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A WEAK L? ESTIMATE FOR A MAXIMAL DYADIC SUM
OPERATOR ON R"

MALABIKA PRAMANIK AND ERIN TERWILLEGER

ABSTRACT. Lacey and Thiele recently obtained a new proof of Car-
leson’s theorem on almost everywhere convergence of Fourier series.
This paper is a generalization of their techniques (known broadly as
time-frequency analysis) to higher dimensions. In particular, a weak-
type (2,2) estimate is derived for a maximal dyadic sum operator on R™,
n > 1. As an application one obtains a new proof of Sjolin’s theorem
on weak L2 estimates for the maximal conjugated Calderén-Zygmund
operator on R"™.

1. Introduction

In 1966, Carleson [1] proved his celebrated theorem on almost everywhere
convergence of Fourier series of square integrable functions on R. This was
followed by a new proof given by C. Fefferman [2] in 1973. The techniques
used by C. Fefferman have become known as time-frequency analysis and
have found wide application in harmonic analysis in recent years. In partic-
ular, Lacey and Thiele [3], [4] have refined and extended these ideas in their
pioneering work on the bilinear Hilbert transform on R. In 2000, they ob-
tained a new proof of Carleson’s theorem [5] in which these techniques play
a crucial role. These powerful techniques stem from interaction of extremely
deep ideas which include delicate orthogonality estimates, combinatorics, and
quasi-orthogonal decompositions well-localized in both time and space. It is
the goal of this paper to extend the techniques of time-frequency analysis of
[5] to higher dimensions.

The main result of this paper is a weak-type L? estimate for a maximal
dyadic sum operator in R®, n > 1. In dimension one, this operator may be
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thought of as a linearized and discretized version of the Carleson operator C,
N

Cf(x) = sup / F©)em=€ g |
N —o0

The main point of Lacey and Thiele’s proof [5] is to show that the discretized
operator satisfies a weak-type (2,2) estimate. This in turn implies a similar
estimate for C, which is a key ingredient in proving that the Fourier series of
a square-integrable function on the circle converges almost everywhere.

We introduce a higher dimensional analogue of the linearized and dis-
cretized Carleson operator and adapt the methodology of Lacey and Thiele to
prove that this operator maps L?(R") to L*>°(R™). One of the distinguishing
aspects of our proof is the introduction of an ordering of points in R™ which
allows us to organize the higher dimensional rectangles and thus control the
large sums that appear in the operator. Unlike the situation in dimension one,
the mapping property above does not lead to an almost everywhere conver-
gence result in higher dimensions. However, it gives as a corollary a result of
Sjolin [6] on the weak L? boundedness of the maximal conjugated Calderén-
Zygmund operator on R"™.

The proof is divided into seven sections. The first section explains the
notation and terminology and gives the statement of the main theorem. The
second section lists the main ingredients of the proof and the argument that
binds them together. The subsequent four sections are devoted to proving the
different lemmas needed in the main argument. The final section provides a
new proof of Sjolin’s theorem as an application of our main result.

2. Main Theorem

Time-frequency analysis provides the crucial set of ideas in the recent
progress made in the understanding of Carleson’s theorem. In this type of
analysis one heavily uses the structure of dyadic intervals. A dyadic interval
has the form [m2*, (m +1)2*), where k and m are integers and k is called the
scale. A dyadic cube I C R"™ is of the form

17 =11 ms2*, (m; + 1)2%),
j=1 j=1

where k and m; are integers for all j = 1,2,...,n. We easily see that the
n-dimensional volume is given by |I| = 2"%. Let ¢(I) = (c(I'),...,c(I™))
denote the center of I, and for a > 0, al will denote the cube with the same
center as I and whose volume is a”|I|.

Consider the time-frequency plane in 2n dimensional space with points
(x,€), where x denotes the time coordinate in R™ and £ denotes the frequency
coordinate in R™. A “rectangle” in the time-frequency plane is the cross
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product of a dyadic cube from the time plane and a dyadic cube from the
frequency plane. To be more precise, for a rectangle, p, the projection onto
the time plane will be denoted by I,,, and its projection onto the frequency
plane will be denoted by w,. We will denote by D the set of rectangles
p = I, X wp such that |Ip||wy| = 1. An element of D will be called a tile.

As mentioned earlier, it is important for the higher dimensional version of
our time-frequency analysis to introduce an ordering in R™ that will play a
role analogous to the linear ordering on R. This is especially relevant in a
certain selection scheme used in Section 5 in analogy with the work of Lacey
and Thiele. Although the choice of ordering is not unique (we will mention an
alternative in Section 5), we find it convenient to work with the lexicographical
order defined as follows. Given a = (a1,as, -+ ,a,),b = (b1,ba, -+ ,b,) € R™,

a1 < by

a1:b1,a2<b2
a<b =

ap=by,a2="ba, ..., an-1=bp_1,an <bp,
where the right hand side above is to be read with Boolean “or” standard.
For a tile p with w), = w} X w2 x - - xwy', we can divide each dyadic interval
wg into two parts. In other words, for j =1,2,...,n, we get

w! = (w) N (=00, c(w))) U (w] N [e(w]), 00)).

Then w, can be decomposed into 2" subcubes formed from all combinations
of cross products of these half intervals. We number these subcubes using
the lexicographical order on the centers and denote the subcubes by wy;)
for i = 1,2,...,2". A tile p is then the union of 2" semi-tiles given by
p(i) = I X wy(y for i =1,2,...,2".
Let us define translation, modulation, and dilation operators by

Ty f(x) == f(x —y),

My f(x) = f(x)m,

Dif(x) == A""1f(A\"1x), A > 0.

Note that if we set ¢ = 2, these operators are isometries on L?(R"™). We fix a

Schwartz function ¢ such that ngS is real, nonnegative, supported in the cube
[—1/10,1/10]™ and equal to 1 on the cube [—9/100,9/100]™. For a tile p € D
and x € R" we define

(2.1) $p(%) = Moo, 1) Te(1,) Dy /0 9(%)-

Using the following definition of the Fourier transform

F&) = [ flz)e 2™ dx,
/



778 MALABIKA PRAMANIK AND ERIN TERWILLEGER

one easily can see that

(2.2) 0p(6) = Tutu, ) M—c(1,) D, /0 H(E).

Equation (2.1) tells us that for each p the function ¢, is well localized in time

with most of its mass in I, while equation (2.2) tells us that g/b; is supported
in (1/5)wp(1). Note also that the ¢, have the same L?(R™) norm.

Let m be a multiplier in C*°(R™\ {0}) which is homogeneous of degree 0,
and define

(¥6)7(6) = m(€ - ©)3,(8),

where ¢ is contained in w,,) for some fixed r € {2,3,...,2"}. Note that we
have the following fact for all ¢ € wy(,:

()] < 1,72 (14 By
\Ip\l/n

where v is a large integer whose value may vary at different places in the
proof. To see this fact we write

W (x) = / ATEXG (€ m(E — () dE

Rn

_ / ETENT M1 D2, 1y BE)mIE — C) d

R"L
_ e?ﬂic(Ip)-c(wp(l))

> /62wi§'(xfc(1p))‘jp‘1/2$(lell/n(E _ C(wp(l)))) m(E _ C) df
R’n
Making the change of variable
¢ = |Ip|1/n(§ — c(wp(n)))
in the above integral, we obtain
wg(x) _ eZﬂ'ic(Ip)»c(wp(l)) /eQwi(§"Ip‘—1/"+c(wp(1)))»(xfc(Ip))|Ip|—1/2$(gl)
]R’n
xm (€117 + elwyy) —C) de’
_ eQﬂ'ix»c(wp(l)) /eZﬂ'i{'-(xfc(Ip))Hprl/" |Ip|71/2g’b\(61)

R™

xm (€ + 11" (elwpr) =€) ) €,
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where the second equality is obtained using the fact that m is homogeneous
of degree 0. Since ¢ € wy(,) and £ € %wp(l), we have

€ —&| 2 Jwp|*/,
from which it follows that
g+ LY (clwpy) =€) 2 1.

