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STRONGLY IRREDUCIBLE DECOMPOSITION AND
SIMILARITY CLASSIFICATION OF OPERATORS

HUA HE AND KUI JI

ABSTRACT. Let H be a complex separable Hilbert space and let £(H)
denote the collection of bounded linear operators on H. In this paper,
we show that if T = Agnl) ) Aénz) DB A](an)’ where A; o Aj; for
1<i#j<k,and A'(A;)/rad A’ (A;) is commutative, Ko(A'(A4;)) 2 Z
for i = 1,2,...,k, and for any positive integer n and minimal idempo-
tent P € A/(T(M), A’(T(")|PH<W>)/rad.A’(T(”)\PH(n)) is commuta-
tive, then T is a stably finitely decomposable operator and has a stably
unique (SI) decomposition up to similarity. Moreover, we give a simi-
larity classification of the operators which satisfy the above conditions
by using the Kp-group of the commutant algebra as an invariant.

1. Introduction

Let H be a complex separable Hilbert space, and let £(H) denote the
collection of bounded linear operators on H. A basic problem in operator
theory is to determine when two operators A and B in £(H) are similar, that
is, when there exists an invertible operator X on H satisfying A = X !BX.
One of the most important problems in operator theory is to find invariants
that can be used to determine when two operators are similar.

When H is a finite dimensional space, from the Jordan theorem we see
that the characteristic roots and generalized characteristic subspaces of the
operator are complete similarity invariants. When H is an infinite dimensional
space, a general solution to this problem is not known; we can only find
similarity invariants for some special classes of operators. For two star cyclic
normal operators or star cyclic subnormal operators A and B, J.B. Conway
showed that A and B are similar if and only if the scalar value spectral
measures induced by A and B are equivalent (cf. [Co]). A.L. Shields (cf.
[Sh]) proved that a complete similarity invariant for injective shift operators
is the rate of the weighted sequence.
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As the basic element of non-commutative topology, K-theory opens up
wide prospects for studying the structure theory of C*-algebra. In K-theory
one considers a pair of functors, Ky and K;. The group Ky(A) is given an
ordering that makes it an ordered Abelian group. For certain classes of C*-
algebras, the K-group is a complete invariant. In the early 1970s, G. Elliott
(cf. [Ell], [E12]) showed that AF-algebras (the so-called “approximately finite
dimensional” C*-algebras) are classified by their ordered Ky-groups. Today
K-theory is an active research area, and a much used tool for the study of
C*-algebras.

In [EGL] and [Go], G. Elliott, G. Gong and L. Li successfully classified
simple AH-algebras of finite dimensional local spectra using scaled order K-
groups, spaces of tracial states and the relation between them as invariants.
If one further assumes that the AH algebras are of real rank zero, then the
scaled ordered K-group alone is an invariant (the other parts of the invariant
are redundant). This result was previously obtained in [EG] and [DG].

In the spirit of the above work, we seek to obtain complete similarity invari-
ants of operators in terms of the ordered K-groups of the commutant algebras
of the operators.

For a unital Banach algebra A, rad A denotes the Jacobson radical of A and
A'(T) denotes the commutant algebra of an operator T, i.e., A(T) = {S €
LH)|ST = TS} (cf. [Co], [Gi], [JW], [Jia]). Also, C' denotes the complex
plane, Z denotes the group of integers, and N = {0,1,2,...}.

The famous Jordan theorem in matrix algebra states that every n x n
matrix can be written uniquely up to similarity as the direct sum of finite
Jordan blocks, i.e., for all A € M,(C), we have A ~ @li:l()\i + T, ) ™),
where \; € C, Jy, is an n; X n; nilpotent Jordan block, and (A;, n;) # (Aj,n;)
for i # j. Note that .J,, is not similar to J,,; (denoted by J,, # Jy,) for
ni #nj, and if J,,-S = S-J,, and J,, - T = T-Jp,, then ST € rad A'(J,,,). A
simple computation shows that A'(A)/rad A’(A) = @i:l My, (C). We can
prove that two n x n matrices A and B are similar if and only if

(Ko(A'(A® B)),\/(A(Ae B)), E(zD, NO 1),

and h([I]) = 22:1 nie;, where I is the unit of A'(A @ B), and {e;}._, are the
generators of N(). The above theorem is equivalent to the Jordan theorem
(cf. [CFT)).

When H is an infinite dimensional Hilbert space, such results are only
known for special classes of operators.

An operator A in £(H) is said to be strongly irreducible, and we write
A € (SI), it A(T) has no non-trivial idempotent. It is well-known that
strongly irreducible operators are analogues of Jordan blocks in L£(H) (cf.
[Co], [Gi], [JW], [Ji]). Thus we consider the following generalization of the

Jordan decomposition for an element A € L(H): A ~ @2:1 Agmi), where
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A; € (SI), and A; # Aj when i # j. D.A. Herrero, C.L. Jiang and Z.Y.
Wang (cf. [Hel], [He2], [JW]) proved that the operator class F = {T : T can
be written as the direct sum of finite (SI) operators} is dense in £(H) under
the norm topology. Therefore, it is of interest to find a complete similarity
invariant of F.

M.J. Cowen and R.G. Douglas (cf. [CD]) introduced a class of operators
related to complex geometry, which are now referred to as Cowen-Douglas
operators. The Cowen-Douglas operators play an important role in studying
the structure of non-self-adjoint operators (cf. [He2], [JW]). Using techniques
of complex geometry and K-theory, C.L. Jiang showed that two strongly irre-
ducible Cowen-Douglas operators A and B are similar if and only if

(Ko(A'(Ae B)),\/(A(A® B)),I) = (Z,N,1),

where I is the unit of A'(A® B) (cf. [Jia]). This shows that the scaled or-
dered Ky-group of the commutant algebra is a similarity invariant for strongly
irreducible Cowen-Douglas operators.

