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MINIMAL HOMEOMORPHISMS AND APPROXIMATE
CONJUGACY IN MEASURE

HUAXIN LIN

ABSTRACT. Let X be an infinite compact metric space with finite cov-
ering dimension. Let a,3 : X — X be two minimal homeomorphisms.
Suppose that the range of Kp-groups of both crossed products are dense
in the space of real affine continuous functions on the tracial state space.
We show that o and (8 are approximately conjugate uniformly in mea-
sure if and only if they have affine homeomorphic invariant probability
measure spaces.

1. Introduction

Let X be a compact metric space and let o, 3 : X — X be two minimal
homeomorphisms. If X has infinitely many points, then the associated crossed
product C*-algebras C(X) x4 Z and C(X) xg Z are unital separable simple
C*-algebras. It was proved by J. Tomiyama ([24]) that o and § are flip
conjugate if there is a *-isomorphism ¢ from C(X) X4 Z onto C(X) X gZ which
maps C(X) onto C'(X). On the other hand, T. Giordano, I. Putnam and C.
Skau ([6]) showed, among other things, that two minimal Cantor systems are
topological orbit equivalent if and only if the tracial range p(Ko(C(X) Xy Z))
of Ko(C(X) X4Z) is unital order isomorphic to that of Ko(C(X) xgZ). Both
results show the strong connection between C*-algebra theory and minimal
dynamical systems. In this paper, we will also use C*-algebra theory to
study some particular relation among minimal dynamical systems. Fix a
compact metric space X. Let o, 3 : X — X be two minimal homeomorphisms.
Denote by T, and Tz the compact convex sets of a-invariant probability Borel
measures and [-invariant probability Borel measures, respectively. Suppose
that there is an affine homeomorphism r from 7, onto Tj3. What can one say
about (X, ) and (X, 3)?
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Let A, = C(X) x4 Z and Ag = C(X) xg Z. Suppose that X has fi-
nite covering dimension, Under the assumption that p(Ko(A4,)) is dense in
Aff(T(Ay)) and p(Ko((Ap))) is dense in Af f(T(Ag)) (see 2.1 (4), 2.5 and
2.1 below), we prove that if T, and Tj3 are affine homeomorphic, then a and 3
are approximately conjugate uniformly in measure (see Theorem 5.6 below).
By [16], the condition that p(K((A)) is dense in Af f(T(Ay)) is equivalent
to A, being real rank zero and also equivalent to A, having tracial rank zero.

Some explanations of the result are in order. First we make a few com-
ments on the assumption. When X has finite covering dimension and « is
minimal, the dynamical system (X, «) has mean dimension zero (see 3.1 be-
low). When X is the Cantor set, it is known that p(K¢(Ay)) is always dense
in Aff(T(Ay))). When X is a connected and (X, «) is unique ergodic, if the
rotation number (defined by Exel in [5]) associated with o contains irrational
values, then p(Ko(Agy)) is dense in Af f(T(A,))). In fact, the converse also
holds, i.e., if p(Ko(Ay)) is dense in Af f(T(As))), then the rotation number
associated with « contains an irrational value when X is a connected finite
CW complex (see [16]). We also note that, when X = S', « is minimal if and
only if the rotation number is irrational.

Next, one should realize that the condition that there is an affine home-
omorphism from T, and T} is a rather weak one. If both T, and Tj have
only finitely many extremal points, this condition simply says that T,, and T
have the same number of extremal points. Therefore, one should not expect
that a great deal of dynamical information can be recovered nor should one
regard uniform approximate conjugacy in measure as a strong relation. To
the contrary, we would like to emphasize that two minimal homeomorphisms
could be easily approximately conjugate uniformly in measure. In particular,
if both « and [ are uniquely ergodic, then they are always approximately con-
jugate uniformly in measure. Given an affine homeomorphism r : T,, — Tp,
Theorem 5.6 says that r can always be induced by a sequence of Borel equiv-
alences {,} of X for which v, ta~, converges to 3 and ~,,37,,! converges to
o in measure uniformly (not just for each p € T, and v € T3). Moreover,
some additional properties for {v,} can also be required. It is the existence
of those 7, that we find interesting.

Roughly speaking, two minimal homeomorphisms « and ( are approxi-
mately conjugate uniformly in measure if there exists a sequence of Borel
isomorphisms v,: X — X such that v,, 'a~, converges to 3 and 7,37, ! con-
verges to a in measure uniformly on the set of S-invariant measures and the
set of a-invariant measures, respectively. We also require that {v,} eventu-
ally preserves measures in a suitable sense. Moreover, {7, } and {v,;!} should
be continuous on some (eventually dense) open subsets of X. The precise
definition is given in 5.2.

The paper is organized as follows. Section 2 lists a number of notations
and facts used in this paper. Section 3 gives a version of the uniform Rohlin



MINIMAL HOMEOMORPHISMS 1161

property for dynamical systems with mean dimension zero. Section 4 contains
a number of technical lemmas which will be used in the proof of the main result
of the paper. Section 5 discusses the notion of uniform approximate conjugacy
in measure and presents the proof of the main result (Theorem 5.6). Finally,
Section 6 gives a few concluding remarks.

Acknowledgment. This work is partially supported by a grant (DMS
0355273) from the National Science Foundation of U.S.A. The work was initi-
ated when the author was visiting East China Normal University in Summer
2004. It was partially supported by Shanghai Priority Academic Disciplines.

2. Preliminaries

2.1. (1) If k is a positive integer, M}, is the full matrix algebra over C.
Denote by Tr the standard trace on M}, and by tr the normalized trace on
M;,.

(2) Let A be a C*-algebra. Denote by T'(A) the tracial state space of A. If
T € T(A), we will also use 7 for 7@ Tr on My(A), i=1,2,...

(3) Let Aff(T(A)) be the space of all real affine continuous functions on
T(A). Let a € As,.. Denote by @ the real affine continuous function defined
by a(r) = 7(a) for 7 € T(A).

(4) Denote by pa : Ko(A) — Af f(T'(A)) the order homomorphism induced
by p for projections p € My(A), k =1,2,... We often use p if the C*-algebra
A is understood.

2.2. (5) Let X be a compact metric space. We say X has finite dimension
if X has finite covering dimension.

(6) Let A be a unital C*-algebra, let X be a compact metric space and
let h: C(X) — A be a contractive positive linear map. Suppose that ¢ is a
positive linear functional of A. Then ¢ o h gives a positive linear functional of
C(X). We will use piop for the positive Borel measure on X induced by the
positive linear functional ¢ o h.

2.3. (7) Let X be a compact metric space and o : X — X be a homeomor-
phism. Recall that « is minimal if o has no proper a-invariant closed subset,
or, equivalently, for each € X, {a™(z) : n=0,1,2,...} is dense in X.

(8) Let X be a compact metric space and € X. The point z is said to
be a condensed point if every open neighborhood of = contains uncountably
many points of X.

(9) If X has infinitely many points and « is minimal, then the cross product
C(X) Xq Z is a unital simple C*-algebra. We will use A, for C(X) x4 Z.

In this case, X has no isolated points and every point of X is condensed.

(10) Denote by j, : C(X) — A, the usual embedding. Denote by u, the
implementing unitary in A, such that

6 ja( e = ja(f o) for all f € C(X).
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(11) Denote by T, the space of all a-invariant probability Borel measures
on X. If u € T,,, then it induces a tracial state 7, so that

7 (Galf)) = / fdu

for all f € C(X). On the other hand, if 7 € T'(A,), then p,.;, gives a measure
in T,. This measure will be denoted by p.

In fact, there is an affine homeomorphism between convex sets T, and
T(As) (see [2, VIII, 3.8], for example). The reader may notice that we do not
always attempt to distinguish the convex sets T, from T'(A4,).

2.4. (12) Let A and B be two C*-algebras. By a homomorphism h :
A — B, we mean a x-homomorphism from the C*-algebra A to B. Suppose
that both A and B are unital, exact and stably finite. We say that r :
Aff(T(A)) — AffT(B)) is a unital order homomorphism if r is an order
homomorphism and (1) = 15. The homomorphism 7 is said to be an order
isomorphism if r is a bijection and »~! is an also order homomorphism.