Thus all the derivatives of m(&' + |I,|"/"(c(wy(1)) — ¢)) are bounded. A stan-
dard integration by parts argument finishes the proof.
Using the following definition for the inner product

(f.9) = / F()g(x) dx,
RTL

given ¢ € R™ and f € L?(R"™), we define an operator

BEF() =D (f ¥ ( )y, (€)-

peED

THEOREM 1. There exists a constant C, depending only on dimension, so
that for all f € L2(R™) and r € {2,3,...,2"}

(2.3) sup | B f|

< Ol fllz2wn)-
CERn

L2,oo(]Rn)

To prove the theorem, we will work with a linearized version of the operator.
Consider a measurable function x — N(x) = (N1 (x), N2(x), ..., Np(x)) from
R™ to R™ and define a linear operator

BR(x) i= By (%) = D (£, 8p)p ) (%) (L, © N)(x).

peED

To prove (2.3) it will suffice to show that there exists a constant C' > 0 such
that for all f € L?(R")

(2.4) sup || BN Sz @ny < CllfllL2rnys

N:R» SRn

where the supremum is taken over all measurable functions N on R”.
By duality we will show that the adjoint operator

9= A(uy,, o NN, g)6,

peD

maps L*!(R") into L?(R™) with bounds independent of the measurable func-
tion N. Since L?!(R™) is a Lorentz space, it suffices to show that the dual op-
erator maps L»'(R") N {1g : E C R", E measurable, |E| < oo} into L*(R™).
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Hence, we need to show

(2.5) > Ly, o N)EN 16) 0y < C|E|'/2.
peD L2(R™)

By duality, (2.5) is equivalent to

(2.6) Y (L, o NV 1E) (. f)| < CLEIM?,

peED

for all Schwartz functions f with L? norm one. We will further restrict the
sum to an arbitrary finite subset P of D.
Now for all integers j we have the identity

> Ny, o NN, 1) (0, )]

peP
=272 37 (L o NN, Lasp) o, 2772 F(277 ()
uweP(j)
where for any set A we define 2/ ® A = {27y = (29y1,27y2,...,27y,) 1 y € A},
N;(x) =27/N(277x), and P(j) = {(2?®1,) x (277 ®w,) : p € P}. By picking
j so that 1 < 2/"|E| < 2, we can absorb |E| into the constant on the right

hand side of (2.6). Finally we note that the left hand side of (2.6) can be
rewritten so that the estimate we need to show now becomes

(27) Z <1EON_1[wP(T)]7/(/)pN><¢p7f> < Cv

pEP

for all Schwartz functions f with L? norm one, measurable functions N, mea-
surable sets E with |E| < 1, and all finite subsets P of D. For the rest
of the paper we fix f;, N, and E in this manner. By N_l[wp(r)} we mean

{x: N(x) € wpm }-
3. Main argument

We now set up some tools that we will use throughout the rest of the paper.

Define a partial order < on the set of tiles D by setting
p<p = I,C I, and wy Cwp.

We have the property that if two tiles p,p’ € D intersect, then either p < p’
or p’ < p. To see this, observe that dyadic cubes have the property that if
two of them intersect, then one is contained in the other. This extends from
the same property for dyadic intervals in dimension one. Now, suppose two
tiles p and p’ in D intersect, and without loss of generality let |I,| < |I].
Then p and p’ intersect in both the time and frequency components, i.e.,
I,NI,y #0, w,Nwy # 0. From size considerations, one obtains that I, C I,
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and w, C wy, and hence p < p’. A consequence of this property is that for a
finite set of tiles P, all maximal elements of P under < must be disjoint sets.

A finite set of tiles T is called a tree if there exists a tile ¢ € D such
that p < t for all p € T. We call ¢ the top of the tree T and denote it by
pr = It X wr. Note that the top is unique but not necessarily an element
of the tree. Another useful observation is that any finite set of tiles P can be
written as a union of trees. Consider all maximal elements of P under <. Then
a nonmaximal element p € P must be less than, under “<”, some maximal
element ¢t € P which places p in the tree with top ¢t. For ¢ € {1,2,...,2"}, we
call a tree an i-tree, denoted by T?, if wr(;) C wy() for all p € T'. Observe
that any tree can be written as the disjoint union of i-trees. Also for fixed i,
and p,p’ € T, the subcubes Wp(iy and wy,(;) are pairwise disjoint and disjoint
from wrp(;) for all i € {1,2,...,2"}\ {io}.

For p € D, define the mass of {p} as

[T
M({p}) = sup on
?)ED ENN-1[w,] (1 + L_C(lju)‘)
u Was [Tui/m

‘We can then define the mass of a finite set of tiles P to be

M(P) = EggM({p})'

Note that the mass of any set of tiles is at most one since by a change of

variables 1

MP)< | ——————dx < 1.
®) = | G o<
R’V‘L
The energy, depending on r, of a finite set of tiles P is defined as
1/2
EP) = sup | [Ir|7" Y [(f, )
Trep peTT

Recall that r € {2,3,...,2"} is fixed and f is a fixed Schwartz function of
L?(R™) norm one. The following three lemmas will provide the main steps in
proving the theorem, and their proofs will be shown in the next four sections
of the paper.

LEMMA 1. There ezists a constant C1 such that for any finite set of tiles
P there is a subset P’ of P such that

(3.1) M(P\ P) < - M(P)

=

and P’ is the union of trees T; satisfying

Ch
(3.2) zj: |IT,| < M(P)
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LEMMA 2. There exists a constant Co such that for any finite set of tiles
P there is a subset P” of P such that

(3.3) E(P\P") < L£(P)

and P is the union of trees T; satisfying
Co

LEMMA 3 (The Tree Inequality). There exists a constant Cs such that for
all trees T

(3.5) > ANty ) Up ) (bp: )] < Cs|Ir|E(T)M(T).

peT

We will now prove (2.7), and hence Theorem 1, assuming the three lemmas.
In the argument below set
Co=C1+Ch.
Given a finite set of tiles P, find a very large integer mg such that £(P) < 2mo™
and M(P) < 22™0m. We construct by decreasing induction a sequence of
pairwise disjoint sets P, Pry—1, Pmg—2, Pmy—3, ... such that

and such that the following properties are satisfied:

(1) E(P;) < 20+D7 for all j < my.

(2) M(P,) < 2(23+2)” for all j < my.

()E(P\( ~~UPj))§2j”forallj§m0.

(4) M(P\ (P, -UP;)) < 220" for all j < my.

(5) P; is a union of trees T, such that >, |I1, | < Co27%" for all
J < mo.

Assume momentarily that we have constructed a sequence P; as above.
Then to obtain estimate (2.7) we use (1), (2), (5), the observation that the
mass is always bounded by 1, and Lemma 3 to obtain

Z | <1E|’7N*1[u}p<r)] 7w]1:1><f7 ¢p> |

seP
< Z Z ‘<1EﬁNfl[wP(T)]a¢§><fa ¢P>|

Jj pEP;

<ZZ Z 1EﬁN wp(, "/) ><f?¢17>’

Jk peTy

< O3 Y I, E(Tj) M(Tj)
ik
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< C3 Y 0> |Ip, [20FD" min(1, 2772
ik
< Oy Z Cp2~2ini+1)n min(1, 2(2j+2)n)
J
< 2%CyC3 Y min(2",279") < C,,.
J
This proves estimate (2.7).

