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A CLASS OF MAXIMAL OPERATORS WITH ROUGH
KERNEL ON PRODUCT SPACES

YONG DING AND CHIN-CHENG LIN

Dedicated to Professor Kôzô Yabuta on the occasion of his 60th birthday

Abstract. In this note the authors prove the Lp(Rn×Rm)-boundedness

for a class of maximal singular integral operators with rough kernel on
product spaces. This extends a result obtained by Chen and Wang in

1992.

1. Introduction

In 1992, L. K. Chen and X. Wang [2] considered the Lp-boundedness of
the maximal operator supK∈M |TKf |, where the operator TK is defined by

TKf(x) =

∞∫
0

∫
Sn−1

K(rξ)f(x− rξ)rn−1 dξ dr,

and

M =
{
K(rξ) = r−n

∑
j

aj(r)Ωj(ξ) :

∞∫
0

∑
j

|aj(r)|2
dr

r
≤ 1,Ωj ∈ L2(Sn−1),

∫
Sn−1

Ωj(ξ) dξ = 0 for all j, and
∑
j

‖Ωj‖2L2(Sn−1) <∞
}
.

In [2] Chen and Wang proved the following result:

Theorem A. Let 2n/(2n − 1) < p < ∞, n ≥ 2. Then the operator
supK∈M |TKf | is bounded on Lp(Rn); that is,
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546 YONG DING AND CHIN-CHENG LIN∥∥∥ sup
K∈M

|TKf |
∥∥∥
Lp(Rn)

≤ Cp‖f‖Lp(Rn)

for all f in the Schwartz class.

In this note we extend this result to product spaces, with Ωj ∈ Lq(Sn−1 ×
Sm−1), 1 < q ≤ ∞. Let n,m ≥ 2 and let {Ωj} be a countable subset of
Lq(Sn−1 × Sm−1), 1 < q ≤ ∞, satisfying the following conditions (for all j):

Ωj(tξ, sη) = Ωj(ξ, η) for any t, s > 0,(1.1) ∫
Sn−1

Ωj(ξ, η) dξ = 0 for any η ∈ Sm−1,(1.2)

∫
Sm−1

Ωj(ξ, η) dη = 0 for any ξ ∈ Sn−1.(1.3)

Moreover, suppose
∑
j ‖Ωj‖2Lq(Sn−1×Sm−1) < ∞. Let M denote the class of

all kernels of the form K(rξ, sη) = r−ns−m
∑
j aj(r, s)Ωj(ξ, η) (defined for

r > 0, s > 0, and (ξ, η) ∈ Sn−1 × Sm−1), where

(1.4)

∞∫
0

∞∫
0

∑
j

|aj(r, s)|2
dr ds

rs
≤ 1.

Let us define the singular integral operator TK by

TKf(x, y) =

∞∫
0

∞∫
0

∫∫
Sn−1×Sm−1

K(rξ, sη)f(x− rξ, y − sη)rn−1sm−1 dξ dη dr ds.

We denote by q′ the conjugate index of q; that is, 1/q + 1/q′ = 1. We shall
prove the following theorem:

Theorem 1. Suppose that {Ωj} ⊆ Lq(Sn−1 × Sm−1) satisfies the above
conditions and TK is defined as above. Suppose that q and p satisfy one of
the following conditions:

(a) 1 < q < 2 and max{2nq′/(2n+nq′− 2), 2mq′/(2m+mq′− 2)} < p <
2q′/(q′ − 2),

(b) 2 ≤ q ≤ max{2(n−1)/(n−2), 2(m−1)/(m−2)} and max{2nq′/(2n+
nq′ − 2), 2mq′/(2m+mq′ − 2)} < p <∞,

(c) q > max{2(n− 1)/(n− 2), 2(m− 1)/(m− 2)} and 1 < p <∞.
Then the maximal operator supK∈M |TKf | can be extended to a bounded op-
erator on Lp(Rn × Rm). That is,∥∥∥ sup

K∈M
|TKf |

∥∥∥
p
≤ C‖f‖p,

where, here and below, we denote ‖f‖Lp(Rn×Rm) by ‖f‖p.
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Remark. Clearly, if we take q = 2 and consider the case of one parameter,
then the conclusion of Theorem 1 under condition (b) is identical to that of
Theorem A. If either n = 2 or m = 2, condition (b) means 2 ≤ q ≤ ∞, and
condition (c) means q =∞, which is a special case of (b).