Suppose that an affine continuous map r : Af f(T(A4)) — Aff(T(A)) is a
unital order isomorphism. Denote by 7 : T'(B) — T'(A) the affine continuous
map induced by ry(7)(a) = r(a)(r) for all a € Aqs and 7 € T(B). If r is a
unital order isomorphism, then ry is an affine homeomorphism.

On the other hand, if A : T(Ag) — T(A,) is an affine homeomorphism,
then one obtains a unital order isomorphism \* : Aff(T(An)) — Aff(T(Ap))
by M (a)(7) = a(A\(7)) for all a € Aff(T(Ay)) and 7 € T(A,).

(13) If ¢ : A — B is a homomorphism we will use ¢, : K,.(A) — K.(B)
for the induced map on K-theory.

(14) Let A and B be two C*-algebras and ¢ : A — B be a contractive
completely positive linear map. Suppose that G is a subset of A and § > 0.
We say ¢ is G-6-multiplicative if

llo(ab) — d(a)p(b)]| < 6 for all a, b € G.
(15) Let ¢ : C(X) — A be a homomorphism. We say that ¢ has fi-

nite dimensional range if the image of ¢ is contained in a finite dimen-
sional C*-subalgebra of A. If ¢ has finite dimensional range, then there
are finitely many points {x1,zs,...,z,} C X and pairwise orthogonal pro-
jections p1,pa,...,Pm in A such that

o(f) = f(zi)p; for all f € C(X).
i=1
(16) Let A be a unital simple C*-algebra. We write TR(A) = 0 if A has
tracial rank zero. For the definition of tracial rank zero, we refer to [9] or
3.6.2 of [11]. A unital simple C*-algebra with tracial rank zero has real rank
zero, stable rank one and weakly unperforated Ko(A) (see [9]).
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2.5. (17) Let T be a convex set. Denote by 0.(T) the set of extremal points
of T.

(18) Let X be a compact metric space with infinitely many points and
« : X — X be a minimal homeomorphism. A Borel set Y C X is said to be
universally null if p(Y') =0 for all p € T,.

(19) Let A, be the simple crossed product. A crucial assumption that we
make in this paper is that p(Ko(Aq)) (see (4) above) is dense in Af f(T(Aq))-

We will use the following theorem ([16]).

THEOREM 2.1. Let X be a finite dimensional compact metric space with
infinitely many points and a : X — X be a minimal homeomorphism. Then
A has tracial rank zero if and only if p(Ko(Ay)) is dense in Af f(T'(Ay)).

Minimal dynamical systems whose crossed product C*-algebras satisfy the
above condition have been given and discussed in [16]. It should be mentioned
that if (X, @) is a minimal Cantor system, then the condition in 2.1 is always
satisfied. In the case when X is connected finite CW complex and (X, «) is
uniquely ergodic, the condition in 2.1 is satisfied if and only if the rotation
number associated with a has irrational values.

3. Uniform Rohlin Tower Lemma and mean dimension zero

DEFINITION 3.1. Let X be a compact metric space and let o : X — X
be a homeomorphism. We say that (X, «) has the small-boundary property if
for every point x € X and every open neighborhood of x there exists an open
neighborhood V' C U such that u(V \ V) =0 for all € T,,.

By a result of Lindenstrauss and Weiss (see [19, §5]), if (X, a) has the
small boundary property, then (X, a) has mean dimension zero (see [19] for
the definition of mean dimension zero). The converse is also true, for example,
if (X, «) is minimal (see Theorem 6.2 of [18]).

It is also shown in [19] that if X has finite covering dimension, then any
minimal system (X, ) has mean dimension zero.

The following is an easy lemma.

LEMMA 3.2. Let X be a compact metric space with infinitely many points
and let « : X — X be a homeomorphism. Suppose that 0.(T,) is countable.
Then (X, @) has the small boundary property. Consequently (X, «) has mean
dimension zero.

More precisely, given any point © € X and 0 > 0, there is an open ball of
X with center at x and radius §/2 < r < § such that

p{y € X :dist(z,y) =r}) =0
forall peT,.
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Proof. Let 0.(Tw) = {1, p2y -+ fin, - - - Given a point z € X and §/2 <
r < § define
R={ye X :d/2 <dist(y,z) < d} and
Cr ={ye X :dist(y,x) =r}.

Since

pR=p| |J G
8/2<r<é
and p(R) <1 for all u € T,, there are uncountably many r € (6/2,4) such
that
un(Cr) =0, n=1,2,....
Let r be one of them. It follows that

u(Cr) =0
for all p € T,. O

The Rohlin Tower Lemma is well known in ergodic theory. The following
two lemmas are some uniform versions of it, which will be used later.

LEMMA 3.3.  Let X be a compact metric space with infinitely many points,
let « : X — X be a minimal homeomorphism, and let T, be the set of
a tnvariant probability measures. Suppose that (X, «) has mean dimension
zero. Then, for any integer n > 1, there exist finitely many open subsets
G1,Go,...,Gy C X such that

(i) a/(G;) are mutually disjoint for 0 < j < h(i) —1, 0 <i < m,
(ii) h(i) >n for each i,
(i) (X \UZ UMD ™ ad(Gh) =0 for all p € T,

Proof. We start with a non-empty open subset 2 C X such that the o’ (Q)
are pairwise disjoint for 0 < j < n — 1. This is possible since « is minimal.
By 3.2 and 3.1, we may assume that (9(2)) =0 for all p € T,.

Let Y = Q. For each y € Y, define

r(y) = min{m > 1:a™(y) € Y}.

It follows from Theorem 2.3 of [16] (see also p. 299 of [17]) that sup,cy 7(y)
< 00. Let n(0) < n(l) < --- < n(l) be distinct values in the range of r, and
for each 0 < k <[, set

Yi={yeY:r(y)=nk)} and Y =int{y € Y : r(y) = n(k)}.

Set,
X ={yeY :r(y) <n(k)}.
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Since Y is closed, so is X}. Moreover, Yy = Xg. Then
Yo =Xo, Y1 =X\ Xo,..., Y1 = X; \ Xi_1.

Note that n(0) > n. o
Set Qg = int(Y"). Note that Q C Qg. Therefore Qp =Y. Put

S = a™@(Q) N Q.
Then S, is open and
(3.1) (@ OY)NY)\ S,
= [@ @) nY)\ " @0)| | [(@" @ () 1Y)\ Q]
c a™@(0(20)) | Ja(20).
It follows that
p(@"OY)NY)\51) =0
for all 4 € T,. Note that =" (a®®(Y)NY)) = Yy. By the continuity of
a, we also have
a_”(o)(Sl) =Yy
It follows that
(3:2) 1(Xo \ int Xo) = p(Yo \ Y5)) =0
for all u € T,,. For k > 0, let
S = o™ (Qg) N Q.

Then Sy, is open and, as above,

(3.3) p((@" B (Y)NY)\ Sp)) =0
forall p € T, and 1 < k <. We have
(3.4)

a " F (@B (V)N Y)\ X1 = Xi \ Xp_1 and o "®)(Sp) \ Xy = Y.
Moreover, for k > 0, by (3.4),
(3.5)
X\ int(X5) C (X \ Xp—1) \ V2| (K1 \ int(X51)
€ (a7 @@ D) NY)\ X ) \ (a7 B (S1) \ Xia)
U (Xp—1 \ int(Xp—1))
c (a7 (@ ®) 1Y)\ a " B(s}))

X1 \ int(Xx 1))
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By induction on k, combing the above with (3.2) and with (3.3), we conclude
that

(3.6) (X \ int(Xy)) =0

forall pe Ty, 1 <k <I.
We also have

(3.7) Vi \ VP C X\ X1\ (@ P (Sp) \ Xja)
c (a*”%)(an(’@)m nY)\ int(Xk_l))

\ (a7 (50 Xi )
¢ (a7 P @ M¥) NY)\ a0 (5y))

X1\ int(X1)).
From this, by (3.3) and (3.6), we have
(3.8) WY \Y?) =0 for all p e T,.
It follows from Theorem 2.3 of [16] (see also p. 299 of [17]) that
(i) o/ (Yy?) are pairwise disjoint for 1 < j <n(k), 0 <k <1,
(i) Upmo U5l o (¥i) = X.