The main result of this paper is as follows:

MAIN THEOREM (THEOREM 4.4). Suppose A,B € L(H), and

A=A g Al g ... 0 A,
B=B"™ @B ¢...¢ B™,

where A;,B; € (SI) fori = 1,2,...,k,j = 1,2,...,1, A; and B; are not
similarity equivalent to each other, and A,B and A;,B; (i =1,2...k, j =
1,2,...,1) satisfy the following conditions:

(1) Ko(A'(A)) =2, Ko(A'(Bj)) =Z fori=1,2,....k, j=1,2,...,L
(2) For any positive integer n and minimal idempotent P € A'(T™),
AT pyyny)/ rad A (T™) | pyyiny ) is commutative, where T € {A, B}.

Then A ~ B if and only if:

(1) (Ko(A'(A® B)), V(A'(A® B)), luaen) = (2™, N, 1).
(2) For all J € m(A @ B), we have A'(A® B)/J = M, (C), m €
(2n1,2n9,...,2ng).

The paper is organized as follows. In Section 2, we introduce some defini-
tions and basic results. In Section 3, we consider the problem of stably finitely
(SI) decomposition of operators. In Section 4, we prove our main theorem us-
ing the results of Section 3, and we complete the similarity classification of
some classes of operators.
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2. Preliminary results

To formulate our results, we need to introduce the following definitions,
notations and theorems.

DEFINITION 2.1.  An operator T € L(H) is called strongly irreducible (SI)
if T' does not commute with any nontrivial idempotent operator, i.e., if there
is no non-trivial idempotent operator in A’(T). Let T' € L(H). A family of
operators P = {Py},c, € A'(T) is called a commutative idempotents set of
T, if P\? = P, P\P, = PP\, P\,P, € P. Naturally, each commutative
idempotents set is contained in a maximal commutative idempotent set in
A'(T). Let P € A'(T) be a non-trivial idempotent. Then P is said to be a
minimal idempotent if there is no nontrivial idempotent @ € A’(T) such that
QP = PQ = Q. Obviously, P is a minimal idempotent in A’'(7T") if and only
if T|py is a strongly irreducible operator in L(PH).

DEFINITION 2.2. T € L(H) is called a finitely decomposable operator if
the cardinality of an arbitrary maximal commutative idempotents set in A’(T')
is finite, and 7T is called a stably finitely decomposable operator if T is a
finitely decomposable operator for all n =1,2,3,....

DEFINITION 2.3. Let T € L(H), and let P = {P;},_, (n < 00) be a family
of idempotents in A'(T), satisfying:

(1) 0#P € A(T),1 <i<n.
() X B=1
Then P = {P,;}._, is called a unit finite (SI) decomposition of T'.
If T|p, is a strongly irreducible for 1 < i < n, then we call P is a unit
finite (SI) decomposition of T'.

DEFINITION 2.4. Let T € L(H), and suppose that if P = {P;};_, and
Q = {Q;};", are both unit finite (SI) decompositions of 7', then:

(1) m=n.
(2) There is an invertible operator X € A'(T") and a permutation II € S,,
such that XQu;HX ' =P, for 1 <i < n.

Then we say that T has a unique finite (SI) decomposition up to similarity. We
say that T has a unique stably finite (SI) decomposition up to similarity if 7"
has a unique finite (SI) decomposition up to similarity for all n =1,2,3,...

In [CD] M.J. Cowen and R.G. Douglas began a systematic study of a class
of geometry operators, now called the Cowen-Douglas operators, which have
an open set of eigenvalues.



SIMILARITY CLASSIFICATION OF OPERATORS 413

DEFINITION 2.5. An operator A € L(H) is said to be a Cowen-Douglas
operator if there exists a connected open subset 2 of C and a positive integer
n such that:

(1) QcC O’( ) = {z € C|A — z is not invertible }.
(2) rtan(A—2) =H,z € Q.
E g V.ca ker(A z) ="H.

dimker(4A — z) =n,z € Q.

C.L. Jiang proved that if T is a (SI) Cowen-Douglas operator, then A’(T')
is an essentially commutative algebra, i.e., A'(T)/rad A'(T') is commutative,
where rad A'(T') is the Jacobson radical of A'(T") (cf. [Jia]). We note that
for each Cowen-Douglas operator T, if T' = Ay @ Ay -+ ® A, is a unit (SI)
decomposition of T', then A; (i = 1,2, ...,n) are all Cowen-Douglas operators.

To proceed further, we recall brleﬂy some notations of K-theory. Let A be
a unital Banach algebra. Let e and f be idempotents in A. Then e and f are
said to be algebraically equivalent (denoted by ~,), if there exist =,y € A such
that zy = e, yxr = f. Moreover, e and f are said to be similarity equivalent,
if there exists an invertible element z € A such that zez~! = f.

Let M,(A) = {(ay), «,lai; € A}. Then M (A) is the algebraic direct
limit of M,,(A), under the embedding a — diag(a,0) = (a @ 0).

The symbol Proj(M,,(A)) denotes the set of algebraic equivalence classes
of idempotents in My (A), and we let \/(A) = Proj(M,,(A)).

There is a binary operation (orthogonal addition) on \/(A) defined as fol-
lows: If [e], [f] € V(A), choose €’ € [e], f' € [f] with ¢f’ = f’¢’ = 0. Then
[e] + [f] = [¢' + f']. Since for all e we have e B0 ~, e ~, 0 D e, we can
choose ¢ =e® 0, f' =0® f. Thus [e] + [f] = [e ® f]. This operation is well
defined and it makes \/(A) an Abelian semigroup with identity. From classic
K-theory one obtains exactly the same semigroup starting with ~ (A) instead
of ~g, since the two notions coincide on My, (.A).