2. Preliminaries

Let us begin by proving some lemmas.

Lemma 1. Suppose that Ω ∈ Lq(Sn−1 × Sm−1) for q > 1 satisfies (1.1)–
(1.3). Then for any 0 < σ < 1/q′, there exist 0 < ε, θ < 1, and a constant
C = C(σ, ε, θ) such that

2∫
1

2∫
1

∣∣∣∣ ∫∫
Sn−1×Sm−1

Ω(ξ, η)e−i(rx·ξ+sy·η) dξ dη

∣∣∣∣2 dr dsrs

≤ C‖Ω‖2q min
{
|x||y|, |x|−σ|y|−σ, |x|ε|y|−θ, |x|−θ|y|ε

}
,

where, here and below, we denote ‖Ω‖Lq(Sn−1×Sm−1) by ‖Ω‖q.

Proof. Let

I(x, y) =

2∫
1

2∫
1

∣∣∣∣ ∫∫
Sn−1×Sm−1

Ω(ξ, η)e−i(rx·ξ+sy·η) dξ dη

∣∣∣∣2 dr dsrs
.

By the cancellation conditions (1.2) and (1.3), we have

I(x, y) =

2∫
1

2∫
1

∣∣∣∣ ∫∫
Sn−1×Sm−1

Ω(ξ, η)e−isy·ηe−irx·ξ0
[
e−irx·(ξ−ξ0) − 1

]
dξ dη

∣∣∣∣2 dr dsrs

≤ C
{ ∫∫
Sn−1×Sm−1

|Ω(ξ, η)|
( 2∫

1

2∫
1

|rx · (ξ − ξ0)|2 dr ds
rs

)1/2

dξ dη

}2

≤ C|x|2
( ∫∫
Sn−1×Sm−1

|Ω(ξ, η)||ξ − ξ0| dξ dη
)2

≤ C|x|2‖Ω‖2q.

The same argument gives I(x, y) ≤ C|y|2‖Ω‖2q. Thus,

(2.1) I(x, y) ≤ C‖Ω‖2q min{|x|2, |y|2}.
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On the other hand,∣∣∣∣∣∣
∫∫

Sn−1×Sm−1

Ω(ξ, η)e−i(rx·ξ+sy·η) dξ dη

∣∣∣∣∣∣
2

=
∫∫

(Sn−1×Sm−1)2

Ω(ξ, η)Ω(ξ′, η′)e−i(rx·ξ+sy·η)ei(rx·ξ
′+sy·η′) dξ dη dξ′ dη′,

where Ω denotes the conjugate of Ω. Let

J =

2∫
1

2∫
1

e−i[rx·(ξ−ξ
′)+sy·(η−η′)] dr ds

rs
.

Clearly, |J | ≤ (log 2)2. Moreover, by [3] there is a constant C such that

|J | ≤ C 1
|x · (ξ − ξ′)||y · (η − η′)|

.

Thus, for any 0 < σ < 1, we have

|J | ≤ Cσ
1

|x · (ξ − ξ′)|σ|y · (η − η′)|σ
.

Taking 0 < σ < 1/q′, we get

I(x, y) ≤ Cσ
∫∫

(Sn−1×Sm−1)2

|Ω(ξ, η)Ω(ξ′, η′)| dξ dη dξ′ dη′

|x · (ξ − ξ′)|σ|y · (η − η′)|σ
(2.2)

≤ Cσ
|x|σ|y|σ

‖Ω‖2q
( ∫∫
Sn−1×Sn−1

dξ dξ′

|ξ1 − ξ′1|σq
′

)1/q′

×
( ∫∫
Sm−1×Sm−1

dη dη′

|η1 − η′1|σq
′

)1/q′

≤ Cσ‖Ω‖2q|x|−σ|y|−σ.
Combining (2.1) and (2.2), we see that for 0 < σ < 1/q′

I(x, y) ≤ Cσ‖Ω‖2q ·min{|x|2, |y|2, |x|−σ|y|−σ}.
By interpolating we get

(2.3) I(x, y) ≤ C‖Ω‖2q ·min{|x||y|, |x|−σ|y|−σ, |x|ε|y|−θ, |x|−θ|y|ε},
where 0 < σ < 1/q′ and 0 < ε, θ < 1. In fact, taking σ/(2 +σ) < τ < (1 +σ)/
(2 + σ), we have

I(x, y) = I(x, y)τI(x, y)1−τ

≤ C‖Ω‖2q|x|2τ · {|x|−σ|y|−σ}1−τ = C‖Ω‖2q|x|ε|y|−θ,
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where ε = 2τ − σ(1− τ) and θ = σ(1− τ). Similarly, we have

I(x, y) ≤ C‖Ω‖2q|x|−θ|y|ε.