Moreover,
1 n(k) . 1 n(k) '
p X\ U@ | <D ued (Ve \YR) =0
k=0 j=0 k=0 j=0
for all p € T,. Define G, = a(Y?), k = 0,1,...,l. With m =1+ 1 and
h(k) = n(k) + 1, we see that the lemma follows. O

LEMMA 3.4. Let X be a compact metric space with infinitely many points,
let @ : X — X be a minimal homeomorphism and let T, be the set of -
invariant probability measures. Suppose that (X, «) has mean dimension zero.
Let {y1,y2,...,yx} be an n/3-dense subset of X for some n > 0.

Then, for any integer n > 1, there exists an open subset G C X contain-
ing a subset {x1,x2,...,Tr} which is n-dense in X with dist(z;,y;) < n/3
(1 < i < k) such that o*(G) are mutually disjoint for 0 < i < n —1 and
u(U;:Ol a'(G)) >1—¢ forallueT,.

Moreover,

u(O(G)) =0
forallpeT,.

Proof. Choose an integer K > 0 such that 1/K < e. Let N =nK. By 3.3,
we obtain finitely many open subsets G1, G, ..., G, such that
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(i) o (G;) are pairwise disjoint for 1 < i <m, 0 < j < h(i);
(ii) (i) > N, 1 <i<m;
(iil) w(X\ U, Uj:% Lad (Gy)) = 0 for all u € T,
Write h(i) = L(i)n + r(i), where L(i) > 1 and n > r(i) > 0 are integers,
1=1,2,...,m. Define, for each i,

Ui, 1) = a™(Gy), U(i,2) = a*™(Gy), ..., UG, L(i) — 1) = o FO-Dn(q,),
Note that

h(i)—1
1 .
. )< — i@, <i<
(3.9) M(GZ)_nK,u U @ (Gi) ], 1<i<m,
7=0
for all u € T,.
So
h(i)—1 L [ro
(3.10) nl U oG] =r(u(Gi) < 2n ol (Gy)
J=L(9) j=0

forall u € T, and 1 <i < m. .
Let G = U, G U, UL UG, 5)). Then
(1) o’ (G) are pairwise disjoint for 0 < j <n — 1,
and, by (iii) and by (3.10),

2) wUjZ 07 (6)) > 1= 37, U] 07 (Gi) > 1— & > 1—¢ for all
we Ty.

Now let {y1,%2,.-.,yx} be an n/3-dense set. Define y, = a=(y;), i =
1,2,...,k. Choose § > 0 such that

dist(c(z), aly)) <n/9

whenever dist(z,y) < 4.

Choose z; = ;. Since y} is a condensed point, there is z2 € O(y}), where
O(yy) = {x € X : dist(y2,x) < §}, such that 2o & {a™(x1) : n € Z}. We then
choose z3 & {a™(x1), @ (x2) : n € Z} such that dist(z3,y2) < . By induction,
we obtain {z1,22,...,2x} C X such that none of z; lies in the orbit of z; if
i # j. We note that {a(z1), a(22),...,a(zk)} is 4n/9-dense in X. So we may
start with an open subset 2 which contains {z1, 22, ..., 2} at the beginning
of the proof of 3.3.

Note that, by the proof of 3.3, Gy, = a(Y}?), k =0,1,...,{. In the proof of
3.3,

1
Uwoy=a
k=0
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It follows that
l l
a)\ | Gk € [ a(m\ YD)
k=0 k=0

Since
(Ve \ YY) =0
for all u € T, and since « is minimal, for each 1,

Ula(z:) N | Gr #0,
k=1
where U(a(z;)) = {x € X : dist(a(zi),x) < n/9}. Choose a point z; €
U(a(z;))N U2:1 Gp, 1 < i < k. Then the above proof shows that

z,€G, 1=1,2,... k.

Note that dist(z;,v;) <n/3i=1,2,...,k and {z1,22,..., 2} is n-dense in
X. U

Let X be a compact metric space and let A be a unital C*-algebra. Suppose
that ¢ : C(X) — A is a homomorphism. Then ¢ can be extended to a
homomorphism from B(X), the algebra of all bounded Borel functions, to
the enveloping von-Neumann algebra A** (see 4.5.11 of [22]).

LEMMA 3.5. Let X be a compact metric space and ¢ : C(X) — A be a
unital monomorphism from C(X) into a unital simple C*-algebra A. Suppose
that G is an open subset of X such that

e (@ G) =0

for all T € T(A), where u, is the measure induced by T o ¢.

Then ¢(xa) (in A**) is continuous function on T(A), or equivalently, for
any € > 0, there exists f € C(X), with 0 < f(t) < 1 for allt € X and
f@®)=0ifte X\ G such that

[T(6(f) — (Gl <€
for all T € T(A).
Proof. Let h be a continuous function on X defined by
1
h = —
@) = Tt 6\ G

Note that 0 < h(z) < 1. Let gn(x) = h(z)" for x € X. Then g, € C(X).
The condition that p,(G \ G) = 0 and the fact that 0 < g, < 1 imply

-

that ¢(gn)(T) = [y gndp, converges to zero pointwise on T(A). Hence, by

for all z € X.

the Dini Theorem, ¢(g,) converges uniformly to zero on T(A4). Put f(z) =
X (@) — gn(x) for x € G and f(x) =0 for x € X \ G. It is easy to check that
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f € C(X). Moreover, 0 < f < 1. One sees, with sufficiently large n, that f
meets the requirements of the lemma. O

The author would like to thank the referee for the suggestion of this simple
proof which replaces the original longer proof.

4. Perturbations

The following lemma is well-known (note that finite dimensional C*-algebras
are semiprojective (see 0.4 of [20]) and their unit balls are compact).

LEMMA 4.1.  Let F be a finite dimensional C*-algebra. Then for anye > 0
there exist a finite subset G C F' and § > 0 satisfying the following: For any G-
d-multiplicative contractive completely positive linear map ¢ : ' — A, where
A is any C*-algebra, there exists a homomorphism h: F — A such that

Ih— ¢l <e.

LEMMA 4.2 (Lemma 4.1 of [12]). Let A be a unital C*-algebra. For any
e > 0 and finite subset F C A, there exist a finite subset G C A and § > 0
satisfying the following:

If B is another unital C*-algebra, ¢ : A — B is a unital contractive com-
pletely positive linear map which is G-0- multiplicative and T € T(B), then
there exists a tracial state t € T(A) such that

7o ¢(a) —t(a)| <e
foralla e F.

LEMMA 4.3. Let X be a compact metric space with infinitely many points
and let a : X — X be a minimal homeomorphism. Let G1,Gs,..., G be
finitely many open subsets with the property that u(G;\G;) = 0 for all i € T,.

For any e > 0 and a finite subset F C C(X), there exist a finite subset
G1 C C(X) and n > 0 satisfying the following:

If there exists a projection p € A, and a unital homomorphism ¢o: C(X) —
pAnp with finite dimensional range such that

(1) [I[pja(f) = da(Fpll <n for all f € G,
(2) llpja(f)p = ¢o(F)Il <n for all f € Gy,
(3) 7(1 —p) <n for all T € T(An),

and if ¢ : Aa — My is a unital Go-6-multiplicative contractive completely
positive linear map (for some k > 0) , where Gy is a finite subset of A,
and & > 0, both of which depend on the image of ¢o, G1, 1, €, as well as
G1,Gs,...,Gy, then there is 7 € T(A,), such that

[trod o ja(g) —7(9)| <&/2 and [trod o do(g) — 7(g)| <€
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for all g € F, there are {y1,y2,...,yx} C X and mutually orthogonal rank
one projections in My, such that

<e

Zf(yi)pi—¢°¢oo(f)

forall f € F and
N
nr(Gy) +e> =5 > e (Gy) — e,

where N; is the number of y;5 in G;. Moreover, % <e.

Proof. To simplify notation, without loss of generality, we may assume that
F is in the unit ball of C(X).

Let

vo =inf {u,(G;) :neT(A),j=1,2,...,L}.

Since A, is simple, one has 79 > 0. By Lemma 3.5, choose g; € C(X) with
0<g; <1,g(x)=0if z ¢ G;, and

(4.1) pr(G5) < 7(jalg;)) — min(yo/4,/8)

forall 7 € T(A) and j =1,2,..., L.
Let 71 = FU{g; : 1 < j < L}. Let 1 > 0 be such that

|f(z) = f(a")] <e/4
if dist(z,2") < my for all f € Fy. Let n = min{vy/32,¢/64,171/32}. Let G, =
Fi1. Suppose that p € A, and ¢g : C(X) — pA,p is a homomorphism with
finite dimensional range which satisfies (1)—(3) as described in the statement
(for the above Gy and 7).