It remains to construct a sequence of disjoint sets P; satisfying (1)—(5).
We start our induction at j = mg by setting P,,, = 0. Then (1), (2), and (5)
are clearly satisfied, while

EP\Py,) = E(P) <2™07,
M(P\P,,,) = M(P) < 2%mon
and hence (3) and (4) are also satisfied for P, .

Suppose we have selected pairwise disjoint sets Py, Pmo—1,...,Pm for
some m < mg such that (1)—(5) are satisfied for all j € {mg,mo —1,...,m}.
We will construct a set of tiles P,,,_; disjoint from all the sets already con-
structed such that (1)—(5) are satisfied for j = m — 1. This procedure is given
by decreasing induction. We will need to consider the following four cases.

Case 1. E(P\(Py,U: - -UPy,)) < 20m=m and M(P\ (P, U- - -UP,,)) <
22(7n—1)n.

In this case set P,,_; = () and observe that (1)—(5) trivially hold.

CASE 2. E(P\(P,U---UP,,)) > 2m=Yn and M(P\(P,,,U- - -UP,,)) <
22(m71)n'

Use Lemma 2 to find a subset P,,_1 of P\ (P, U---UP,,) such that

(3.6) EP\(PpuU---UP,, UP,,_1)) < %E(P\(Pmo U UPy,)) < %2’""

and P,,_1 is a union of trees (whose set of tops we denote by P, _;) such
that

(3.7) S L] < CoE(P\ (P U---UP,,)) ~ < Cp2720m 0,
teP:
Then (3.6) gives (3) and (3.7) gives (5) for j = m—1. Since
EPp-1) CEP\ (P U---UP,,)) < 2mm = 2(lm=DFln

estimate (1) is satisfied for j = m—1. Also by our induction hypothesis we
have

M(P \ (Pmo U---uP,, U Pm—1)) < M(P \ (Pmo U-.--u Pm)) < 22(m71)n’
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and hence (4) is satisfied for j = m—1. Finally
Py1 CP\(Pp,U - UPy),

and hence its mass is at most the mass of the latter which is trivially bounded
by 22(m=D+2)n " Thus (2) is also satisfied for j =m—1.

CasE 3. E(P\(Py,U:--UPy,)) < 2m=m and M(P\ (P, U- - -UP,,)) >
22(m—1)n.

In this case we repeat the argument in Case 2 with the roles of the mass
and energy reversed. Precisely, use Lemma 1 to find a subset P,,_1 of the set
P\ (Pp, U---UP,,) such that

(3.8) M(P\(P,,U---UP,UP,,_1)) < iM(P\(PmOU---UPm)) < 322’”"

and P,,_1 is a union of trees (whose set of tops we denote by P _;) such
that

(3.9) ST L S CM(P\ (P, U---UP,,)) ~H < C2720m 0,
tePx,
Then (3.8) gives (4) and (3.9) gives (5) for j = m—1. By induction we have
M(Pyq) < M(P \ (P, U---U Pm)) < 92mn _ 9(2(m=1)+2)n
and thus (2) is satisfied for j = m—1. Finally (1) and (3) follow from the

inclusion P,,_; C P\ (Py,, U--- UP,,) and the assumption &(P \ (P, U
+-UP,,)) < 2(m=1n This concludes the proof of (1)-(5) for j = m—1.

CasE4.  E(P\(P,U---UPy,)) > 2m=0n and M(P\ (P, U- - -UP,,)) >
22(m71)n'

This is the most difficult case since it involves elements from both of the
previous cases. We start by using Lemma 1 to find a subset P} _; of the set
P\ (P, U---UP,,) such that

(3.10) M(P\(Py,,U---UP,,UP,, _)) < iM(P\(Pmou. ~UP,,)) < 32%"

and P/ _, is a union of trees (whose set of tops we denote by (P/,_;)*) such
that

(3.11) > L < CIM(P\ (P, U UP)) < Cpa-2m=tn,
te(P;nfl)*

We now consider the following two subcases of Case 4.

SUBCASE 4(A). E(P\ (P, U---UP,, UP,, _;)) < 2(m=1r,

m—1
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r—1- Then (3) is automatically satisfied
for j = m—1 and also (5) is satisfied in view of (3.11). By the inductive
hypothesis we have (P \ (P, U+ UP,,)) < 2m = 2(m=D+bn and also
M(P\ (P, U---UP,,)) < 22mn = 2@(m=1+2)n Gince P,,,_; is contained in
P\ (Pp, U---UP,,), the same estimates hold for E(P,,_1) and M(P,,_1).
Thus (1) and (2) also hold for j = m — 1. Finally (4) for j = m — 1 follows
from (3.5) since P Poi.

m—1 —

In this subcase, we set P,,_1 = P/

SUBCASE 4(B). E(P\ (P, U---UP,, UP, _)) > 20m=1n,

Here we use Lemma 2 one more time to find a subset P/ _, of the set
P\ (P, U---UP,,UP/ ;) such that

m—1

(3.12) EP\(Pp,U...UP,UP, _UP! _.))

1
§§£(P\(Pm0u---quuP’ )

m—1

and P” _, is a union of trees (whose set of tops we denote by (P” _;)*) such
that
(313) > L S CoE(P\ (P U- - -UP, UP,, 1)) 7 < Cp220m= 1,
te(Pl _ )*
We set Pp,—1 =P,_; UP/ _, and we observe that P,,_; is disjoint from all
the previously selected P;’s. Since by the induction hypothesis the last term
in (3.12) is bounded by 2€(P \ (P, U--- UP,,)) < 22" the first term in
(3.12) is also bounded by 2(™~1". Thus (3) holds for j = m—1. Likewise,
since
E(Pm—l) S g(P \ (Pmo U---u Pm)) S an = 2((m71)+1)n,
M(Pr1) SM(PN\ (P U---UP,,)) < 22mn = 2@m=1)+2)n
(1) and (2) are satisfied for j = m—1. Since
M(P \ (P’mo U---u P’m U P?n—l)) S M(P \ (P’"L() U---u Pm U P;n—l)) )
(3.10) implies that (4) is satisfied for j = m—1. Now each of P/, _; and P/ _,
is given as a union of trees. Thus the same is true for P,,_;. The set of tops
of all of these trees, call it (P,,_1)*, is contained in the union of the set of
tops of the trees in P}, _; and the trees in P/, _;, i.e., in (P],_;)* U (P! _1)*.
This implies that

D =S S A S N A

te(Pm—1)* te(P )~ te(Py,_1)*
< (Cr + Co)27 2 = Gom2m i

in view of (3.11) and (3.13). This proves (5) for j = m—1 and concludes the
inductive step. The construction of the P;’s is now complete.
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4. Proof of Lemma 1

Given a finite set of tiles P, set y = M(P) and define
1
P = {pe P M({p}) > Z”}'
Clearly M(P\ P’) < 1p. Thus it remains to show that P’ satisfies (3.2). By
definition of the mass, for each p € P’ there is a tile u(p) = u € D such that

1~

10n
x—c(ly
BON™w,] (1 +5 \m(l/n)')

X >

"
(4.1) L.