This completes the proof of Lemma 1. �

The following lemma is related to Stein’s spherical maximal function. Let
us give some definitions. For a function f(x, y) on Rn × Rm, we denote the
spherical maximal function on the first variable x of f by

M1f(x, y) = sup
r>0

∫
Sn−1

|f(x− rθ, y)| dθ,

the spherical maximal function on the second variable y of f by

M2f(x, y) = sup
s>0

∫
Sm−1

|f(x, y − sφ)| dφ,

and the spherical maximal function on Sn−1 × Sm−1 of f by

M∗f(x, y) = sup
r,s>0

∫∫
Sn−1×Sm−1

|f(x− rθ, y − sφ)| dθ dφ.

From the above definitions it is easy to see that

(2.4) M∗f(x, y) ≤M2M1f(x, y).

Lemma 2. Suppose that n,m ≥ 2 and p > max{n/(n − 1),m/(m − 1)}.
Then the spherical maximal function M∗f of f is bounded on Lp(Rn ×Rm);
that is, ‖M∗f‖p ≤ C‖f‖p.

Proof. By (2.4) and the results of J. Bourgain [1] and E. M. Stein [5], we
have

‖M∗f‖p ≤
( ∫∫
Rn×Rm

|M2M1f(x, y)|p dx dy
)1/p

≤ C
( ∫
Rn

‖M1f(x, ·)‖pLp(Rm) dx

)1/p

= C

( ∫
Rm

( ∫
Rn

|M1f(x, y)|p dx
)
dy

)1/p

≤ C‖f‖p.

This is the desired conclusion. �
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3. Proof of Theorem 1

Let us write TKf(x, y) as

TKf(x, y) =

∞∫
0

∞∫
0

∑
j

aj(r, s)
∫∫

Sn−1×Sm−1

Ωj(ξ, η)f(x− rξ, y − sη) dξ dη
dr ds

rs
.

Applying Schwarz’s inequality, we get

|TKf(x, y)| ≤
( ∞∫

0

∞∫
0

∑
j

∣∣aj(r, s)∣∣2 dr ds
rs

)1/2

×
( ∞∫

0

∞∫
0

∑
j

∣∣∣∣ ∫∫
Sn−1×Sm−1

Ωj(ξ, η)f(x− rξ, y − sη) dξ dη
∣∣∣∣2 dr dsrs

)1/2

.

Take two Schwartz functions ϕ1 ∈ S(Rn) and ϕ2 ∈ S(Rm) satisfying
(i) 0 ≤ ϕ1, ϕ2 ≤ 1, suppϕ1(x) ⊂ {x : 1/2 ≤ |x| ≤ 2}, suppϕ2(y) ⊂
{y : 1/2 ≤ |y| ≤ 2};

(ii)
∑
l ϕ1(2l|x|) = 1,

∑
k ϕ2(2k|y|) = 1 for all x ∈ Rn\{0}, y ∈ Rm\{0}.

Define the operators S1
l and S2

k by

Ŝ1
l g(x) = ϕ1(2l|x|)ĝ(x), Ŝ2

kh(y) = ϕ2(2k|y|)ĥ(y).

Since f(x, y) =
∑
u

∑
v

(
S1
l+u ⊗ S2

k+vf
)
(x, y) for any f ∈ S(Rn × Rm) and

l, k ∈ Z, we have, by (1.4) and Minkowski’s inequality,

|TKf(x, y)| ≤
( ∞∫

0

∞∫
0

∑
j

∣∣∣∣ ∫∫
Sn−1×Sm−1

Ωj(ξ, η)

× f(x− rξ, y − sη) dξ dη
∣∣∣∣2 dr dsrs

)1/2

=
(∑

j

∑
l

∑
k

2l+1∫
2l

2k+1∫
2k

∣∣∣∣ ∫∫
Sn−1×Sm−1

Ωj(ξ, η)