Put F2 = jo(F1) U do(F1) U{p, 1 — pt U{pja(f)p: f € F1}.

Let G C A, be a finite subset and § > 0 be a positive number given by
Lemma 4.2 corresponding to F» and 7. Let C be the image of ¢, which is a
finite dimensional C*-algebra. Choose a smaller § required by 4.1 and a larger
G which contains a finite subset required by 4.1 for C' and 7.

Let Go = GUJF5. Now let ¢ : A, be a unital Go-6-multiplicative contractive
completely positive linear map from A, — M}, (for some k > 0).

By 4.1 (and the choice of G and §), we may also assume that there is a
homomorphism, ¢ : C(X) — EM,E (for some projection E), such that

l[oo(f) =@ o go(F)l <n

for all f € F;.
By the choice of G and ¢, applying 4.2, there is a tracial state 7 € T'(A)
such that

|7(a) — trog(a)] <n
for all f € F5. In particular,

|T(1 = p) —trop(l —p)| <n.
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It follows that
(4.2) trog(l —p) < 2n < e/4.
Moreover,
|7(Ja(f)) = trogoo(f)] < 3n

for all f e F;.

Write goo(f) = Yoiey f(ui)pi for all f € C(X), where y; € X and {p1,ps,
..,Pr} is a set of mutually orthogonal rank one projections in My, and

0< K <k.
On the other hand,

(4.3) | tr(do0(9:)) — 7(Ja(9i))] < 3n
fori=1,2,..., L. It follows from (4.1) and (4.3) that

NA
pe(G) +e/2> SE > 1r(Gy) — /2

where N; is the number of y;’s which lie in G;, j =1,2,..., L.
By (4.2), we compute that

k—K
<egld<e. O

LEMMA 4.4. Let X be a finite dimensional compact metric space with
infinitely many points and o« : X — X be a minimal homeomorphism. Sup-
pose that p(Ko(Ay)) is dense in Aff(T(As). Then, for any ¢ > 0, 0 >
0 and finite subset F C C(X), there are mutually orthogonal projections
{p1,p2,.- -, Pm} C Aa and {x1,22,...,2,m} C X such that

(1) Ipjalf) = ja(Fpll < & for f € F, where p=37" | px,
(2) llpja(fp — 2oy f(@i)prll < e for all f € F,
(3) (1 —p) <o forallTeT(A,).

Several versions of Lemma 4.4 are known. By 2.1, A, has tracial rank zero.
Lemma 4.4 then follows from the definition of tracial rank zero and Lemma
6.27 of [11].

LEMMA 4.5. Let X be a finite dimensional compact metric space with
infinitely many points and let a : X — X be a minimal homeomorphism.
Suppose that p(Ko(Ay)) is dense in Af f(T(Aq).

Let G1,Ga,...,Gr be finitely many open subsets with the property that
w(Gi\G;i) =0 for all p € T,,. For anye > 0 and any finite subset F C C(X),
there are a (specially selected) projection p € A, with T(1 —p) < &/2 for all
T € T(Ay), and a finite subset G C A, and § > 0 satisfying the following
property:
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If ¢ : Ao — My, is a unital G-6-multiplicative contractive completely positive
linear map (for some k > 0), then there is T € T(A,) such that

[trogoja(g) = m(9)| < /2 and |trog(pgp) —7(g)| < e

for all g € F, and there are {y1,y2,...,yx} C X and mutually orthogonal
rank one projections {p1,pa, ..., Pk} in My such that

<e€

K
Z fyi)pi — & o (fp)

forall f € F and
N,
w(Gj) +e> ?J > u(Gj) —e,
where N; is the number of yis in G; and p is the probability measure induced

by 7. Moreover, % <e.

Proof. To prove this lemma, we combine 4.3 and 4.4. Fix ¢ > 0 and a finite
subset F C C(X). Let Gy C C(X) be a finite subset and 1 > 0 given by 4.3.
By applying 4.4, we obtain a projection p € A, and a unital homomorphism
¢o : C(X) — pAp with finite dimensional range which satisfies (1)—(3) in 4.3.
We then apply 4.3 to obtain this lemma. O

LEMMA 4.6. Let A be a unital simple C*-algebra with the following prop-
erty: Any two projections p and q in A with 7(p) = 7(q) for all T € (A) are
equivalent.

Let X be a compact metric space and hi,he : C(X) — A be two unital
monomorphisms. Suppose that

(4.4) Tohi(f) =T7oha(f)
forallT € T(A) and all f € C(X). Suppose also that, for any r > 0, there are
finitely many pairwise disjoint open subsets Uy, Us, ..., U, whose diameters

are less than r such that X = J;~, U; and

Hrohy (U((]Z\ UZ)) =0

for all T € T(A).

Then, for any n > 0, there exist a finite subset Fo C C(X), F C A and § >
0 satisfying the following: for any F-0-multiplicative contractive completely
positive linear map ¢ : A — B and any homomorphism 1,15 : C(X) — B
for some unital stably finite C*-algebra B with

[ ohi(f) =il <6
forall f € Fo, 1 =1,2, one has

fitoy, (S) < oy, (By(S)) and oy, (S) < prioy, (By(S))
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for any t € T(B) and any closed subset S C X, where B,(S) = {z € X :
dist(x, S) < n}.

Proof. Fixn > 0. Let X = Zjvzl X;, where each X; is a clopen set which is
71/4-connected, i.e., for any two points x,y € X;, there are x1,x2, ..., 2, € X;
such that dist(x,z1) < n/4, dist(z;, z;11) < n/4 and dist(zn,,y) < n/4.

Let Uy, Us, ..., U, be pairwise disjoint non-empty open subsets whose di-
ameters are less than 7/8, such that X = J;, U; and

Hroh,y (O(Uvz\ Uz)) =0

i=1
for all T € T(A).
Let
d =inf {firon, (U;) : 1 <i<m,7 € T(A)}.
Since A is simple, d > 0.

Let e; = hi(xx,) and f; = ha(xx,), where xx, is the characteristic function
on the clopen set X;, i =1,2,..., N. Then, for any 7 € T(A),

(4.5) (ei) = 7(f:)

for all 7 € T(A). By the assumption on A, there is a partial isometry u; € A
such that

(4.6) uiu; = e; and wu; = f; i=1,2,...,N.
Let A be a subset of {1,2,...,m}. By 3.5, for each A, there exists a

grn € C(X) with 0 < gp < 1, ga(w) = 1if 2 € (J;cp Ui and gi(z) = 0 if
dist(z,J;ep Ui) > 1/128 such that

(47) T(hl(g/\)) - g < Wrohy (U Ul)
i€EA
forall T € T(A),i=1,2,...,m.

Let Fo = {ga: A C {1,2,...,m}}, F = {w,uf : 1 <i < NYUZ, hi(Fo).
Let G be a finite subset and § > 0 be given by 4.2 for the above A, F and
d/8. We may assume that 6 < d/4.

Now suppose that ¢ : A — B is a G-0/4-multiplicative contractive com-
pletely positive linear map and v; : C(X) — B is (for each i) a homomor-
phism such that

(4.8) 19:(f) — o hi(f)Il < 6/4

for all f € F.
Hence

(4.9)  lla(xx;) = @r(ui)p(ua)*|| < 6 and [[eha(xx;) — P(ui)*G(us)]| <
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fori=1,2,...,N. With § < d/4 < 1, it follows (for example, from 2.5.3 of
[11]) that 91 (xx,) is equivalent to ¥2(xx,) in B, i=1,2,...,N.
In particular,

(4.10) t(1(xx,)) = t(Y2(xx,))

forallt e T(B),i=1,2,...,N.
By the choice of G and §, applying 4.2, we have, for each t € T(B), that
there is 7 € T(A) such that

(4.11) [7(h1(ga)) —tov;(ga)| < d/8
for j=1,2and A C {1,2,...,m}.

