z as a product of generators
Dy,c in which all occurrences of a vertex v appear together. That is, we can
choose a representative x € G of the form

ky,c
v=]11Ir"
v C

Now suppose Z € ker(¢)). By the commutivity of the relevant diagram, ¢(z) =

LIl 7rf * lies in Inn(Wr). A product of this form is an inner automorphism
if and onl},r if, for fixed v, the power k, ¢ is the same for every component C
of I' \ st(v). This means that 2 has the form [], p%*, which is clearly in Gr,,
thus z is trivial in Q. We conclude that the kernel of ¢ is trivial, so ¢ is an
isomorphism.

It remains to consider the case when I' is not connected. By Remark 3.3,
this occurs only when I' is the disjoint union of two complete graphs. In this
case, every partial conjugation is an inner automorphism, so I' = I, and since
Gr has trivial center, Aut’®(Gr) = Inn(Gr) = Gr. O

As noted in Section 2, any graph product of finitely generated Abelian
groups is isomorphic to a graph product of cyclic groups obtained by “blowing
up” a vertex v with group G, into a complete graph with vertices labeled by
the indecomposable cyclic summands of G,. Applying Theorem 3.6 to this
new graph product, we see that Aut®®(Gr) is again a graph product of cyclic
groups. Moreover, this graph product is just the blow-up of G (where I is
defined as above, but the vertex groups G, are no longer cyclic). Thus, we
may restate the theorem as follows.

THEOREM 3.7. Let Gr be a graph product of finitely generated Abelian
groups whose defining graph I' contains no SILs. Then the map ¢ : Gy —
AutP(Gr) is an isomorphism. In particular, Aut®®(Gr) is also a graph prod-
uct of finitely generated Abelian groups.

We remark that the proof of the theorem above also gives an independent
proof of the following result of [15].

COROLLARY 3.8 ([15]). AssumeT is connected. Then Out®®(Gr) is Abelian
if and only if I' contains no SILs.

Proof. In the proof of the main theorem, we showed that if I" has no SILs,
then @, and hence Out’®(Gr), is Abelian. If T has a SIL, that is a component
C of T'\ (Ik(v) Nlk(w)) containing neither v nor w where d(v,w) > 2, then it
is straightforward to check that the commutator [, ¢, mw,c] is not an inner
automorphism. Hence, Out®(Gr) is not Abelian. O
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4. Geometric implications

Recall that a group G is a CAT(0) group if it acts geometrically (i.e.,
properly, cocompactly by isometries) on a complete CAT(0) space. It is an
open question whether automorphism groups of graph products, even in the
Coxeter group case, are CAT(0) groups. Theorem 3.6 gives some partial
answers.

In the case where all vertex groups are finite, Aut’*(Gr) has finite index
in Aut(Gr) so by Theorems 2.4 and 3.6 we obtain

COROLLARY 4.1. Let Gr be a graph product of finite cyclic groups whose
defining graph has no SILs. Then the automorphism group Aut(Gr) is virtu-
ally CAT(0). More precisely, there is a faithful, geometric action of Aut®®(Gr)
on the right-angled building Xr.

It would be nice to extend this action to the whole automorphism group.
Recall from Theorem 3.1 that Aut(Gr) is generated by four types of au-
tomorphisms: symmetries, vertex isomorphisms, partial conjugations, and
transvections. Letting Y denote the group generated by symmetries and
vertex isomorphisms, the subgroup of Aut(Gr) generated by the first three
types of automorphisms is a semi-direct product, AutP?’(Gr) x Xr. We can
easily extend the action of Aut’®(Gr) on Xy to this larger group.

COROLLARY 4.2. Let Gr be a graph product of finite cyclic groups whose
defining graph has no SILs. Then the action of Aut®(Gr) on Xy extends to
a faithful, geometric action of Aut?®(Gr) x Xr.