× f(x− rξ, y − sη) dξ dη
∣∣∣∣2 dr dsrs

)1/2

=
(∑

j

∑
l

∑
k

2l+1∫
2l

2k+1∫
2k

∣∣∣∣∑
u

∑
v

∫∫
Sn−1×Sm−1

Ωj(ξ, η)

×
(
S1
l+u ⊗ S2

k+vf
)
(x− rξ, y − sη) dξ dη

∣∣∣∣2 dr dsrs

)1/2
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≤
∑
u

∑
v

(∑
j

∑
l

∑
k

2l+1∫
2l

2k+1∫
2k

∣∣∣∣ ∫∫
Sn−1×Sm−1

Ωj(ξ, η)

×
(
S1
l+u ⊗ S2

k+vf
)
(x− rξ, y − sη) dξ dη

∣∣∣∣2 dr dsrs

)1/2

:=
∑
u

∑
v

Bu,v(f)(x, y).

We first estimate the L2(Rn × Rm)-norm of Bu,v(f)(x, y). Let

L(x, y) =
∫∫

Sn−1×Sm−1

Ωj(ξ, η)
(
S1
l+u ⊗ S2

k+vf
)
(x− rξ, y − sη) dξ dη.

We then have

L̂(x, y) =
∫∫

Sn−1×Sm−1

Ωj(ξ, η)e−i(x·rξ+y·sη)(3.1)

× ϕ1(2l+u|x|)ϕ2(2k+v|y|)f̂(x, y) dξ dη.

Applying Plancherel’s theorem and (3.1), we get

∥∥Bu,v(f)
∥∥2

2
=
∑
j

∑
l

∑
k

2l+1∫
2l

2k+1∫
2k

∫∫
Rn×Rm

∣∣L(x, y)
∣∣2 dx dy dr ds

rs

=
∑
j

∑
l

∑
k

2l+1∫
2l

2k+1∫
2k

∫∫
Rn×Rm

∣∣L̂(x, y)
∣∣2 dx dy dr ds

rs

≤
∑
j

∑
l

∑
k

∫∫
1/2≤|2l+ux|≤2

1/2≤|2k+vy|≤2

2l+1∫
2l

2k+1∫
2k

∣∣∣∣ ∫∫
Sn−1×Sm−1

Ωj(ξ, η)

× e−i(x·rξ+y·sη) dξ dη

∣∣∣∣2 dr dsrs
|f̂(x, y)|2 dx dy.

By Lemma 1,∥∥Bu,v(f)
∥∥2

2
≤ C

∑
j

‖Ωj‖2q
∑
l

∑
k

∫∫
1/2≤|2l+ux|≤2

1/2≤|2k+vy|≤2

(
min

{
|2lx||2ky|, |2lx|−σ|2ky|−σ,

|2lx|ε|2ky|−θ, |2lx|−θ|2ky|ε
})
|f̂(x, y)|2 dx dy

≤ C min{2−u2−v, 2uσ2vσ, 2−uε2vθ, 2uθ2−vε}‖f‖22.
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Thus, for 0 < σ < 1/q′ and 0 < ε, θ < 1, we obtain∥∥Bu,v(f)
∥∥

2
≤ C min

{
2−u/22−v/2, 2uσ/22vσ/2,(3.2)

2−uε/22vθ/2, 2uθ/22−vε/2
}
‖f‖2.

We now estimate the Lp(Rn × Rm)-norm of Bu,v(f)(x, y). This will allow
us to finish the proof of Theorem 1 under the conditions (a), (b), and (c),
respectively.

Proof of Theorem 1 for condition (a). Let us first consider the case when
2 ≤ p < 2q′/(q′ − 2). Since

(
Bu,v(f)(x, y)

)2 ≤ ∑
j

‖Ωj‖2q
∑
l

∑
k

2l+1∫
2l

2k+1∫
2k

·
( ∫∫
Sn−1×Sm−1

∣∣S1
l+u ⊗ S2

k+vf(x− rξ, y − sη)
∣∣q′dξ dη)2/q′ dr ds

rs
,

by duality there is a function g(x, y)∈L(p/2)′(Rn×Rm) satisfying ‖g‖(p/2)′≤1
such that

‖Bu,v(f)‖2p

≤ C
∫∫

Rn×Rm

∑
l

∑
k

2l+1∫
2l

2k+1∫
2k

·
( ∫∫
Sn−1×Sm−1

∣∣S1
l+u ⊗ S2

k+vf(x− rξ, y − sη)
∣∣q′ dξ dη)2/q′ dr ds

rs
|g(x, y)| dx dy.