Set U = {u(p) : p € P’'}, and let U,y be the subset of U containing all
maximal elements of U under the partial order on tiles. As observed earlier,
the tiles in U can be grouped into trees with tops in Uy.x. Now U is not
necessarily a subset of P/, but each u € U is associated to a p € P’ as
described above. In particular, if p is a maximal element in P’, then there
exists a u € U with p < u such that (4.1) holds. If this u is not in Upy
then there exists ' € Upax with v < «/. We must then have v associated
to another p’ € P’ which implies, by maximality of p, that p’ < p. Hence for
each maximal element p € P’ there exists a unique element u € Uy, with
p < u, and there is at most one such maximal element for each v € Upax.
Therefore, we will show

(4.2) LG,
UEUmax

which implies (3.2). Now we will rewrite (4.1) as

2n+2 ’uZQ kn<z

||~

10n

|x—c(Iu)|
ENN ™ {w,] (1+ TR )
nEFrA\28"1n,)

dx,

where we set %Iu = (). This estimate holds for all v € U, so in particular for
every u € Upax there exists a k > 0 such that
2’ﬂ

" 1
otz M|I |27* / Ton 4%
J (1+ |x (/(Iu)l)
ENN~w,] [T, |1/™
NErFr\2*11,)

~ BN w0 (28, \ 2571 L)
- C(\/ﬁ)lOanOkn ’

where the second inequality above follows from the fact that

|Iu|71/n|x — ()| ~ \/52]C
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for x € (281, \ 2¥711,). Here and throughout the paper C' denotes a constant
depending only on dimension and whose value may change at different places
in the proof. Now we define for k& > 0

Ui = {1 € Upax : Op|L[27"" < |[ENAN"w,|N2*L,|}.

Since Upax = U;O:o Uy, if we show that

(4.3) > L)< 278yt
ueUy

summing over k € ZT gives us estimate (4.2).

We now concentrate on showing estimate (4.3). Fix k& > 0 and select an
element vy € Uy so that |I,,| is largest possible. Then select an element
vy € Uy \ {vo} such that the enlarged rectangle (2¥1,,) X w,, is disjoint from
(2%I,,) X wy, and |I,,| is largest possible. Continuing by induction, at the
j-th step we select an element v; € Uy \ {vo,...,v;-1} so that (2’“1%,) X Wy,
is disjoint from the enlarged rectangles of previously selected tiles and |, | is
largest possible. Since we have a finite set of tiles, this process will terminate,
and we will have the set of selected tiles in Uy, which we will call V.

Next we make some key observations about the tiles. First, note that
elements of Uy are maximal in U and therefore disjoint. Second, for any
u € Uy, there exists a selected tile v € Vi, with |I,,| < |I,| and such that the
enlarged rectangles of v and v intersect. We will associate u to this v. Third,
if u and v’ are both associated to the same v, then I, and I, are disjoint.
Indeed, (2¥I,) x w, intersects (2¥I,) x w,, which means 21, N 2¥1, # ()
and w, Nw, # 0. This implies, together with the fact that |I,| < |I,[, that
Wy D Wy. Similarly w, D w,. Therefore, one of w, and w,  contains the
other. But u and u’ are disjoint. Thus I,, is disjoint from I,,. Finally, all tiles
u € Uy, associated to a particular v € V. satisfy I,, C ok+2p

From the observations above and the definition of Uj, we have

SN < > > L

ueUy veVyE ueUy
U assocC v

=Y U Ll YD 2tk

vEVE | ueUy vEVY
U assoCc v

< CM—12—9kn2(k+2)n Z |E N N_l[wv] N Qkfv‘
vEVy
< C22nu—12—8k¢n|E| < C122n’u/—12—8kn7

where we have used that for v € Vi, the enlarged rectangles are disjoint, and
therefore so are the subsets E N N~1w,] N2k, of E.
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5. Proof of Lemma 2

We begin by fixing a finite set of tiles P and = 2™. This choice of r ensures
that § < & in the lexicographical order for all n € w1y and § € wy(,y. For
r # 2™ the proof goes through by a suitable permutation of the coordinates of
R™ which changes the coordinate that takes precedence in the lexicographical
order. Here we note that we can be less precise by taking any linear functional
L that separates wy,(1) and wy(,y in any given cube w,. Then we let n < §
if L(n) < L(€). In particular, we can take L to be the projection onto the
appropriate axis so that the usual linear ordering on R is relevant. Let ¢
denote £(P). Define for T a 2"-tree

1/2
A(T) = (o™ Y0 1o
peT’
Consider all 2"-trees T' contained in P which satisfy

1
(5.1) A(T) > 56.

Among these select a 2"-tree T} such that c(wy) is minimal in the lexico-
graphical order. Let T be the set of all p € P such that p < p1, = pr,.
In other words, Ty is the maximal tree containing T} with the same top as
T}. Now consider all 2"-trees contained in P\ T and select a 2™-tree T,
such that c(wr,) is minimal. Let Ty be the set of all p € P such that p <
pt, = pr,- Continue inductively to obtain a finite sequence of pairwise dis-
joint 2"-trees T, T5, ..., T} and pairwise disjoint trees Ty, Ta, ..., Ty,
where pr, = pr,, T’ C T, and the T satisfy (5.1). Let

q

WZU@.

j=1
Then clearly
1
EP\P") < 3¢

Thus we need to show that P satisfies condition (3.4) of Lemma 2, i.e.,

q Oy
j=1
Since the trees T’ satisfy (5.1) and || f||p2&n) = 1,

(5.3) ie2Z|ITj| <D )l

y ’
J peTj

=" " (F. b)) ()

y ’
J pGTj
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= (£ (f p)op)

j peT;
S DB PETEALE
J peT} L2(R")
Letting U = {J, T, we will show that
1/2
(5.4) > (b <c &N )|
peU J

L2(R™)

which, together with (5.3), will give us (5.2). The square of the left hand side
of (5.4) can be estimated by

(55) > W00 (0p du) +2 0 D [(f26p)(fs bud(bps bu)-

p,ucU p,ucU

Wp =Wy wp CWy(1)
Here we have used that (¢, ¢,) = 0 unless wp(1) intersects wy,(1), which implies
that either w, = w, or wy(1) contains w, or wy,;) contains w,. We are then
able to utilize the symmetry in p and u to combine the off diagonal terms.
We estimate |(f, ¢,)| and |(f, ¢,)| by the larger one and bound the first term
in (5.5) by

STUL S D [dp du)l

peU ueU
Wp=wy,

1/2
(Ll pl
9 M7, 17,
<SR > C T
peU ueU (1+M)

max(|Ip |, [Lu])1/™

2 1 [x — e(L,)[\ "
peU ueU [y ] [y
Wp=Wny I
<CY ol
peU

= CZ Z |ITj||ITj |_1|<fa ¢p>|2

J peT]
< CZ |ITj |627

J

where we have used that for p € U the I, for which w, = w, are pairwise
disjoint.
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Using Cauchy-Schwarz, the second term in (5.5) can be estimated by

2 STl D> 1l (ps b0

J p€ET) uCEU()
Wp LWy (1
2 1/2
1/2
<2Y 8> [(f o)l > > 1L du)ll(bp, du)
J pET; pET;. ueU
wp Cwy (1)
2 1/2
<2 I, MPATH)S YL DD [ du)ll(dor du)
J peT’, ueyU
wp CWy (1)
9y 1/2
< QEZ |IT_7“1/2 Z Z ‘<fa ¢u>||<¢p7¢u>|
J p€ET %EU
wWp CWy (1)

To complete the proof, we need to show that the expression inside the curly
brackets is bounded by Ce?|It,|. Since for a single tile u

E({u}) = (1L F @) = 1L 7V2F )] < e,
we get that
2 2
SIS i edlimenl | <SS L2 60
PeT; wp%%JS(l) PET; wp%ig<1>

Thus we now need to show that
2

(5.6) S Y LP(ép6u)| | < Cln, .