Note that \/(A) depends on A only up to stable isomorphism. If M, (A1) is
isomorphic (%) to My (As), then V(A1) 2 \/(As2), and K((A) is the Grothen-
dick group of \/(A).

From basic results of operator theory we deduce the following properties:

(2.1) T =T1®Ty®...T,, then .A/(T) = {(Szg)an ‘ Sij € ker T, T; 1<
i,j < n} is a unital Banach algebra, where 77, 7, is the Rosenblum
operator defined by 7r, 1, (C) = T;C — CTj,C € L(H;, H;).

(2.2) ker 77, 1, is a linear space, and ker 7, 7, = A’(T}) is a unital Banach
algebra.

(2.3) Let e /(1) denote the unit of A'(T'). Then eq 7y = e /() ® - @
CA/(T,)-

(2.4) If Sij S kerTTi,Tj, and Sjk S kerTTj,Tk, then Siijk € kerTTi,Tk- In
particular, if Sij € ker T, Ty » Sji € ker T, Tis then Siiji € .A/(Tz)
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(2.5) Ifs = (Sij)an € A/(T), then

0 0 0
S(Z,j) é 0 Sij 0 S ./4/( )
0 0 0

(2.6) By Property (2.5), we can define a canonical map ®;; from A’(T') to
ker 77, 7, by ®;(S) = Sy, for S = (Sij)nxn € A(T). Then ®;; is a
linear map and ®;;(S) € A'(T;) for S € A'(T).

(2.7) Throughout this paper an ideal J means a proper two-sided ideal.
Let J be an ideal of A'(T'), and define

0 ... 0o ... 0
‘71']' = {S” | Sij € kerTThTJ, 0 ... Sij ... 0 S ._7}
0 0 0

Then we have:
(2.7.1) Ji; is an ideal of A'(T;) or J;; = A'(Ty).
(2.7.2) jw is a subspace of ker 77, 7, .
(2.7.3) S = (Sij)nxn € J for S(i, j)ej.

(2.8) Let J be a closed ideal of A'(T). By Property (2.7), we can define
a canonical map from ker 77, 1, to ker 7, 1, /®;;(J) by Sij—[Si;]7,
where ker 77, 1, / O (T ) is the quotient space of ker 71, T by the sub-
space ®;;(J). If J is closed, then A'(T)/J = {([S; ] Jnxn|Si; €
ker 77, 7, } is a unital Banach algebra. It is easy to see that the canon-
ical map ® 7 from A'(T) to A(T)/T is ©7((Sij)nxn) = ([Sij]7)nxn-
Moreover, if ([S;;]7)nxn = ®7(S) € A(T)/T, then

0o ... 0 ... 0
0 o [Suly oo 0| =2g(SG,5) € A(T)/T
0 0 0

DEFINITION 2.6. A finite irreducible algebra A is a Banach algebra such
that for every continuous irreducible representation 7 on a Banach space X
of A, w(A) is finite-dimensional, i.e., dimX < co. A Banach algebra A is
said to be n-homogeneous if all its continuous irreducible representations are
isomorphism to M, (C).
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By Gelfand theory, if A is a Banach algebra, and if A/rad A is commu-
tative, then A is a 1-homogeneous algebra. Conversely, a 1-homogeneous
algebra A must be essentially commutative, i.e., A/rad A is commutative.

LEMMA 2.7 (cf. [Jia]). Let T = @;_, Tk, and suppose Jp is an ideal of
A'(Ty). Then there exists an ideal J of A'(T) satisfying ®11(J) = J1, and
if there is another ideal J' of A'(T) such that ®11(J') = J1, then JCJT'.

LEMMA 2.8 (cf. [Jia]). LetT =@, _, Tk, and suppose thatj e m(A(T)).
Then q)kk(j) = .A/(Tk) or (I)kk‘( ) S m(.A’(Tk)) k=1,2,.

LEMMA 2.9 (cf. [Jia]). IfT is a strongly irreducible Cowen-Douglas oper-
ator, then Ko(A(T)) = Z, \/(A(T)) = N.

3. The stably finite (SI) decomposition of operators

LEMMA 3.1 (Theorem CFJ, cf. [CFJ]). LetT € L(H), and let H™) denote
the direct sum of n copies of Hilbert space H, and T™ the operator EB? T on
H™) . Then the following are equivalent:

(1) T is similar to (~) Eszl Agni) with respect to the decomposition

H=,_, HE””, and for each natural number n, T™) has a unique

finite (SI) decomposition, where k,ny,...,ng are natural numbers,
Aq, ..., Ay are strongly irreducible operators, and A;#A; for 1 < i
Jj<k.

(2) Ko(A(T)) = Z®) and V(A(T)) = N®. If h denotes the isomor-
phism from V(A (T)) to N®) then h sends [I] to (ni,na,...,nk),
i.e., h([I]) = nie1 +ngea+- - - +ngex, where k, ny,...,ng are natural
numbers and {e;}}_, are generators of N*).

LemMA 3.2, Let T = A" @AV @ .0 A™) A, c (SI), and A; + A;
for 1< i # j < k. Then \/(A(T)) = NWa\/(A(DL, A") = N®),

where {my,...,mi} and {n1,...,n,} are positive integers.