Changing variables and applying Hölder’s inequality (note that q′/2 > 1), we
get

‖Bu,v(f)‖2p ≤ C
∫∫

Rn×Rm

∑
l

∑
k

∣∣S1
l+u ⊗ S2

k+vf(x, y)
∣∣2 2∫

1

2∫
1

·
( ∫∫
Sn−1×Sm−1

∣∣g(x+ 2lrξ, y + 2ksη)
∣∣q′/2 dξ dη)2/q′ dr ds

rs
dx dy

≤ C
∫∫

Rn×Rm

∑
l

∑
k

∣∣S1
l+u ⊗ S2

k+vf(x, y)
∣∣2(M∗(|g|q′/2)(x, y)

)2/q′
dx dy(3.3)

≤ C
∥∥∥∥∑

l

∑
k

∣∣S1
l+u ⊗ S2

k+vf(·, ·)
∣∣2∥∥∥∥

p/2

∥∥∥(M∗(|g|q′/2)(·, ·)
)2/q′∥∥∥

(p/2)′
,



MAXIMAL OPERATORS WITH ROUGH KERNEL 553

where M∗ is the Hardy-Littlewood maximal operator on product spaces de-
fined by

M∗g(x, y) = sup
r,s>0

1
rnsm

∫∫
|x−w|<r
|y−z|<s

|g(w, z)| dw dz.

It is well known that M∗ is a bounded operator on Lp(Rn × Rm) for p > 1
(see [4]). Since p < 2q′/(q′ − 2) implies 2(p/2)′/q′ > 1, by the choice of g, we
get∥∥∥(M∗(|g|q′/2)(·, ·)

)2/q′∥∥∥
(p/2)′

=
∥∥∥M∗(|g|q′/2)(·, ·)

∥∥∥2/q′

2(p/2)′/q′
≤ C‖g‖(p/2)′ ≤ C.

It follows from the Littlewood-Paley theorem and (3.3) that

(3.4) ‖Bu,v(f)‖p ≤ C‖f‖p.

Interpolating between (3.2) and (3.4) and applying Minkowski’s inequality,
we obtain

(3.5)
∥∥∥ sup
K∈M

|TK(f)|
∥∥∥
p
≤ C‖f‖p for 2 ≤ p < 2q′/(q′ − 2).

We next consider the case of max{2nq′/(2n+nq′−2), 2mq′/(2m+mq′−2)} <
p < 2. Set

Er,sf(x, y) =
∫∫

Sn−1×Sm−1

Ωj(ξ, η)
(
S1
l+u ⊗ S2

k+vf
)
(x− 2lrξ, y − 2ksη) dξ dη.

Then,

Bu,v(f)(x, y) =
(∑

j

∑
l

∑
k

2∫
1

2∫
1

∣∣Er,sf(x, y)
∣∣2 dr ds

rs

)1/2

.

Hence, to prove Bu,v(f) ∈ Lp(Rn × Rm), it suffices to show

Er,sf(x, y) ∈ Lp
{
l2
(
l2
{
l2
[
L2

(
[1, 2]× [1, 2],

dr ds

rs

)
, k

]
, l

}
, j

)
, dx dy

}
.

By duality again, there is a function g depending on the indices j, l, and k
and satisfying

g(x, y, r, s, j, l, k) ∈ Lp
′
{
l2
(
l2
{
l2
[
L2

(
[1, 2]× [1, 2],

dr ds

rs

)
, k

]
, l

}
, j

)
, dx dy

}
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with ‖g‖ ≤ 1 such that

‖Bu,v(f)‖p

=
∫∫

Rn×Rm

∑
j

∑
l

∑
k

2∫
1

2∫
1

∫∫
Sn−1×Sm−1

Ωj(ξ, η)

×
(
S1
l+u ⊗ S2

k+vf
)
(x− 2lrξ, y − 2ksη) dξ dη g(x, y, r, s, j, l, k)

dr ds

rs
dx dy

=
∫∫

Rn×Rm

∑
l

∑
k

∑
j

2∫
1

2∫
1

∫∫
Sn−1×Sm−1

Ωj(ξ, η)

× g(x+ 2lrξ, y + 2ksη, r, s, j, l, k)
(
S1
l+u ⊗ S2

k+vf
)
(x, y) dξ dη

dr ds

rs
dx dy

≤
∥∥∥∥{∑

l

∑
k

(∑
j

2∫
1

2∫
1

∫∫
Sn−1×Sm−1

Ωj(ξ, η)

× g(·+ 2lrξ, ·+ 2ksη, r, s, j, l, k) dξ dη
dr ds

rs

)2}1/2∥∥∥∥
p′

×
∥∥∥∥(∑

l

∑
k

∣∣(S1
l+u ⊗ S2

k+vf
)
(·, ·)

∣∣2)1/2∥∥∥∥
p

.