PETS ueU
wWp CWau(1)

To prove this, we will need the following lemma.
LEMMA 4. Letp € T;- andu € T}, Then if w, C wy(1), we have I,NIt; =

0. If u € T),,v € T}, u # v,wp Cwyy, and wy C wy(1) for some fived p € T,
then I, NI, = 0.

Proof. Since w, C wy(1) and T and T}, are 2"-trees, T’ and T} are not
the same tree. Otherwise w, C wy(2n). We know that wr, C Wy C wy(1),
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which implies that c(wT;) is contained in wy,(1). We also have wr, C wy(2n),
which implies that ¢(wr, )is contained in wy(zn). Therefore c(wTQ) < c(wty)
in the lexicographical order, which means that T;- was chosen before T, in the
original selection process. Now suppose I, NI, # (). Then either I, C I, or
I, O It,. However, wt, C wy implies that I, C It,. Thus we have wr,; Cwy
and I,, C It,, which says that u belongs to the tree T;. However, u € Ty and
thus was chosen from P\ T, which gives a contradiction. Thus I, N It, = 0.

Next suppose that v € T}, v € T}, u # v, and w, C (wWy(1) Nwy(1)) for some
fixed p € T}. We have three cases to consider: (a) w, C wy(1), which means
I, N It, =0 and thus I, N1, = 0, (b) wy, C wy(1), which means I, N It, =0
and thus I, N I,, = 0, and (¢) w, = w,, which tells us that |I,,| = |I,| and thus
I, and I, are disjoint since v and v do not coincide. O

We now return to estimate (5.6). Observe that Lemma 4 tells us that for
the tiles u € U appearing in the interior sum of (5.6) the I, are pairwise
disjoint and contained in (I1,). Thus we have

2

Dol D e 6u)]

peT/. uecU
’ wWp CWy (1)

1/2 —1
oy | X owee(i) [

10n
x—e(Iy)|
!
P \ 0, &0 L, (” [T,117"
2

I -1
<C Z | Z / || p|(1 )\ 10m dx
) : Ix—clp)]|
pETj wpcig(l)lu (1 + [Ip |/ )

2

< C I |IP|71
<C YLl

10n
) [x—c(Ip)|
R (R

|2,
<C . Inl / \xfcu e
peT; (I;)e (1 + WT/I:’)

<C 3 27kn T -
<oyt Y 10
| 1 [x—c(Ip)|
k=0 PETS  (rp)e \I T L
\Ip\:2””"|ITj|
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The proof of Lemma 2 will be complete if we can show that

—1
Z / = 10 dx < 2M Y,
= (14 e "
pPE ]T ye [I, [t/
|Tp|=2" ’ﬂ”|1

thus allowing the sum in k& to converge. Throughout the paper, A < B means
that A is less than or equal to B up to a constant depending only on dimension.
The first observation we have is that

L —— (dist((frm,fp))f’"
10n ~ 1/n :
(14 et 1]V

(2,)¢ L7

To see this, note that by a change of variables, it suffices to let the center of
I, be at the origin. Also note that we have the inequality

x — (L) > T < |zi = e(Lp)il ) v
1+ — > 1+ —— .
( L]/ 1:[1 | Ip[

Therefore, the integral above is bounded by a constant times

ﬁ / |1~
(L)l

o N\ 10
= \ai|> 4, | (1+ I )

<H dist((Ir,)", 1)\ " _ (dist((Ir,)" L)\ ™"
II Il/" ~ |[Tp[/ ’

where we have used that |z; — c(I,);| > dist((IT,) I,) for all i =1,2,...,n
Now we need to sum over p for a fixed scale k. Consider an n — 1 dimensional
face of It, and fix a cube I, whose face is contained in the face of Ir,.
We allow the remaining coordinate to vary and sum over those I, in this
“column”. In a fixed column, the distances from (Ir,)¢ to each I, sum as
additive multiples of |Ip|1/". For each face, there are 2("=1) such columns.
Thus,

. c —9n s
3 <dl5t((ITW) < 2K (of faces) 19
m n

|I |1/n
/ p
pET;

|Lp|=27%" I, |

m=1
§ 2/(:(77,71) .

6. Proof of Lemma 3—the tree inequality

Let J be the collection of all maximal dyadic cubes J such that 3J does
not contain any I, with p € T. Then J is a partition of R".



WEAK L? ESTIMATE FOR A MAXIMAL DYADIC SUM OPERATOR ON R™ 793

We can write the left hand side of (3.5) as follows, where the terms «,
are phase factors of modulus 1 which make up for the absolute value signs in

(3.5):

Z ap(f, ¢p>7/’11:11E2,, < K1+ Ko,

peT 1
where
(6.1) Egp = ENN" wyn)],
(62) ’Cl = Z Z H<f7 ¢P>wE1E2p ||L1(J) )
JET peT;|I,|<2m|J|
(6.3) K= > i)ty s,
JET ||peT; [Ip|>27|J] L1(J)
Let

e=€&(T) and p=M(T).

We begin with IC;. For every p € T, {p} is a 2"-tree contained in T, and
therefore

[(f, dp)| < €| Lp|/2

Thus,
|~}
K1 <Ce Z Z |I;D| x—e(T,)| 20n
JEJ\IP\Z);;\Jl JOENN wp] (1+ L7 )
| (I | —10n
X —cC
<oy Y |5l sw <1+7/)>
JeJ  peT xeJ 1 1p|
[Tp|<27]J|
o dist (J, 1)\ """
cowY Y oy (e SR
JET k:2kn<an|J| peT
|y =2*"

where we have used that for x € J,

k
x —ell)| > dist(J e(Iy) > dist(], 1) + 5

and hence
= el dislelly) o it L) L

2k - 2k 2



794 MALABIKA PRAMANIK AND ERIN TERWILLEGER

For all p € T with |I,,| = 2*" the I,, are pairwise disjoint and contained in I.
Therefore dist(J, I,) > dist(J, It) and |Ip|~/"™ < 27% which gives

dist (J,I,)\ " dist (J.Ip)\ "
(6.4) 14 ist (J, I,) <1+ ist (J, I')

We will treat the remaining powers with the following lemma.

LEMMA 5. For J € J such that 2" < 27| J|,

> (1 BB o,

peT
| |=2""

where C(n) is independent of J, k and T.
Proof. We first observe that dist(J, I,) and dist(c(J), I,,) are of comparable
size. The inequality dist(J,I,) < dist(c(J),I,) is clear. To see the other

inequality, note that |I,| < 2™|J| = |2J| implies that I, is disjoint from 3.J,
since 3J does not contain any I,. Thus we have

dist(1, c(J)) < dist(Ip, J) + dist(9J, ¢(J))
< dist(1p, J) + 4
_ (1 n ‘/25> dist(,, J).

Hence it suffices to replace dist(J, I,) by dist(c(J),I,). Let xg = ¢(J) and
decompose R™ as follows:

dist(1p, J)

R" = ] Om,
m=1
where
Oy := B(x0, 3v/n2%),
O = B(x0, 3my/n2")\ B(xq, 3(m — 1)y/n2%).
Let

Si:={peT: || =2"1,Nn B (x0,3vn2") # 0},
Smi={peT: || =2""1,n0, #0,I,n (U"7'0;) =0}, m>2.
Since the diameter of I, is /n2*, I,, will not intersect three annuli, so each p

in the sum is contained in exactly one .S,,. In order to estimate the number of
tiles in S,,, we consider the volume of the corresponding annulus O,,,. Now,

volume(0,,) = (3v/n)"2"" (m"™ — (m — 1)") = C,2"m" 1.
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Since the I,’s are disjoint, there are C,,m™~! cubes I, of size 2¥" in the set
Sm. Also for p € S,,,
3(m — 1)y/n2% < dist(xo, I,) < 3m+/n2".