For any closed subset S C X, if S is a union of some of X;, then, by (4.10),
(4.12) ftowy (S) = ftoy, (S)-

Suppose that S is a closed subset of X which is not a finite union of some
X;’s. Then there must be a point § € By, /16(S)\ By/4(S). But dist(§,U;) =0
for some j. Since the diameter of U; is less than 7/8,

(413) Uj - B777/16(S) C BU/2(S)
It follows from (4.11) that
(4.14) frou, (Uy) > d/2

for all t € T(B), i = 1,2. Since U; N By, /64(S) = 0, we have
(4'15) Htowp; (BTI(S)> > d/2 + ftoy; (B777/64(S))'

There is a A C {1,2,..., N} such that UieAﬁ D S. Suppose that A is
smallest such subset of {1,2,..., N}. Then

(4.16) supp ga C Bry/64(S) and fisoy, (Bry/6a(S)) > t(¥i(ga))
for allt € T(B) and i = 1,2.

By 4.11,
(4.17) |t ot1(ga) —toa(ga)l <d/8
for all t € T(B). By applying (4.17), (4.16) and (4.15), it follows that
(4.18) fro (5) < H(1h1(ga)) < t(¥2(ga)) +d/8

< ftops (Bry64(S)) + d/8 < piroy, (By)
for all t € T(B). Similarly,
(419) Moy (S) < Htoypy (B??)
for all t € T(B). U
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LEMMA 4.7. Let X be a finite dimensional compact metric space with
infinitely many points and let a : X — X be a minimal homeomorphism.
Suppose that p(Ko(Ay)) is dense in Af f(T(Ay))-

Let e > 0 and let F C C(X) be a finite subset. Let n > 0 be any positive
number such that

[F(8) — f()] <e/8
if dist(¢,t') <n for all f € F.
Let n be an integer so that 1/n < /4 and let G be an open set such that
ad(G) are pairwise disjoint for 0 < j < n — 1 with the following properties:
(i) G contains z;, i = 1,2,...,1, where {x1,22,..., 21} is 1/2-dense in
X .

)

(i) w(U; al(G)) > 1—¢/16 for all u € Ty;
(iii) p(0(G)) =0 for all p € Ty,.

Then there exist a (specially selected) projectionp € A, with 7(1—p) < /2
for all T € T(As), a finite subset G C A, and 6 > 0 satisfying the following
property:

If ¢ : Ay — My (with k > In) is a G-6-multiplicative contractive completely
positive linear map, then there are m distinct points

{yi,i=1,2,...,m}
withy; € G, vy =vy;,1=1,2,...,1 <m, andk_% < e/4 such that

n—1

(4.20) iZf (ya)pi; + Z f(z)pi — d(pja(fP)|| <€

j=0 i=1 i=K+1
(K =mn < N <k) for all f € F, where
{pij:1<i<m,0<j<n-1}U{prxi1,.--,PN}

is a set of mutually orthogonal rank one projections in My, and {zx41,...,2Nn}
C X.

Proof. Let m1 > 0 such that 9, < n and
(4.21) dist(a? (z),a’ (2)) < n/2
if dist(x,2’) <, —=n+1 < j <n —1. Let 72 > 0 be such that 1y < 71 and
(4.22) dist(a? (2),ad (') < m1/2

if dist(x, ') <2, j=1,2,...,n— 1.

Since X has finite covering dimension, (X, «) has mean dimension zero
(see 3.1). Let U; be an open ball with center at x; and radius 72/4 such that
w(U \U;)=0forall p € T,,i=1,2,...,L.
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Now we apply 4.5 with open subsets {U; : 1 < i < L} and {a/(G) : 0 <
j<n-—1}. Let §; > 0. By 4.5 for m and F, with sufficiently large G and
sufficiently small d, we may assume that k is sufficiently large and

N
(4.23) H¢ o (pja(£)p) = f(zi)pi| < min{e/8,41},

i=1
where p € A, is a specially selected projection with 7(1 — p) < £/8 for all
T € T(A,), where ’“’TN < ¢/8 and where {z1,...,2x} is a set of distinct

points of X. By applying 4.5 (with finitely many open U;’s and o/(G)’s in
place of G;), and using (ii) above, we may also assume that there are at least
m distinct points {y; ; : i =1,2,...,m} of {z1,22,...,2n} in each of a/(G)
(for some 1 < J <L), j=0,1,...,n— 1, such that

(4.24) >

Furthermore, we may assume that m > L and yo, € U; 1 = 1,2,...,l. Put

U(f) =N, f(z)p: for f € C(X). With sufficiently small &, and sufficiently
large G, by 4.6, we may also assume that

(425) MtTO\IJ(S) < #tTO\I’O((X—j)*(SWQ/Q) and /‘tro‘l’o(a—j)*(s) < ,Uftro\I/(Snz/Q)
for any closed subset S C X, where (a=)*(f) = foa™,j=1,2,...,n—1
and where S,, » = {r € X : dist(x,5) < n2/2}.

Thus, by the choice of 7, for any ys@y,;, ¢ =1,2,..., M with 1 < M <m,

there exist &1,&5,...,&\ € {z € X : dist(z, {y1.0,¥2.0,---»Um.0}) < m/2}
such that

dist(ys(iy j, 7 (&) <m2/2, i=1,2,..., M.

Then, by the choice of 1y, there are &1, &2, ..., € {¥1.0,¥2,0,---»Ym,0} such
that

diSt(ys(i),jv aj(gl)) < 77/23 i=1,2,..., M.

Similarly, for any &7,£5,...,&y € {¥1,0,92,0,- .-, Ym,0}, there exist y;(i)ﬂ., 1=
1,2,..., M, such that

dist(a? (&), Yl ;) <n/2 i=1,2,..., M.
It follows from the “marriage lemma” ([7]) (see also 2.1 of [23]) that there is
a permutation o; : {1,2,...,m} — {1,2,...,m} such that
diSt(yi,jﬂ aj (yﬂ'j (1)70)) <,

j=1,2,...,n— 1. By the choice of n and by replacing /8 by /4 in (4.23),
we may assume that y; ; = o/ (y;0) and y; 0 = x; for 1 <i <I. Let y; = 1,4,
1=1,2,...,m. Put K =mn.
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Thus, from above, with sufficiently large G and sufficiently small §, we may
also assume that,

N m
(4.26) Zf(zi)pi— Zf (yi))pij + Z fzopi ||| <e/2
=1

i=K+1

<.
I

o
.

—

for all f € F. Then (4.20) follows from (4.23) and (4.26). Moreover, by (4.24)
and (4),

K nm 1 €

Tk oG T
as desired. O

PROPOSITION 4.8. Let A and B be two unital separable C*-algebras with
TR(A) = TR(B) = 0. Suppose that A : Af f(T(A)) — Aff(T(B)) is a unital
order affine isomorphism. Then there are finite dimensional C*-algebras F,,
a sequence of unital contractive completely positive linear maps ¢, : B — Fy,,
and a sequence of unital contractive completely positive linear maps ¥, : A —
F,., satisfying the following properties:

(1) For all a,b € A,
lim [|¢r, ()¢ (b) — ¢n(ab)l| =
and for all z,y € B
Jim [ (2)9n (y) = Y (zy)] = 0;

(2) there is an affine continuous map A, : T(B) — T(F,) such that, for
each b € B,

(4.27) [An(7)(¢n (b)) — T(b)] — O

uniformly on T(B);
(3) for each a € A,

(4.28) (A@)(7) = An(7) © ¢n(a)l = 0
uniformly on T'(B)

Proof. Let ¢ > 0, F C A and G C B be two finite subsets. To simplify
notation, without loss of generality, we may assume that F and G are in the
unit balls of A and B, respectively.

Since TR(A) = 0, by [9], for any § > 0, there exist a projection p € A and
a finite dimensional C*-subalgebra C of A with p = 1¢ such that

(i) |lpa —ap|| < /8 for all a € F,
(i) dist(pap,C) < /8 for all a € F,
(iii) t(1 —q) < /4 for all t € T(A).
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We choose § < min{e/4,1}. Moreover, by 2.3.5 of [11], there exists a
contractive completely positive linear map zﬁ’ : pAp — C such that zZ(c) =c
if ¢ € C. Define 9(a) = ¢/ (pap) for all a € A.