Let

Ug(x, y) =
∑
l

∑
k

(∑
j

2∫
1

2∫
1

∫∫
Sn−1×Sm−1

Ωj(ξ, η)

× g(x+ 2lrξ, y + 2ksη, r, s, j, l, k) dξ dη
dr ds

rs

)2

.

Then, by the Littlewood-Paley theory we have

(3.6) ‖Bu,v(f)‖p ≤ ‖(Ug)1/2‖p′‖f‖p.

Note that ‖(Ug)1/2‖p′ = ‖Ug‖1/2p′/2 for p′ > 2. Therefore, there is a function

h ∈ L(p′/2)′(Rn × Rm) with ‖h‖(p′/2)′ ≤ 1 such that

‖Ug‖p′/2 =
∫∫

Rn×Rm

∑
l

∑
k

(∑
j

2∫
1

2∫
1

∫∫
Sn−1×Sm−1

Ωj(ξ, η)

× g(x+ 2lrξ, y + 2ksη, r, s, j, l, k) dξ dη
dr ds

rs

)2

h(x, y) dx dy.
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By Hölder’s inequality and Schwarz’s inequality, we have

‖Ug‖p′/2

≤
∫∫

Rn×Rm

∑
l

∑
k

{∑
j

2∫
1

2∫
1

( ∫∫
Sn−1×Sm−1

|Ωj(ξ, η)|q dξ dη
)1/q

·
( ∫∫
Sn−1×Sm−1

∣∣g(x+ 2lrξ, y + 2ksη, r, s, j, l, k)
∣∣q′dξ dη)1/q′ dr ds

rs

}2
h(x, y)dxdy

=
∫∫

Rn×Rm

∑
l

∑
k

{∑
j

‖Ωj‖q

2∫
1

2∫
1

·
( ∫∫
Sn−1×Sm−1

|g(x+ 2lrξ, y + 2ksη, r, s, j, l, k)|q
′
dξ dη

)1/q′
dr ds

rs

}2

h(x, y)dxdy

≤
(∑

j

‖Ωj‖2q
) ∫∫
Rn×Rm

∑
l

∑
k

∑
j

{ 2∫
1

2∫
1

·
( ∫∫
Sn−1×Sm−1

|g(x+ 2lrξ, y + 2ksη, r, s, j, l, k)|q
′
dξ dη

)1/q′
dr ds

rs

}2

h(x, y)dxdy.

Using the hypotheses
∑
j ‖Ωj‖2q <∞ and changing variables, we obtain

‖Ug‖p′/2

≤ C
∫∫

Rn×Rm

∑
l

∑
k

∑
j

{ 2∫
1

2∫
1

( ∫∫
Sn−1×Sm−1

|g(x, y, r, s, j, l, k)|q
′

×
∣∣h(x− 2lrξ, y − 2ksη)

∣∣q′/2 dξ dη)1/q′ dr ds
rs

}2

dx dy

≤ C
∫∫

Rn×Rm

∑
l

∑
k

∑
j

{ 2∫
1

2∫
1

(
M∗
(
hq
′/2
)
(x, y)

)1/q′

× |g(x, y, r, s, j, l, k)|dr ds
rs

}2

dx dy

≤ C
∫∫

Rn×Rm

∑
l

∑
k

∑
j

2∫
1

2∫
1

|g(x, y, r, s, j, l, k)|2 dr ds
rs

(
M∗
(
hq
′/2
)
(x, y)

)2/q′
dx dy
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≤ C
∥∥∥∥∑

l

∑
k

∑
j

2∫
1

2∫
1

|g(·, ·, r, s, j, l, k)|2 dr ds
rs

∥∥∥∥
p′/2

∥∥∥∥(M∗(hq′/2)(·, ·))2/q′
∥∥∥∥

(p′/2)′
.