Thus,

> : B SRS < SN
peT (1 + dlst(i);ofp)f” T (T+m)r T G :
JARCS 2

Using (6.4) and the lemma, we have that Iy is bounded by

log, 2"|J| . —5n
dist (J, I
T

JeJ kn=—c0

dist (J, Ir)\
< C’euz ‘J| <1+W>

JeJ

—5n
—c(I
< CG/J E / (1 + %) dx
T

This completes the estimate of K.

Now we consider Ko defined by (6.3). We can assume that the summation
runs only over those J € J for which there exists a p € T with 2"|J| < |I].
Then we have J C 3It and 2"|J| < |It| for all J occurring in the sum.

Let us fix a dyadic cube J € J and observe that the set

Gy=Jn U Ey,
peT: |I,|>27|J]

has measure at most CpulJ|. To see this, let J' be the unique dyadic cube
which contains J and satisfies |J’| = 2"|J| < |It|. By the maximality of J,
3J' contains I,,, for some py € T. There are two cases to consider. Case
(a): Ip, is the dyadic cube that is formed from taking the unique double of
each side of J’ which is also dyadic. In this case |I,,| = 2"|J'| and we set
po = p' < It x wp. Case (b): I, is contained in one of the dyadic cubes
of size |J/| contained in 3J’. Since |J'| = 2"|J| < |It|, the dyadic cube
which contains I,,, is contained in It. In this case there exists a tile p’ with
|| = |J'| so that I,, C Iy C It. In both cases we have a tile p’ such that
po < p < It X wrp and |w,| is either 27"[J| ! or 272"|J|~!. We claim that

U By € ENN" wyl.
PET:|1,[>27|J]
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To see this, let us choose p € T such that |I,| > 2"|J|. Then |w,| < 27"|J| 71,
which means |w,| < |wp|. But wr C w, Nwy, which leads us to conclude
wp C wy . Recalling that

Ly, = {X : N(x) € wp(gn)} NE

now completes the proof of the claim.
The above claim implies that G; C J' N E NN~} [w,]. Therefore,

Gy < |7 NEAN" [wy]| = / 1 (x) dx.
ENN~[w,/]
Since B
— I,
1Jf<x>sc<1+w> ,
|]p’|

and mass({p}) < p, we get |G ;| < Cul|J|.
Let T2 be the 2"-tree of all p € T such that wyp@n) C wyen) and let
Ty = T\Ts. Define for j = 1,2,

Fjj = E ap(f,¢p)Up Lp,,.
peT; : |Ip|>27|J|
First we consider Iy ;. We have

[FLr(x)] < > [(f, bl ()15, (%)

pET 1z |1p[>27]J]
[x — c(Ip)[\ ™"
SCG Z (1+W 1E2P(X)'
PET: :|Ip|>27|J] ?

We will sum the expression on the right hand side of the above inequality in
two steps. First let us construct

7 := {w : there exists p € Ty such that |[I,| > 2"[J] and wyzn) = w},
Po={pe Ty : || >2"|J|,wpan =w}, forweT.
This means that the sum estimating F}; may be written as

£ 5 (1) et

w€ET pePoy
where
E,=En{x: N(x) €w}.
Now note that for p € T, the semitiles I}, X wy(2n) are disjoint. In particular,
for p,p’ € P, p # P/, one has I, N I,; = (). Therefore,

5 (B e

PEP
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The proof of this fact is similar to that of Lemma 5. This implies that

[Fis(x)] < Ce> 1p,(x) = Cely p, (x).
wel

Here we have used the fact that the w’s in 7 are disjoint. This yields

HFlJ(X)||L1(J) S CE/lU EW(X) dx = CE‘GJ| S C€/J/|J|,
J

This estimate, summed over the disjoint J C 3Ir, yields the desired bound.

To complete the proof of (3.5) we estimate Fj(x). Fix x and assume
that Fy;(x) is not zero. Since the cubes wp(2ny With p € Ty are all nested and
Esp = {x : N(x) € wp(an) } NE, there is a largest cube w. of the form w, with
p € Ty, x € Eyp and |I,| > 27|J|. Similarly there is a smallest cube which
we call w, satisfying the above properties. Let us define w_ = wgan). Then
X € Ey, for some p € T with [I,,| > 2"|J| if and only if |w_| < |wp| < w4 ].
Fix £, € wr. We can now write Fy;(x) as

Fyy(x) = Z ap(f, p) 0y (%),

peT>
lw—|<Jwp|<Jwy ]

which may be decomposed as

S aplfioy) (UK 6()) ()

peT2
lw—|<|wp|<|w]

n [(eQﬂiN(x)-(-) _e2m‘£o-(-)) K(~)} * Z ap(f, op)Op(-) | (%)

peT2
lw— [ <|wp|<|wy]

= 3" aplfibp) (U0 + (M) Dl 1nd = Mo 1 DY -106) ) (%)

peT,

i { Kem'N(x)-(» _ 62”50'(‘>) K(.)}

. [ >~ aplfidn) (09 (Moo DY 100 Mc<w_>Dgw|_1/n,¢))] }(x).

pET>

We claim that the last equality follows from the geometry of the supports of
the Fourier transforms of the two convolving functions. More specifically, ¢,
is supported on (1/5)w, (1), while

1 ifé € wy,

1 -~ —
(Mc(wi)D%wi\*l/”d)) (5) - {0 ifﬁ ¢ (1 + %) W4 .
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Therefore
1 1 ~
(Mc(w+)Dé|w+|—1/7z¢ - Mc(w,)Dé‘w_ |71/n¢) (5)

)1 if§€w+\(1+%)w_,
0 ifgew U ((1+E)wy)”.

For those p € T9 such that |w_| < |wp| < |wy| we have
1 1
gwp(l) C Wy \ 1 =+ g w_.
Conversely, for p € Tq such that |wy| > |wy| or |wy| < |w—]| we have

1 1 ¢
gwp(l) Cw_U ((1 + g) w+> .

This concludes the proof of the claim.
The expression for F5; may therefore be written as

6.5) (G x (Mewn Do, 1m0 = Mooy DYy 100) ) (%)

+

(ezm'N(x)~(~) _ 62“50'(')) K(-)* Ga(-)

1 1
* (Mc(w+)Dé‘w+|—1/n¢ - Mc(w_)D(liw|—1/n¢>‘| (X)7

where

Gi(x) = Y aplf,dp)05 (x)

pET2

= 3 aplfio0) (T OK() x 0,()) (),

p€ET2

GZ(X) = Z ap<f7 ¢p>¢p~

peT:2

Cramm 1.
1 1
6.6)  |Fay(x)] <C sup—/|G1(z)|dz+sup—/\G2(z)|dz ,
JCI \I\I JCI \I\I

where the suprema above are taken over all cubes I containing J.

The proof of the claim is given in the next section. One should recognize
the claim as a slight variant of the classical inequality

T*f < M(Tf)+ M(f),
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where
Tg= (627ri£0'(')K(.)) * g, f: GQ(IL'),

T* is the maximal operator corresponding to 7', and M denotes the Hardy-
Littlewood maximal function. In the rest of this section we show how the
proof of Theorem 1 may be completed using (6.6).