Write C' = @le Mp;). Denote by e; a minimal rank one projection in
Mgy, i =1,2,...,k. Since TR(B) = 0, pp(Ko(B)) is dense in Af f(T(B)).
So there exists a projection p; € B such that
(4.29) A(&i) (1) —6/8 <7(pi) < A(&)(7)

forall T € T(B),i=1,2,...,k. Note

k
Z R(i)[p:] < [1B]

in Ko(B). Thus (since TR(B) = 0) we obtain a C*-subalgebra By C B
for which there exists an isomorphism ; : C — By so that v1(e;) = pi1,
i=1,2,... .k

Choose G; which contains G and ) o 1;(]: ) as well as a set of generators
of By. For any §; > 0, there is a projection ¢ € B and a finite dimensional
C*-subalgebra F' of B with ¢ = 1y such that

(1) |lgb —bql| < 81/8 for all b € Gy;
(2) dist(gbg, F') < 61/8 for all b € Gy;
(3) 7(1 —q) < é1/4 for all T € T(B).

We may assume that d; < min{e/4,1}. By 2.3.5 of [11], we may assume
that there exists a contractive completely positive linear map ¢’ : ¢Bq — F
such that ¢(b) = bif b € F. Define ¢ : B — F by ¢(b) = ¢'(¢bq) for all b € B.
Then ¢ is a G1-61 /4-multiplicative contractive completely positive linear map.

Furthermore, by 4.1, we may assume that there exists a homomorphism
h: By — F so that

1= |, || < /8.
For each T € T(B) define A(7) = %Th:‘. Since, for any b € B,
7((1 = ¢)bg) = 0 = 7(¢b(1 — q)),
we have
(4.30) |7(b) — 7(qbg)| < 01/4
for all 7 € T(B). With §; < 1, for any f € F,

@) - AW < (1= o5 ) 1 < @31

for all 7 € T(B). By (2) above, (4.30) and (4.31), we estimate that

(4.32) |7(b) — A(T)((b)] < 61/4+ 61/8+ (61/3)(1 + 61/8) + 61/8 < /2
for all b € G;.
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Define 1(a) = h o (¢(a)). Note that ¢ is from A to F C B and it is
F-e-multiplicative. We also compute that

[A@)(T) — A(T)((a))] <€
for all a € F. O

5. Uniform approximate conjugacy in measure

DEFINITION 5.1. Let X be a compact metric space and let o : X — X
be a minimal homeomorphism. Define F'(X) to be the set of those measures
v that are concentrated on finite subsets of X.

Fix a finite set of points x1,za, ...,z € X and k positive affine continuous
functions ay, as,...,ar € Aff(T(Ay)) with Zle a; = 1. One can define an
affine continuous map A : T, — F(X) b

k
(5.1) /fdA(u) DA

for all f € C(X). To simplify notation, we also use A for the induced affine
continuous map from T'(4,) to F(X).

DEFINITION 5.2. Let X be a compact metric space and o, (3 : X — X
be two minimal homeomorphisms. We say that o and (3 are approximately
conjugate uniformly in measure if there is a sequence of open subsets {O,, },
with each O,, being 1/n-dense in X, and a sequence of Borel isomorphisms
{¥n} on X, with the following properties:

(1) For each o > 0,

(5.2) pu{x e X : dist(’yglavn(z),ﬂ(:ﬂ)) >o0})—0,

(53) w({ € X : dist(ora(z), 1B(2)) > 0}) — 0,
and

(5.4) v({z € X : dist(v,07, ' (z),a(z)) > o}) — 0,

v({z € X« dist(B, ' (z), 7, a(x)) > 0}) = 0,
uniformly on 73 and T, respectively.
(2) 7 (Oy) is a 2-dense open subset, 7, is continuous on O,, and 7, !
continuous on v, (0y,).
(3) There exists an affine continuous map A,, : Tg — F(X) such that
J f o vndAy, (1) converges uniformly on Tp for all f € C(X), which
defines an affine homeomorphism r : Ty — T, and

/fdu /fdA ‘—>o

uniformly on T} for all f € C'(X), and there exists an affine continuous
map A, : T, — F(X) such that [ fo~, 'dA, (v) converges uniformly
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on T, for all f € C(X), which defines the affine homeomorphism
12T, — T3, and

(5.7) ’/fdu /fdA ‘—>o

uniformly on T, for all f € C(X).

REMARK 5.3. In general, one should not expect that {7, } converges in any
suitable sense. Nevertheless, it is important that {~, } carries some consistent
information. Note that Borel equivalences (or even homeomorphisms) do not
preserve measures. For a sequence of homeomorphisms {7, } from X onto X,
even if each ~,, does not map positive measure sets to sets with zero measure,
it could still happen that, for example, u(v,(E)) — 0 for some Borel set
E with p(E) > 0. Therefore one should regard (3) as a crucial part of the
definition.

It should be noted that the relation of approximate conjugacy uniformly in
measure is a rather weak relation. Given an affine homeomorphism r : T, —
T3, Theorem 5.6 provides a sequence of maps {,} which induces the map r
in the sense of (3) in 5.2 and v;, Lary, (z) converges to 3 and 7,37, converges
to a in measure uniformly on T and Ty, respectively. It is interesting to see
that there exists a sequence {7,} which induces r.

For convenience, we list two known facts below.

LEMMA 5.4. Let X be a compact metric space and o : X — X be a mini-
mal homeomorphism. Then, for any x,y € X and any two open neighborhoods
N(z) and N(y) of x and y, there exist a neighborhood O(x) C N(x), an open
subset O C N(y), and a homeomorphism o from O(x) onto O.

Proof. This follows from the minimality immediately. In fact, for any ¢ > 0,
there exists n > 1, such that
dist(a™(z),y) < /2.
Since a™ is continuous, there exists § > 0 such that
a™({€ € X :dist(z, &) < 0}) C {€ € X : dist(y,&) < e}
This means that the homeomorphism o™ maps {z € X : dist(z,&) < ¢} into
the neighborhood {¢ € X : dist(y, &) < e}. O

LEMMA 5.5. Two second countable locally compact Hausdorff spaces are
Borel equivalent if they have the same cardinality (< 2%0) .

See 4.6.13 of [22] for a proof of 5.5.
We remind the reader that when X is a finite dimensional compact metric
space and « is minimal, (X, ) has mean dimension zero ([19]).
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THEOREM 5.6. Let X be a finite dimensional compact metric space with
infinitely many points and let a, B : X — X be two minimal homeomorphisms.
Suppose that p(Ko(Aq)) is dense in Aff(T,)) and p(Ko(Ag)) is dense in
Ky(Ag). Then the following are equivalent:

(1) There is an affine homeomorphism r : Tg — T,,.
(2) «a and B are approximately conjugate uniformly in measure.

Proof. It suffices to prove “(1)=(2)".
Fix € > 0 and a finite subset F C C(X). Fix 1 > 0 such that

[f(x) = fa)] <e/8

if dist(z, 2") < no.
Choose an integer n > 0 such that 1/n < £/8. Choose n; > 0 such that

(5.8) dist(a” (z), o’ (y)) < mo/2 and dist(5 (x), # (y)) < 10/2

if dist(z,y) <m,j=1,2,...,n— 1.
Let n = min{e/4,m1/4,m0/4}.
By 3.4, one obtains an open subset G that satisfies the following properties:
(i) G contains U§:1{$ € X : dist(x,z;) < d} for some d > 0, where
{z1,22,..., 2} is n/6-dense;
(ii) of(G) are pairwise disjoint for 0 < j <n —1;
(iii) p(X\ U2y o/ (G)) < /8 for all p € Ty;
(iv) w(0(G)) =0 for all u € T,.

Similarly, let {2 be an open subset that satisfies the following properties:

(i’) € contains at least one open ball of &;, where {&1,&s,...,&} is n/2-
dense in X;
(i) B7(Q) are pairwise disjoint for 0 < j <n — 1;
(iii") (X \ Uy #7(Q)) > 1 —e/8 for all pu € Tp;
(iv’) p(0(Q)) =0 for all p € T,.

Note that we can use the same number ¢ for the number of points in
{x1,22,...,2:} and in {&1,&a,...,&}. When we apply 3.4 to obtain 2, we use
the n/6-dense set {x1,x2,...,2:} to obtain the n/2-dense set {£1,&2,...,&}.