Proof. We need only to prove “=”. By Theorem CFJ, \/(A(T)) = N*)
implies that @le Agmmi’) is finitely decomposable, where m = Zle nn;.
Let T} = @le AY”). Then Tl(") = @le AE”"Z'). Note that mm; > nn; for
1<i<kand @le Agmm") =T g @le Agmmi_nm). So T is a finitely
decomposable operator and has a unique (SI) decomposition up to similarity.
By Theorem CFJ again, we have \/(A’(@f;l AEn))) ~ Nk, O

LEMMA 3.3.  Suppose A is a unital finite irreducible Banach algebra, JCA
is a closed ideal, and 0 — J — A — A/T — 0 is the short exact sequence.
IfV(A) 2 N and [14] =1, then 7, : Ko(A) — Ko(A/J) is injective.
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Proof. Let n be a positive integer and p,q € M, (A) be two idempotents.
Since V(A) 2 N, we have [p] = [e;], [¢] = [es], where e, = diag(14,...,14,
0,...,0) with k terms 14 on the diagonal. If m.([p]) = 7.([q]), then [7(e,)] =
[m(es)]. Since A is a unital finite irreducible Banach algebra, A/J is also
a unital finite irreducible Banach algebra, A/J is stably finite, and r = s.
Therefore the map 7. : Ko(A) — Ko(A/J) is injective. O

LEMMA 3.4. Suppose A is a unital finite irreducible Banach algebra, and
Ji # J2 are two maximal ideals of A. Let J = Jh N Jo. Then A/J &
A1/ @ Az ) To.

Proof. Let ¢; (i = 1,2) be the quotient from A to A/J;. Define ¢ : A—
A1 /T ® A3/ T by ¢(a) = ¢p1(a) D ¢2(a). Then ¢ is a homomorphism. By the
Chinese Remainder Theorem, ¢ is onto. Note that ker ¢ = ker ¢; N ker ¢5 =
JTNTa=T. S0 A/T = A /T & As/Ta. g

LEMMA 3.5 (cf. [CFJ]). Let T € L(H), and suppose Py, Py are idempo-
tents Of.A/(T) If P1 ~a P2 m (.A/(T)), then T|p17-¢ ~ T‘PQH-

LEMMA 3.6. Let A; € (SI) and A;otA;j for 1 <i# j < k. Let {ni,no,
...,ng} be positive integers. Let T = @le Al(.n'i) @B, S = Agm) ® B, S =
@LQ Agm), where B is an arbitrary bounded operator. Note that T = S1® Ss.
Let Ajg = ker7s, s,, Ao1 = ker7s, s,. If \V(A'(S2)) = N1 then

=1

jl{Z%yz‘, i € A12, Y € Az1, 1<i<n, n172a"'}

is a proper ideal of A'(S7).

Proof. By Property (2.7.1), J; = A'(S1) or Ji is a proper ideal of A'(S}).
IfJ, = A'(S1), then there exist x1, x2,...,z, € ker7g, s,, and y1, Y2, ..., Yn €
ker g, 5, such that x1y1 + -+ + onyn = la/(s,). It is easy to see that there
exists an idempotent P € M, (A’(S2)) such that 14/(g)®0 ~, 0@ P in

A'(Sy @ S™). Assume Sy € B(Ky), S € B(K,). By Lemma 3.5, we have
AVeB=5=(S® Sén))|(1A/(A1)e90)(/clearc2> ~ (81 ® S5 e r)ici0ks)
= Sén)lpfcz‘
Since \/(A(S2)) = N1, Sé") has a unique (SI) decomposition up to simi-
larity by Theorem CFJ. Since Ag") OB ~ S;") |pic,, we have A; ~ A; for some

2 < j < k. This contradicts our assumption that A; # A;, 1 <i# 35 <k. So
J1 is an ideal of A'(S}). O
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LEMMA 3.7 (cf. [Jia]). Let T = @;_, Tk, where A'(T;)/rad A'(T;) is
commutative for 1 < i < n. Then for each J € m(A(T)) there exists a
positive integer 7 < n such that A'(T)/J = M.

LEMMA 3.8. Let A € L(H) be a strongly irreducible operator, such that
A'(A)/rad A'(A) is commutative. Then A is a stably finitely decomposable
operator. Furthermore, A" has a stably (SI) decomposition forn =1,2,...,
if and only if Ko(A'(A)) = Z.

Proof. Let {P1, P, ..., P,,} be a unit decomposition of A . Then from
the proof of Lemma 3.7 we see that there exists a continuous natural homo-
morphism ® : A'(A™) — M, (C(m(A))), where m(A) is the set of maximal
ideals of A'(A). Let P, = (R’;)nxn, 1 <k <m. Then ®(Py) = (PS(J))
where (PZ;(J)) is a continuous function on m(A), 1 < i, < k. Hence
(tr Po)(J) = Yoy (PZ;(J)) is continuous on m(A). By the Shilov idempo-
tent theorem, m(A) is connected. Therefore (tr Pg)(J) = ng > 1. Note that
for J € m(4), {(PZE)}an is a unit idempotent decomposition in M, (C).
Therefore >~ (tr P)(J) = n, that is, Y ;" np =n. Som < n. Thus A is
a stably finite decomposition operator.

For P € A'(A,), let S = A®™|PH. Then we can prove that A'(S) is a
homogeneous algebra. In fact, we see that (tr P)(J) = k for all J € m(A) for
Ji € m(S), and there exists a unique J € m(A™) such that J N A'(S) = J;.
Hence

nxn’

D5, (A(S)) = ¢ (P)ps (A (A™))g,(P) =2 My(C),

where ¢; is the canonical quotient homomorphism from A’ (A(”)) to
A'(AM)/J. Therefore A'(S) is a k-homomorphism algebra.

The “only if” part follows from Lemma 3.1, so it remains to show the “if”
part. We know that (Ko(A'(4)),V(A'(A))) is an ordered group. We also
have Ko(A'(A)) = Z. Now, if G = Z and (G,G) is an order group, then
there exists an isomorphism ¢ from G to Z such that ¢(G) C N. Thus we
may assume that \/(A'(A4)) C N.