We observe that the right hand side of the above expression is constant on

J and that F5;1; is supported on G;, which is of measure less than or equal
to Cp|J|. Hence,

ZHF2J”L1(J)

JeJ

1 1
<C Jsu—/szz—i—su—/szz
peooy, ey G1(2)] e G (2)]

JeT : JC3Ip

(o)
pET L'(3It)
+ M< > aplf, ¢p>¢p> )
peT2 L1(3IT)
< C.U|IT|1/2< Z ap(f, ¢p>¢§0 + Z ap(fs Pp)dp )
pET> L2(Rn)  |lpeT, L2(R")

Here we have used the L? boundedness of the Hardy-Littlewood maximal
function M. We now show that ||G1||z2 and ||G2| 2 are bounded above by a
constant multiple of €|I7|'/2. We have

G132 = > apay (£, 6,) (Fdp) (WS, 050

p,p'€T2
= 3 apop (£, 0, (. dp) (m(- = E0)dp.m(- — &) dp)
p,p;lez

+ S o () () (060, 050).

p,p' €T

Similarly,

G2l = D apap(f,é0) (frbp) (bp: bpr)

p,p'€T2
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ST o (£, 0p) (F,0pr) (6pr Opr)
p,p'iT/z

+ > apay (£, ) (Fo ) (Dp, bpr)-
pyp’€1;2

wp:wp

But @;,a\p/) = 0 for p,p’ € To,w, # wy, since @ and qg; have disjoint
supports in this case. Therefore we only need to consider the second sum in
the expressions for ||G1||3. and ||G2[|3.. Our pointwise bounds imply that

(b, Dy, (050, 050)
Ly — )N\ (L =)\
<I11-Y2r, 1/2/ 1 Ix —c(lp 1 p d
N| P| | p| + |Ip|1/n + |Ip/|1/n X7

so it is enough to estimate the right hand side above for p,p’ satistying w, =
w;,. Upon simplification this reduces to

1 x —c(Lp)[\ " |x —c(Zy)[\ 7
|Ip| /<1+ |Ip|1/” L+ |Ip/|1/n dx
Rn

RTL
—v
<(1+ )
With this estimate, the proof that |G ||z> and ||Ga|| 2 are less than Ce|Ip|/?
is similar to an argument outlined in the proof of Lemma 2. One needs to

follow the proof of the estimate of the first term of (5.5) to complete the proof
of Lemma 3, given the claim.

C(Ip) - C(Ip’)
|Ip[/m

7. Proof of Claim 1

Let us estimate the first term in the expression (6.5). We denote by ¢ any
one of the two constants t|w,|~1/" or tlw_|~1/". By translation invariance,
let I_ and I} be the unique dyadic cubes of the form

ﬁ 0 |Wi| 1/71

For a dyadic cube I = H;;l [0,2’“) and r = (rq,re, - ,ry) € 2", I +r will
denote the unique dyadic cube of the form

(1127, (ry 4+ 1)25) x -+« x [ra2F, (r, +1)2F).
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(52)]»
&

<o [ Glay+er e [ Gy

Now,
/ G (y)lE

Ix—y|<e e
. 1
<o [ ewly Y [ el
1<i<n 1<i<n
1
S sup —/|G1(z)|dz.
racr | )

Here we have used the fact that since x € J and |J| < || < |I-|, we have
JC{y : |z —yi| <cforallil <i<n}.
We denote by B the second term in (6.5).

B— / (e%iN(X)'y _ 627ri€o~y) K(y)

(y,2z)ER™ xR™

- 1 - z—y
% 2mic(wy)-(z—y) [ = —1/n
le 6|w+| (b %‘W+‘71/n

_ p2mic(w-)-(z~y) (%|w|—1/n> ) (i)] Ga(x — z) dydz.

S

To estimate B we write it as
B =By — By + B3+ By,

where

By = / / (627riN(x)-y _ 627ri£0-y> K(y)e27ric(w+)-(z—y)

z€l; yeR»
1 _ - zZ—y
< (<o 1/“) 6 () Ga(x — 7) dy da,
(6 Loy -1

By = / / (EQﬂiN(x)-y _ 6277i£0'Y) K(y)eZﬂ'ic(w_)(zfy)

z€l_ ycRn

X <é|w_|1/") _ngb <zy> Ga(x — z) dy dz,

Lg_|-1/n
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N

reZ"\{O},er 4y yER”

. 1 -n 7 —
2mic(wy)-(z—y) [ = —1/n Y
X le <6|w+| ) ¢ (7%041/”)

mic(w_)-(z— 1 —1/n - zZ-y
_ 2ic(w-)-(zy) (6'“’" 1/) d)(W) Ga(x — z) dydz,
e

and

84 = / / <e27riN(x)~y _ e27ri£0-y> K(y)e2ﬂ'ic(w+)~(z—y)

z€l_\I; yEeR"

x (éImI‘”") _nab (7z Y ) Go(x — z) dy da.

Tl 7

We have the following bound for B;:

1By| < / / + 0y / / ‘(eQTriN(X)y _ 62m‘§0-y) K(y)‘ lwy |

zel, yel, WEL"\{0}zcr, yer +m

z—y
’ ¢<1|w |”">
6 1%+

< / | / INGx) — &olly["dy|Golx — 2)] da

dy|Ga(x — z)| dz

zel yely
F [l [ il aylGatx - o) da
mEZ"\{O}z€I+ y€li+m

< gl [V L / Ga(x — z)| da

zel
X el (L) il [ (Gatx - o)l
mezZn\{0} zely
1/n
w_ 1
< (:w—|) S | s [ Gl
+ mEZ"’\{O} I:JcCI T

I1:JCI

1
S / G (2)] da,
I
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for large v. The treatment for B is similar.

Next we estimate Bs. Note that it suffices to consider |r| > 2. The case
Ir| < 2 follows with a similar argument as in the treatment of B.

B3 = Z / / (m(€ —N(x)) —m(& - &) p2miz-€
reZ"\{0}ze _ 4rgcRrn

8 (gl 17/7€ — 02 ) =3 o€ = )| delGatx-ala

Let us write
o2mizE _ |Z|—2N(L€)N (627riz~§) 7

where N is a large positive integer and L¢ is a suitably chosen differential
operator. Then we can see B3 as

> / 2|7 / PTHELY [(m(ﬁ — N(x)) —m(§ - &))

reZ"\{0},ef 4 £cRn
(8 (s 7776 — ) 3 (gl ntE - c(w»))] |G (x—2) | da.

For simplicity, let us consider only those terms where (Lg)N is applied to
either one of the terms

(m(€ = N(x)) —m(& —&))

(3 (Glos 7€ - o) = 3 (Glo-I/mE - ) ).

The analysis for the other terms is similar. First let us look at the inner
integral

or

(1) [ LY (e - NGo) - mlE -~ €0)

£ER™

| (3 (Gl e = ctorn)) = 8 (Gl — o) ) )| e

We observe that
L [(m(€ = N(x)) = m(€ —&))]| S (1€ = NE)| 72 + € - &[7*"),

and that the integrand is supported on (14 %)w; \ w_. Also, given wy and
w_, there exists a unique sequence of nested intervals

Wo Cwp, Cwp, C-- Cpy, =wy, |wWp | =2"wp,]|
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It is not difficult to see that if £ € (1+ $)wp,,, \wp, and N(x),€y € w_ C wy,,
then

IN(x) = €|, 1€ = &| 2 [wp, |7, 1<i<M -1
This implies that the expression in (7.1) is bounded by a constant multiple of

M—-1

Z |wp,

=1

—2N/n g |w7|1—2N/n.