Proof. By Remark 2.6, the action of G on Xj extends to a faithful, geo-
metric action of the semi-direct product Gy x Xz. The group YXr embeds
naturally in ¥ (an isomorphism of G, goes to the product of the correspond-
ing isomorphisms of G, ., for all components C'). Combining this embedding
with the isomorphism ¢!, we get an inclusion AutP®(Gr) x Xr — Gp x Zf,
and hence an induced action on Xp. U

If some of the vertex groups are infinite cyclic, then the action of G on
X is not proper. However, if all of the vertex groups are infinite, then Gr
and Gy are right-angled Artin groups and we can use a different geometric
construction, the Salvetti complex (see [3]), to get an action on a CAT(0)
space.

COROLLARY 4.3. Let T' be a simplicial graph with no SILs, and suppose
Gr is a right-angled Artin group. Then the subgroup of Aut(Gr) generated
by partial conjugations, inversions and graph symmetries acts faithfully and
geometrically on a CAT(0) cube complex, the Salveti complex of Grp.

Proof. It is easy to show that the action of A; on its Salvetti complex
extends to an action of Ax x Xr. The proof then proceeds as above. O
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We close by remarking that some graph products Gr of cyclic groups do
not permit transvections in which case the subgroup in Corollaries 4.2 and 4.3
constitutes the entire automorphism group. This is the case, for example, if "
has no triangles and no vertices of valence less than two, or if every pair of
adjacent vertex groups have relatively prime order. For those that do permit
transvections, the action described above does not extend in any natural way
to an isometric action of the transvections. In this case, proving that the full
automorphism group is CAT(0) will almost certainly require a different space.

[10]
1]

12]
(13]

(14]
(15]
[16]
(17]
18]

[19]

REFERENCES

A. Barnhill and A. Thomas, Density of commensurators for uniform lattices of right-
angled buildings, available at arXiv:0812.2280.

K. U. Bux, R. Charney and K. Vogtmann, Automorphisms of two-dimensional RAAGs
and partially symmetric automorphisms of free groups, Groups, Geometry, and Dy-
namics 3 (2009), 525-539. MR 2529947

R. Charney, An introduction to right-angled Artin groups, Geom. Dedicata 125 (2007),
141-158. MR 2322545

R. Charney, J. Crisp and K. Vogtmann, Automorphisms of 2-dimensional right-angled
Artin groups, Geom. Topol. 11 (2007), 2227-2264. MR 2372847

R. Charney and M. Davis, The K (m,1)-problem for hyperplane complements associated
to infinite reflection groups, J. Amer. Math. Soc. 8 (1995), 597-627. MR, 1303028

R. Charney and K. Vogtmann, Finiteness properties of automorphism groups of right-
angled Artin groups, Bull. London Math. Soc. 41 (2009), 94-102. MR 2481994

L. J. Corredor and M. A. Gutierrez, A generating set for the automorphism group of
the graph product of Abelian groups, available at arXiv:0911.0576.

M. Davis, The geometry and topology of Cozeter groups, London Math. Soc. Monagr.
Ser., vol. 32, Princeton University Press, Princeton, NJ, 2008. MR 2360474

M. Davis, Buildings are CAT(0), Geometry and Cohomology Group Theory (Durham,
1994), London Math. Soc. Lecture Note Ser., vol. 252, Cambridge University Press,
Cambridge, 1998, pp. 108-123. MR 1709955

M. Davis, Groups generated by reflections and aspherical manifolds not covered by
Euclidean space, Ann. of Math. (2) 117 (1983), 293-324. MR 0690848

M. Day, Peak reduction and finite presentations for automorphism groups of right-
angled Artin groups, Geom. Topol. 13 (2009), 817-855. MR 2470964

E. Green, Graph products of groups, Thesis, The University of Leeds, 1990.

M. Gutierrez and A. Kaul, Automorphisms of right-angled Cozeter groups, Int.
J. Math. Math. Sci. (2008), Art. ID 976390, 10 pp. MR 2439005

M. Gutierrez and A. Piggott, Rigidity of graph products of Abelian groups, Bull. Aust.
Math. Soc. 77 (2008), 187-196. MR 2428781

M. Gutierrez, A. Piggott and K. Ruane, On the automorphisms of a graph product of
Abelian groups, to appear in Groups, Geometry, and Dynamics, arXiv:0710.2573.