Let p = diag(1,0,0...) € M (A'(A)) and r = [p] € V(A'(A)), r € N. Let
q € M, (A’(A)) be a non-zero idempotent. Then 0 # [q] = s € \/(A'(A)). Let
B =A™ g . From the above proof we see that A’'(B) is a k-homogeneous
algebra. Note that rs = r[q] = s[p]. So there exists n’ > n such that

Q = diag(q, ..., 4(),0,...,0) ~¢ diag(p, ..., p(),0,...,0) = P,

where Q, P € P(H™)). By Lemma 3.4, B") = Ao ~ ATy, =
A, Therefore A'(B(M) = A'(A®), i.e., M.(A'(B)) = M,(A’(A)). Note that
M, (A'(B)) is an (rk)-homogeneous algebra. But M,(A'(A)) is s-homogeneous,
sos =rkand \/(A'(A)) = {kr,k =0,1,2,...}. Since (Ko(A'(A)), \/(A'(A4)))
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is an ordered group, r = 1, and \/(A'(A)) =2 N. In view of Theorem CFJ, the
“if” part is proved. O

LEMMA 3.9. LetT = A§”1) S Ag’”) S D A,(Cn’“), where A; is a strongly
irreducible operator, A; & Aj for 1 < i ot j <n, and A'(A;)/rad A'(A;) is
commutative. Suppose the following conditions are satisfied:

(1) Ko(A'(4))=Z fori=1,2,...,n.
(2) For any positive integer n and any minimal idempotent P € A'(T™),
A(T™|pg)/rad A (T pyr) is commutative.
Then T is a stably finitely decomposable operator and T has a stably unique
(SI) decomposition up to similarity.

Proof. By Lemma 3.2, we may assume that T'= A1 @ AP - - - & Ay, and we
only need to prove that, for all n € N, T has a unique (SI) decomposition
up to similarity.

If A(T)/rad A'(T) is commutative, i.e., A'(T) is a 1-homogeneous algebra,
then

A'(T)/rad A(T) = (A'(Ay)/rad A/ (A1) ® (A'(A2)/rad A'(A2))

G ® (A (Ag)/rad A'(Ar))
by Lemma 3.8. We know that \/ A’(A4;) = N. Therefore
V(A1) = \/(A(T)/rad A'(T))
= \/(A'(A1)/rad A'(A))) & \/ A'(As)/rad A'(Ay))
@@ \/(A'(A)/ rad A'(Ay))
~ N2,

By Lemma 3.1, the result follows for this case.
Therefore, we can assume that there exists J € m(T) such that A'(T)/J &
M, (C) for r > 2, where m(T') denotes the set of the maximal ideals of A’(T).

Let T(™ = A(ln) & A;n) D@ A,g"). Suppose there exists another finite
(SI) decomposition of T,
T(n) ~ AY’“) @ AémQ) Jas Y A’gmk) OB DD B,
where m; > 0, ¢ = 1,2,...,k,m > 0, and B; € (SI), and B;#A,; for all
1<i<k,1<j<m.

Coamm 1. my+m <n fori=1,2,...,k. Therefore T is a stably finitely
decomposable operator.

If the claim is not true, then, without loss of generality, we can assume
my +m > n.
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Let B=B1®Bo®---®Bp,and S = Ay D As®---® A, R=TM B S. We
proceed by induction on k. By Lemma 3.1 and Lemma 3.7, we know the result
is true when k = 1. We now assume Lemma 3.9 to be true when n < k — 1.
Let J be the subalgebra of A'(T(™) generated by ker Trm,s and ker 7g 1) .
By Lemma 3.6, Jis a proper ideal of A’(T(”)). Let J; be the closure of J
in A'(T™). Then J; is a closed ideal of A’(T(™).

Let

_ N/ ker 7pn) g /
I =1 ker Tg.7(n) A'(S) CA(R).
Then J is a closed ideal of A'(R), and A'(R)/J = A(T™)/J, ® 0. Let
A=A (TM) /T
When T = Agn) & A;") oD A;Cn), we have

[ kerTAl,S i
(1) ker 7pm) g = ker7a, s | |
A'(S)
A'(S)
ker 7g p(n) = [ker g 4,, ..., ker 75,4, A(S), ..., A'(9)],
ker Tpn) g - ker 7g pny) = lker 7as lier TS A e [A’(;)] )
L nxn

where § = A{" @ - @ A,(Cn).
Next, consider the case

7)) A§m1) o Aémz) ®B,&--&B,,
=A™ A eB~A™ aBe AT
By a simple computation we get
ker 7y g - ker g pny = diag(A1 © B1 @ ... By, @ Ay @ ... Ay),
where
Ay = [ker 74, ,s - ker s 4, lmy xma »
B; =ker7p, 4, -kerta, B,, 1=12,...,m,
Ai = [A/(Ai)]mixmi'
Note that mqy +m > n. Therefore J is not a maximal ideal. In fact, by the
proof of Lemma 3.6 and \/(A'(S)) & N, we have
I, = {z1y1 + Tay2 + - + Tpyn, T € ker7p, s,
Yi € keI‘TS7Bj, 1=1,2,...}
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and the closure of Jp; is not equal to A'(Bj) for 1 < j <m. If J is a maximal
ideal, then A'(T™)/J, = M, (C) and A’(Agmn ®B)/T = My, +m(C). Since
mi1 4+ m > n, we get a contradiction.

Note that A'(T(™) = diag(A'(A™), A/(5M)). Let J; = diag(J11, Ja2).
By (1), V(A'(S)) 2 N, and Lemma 3.6, Jq; is a closed ideal of A’(A(ln)) and
Jog = A (8™) = [A(S)]nxn. So
(3) A=A(TM))J = AA™))Jn @ 0.