Since max{2nq′/(2n + nq′ − 2), 2mq′/(2m + mq′ − 2)} < p, we have
(2/q′) · (p′/2)′ > max{n/(n− 1),m/(m− 1)}. Using Lemma 2, we get∥∥∥(M∗(hq′/2)(·, ·)

)2/q′∥∥∥
(p′/2)′

≤ C‖h(·, ·)‖(p′/2)′ .

By (3.6) and the choice of g(x, y, r, s, j, l, k) and h, we obtain

‖Bu,v(f)‖p ≤ Cp ‖Ug‖
1/2
p′/2 ‖f‖p ≤ Cp‖g‖ · ‖h‖

1/2
(p′/2)′ ‖f‖p ≤ Cp‖f‖p

for max{2nq′/(2n+nq′−2), 2mq′/(2m+mq′−2)} < p < 2. Again, interpolat-
ing between (3.2) and the above inequality and using Minkowski’s inequality,
we get ∥∥∥ sup

K∈M
|TK(f)|

∥∥∥
p
≤ C‖f‖p

for max{2nq′/(2n+ nq′ − 2), 2mq′/(2m+mq′ − 2)} < p < 2, which together
with (3.5) proves Theorem 1 under condition (a). �

Proof of Theorem 1 for condition (b). As in the preceding proof, we first
consider the case 2 ≤ p < ∞. Since q′ ≤ 2, using Hölder’s inequality twice,
we obtain(

Bu,v(f)(x, y)
)2

≤
(∑

j

‖Ωj‖2q
)∑

l

∑
k

2l+1∫
2l

2k+1∫
2k

·
( ∫∫
Sn−1×Sm−1

∣∣S1
l+u ⊗ S2

k+vf(x− rξ, y − sη)
∣∣q′ dξ dη)2/q′

dr ds

rs

≤ C
∑
l

∑
k

2l+1∫
2l

2k+1∫
2k

·
∫∫

Sn−1×Sm−1

∣∣S1
l+u ⊗ S2

k+vf(x− rξ, y − sη)
∣∣2 dξ dη dr ds

rs
.

By the same argument as in the proof of (3.3), we obtain

(3.7) ‖Bu,v(f)‖2p ≤ C
∥∥∥∥∑

l

∑
k

∣∣S1
l+u ⊗ S2

k+vf(·, ·)
∣∣2∥∥∥∥

p/2

‖M∗(g)(·, ·)‖(p/2)′ ,

where g(x, y) ∈ L(p/2)′(Rn × Rm) satisfies ‖g‖(p/2)′ ≤ 1. Hence, by (3.7), the
Lp(Rn × Rm) (p > 1) boundedness of M∗, and the choice of g, we obtain
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(3.4) for 2 ≤ p < ∞. Interpolating between (3.2) and (3.4) and applying
Minkowski’s inequality, we get∥∥∥ sup

K∈M
|TK(f)|

∥∥∥
p
≤ C‖f‖p for 2 ≤ p <∞.

The proof of this inequality for max{2nq′/(2n+ nq′ − 2), 2mq′/(2m+mq′ −
2)} < p < 2 is exactly the same as in the case (a). Thus we obtain the
conclusion of Theorem 1 under condition (b). �

Proof of Theorem 1 for condition (c). In this case, we have 1 ≤ q′

< min{2(n − 1)/n, 2(m − 1)/m} < 2. The proof for the case 2 ≤ p < ∞
is the same as the proof in case (b), so we only consider the case 1 < p < 2.
Using the same idea and notations as in case (a), we have

‖Ug‖p′/2 ≤ C
∥∥∥∥∑

l

∑
k

∑
j

2∫
1

2∫
1

|g(·, ·, r, s, j, l, k)|2 dr ds
rs

∥∥∥∥
p′/2

×
∥∥∥(M∗(hq′/2)(·, ·)

)2/q′∥∥∥
(p′/2)′

.

Since (p′/2) > 1, we have (2/q′)·(p′/2)′ > (2/q′) > max{n/(n−1),m/(m−1)}.
Using Lemma 2 together with the choice of g(x, y, r, s, j, l, k) and h, we obtain
‖Bu,v(f)‖p ≤ Cp‖f‖p for 1 < p < 2. It is now easy to see that the conclusion
of Theorem 1 holds under condition (c). �
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