F. Haglund, Finite index subgroups of graph products, Geom. Dedicata 135 (2008),
167-209. MR 2413337

F. Haglund and F. Paulin, Constructions arborescentes d’immeubles, Math. Ann. 325
(2003), 137-164. MR 1957268

M. Laurence, A generating set for the automorphism group of a graph group, J. London
Math. Soc. (2) 52 (1995), 318-334. MR 1356145

M. Laurence, Automorphisms of graph products of groups, Thesis, QMW College,
University of London, 1992.


http://arxiv.org/abs/0812.2280
http://www.ams.org/mathscinet-getitem?mr=2529947
http://www.ams.org/mathscinet-getitem?mr=2322545
http://www.ams.org/mathscinet-getitem?mr=2372847
http://www.ams.org/mathscinet-getitem?mr=1303028
http://www.ams.org/mathscinet-getitem?mr=2481994
http://arxiv.org/abs/0911.0576
http://www.ams.org/mathscinet-getitem?mr=2360474
http://www.ams.org/mathscinet-getitem?mr=1709955
http://www.ams.org/mathscinet-getitem?mr=0690848
http://www.ams.org/mathscinet-getitem?mr=2470964
http://www.ams.org/mathscinet-getitem?mr=2439005
http://www.ams.org/mathscinet-getitem?mr=2428781
http://arxiv.org/abs/0710.2573
http://www.ams.org/mathscinet-getitem?mr=2413337
http://www.ams.org/mathscinet-getitem?mr=1957268
http://www.ams.org/mathscinet-getitem?mr=1356145

262 R. CHARNEY ET AL.

[20] B. Miubhlherr, Automorphisms of graph-universal Cozeter groups, J. Algebra 200
(1998), 629-649. MR 1610676
[21] H. Servatius, Automorphisms of graph groups, J. Algebra 126 (1989), 34-60.
MR 1023285
[22] A. Thomas, Lattices acting on right-angled buildings, Algebr. Geom. Topol. 6 (2006),
1215-1238. MR 2253444
[23] J. Tits, Sur le groupe des automorphismes de certains groupes de Cozeter, J. Algebra
113 (1988), 346-357. MR 0929765
RuTH CHARNEY, DEPARTMENT OF MATHEMATICS, BRANDEIS UNIVERSITY, WALTHAM,
MA 02453
E-mail address: charney@brandeis.edu
KiM RUANE, DEPARTMENT OF MATHEMATICS, TUFTS UNIVERSITY, MEDFORD, MA 02155
E-mail address: kim.ruane@tufts.edu
NATHANIEL STAMBAUGH, DEPARTMENT OF MATHEMATICS, BRANDEIS UNIVERSITY, WALTHAM,
MA 02453
E-mail address: nstambau@brandeis.edu
ANNA VIJAYAN, DEPARTMENT OF MATHEMATICS, BRANDEIS UNIVERSITY, WALTHAM, MA
02453

E-mail address: avijayan@brandeis.edu


http://www.ams.org/mathscinet-getitem?mr=1610676
http://www.ams.org/mathscinet-getitem?mr=1023285
http://www.ams.org/mathscinet-getitem?mr=2253444
http://www.ams.org/mathscinet-getitem?mr=0929765
mailto:charney@brandeis.edu
mailto:kim.ruane@tufts.edu
mailto:nstambau@brandeis.edu
mailto:avijayan@brandeis.edu

	Introduction
	Graph products and associated geometries
	Automorphism groups and separating intersections of links
	Geometric implications
	References
	Author's Addresses