On the other hand,
A(TM) = diag(A' (A7), A'(By), ..., A (Byn), A (AF™), ., A (AT™)).
Similarly, from (2), \/(A'(Az2)) = N, and Lemma 3.6 we obtain

Jh = diag(J1, Je2, - - - s Tt kymtk)s

where J711 is a closed ideal of A’(Agml)), Jii 1s a closed ideal of A’(B;_1), and
Tmtjmtj = A/(Agmj)) for j =2,3,..., k. Therefore

(4) A=A (TW)) 5 = A(A™ @ B)/J] ®0,

where J| = diag(J11, J22; - - - » Tmt1,m+1)-
Without loss of generality, we may assume that mq, mo > 0; otherwise, we
can consider

7 — () gy () A(1”+m1) D Ag’”"””) s Y A’(i‘"*'mk) ®B1 DD By,

and

By (4), there exists a homomorphism ¢ : .A’(Agml) ® B)— A, which is
onto. By (3) and since A’(A4;)/rad A'(A1) is commutative, .A’(Agml)) is n-
homogeneous. So A is n-homogeneous. By the second decomposition of T()
and (4), we have

A = diag(Ai, Az, ..., Ai4m)

= (A(AT™) ) T, A (B Taas - oo, A(Bun) | Tt

Since J;; are all proper ideals, A; # 0 for i = 1,2,...,1+ m. Let J{; be a
maximal ideal of A;. By Kaplansky’s theorem, there exists a unique maximal
ideal JoCA such that ®11(J2) = J{;, where ®1; is the projection from A to
A;. Therefore

A/ TJo = diag( A1/ T{1, A2/ P22 (T2); - - -y Altm/Prim14m(T2))-
Since A is n-homogeneous, A/Jo = M,(C). Since m; + m > n, there
exists 1 < j < m such that A;/®;;(J2) = 0. We may assume j = m + 1,

or, equivalently, A1 4m, 14m/P14m,14+m(J2) = 0. Let J{,,, 14,, be a maximal
ideal of Ay4.,. By Kaplansky’s theorem, there exists J3, a maximal ideal
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of A, such that ®1m 14m(T3) = J{ymiym- Then Jo # J3. Since A is
n-homogeneous, A/J3 = M, (C). Let Jy = Jo N J3. By Lemma 3.4, there
exists a homomorphism &, : A—A/Js = M, (C) & M,(C), such that

(14,00 ---@0)=(100@®---@0) DB P,
P00 ®0®1y,,)=000®---®0a1).

Let & = ®; - ¢. Then ® is a homomorphism from .A’(A%ml) @ B) onto
M, (C)Y® M, (C), such that

P(Lyy (4im, ®0D - @D0) = (100@ - S0) D P,
PO0®--- ®0D1ap,,) =000@ ---©0@1).
Since A'(R)/J = A(T™)/J, @0 = A @ 0, there exists a closed ideal
J D J such that A'(R)/J = ATy @0 = A'(A"™) @ B)/ker ® & 0.
We consider R = Agn) @S @ S and J D J. There exists a closed ideal
J| of A’(Agn)) such that
(5) A(R))J = A AT ®0= A (A" & B)/ker ® & 0.
Let
m: A(R) — A(R)/J,
m s A(A) = A (A7
m: AA™ @ B)— A (A™) @ B)/ker @
be quotient maps. We will prove
1 (Ko (A (A))) 2 7. (Ko (A'(R))) 2 2. (Ko (A (A]™) @ BY))).
Let o, : w10 (Ko (A'(A)))—m, (Ko (A'(R))) be such that
an(m((e) = m(e@ 0@ - @0]), e Pu(A(A)).

First we show that a. is injective. If m,([e® 0@ ---®0]) = 0, then m.(e D0
-+ @®0) ~g 0, so there exists r such that

T (e@0D - DO)Dr~, 0D
Then m1.(e) 0B ---BO0DT ~, 0D r, since, for all r, r is an idempotent and
0®r~,r. Soifweset /¥ =0@---D0Dr, we get
T1x(e) B 1~ 0B 7.

Consequently, m1.(e) ~4 0. Therefore [m1.(e)] = m1.([e]) = 0.

Next, we prove that «, is surjective. For all 8 € Ko(A'(R)), by (5), there
exists e such that mi.([e]) = m.([B]). For (Bij)nxn € Mn(Ko(A'(R))), there
exists e;; such that m1.([e;;]) = 7. ([Bi;]). In fact, by K-Theory, we have
[(7(ei;) ® 0+ D 0)nxnlo = [Te((€ij)nxn) ® 0]o. So au is surjective.
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Similarly, we obtain 7, (Ko(A'(R))) = ma. (Ko(A'(A"™) @ B))).

By Lemma 3.3, w1, is injective. Therefore

o (Ko(A'(AT™ @ B))) 2 m, (Ko(A'(R)))
= . (Ko(A'(AY))) 2 Ko(A'(A1)) = 2.
On the other hand, ® induces an isomorphism
U .A/(Agml) @ B)/ker ®— M, (C) ® M, (C).

By the property of the Ky group, we get

B, =T, - my : Ko(A(A™) @ B))— Ko (M, (C) & M,(C)) = Z & Z.
Since ¥, is an isomorphism, we have
(6)  u(Ko(A(AT™) & B))) = W (mau(Ko(A' (AT & B)))) = 2.

Since

Py pmy B0 ©0)=(1E0& - B0) &P
and
0@ B0 1ap,)=000@ - B0 1),
we get
(L gy gy 0B B0) =[190& - B 0] & [P] =16 [P],

o (08 - 80&1lyp,)))=0o0e -60a1]=061.
By (6), there exists n € Z such that

A(A]™)

ie,wehave 1I& P =n(0®1) =0@n € Z@ Z. This is a contradiction. Hence
m; +m <nfori=12.