Suppose that O(z;) are open balls of x; so that O(z;) C G and O(¢;) are
open balls of &; so that O(&;) C Q. Since (X, &) has mean dimension zero, let
{01,04,...,0} be a finite set of pairwise disjoint open subsets of X such
that each O; has diameter less than 7, /2, X = Uleﬁi and p(0; \ O;) =0
for all u € T,,. We may assume that O(z;) C Oy NG for some @', by choosing
a smaller open ball of z; if necessary. Further, by considering a suitable
open ball of z; with universal null boundary, we may simply assume that
0;,=0(x;),i=1,2,...,t and L > t.
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Let {Uy,Us,...,UL, } be a finite set of pairwise disjoint open subsets of X
such that each U; has diameter less than 7, /2, X = U1L=11 U; and v(U;\U;) =0
for all v € T. We may also assume that O(§;) =U;, i =1,2,...,tand t < L;.

Let p € A, and g € Ag be the specially selected projections as given by
4.7 with

(5.9) 7(1—p) <e/l6 and (1 — q) < /16

for all 7 € T(A,) and 0 € T'(Ag) for /4, F, n, n and G above and €/4, F, n,
n and {2 above.

Let G1 C A be a finite subset (in place of G) and ¢ > 0 as given by 4.7 for
the above £/4, F, n, n and . Let Go C A, be a finite subset and §; > 0 as
given by 4.7 for the above /4, F, n n and G.

Let rf : Aff(T(As)) — Aff(T(Ap)) be the affine isomorphism induced
by r. It follows from 4.8 (and (5.9)) that, with sufficiently large G; and
sufficiently small §, there is a finite dimensional C*-algebra By, a unital G;-
d-multiplicative contractive completely positive linear map ¢ : Ag — By, a
Go-d-multiplicative contractive completely positive linear map ¢ : A, — By,
and an affine continuous map Ag : T'(Ag) — T'(By), such that

(1) for all 7 € T(Ag) and f € F,

(5.10) |80(T) 0 d(ajp(f)g) — 7o jp(f) < e/8;

(2) for all 7 € T(Ag) and f € F,

L —

(5.11) 175 (Ga (D)) = Do () 0 Y (pja(f)p)] < /8.

Write By = @’;”ZlMR(s) and let m : Bg — Mp(,) be the canonical projec-
tion map. By applying 4.7, for each s, there are integers K(s) = mgn and
K'(s) = m/n with m, = ZiLzl ms(i) and m/, = lL,lzl m(i'), and points
yia(s) € 0; NG, 1 = 1,2,...,my(i), i = 1,2,...,L, Yuy(s) € Ui NQ,
'=1,2,....m.(i), 7 =1,2,..., Ly, such that

S

(5.12) Z F( (Yi1(5)))Ps.i g
il,j
N(s)
+ > fz)psi — ms oo (pia(f)p)|| < /4
i=K(s)+1

for all f € F and
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(5.13) || D> F(F (Yiu(s)qs,ir i
g
N'(s)
+ Y f(E)gei — o do (qjs(fa)|| < /4
i'=K'(s)+1

for all f € F, where
{ps,i,l,j : ia la]} U {ps,i 1> N(S)} and {qs,i/,l’,j : ilyllaj} U {qs,i’ : il > N/(S)}

are sets of mutually orthogonal rank one projections in Mg, and z;, 2z € X.
In addition, by 4.7, we may assume that y;1(1) = z; and Y;1(1) = &, i =
1,2,...,t.

Furthermore,
R(s) — K(s) R(s) — K'(s)
5.14 _— 4 and —————= 4
(5.14) RG) < e/4 an RG) <e/
fors =1,2,...,ky. Without loss of generality, since X has no isolated points,

we may assume that {y;;(s) : ¢,1,s} and {Yi 11)(s) : ¢',', s} are two sets of
distinct points. If m/, > m,, we will move m) — ms many points of Y;/ ;s (s)
to the set {z} : i'}. If, on the other hand, ms > m/, we will move m, — m/),

many points to {z; : i}. So, either way, we may assume that ms = m/ and
K(s) = K'(s). Note that we still have % <e/4.

By replacing ¢ by ad u o ¢, for a suitable unitary in By, we may assume
that

Psing 1 <i<L,1<1<mg(i),0<j<n—1}={qsir;}

Since now we assume that my = m/, we define, for each s, ¥(Yi 1 (s)) to

be a one-to-one bijection between {Yi/(s) : ¢',1',s} and {y;(s) : i,1,s}. We
may also assume that 3(Y;1(1)) = y;1(1), : = 1,2,...,¢t.

To construct the desired map +, we divide O; NG into 250:1 ms(i) pairwise
disjoint sets B, ,; as follows: Choose d(s,,1) > 0 so that the open balls
B(yi(s),d(s,4,1)) are mutually disjoint. If (s,4,1) # (1,4,2), define By, ; =
B(yi(s),d(s,1,1)). Define By ;2 = (0; N G)\ (((5,i.1)2(1,i,2) Bsist). Similarly,

we then divide U NQ into 120:1 m/,(i') pairwise disjoint subsets C; ; » which
is either an open neighborhood of Y/ ;(s) or a closed subset which contains
an open neighborhood of Yy ;(s).

Note that, since every point in X is condensed, B ;; and Cj ;- are second
countable locally compact Hausdorff spaces with cardinality 2¥. By 5.5, they
are all Borel equivalent.

Define a Borel equivalence v : X — X as follows:

By 5.4, there is an open neighborhood Z(i,1,s) of Y;1(s) in Cs;1 (for
1 <i<t)and a open subset Z(i,1, s) of B, ;.1 which are homeomorphic. In
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particular, the closure of a smaller open neighborhood of Y; 1 (s) is homeomor-
phic to the closure of an open subset of Z(i, 1, s). Thus, by taking a sufficiently
small such neighborhood and by applying 5.5, one obtains a Borel equivalence
v from Cj ;1 onto B, ;1 which maps a non-empty neighborhood Z(i, 1, s) of
Y; 1(s) to an open subset of a neighborhood of y; 1(s) homeomorphically for
1< <t

For the rest of C,;; (I > 1 orl =1, but ¢ > t), we define v to be a Borel
equivalence from Cs ;; to By if 4(Yii(s)) = vii(s).

We define v on 37 (Cs 1) tobe a? oyo 77, j=1,2,...,n— 2.

Since X \ U;Zg o’ (G) (which is a compact subset of X which contains
a" @) and X \ U;L;OQ a?(£2;) (which is a compact subset of X which con-
tains a"~1(Q)) are Borel equivalent, we obtain a Borel equivalence vy of X
which is bi-continuous on O = J;, , Z(¥', 1, s). Nc~)te that v maps U;ZOQ B7(Q)
onto U;l;oz a’(G). We also have v(Z(i,1,5)) C Z(i,1,s). Since Ule O, and
Uﬁl:l U; have diameter less than 7/2, by the construction, we see that O and
~v(0) are n -dense in X.

Moreover, on each 37(Cj ;1) with 0 < j <n —2,

(5.15) dist(y tay(z), B(x)) < n and dist(ay(z),y6(x)) <.

We also have, on each o/ (B; ;) with 0 < j <n—2,

(5.16) dist(v8y " (x), a(x)) < n and dist(By(z), v ta(z)) <.
Since

(5.17) v(B" Q) < 1/n < g/8 and p(a™ HG)) < 1/n < e/8

for all S-invariant probability measures v and a-invariant probability measures
u, we conclude that

(5.18) v({r € X : dist(y tay(z), B(x)) > n}) < /4 and
(5.19) p({x € X : dist(y8y H(x), a(z)) > n}) < /4

for all B-invariant probability measures v and a-invariant probability measures

-
To complete the proof, it remains to check (3) of 5.2. to this end, we note
that, by (5.12), (5.13) and (5.14),

(5:20) | D> £ (i4())D0(7) (Do i) — Do(T) (W 0 (pfal(f)P))| < £/2

ERAN]

and

(521) | D FFYia(5)) Do (1) (gs,irr i) — Do(7) (60 (q7a(f)a))| < /2

! Y
ERANAN
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for all f € F and 7 € T(Ap). Note also that, for each s, Ao(7)(ps,i1,;) =
ANo(T)(gs,ir1r,5) = % for all 4,4’,1,1’, 7 and for some non-negative constant
Cr.