CLamM 2. mij+m=n fori=1,2,... k.

By Claim 1, we only need to show that m; + m >n fori=1,2,... k.

By Lemma 3.9, each A'(B;)/rad A'(B;), 1 < i < m, is commutative.
Since A = A(T™M)/J, = A’(AY”)/JH ® 0 is a homogeneous algebra and
diag A = (A(A) /T, A (B1)/Taz, - ., A (Bim) [ Trgm.14m, 0), for all 1 <
Jj<m, A'(Bj)/Jj+1,j+1 is essentially commutative. By Lemma 3.7, it follows
that A/J’ = M;(C), I < my +m for every maximal ideal J' of A. Since A
is an n-homogeneous algebra, we conclude m; +m > n.

Similarly, we obtain m; + m > n fori =2,3,... k.

Cramm 3. m =0, i.e., we have m; =n for 1 <i < k. Therefore 7™ has
a unique (SI) decomposition up to similarly.
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Since T = A1 ® Ay @ -+ ® A, and A'(A4;)/rad A'(4;), i =
commutative, we have for all 7 € m(A(T)), A(T)/JT = M, (
1<r(J) <k. Let

ro = max {r(J) : A (T1)/T = M, (C), T em(A(T))}.
Let J be the maximal ideal of A'(T) such that A’ (T)/J = M,,(C). Ifrg = 1,
we are done. If rg > 2, then
A(T™) /M (T) 2 Mo (A(T))/T) 22 My (C).
For 1 < i < k we have m; = n — m since
T(”) ~ A(lml)@Ag’”)@...@Aémk)@Bl@...@Bm :T(n*m)@Bl@...@Bm,

Note that A’(T(™) is an algebra, diag(A'(T("~™), A'(By),..., A'(By)).
Therefore, for J € m(A (T™)), ®1,(J) = A/(T™™) or ®1,(J) is a max-
imal ideal of A/(T(~™). So for arbitrary J € m(A'(T™)), A(T™)/J =
M;(C), where s < (n—m)ro+m. Hence nrg < (n—m)ro+m, i.e., mro < m.
Since g > 2, we get m = 0. (|

1,2, are
), where

4. Main results
LEMMA 4.1. Let T = A:(Lnl) D Aénz), and suppose T and A;, i = 1,2,
satisfy the following conditions:
(1) Ko(A'(4;)) =Z fori=1,2.
(2) For any positive integer n and minimal idempotent P € A'(T™),
A’(T(")|pH)/rad .A’(T(")|pH) is commutative.
Then for arbitrary J € m(A'(T)) we have

j _ [ ._711 kerTA(,Ll)7A§7L2) ‘| or

Ker ) ycmn) A(AS))

7= [ A/(A(lnl)) kerTAgnﬂ’A;nQ) ‘|

ker TaGr) 40m0) J22
where J;; 1s a mazimal ideal of A'(A m)) (i=1,2).

Proof. First, we assume that T = A; @& A,. Note that A’(A4;)/rad A'(A;)
and A'(As)/rad A’'(As) are both commutative. If the result is not true, there
exists

| Jn T2 /
J = [ NETRNLY } € m(A(T),

where J12C (#) ker 74, 4, and Jo1C (#) ker 74, 4, -

Let
A'(Aq) Ji2 } .

j:j“:{ Tn A(Ay)
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From the exact sequence
0—J—A(T)—A(T)] T —0,

using the property of the Ky-group, we obtain the following six-term exact
sequence:

Ko(J) 5 Ko(A(T) T Ko(A(T)/T)
a1 0l
K(A(T)/T) — Ki(A(T) — Ki(J)
Since A'(T') /T = M3(C), we have Ko(A(T)/J) = Z and K1 (A (T)/J) = 0.
Moreover, we have Ko(A'(T)) = Z(?). Since
I.A’(Al) O _ O O _
W*{ 0 o)=Y o Luwy T h
Ty 4 ® Z—7 is surjective. Therefore we obtain the following split exact
sequence:
0—Ko(J) 2> Z @ Z = Z—0.
Since 7. (Ko (A (T))) =2 Z, we get Ko(J) = Z.
From the split exact sequence
0—J—JT+1=(J+1) /T —0,
using the property of the Ky-group, we get following split exact sequence:
0—Ko(J)—Ko(T+1)=Ko((T+1)/T)—0.

Since (J+1)/J = C&C, we have Ko((J+1)/J) = Z®3). Therefore Ko(J+1)
> 79 Z@Z, and there exist three minimal idempotents that are not similarity
equivalent to one another in My, (J+1). Let

10 00
r-lon) m=[o 1]

be two minimal idempotents of P, (J+1), and let the third one be P in
Moo(J+1). Then P, Py, P, Py in Moo (J+1).

CLAIM 4. I — P~y P in Moo (J+1).

Otherwise, I — P, P in My (J+1). Then I — P ~, Py or [ — P ~, P,
in Mo (J+1). Therefore P ~, P, or P ~, P; in My (J+1). This is a
contradiction.

Since Moo (T +1)CMoo(A'(T)), we have P ~, Py and (I — P) ~, P, (or
P ~, Pyand (I — P) ~, P,) in A(T). By Lemma 3.4, we have T|ianp ~
Tlian(r—p)- But Tlran p ~ A1, Tlian(r—p) ~ Az, s0 Ay ~ Ay. This contradicts
the relation A4 As.

Therefore Ko(J+1) =2 Z® Z, and Ko(J) = 0. But we have already proved
that Ko(J) = Z, so this is impossible.
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Next, assume T = A:(Lnl) ® Ag”). Let J be a maximal ideal of A'(T'). If

M| Jun ... Ju Jiz ... Ji2 i
7= L jll JH dnixn, L -.712 J12 dnixns
N Jo1 . T Jo2 .. T2 ’
L | Jor ... T2 | noxny L Jo2 ... T2z | Xy
where J12C (#) ker 74, 4, and Jo1C (#) ker 74, 4,, then
i { Jir Ji2 ] . i
Jo1 J22
i \,711 Jll ] i J12 JIQ T
J= . Juw ... Ju Jir L Tz .. T2 1y,
Ja1 . J21 Ja2 ... J22
L i Y £ S U RV R £ P

is a maximal ideal of the commutant of T = (A; & As) & (AY“‘” ® Aém_l)),
where k =n; — 1,1 = no — 1. Hence, by Lemma 3.6,

Jin Ji2
Jo1 J22
is a maximal ideal of A’(A; @ A3). This is a contradiction. O

COROLLARY 4.2. LetT = A"™ @Al @ .0 A™) | where Ay, A, ..., Ay
and T satisfy the conditions of Lemma 3.9. Then for arbitrary B;; = AZ(-T“) D

Ag-nj), i # j, we have \(A'(B;;)) = N® | and for arbitrary J € m(A'(T))
we have

Ju J2 - Tk
T = Jo T2 oo T2k 7
T T2 - Tk
where Ji; = kerTAE,Li)7A§,Lj> when i # j, and there is a unique i such that

Jii € m(A’(Agni))) and Jj; = A’(AE-n'j)) when j # 1.

COROLLARY 4.3. LetT = AE”“EBA%"”@ : -@A,(C"’“), where Ay, Ag, ..., Ag
and T satisfy the conditions of Lemma 3.8. Then for arbitrary B;; = AE’”) @
Ag.nj), i # j, we have \/(A'(Bij)) = N®, and for arbitrary J € m(A'(T)),
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we have A'(T) /T = M,.(C) for some i. Furthermore, A'(T)/J = M,,(C) if
and only if Ty € m(A’(AZ(-ni))) and Jj; = A’(Ag-nj)) when j # 1,
THEOREM 4.4. Suppose A, B € L(H), and
A=A g Al g.. 0 A,
B=B"™ @B ¢...¢ B™),
where A;,B; € (SI) fori =1,2,...,k,j = 1,2,...,1, A; and B; are not
similarity equivalent to each other, and A,B and A;,B; (i =1,2...k, j =
1,2,...,1) satisfy the following conditions:
(1) Ko(A'(4)) =2, Ko(A'(Bj))=Z fori=1,2,....k, j=1,2,...,L
(2) For any positive integer n and minimal idempotent P € A'(T™),
AT pyyny)/ rad A (T™) | ppyiny ) is commutative, where T € {A, B}.
Then A ~ B if and only if:
(1) (Ko(A'(A® B)), V(A(A® B)), La(asr)) = (ZW, NV, 1).

(2) For all J € m(A ® B), we have A'(A® B)/J = M, (C), m €
(2n1,2n9,...,2ng).

Proof. “«<”: We assume that B = B%Sl) @ BSSZ) @---®BE™ | where B; €

(SI) for i =1,2,...,m.

CLAIM 5. For each B;, i = 1,2,...,m, there exists A;, j = 1,2,...,k
such that B; ~ A;.

Otherwise, we may assume B is not similar to any A;, but any B; for ¢ # 1
is similar to some A;. Then (A& B) ~ (Agtl) @ Aga) e A;:’“) P B%Sl)).
By Lemma 3.8, we have \/(Aﬁ“) ® Agtz) G- D A,(:’“) ® Bfl)) = N+ This
contradicts (1).

CLAamM 6. m=k.

By Claim 5, we have m < k. We assume m < k and By ~ Aj,By ~
Ag,..., By~ Ay Then (A@ B) ~ (A @ A @ 0 Al @ AT @
) A,(Cn’“)). By Corollary 4.3 there exists a maximal ideal J such that
A(A® B)/J = M,,(C), but from (2), we have A'(A® B)/T = Ma,, (C).
This is a contradiction.

We may assume By ~ Ay, By ~ As, ..., By ~ Ag. Then

(A@ B) -~ (A§n1+81) @ Agnz+s2) & B A](an+8k))-

CLamM 7. s;=mn; fori=1,2,... k.
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Otherwise, we can assume s; # nj;. By Corollary 4.3, there exists a
maximal ideal J such that A'(A @ B)/J = My, +s,(C). By (2), we have
A'(A® B)/J = Ma,, (C). This is a contradiction.

“=”: Since A ~ B, we have B = B{") @ B{"™ @ ... @ B{", where
B; € (SI) fori =1,2,...,k and A; ~ B; for i = 1,2,..., k. By Lemma 3.2,
we have \/(A'(A® B)) = V(A (@, A™) = V(A (@I, A4) = N, Thus
(1) is true.

By Corollary 4.3, (2) is also true. O

C.L. Jiang and Z.Y. Wang proved the following theorem [JW, Chapter 3].

LEMMA 4.5. FEwvery Cowen-Douglas operator can be written as the direct
sum of finitely many strongly irreducible Cowen-Douglas operators.

Thus we have the following corollary (cf. [JGJ]).

COROLLARY 4.6. Let A, B € B,,(2). Suppose that
A= Agnl) & Agw) BB A}(an)’

where 0 # n; € N, A; € (SI) fori=1,2,....k and A;0A; fori # j. Then
A ~ B if and only if:
(1) (Ko(.A/(AEBB)), \/(.AI(AEBB)), I) = (Z(k)7 N(k)7 1)'
(2) The isomorphism h from \/(A'(A® B)) to N sends [I] to (2n1,2na,
..2ng), dee., h([I]) = 2n1e1 +2ngea + - - - + 2nie, where I is the unit
of A(A® B) and {e;}F_, are the generators of N*¥).
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