We also estimate that, for each s,

622) | Y fouB ey
i',17,0<j<n—2
- i’w;n2 f(aj(yivl(s)))ﬁl) <e/8
and
623) | 3 T @) g
i,l,0<j<n—2
T, R < el

for all f € F and 7 € Tp.
Define A : Tg — F(X) by

ko
[raawn =3 % FB V() 5

s=1,1/,0<j<n—2

for all p € T (where p = p,) and all f € C(X). Note that [ fd(r(n)) =
" Ga(H)(T) (& = pr). Combining (5.9), (5.10), (5.11), (5.14), (5.20) and
(5.22), we have

(5.24) \ [ s~ | fd(A(u»] <
(5.25) \ [ rondain - [ fd(r(u))‘ <e

for all B-invariant probability measures p and all f € F.
Define A : T,, — F(X) by A(v) = A(Th_l(l/)) for v € T,,. Then we have,
by (5.9), (5.10), (5.11), (5.14), (5.21) and (5.23),

(5.26) ‘ / fdA(v) — / fdv
(5.27) ‘/foyldA(u)/fd(rl(u))‘ <e

<e,

for all a-invariant probability measures v and all f € F. O
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6. Concluding remarks

6.1. Let X be a compact metric space and T be a convex subset of prob-
ability Borel measures. Suppose that I',,,I" : X — X are Borel maps and
I', — A, in measure uniformly on 7. Then a uniform Egorov theorem holds.
Put

(6.1) Sk ={r € X : dist(T'y,, T'(z)) > 1/k},
k=1,2...,and m = 1,2,... Let 6 > 0. For each k > 0, there exists an
integer n(k) such that
0

(6.2) (S k) < 5
for all p € T, if n > n(k). Put

(oo} (oo}
(6.3) E=() () {zeX:dist(Tm(x),I(x)) < 1/k}.

k=1m=n(k)

Then T',, converges to I' uniformly on E. Furthermore,

(6.4) WX\E) <p (U Sn(k),k) < ZM(Sn(k),k) <6
k=1 k=1

for all 4 € T. Thus, in Theorem 5.6, for any § > 0, there exists a Borel
subset £ C X with u(X \ E) < § for all p € Tp such that ~,, 'a~y, converges
to (8 uniformly on E. Moreover, there exists a Borel subset £/ C X with
w(X \ E’) < 6 such that v, 3y, converges to o uniformly on E’. A similar
measure theoretical argument, by taking a subsequence of {~,}, shows that
there exist Borel measurable subsets F,, Fg C X such that v, *a-y, converges
to § on Fj and 7,07, " converges to @ on F,, and X \ Fj and X \ Fj are
universally null, i.e., p(X \ Fg) =0 for all p € T and v(X \ F,) = 0 for all
velTl,.

6.2. Suppose that X is the Cantor set and suppose that o, 6 : X — X are
two minimal homeomorphisms. Then in Theorem 3.4 G can be chosen to be
clopen. Since a non-empty clopen subset of the Cantor set can be divided into
m non-empty clopen subsets for any integer m > 0, in the proof of 5.6, B; ; s
and C 1/ s can be chosen to be also non-empty clopen subsets of X. They all
are homeomorphic. It is then easy to see that the map y in the proof can be
made a homeomorphism. In other words, we have the following corollary:

COROLLARY 6.1. Let X be the Cantor set and let a, 5 : X — X be mini-
mal homeomorphisms. Then o and B are approzimately conjugate uniformly
in measure if and only if there is an affine homeomorphism r: T, — Tga.
Moreover, when o and 3 are approzimately conjugate uniformly in measure,
the conjugating maps v, can be chosen to be homeomorphisms.



(1]

[19]

[20]

(21]

22]

MINIMAL HOMEOMORPHISMS 1187

REFERENCES

B. Blackadar, K-theory for operator algebras, Mathematical Sciences Research Insti-
tute Publications, vol. 5, Springer-Verlag, New York, 1986. MR 859867 (88g:46082)
K. R. Davidson, C*-algebras by example, Fields Institute Monographs, vol. 6, American
Mathematical Society, Providence, RI, 1996. MR 1402012 (97i:46095)

G. A. Elliott and G. Gong, On the classification of C*-algebras of real rank zero. II,
Ann. of Math. (2) 144 (1996), 497-610. MR 1426886 (98j:46055)

G. A. Elliott, G. Gong, H. Lin, and C. Pasnicu, Abelian C*-subalgebras of C*-algebras
of real rank zero and inductive limit C*-algebras, Duke Math. J. 85 (1996), 511-554.
MR 1422356 (98a:46076)

R. Exel, Rotation numbers for automorphisms of C* algebras, Pacific J. Math. 127
(1987), 31-89. MR 876017 (88a:46068)

T. Giordano, I. F. Putnam, and C. F. Skau, Topological orbit equivalence and C*-
crossed products, J. Reine Angew. Math. 469 (1995), 51-111. MR 1363826 (97g:46085)
P. R. Halmos and H. E. Vaughan, The marriage problem, Amer. J. Math. 72 (1950),
214-215. MR 0033330 (11,423h)

J. Kulesza, Zero-dimensional covers of finite-dimensional dynamical systems, Ergodic
Theory Dynam. Systems 15 (1995), 939-950. MR 1356620 (96m:54078)

H. Lin, The tracial topological rank of C*-algebras, Proc. London Math. Soc. (3) 83
(2001), 199-234. MR 1829565 (2002¢:46063)

, Classification of simple C*-algebras of tracial topological rank zero, Duke
Math. J. 125 (2004), 91-119. MR 2097358 (2005i:46064)

, An introduction to the classification of amenable C*-algebras, World Scientific
Publishing Co. Inc., River Edge, NJ, 2001. MR 1884366 (2002k:46141)

, Classification of homomorphisms and dynamical systems, Trans. Amer. Math.
Soc. 359 (2007), 859-895 (electronic). MR 2255199

H. Lin and H. Matui, Minimal dynamical systems and approrimate conjugacy, Math.
Ann. 332 (2005), 795-822. MR 2179778 (2007k:46121)

, Minimal dynamical systems on the product of the Cantor set and the circle,
Comm. Math. Phys. 257 (2005), 425-471. MR 2164605 (2006d:37015)

, Minimal dynamical systems on the product of the Cantor set and the circle.
II, Selecta Math. (N.S.) 12 (2006), 199-239. MR 2281263 (2007k:46122)

H. Lin and N. C. Phillips, Crossed products by minimal homeomorphisms, preprint,
arXiv:math.0A/0408291.

Q. Lin and N. C. Phillips, Ordered K-theory for C*-algebras of minimal homeomor-
phisms, Operator algebras and operator theory (Shanghai, 1997), Contemp. Math., vol.
228, Amer. Math. Soc., Providence, RI, 1998, pp. 289-314. MR 1667666 (20002a:46118)
E. Lindenstrauss, Mean dimension, small entropy factors and an embedding theo-
rem, Inst. Hautes Etudes Sci. Publ. Math. (1999), 227-262 (2000). MR 1793417
(2001j:37033)

E. Lindenstrauss and B. Weiss, Mean topological dimension, Israel J. Math. 115 (2000),
1-24. MR 1749670 (2000m:37018)

T. A. Loring, Lifting solutions to perturbing problems in C™*-algebras, Fields In-
stitute Monographs, vol. 8, American Mathematical Society, Providence, RI, 1997.
MR 1420863 (98a:46090)

H. Matui, Approzimate conjugacy and full groups of Cantor minimal systems, Publ.
Res. Inst. Math. Sci. 41 (2005), 695-722. MR 2154339 (2006a:37006)

G. K. Pedersen, C*-algebras and their automorphism groups, London Mathematical
Society Monographs, vol. 14, Academic Press, London, 1979. MR 548006 (81e:46037)




1188 HUAXIN LIN

[23] H. Su, On the classification of C*-algebras of real rank zero: inductive limits of matriz
algebras over non-Hausdorff graphs, Mem. Amer. Math. Soc. 114 (1995). MR 1236167
(95m:46096)

[24] J. Tomiyama, Topological full groups and structure of normalizers in transformation
group C*-algebras, Pacific J. Math. 173 (1996), 571-583. MR 1394406 (971:46124)

HuAXIN LIN, DEPARTMENT OF MATHEMATICS, EAST CHINA NORMAL UNIVERSITY, SHANG-
HAI, P.R. CHINA

Current address: Department of Mathematics, University of Oregon, Eugene, OR 97403
1222, USA

E-mail address: hlinQuoregon.edu