Wp;
Next we consider the inner integral

(12) [ @ (e - NG) - mig ~ &)
2| (3 (Glerl e = ctwo)) = 3 (Glool e - cto) )| et

= [ (e - NG) - e €)
£€Rn
» l|W+|2N/” ()7 (149) (Gt o)

o (8 (209) (B - c<w_>>)1 3

Therefore the expression in (7.2) is bounded above by a constant multiple of

|w+|1—2N/n + ‘w_|1—2N/n 5 |w_‘1—2N/n.

All the other terms originating from the integration by parts yield the same
bound. Also note that for z € I_ + r, we have |z|~2Y ~ (|r||[I_|)"*" since
|r| > 2. Therefore choosing N large enough, we obtain
Bs| S > 2| N w | Gy (x - 2)| da
reZ"\{0}yer_ 4y

—2N
S Y e ()T [ (Galx- o) o

rezZm\{0} z€l_+r
1

< [N / Go(x —2z)| dz
S 2 M G2

reZ"\{0} 2eC|r|I_

1

< sw o [ (Gata)]da,

r-gcr || )

since J C C|r|I_.
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It therefore remains to analyze By. Since z € I_ \ I, there exists

wp "
rezr\ {0}, 1<r|< (—)

jw-|

such that z € I, +r. Let us first analyze the integral in y. Now,

/ (627riN(x)~y _ e27ri£0~y) K(y)e27ric(w+)~(z—y)

yER™
y 1| |_1/n o Z—-Yy
6“+ ¢ %‘ ) ‘71/77, 3

/ (eQm'N(x)y _ 62‘”50‘}'> K(y)€2m'c(w+)~(z—y)

yeli+m
1 71/ —n 7 — y > (1 71/ )n
X - n s J - n d
<6|w+| > ¢<%w+_1/n 6|w+| y

S PR D DRSS S

yel, m760:|m7r|§% m¢0:|m7r|>%

1—n
x (Il [1/7) 7 oo [/ min (1, m — v[~])

D>

mezn

1-n
< oo [ o N /e (el ) o

D D PR AR

m: |m—r\>‘—;‘
1—n
S (lz /) e

< Ja' w17,
Therefore,
1Bl < Jo_ |7 / 21" Ga(x — z)|da

L7 Sl S|
S 9% |Ga|(x),

where

9(2) = h(lal) = lwo_ V™21, s s e (2).
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We observe that ¢ € L,|lg|li < C, and g is radially decreasing. Let us
approximate g from below by g, defined as follows:

0 if |x| < 1417,
R Ry) i (B = )y (LY < x] < Ry [ L
gy (x) = 1<k < ko,
0 if |x| > |[1_|*/",

where koy = [I_|'/™ — |I4|*/". We can write g, as
= —h (I V" +4)1
Gy + 7 ) EB(0s1157/)

ko
+ Z (h (|I+|1/n + k;'y) —h <|]+|1/n + (k+ 1)’)/)) 13(0;‘I+‘1/7z+k7).
k=1
Therefore,
19+ * Gal| < ALY + )Gl # 10y, 17m)

3 (0 (1 k) = B (L 4 e 07 ) 1l Loy, i)
k

which in turn is bounded by

1
— [ 1G(2)|d b ‘BO-Il/”
1R |1|/' (@ldz | l (e ) B (031247)

+y (h (|1+|1/" + lw) —h (|1+|1/" +(k+ 1)7)) ‘B (0; LY+ zw) H
k

I:JCI

1 -
< | s o [ Gae)ldz | g1
1
Here g is given by
gy =h (|I+‘1/n + ’Y) 1B(O;|I+Il/n)
+ Z (h (|I+|1/n + k"}/) —h <|I+|1/n 4 (k‘ + 1)7)) 13(0;‘I+‘1/n+k7).
k

In other words,

2h (|1 [V ) 30 < x| < |1 V7,
Gy (x) = Qh ([ 4 k) LY 4 (k= 1)y < [x] < [Le Y7 + ko,
0 if |x| > |1_|*/".
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Therefore,
1l < gl + w7 / iyl rdy <1,
ly|<[I4[/m

since |w_| < |w4|. Thus,
1
gy |Gl () S sup — / 1Ga(z)] d.
= )

Letting v+ — 0 and applying the dominated convergence theorem now yields
the desired bound for Bj.

8. An application

As an immediate application of the weak L? mapping property of the max-
imal dyadic sum operator, we obtain a new proof of Sjélin’s theorem [6] on
a weak-type (2,2) estimate for the maximal conjugated Calderén-Zygmund
operator on R™, n > 1.

THEOREM 2. Let
x
Ko =0 (%) bl
x|
be a Calderdn-Zygmund kernel in R™ with Q € C>°(S"~1). Let
Bf=fxK,

and

Cf(x) = sup

£e]Rn

(ezmg'(')Be_ng'(')f> ‘ (x).

Then,
ICfllz2 < Cllfllz2,
with a constant C independent of f.

The proof of Theorem 2 again follows techniques similar to those used by
Lacey and Thiele [5] in proving Carleson’s theorem on almost everywhere
convergence of Fourier series. Following [5], we introduce the operators

Aﬂf = Z <f7 ¢p>¢p1wp(2n) ("7)7
peD
1
Af = ]&EnwK—N / M_,T_yD3_ . Ay—ryD3. Ty My f dy dn dr,
KNX[(),l]
where K is any increasing sequence of rectangles filling out R™ x R™. For
any Schwartz function f and any x € R™, the limit representing A f(x) exists
by the argument given by Lacey and Thiele.
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Note that by rotation invariance, it is enough to prove Theorem 2 when
the multiplier is supported on a nonempty open cone in R”.

LEMMA 6. There exists a nonempty open cone Ky with vertez at the ori-
gin,

Ko C{€=(&1,&,++,&); & <0 for all i},
such that for all € € Ky,

o~

(Af)E) = cf(6),

where ¢ is a constant independent of f.
Proof.
(Af)E)
= lim —— / (M_yT_y D3 Ay D3. Ty My f)(€) dy dn dr
((ym);w) €K n x[0,1]

= lim / > A Mg Ty D3 ) (M _yT_y D3 . 0,)(€) dy dp drc
Knx[0,1] PEP

/ Z / Jeh= me*%iy-(ﬁ'w)dg/

Knx[0,1] PEPrn

272 ¢p (27'{(6 + "7)) e2miy-(&+m Loy any (27"n)dy dndk

:N@MKN\ / Z/f 2‘””*"%(% S(E +m) - ( i))

xwlo) 7D,
x e 2mi(med) (27 (€ m)~(1+4) § (ng ) (1 n i))

x e2milmtd)- (277 @t =), (9% dy dy di €,

where we have expressed I, and w,, as

=[] Im2* (mi + 1)2%),  w, =[] [L27" (l: + 1)27%)
i=1 i=1
with
m:(ml,mg,...,mn), 1:(11,l2,...ln)€Zn.

Interpreting the sum
S ) ()

mez"
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in the sense of distributions, we find that

s) @p@©=-ctm = [ Y o

o (rerm-(1+7))

Now, $ (2°7% (€ +n) — (14 §)) is supported on

2

X Loy ony (277n) dy dn dk.

1 1 1
L g 9aTk . N . ) < <4<
{(&n) o S2 (& +mi) (lz+ 4) <5 for 1<i < n}

3 7
= b+ = 2" <G < L4+ - )27 << .
{(E,n) (l + 20) 2 &+ <l + 20) 2 for1 <34 n}
Also,

_ 1\, _
Luyon (27"0) #0 = (li+§)2 P27y < (i 1)27

1
= (li + 5) 28T <l < (L 1) 28

Therefore, the integrand in the right hand side of (8.1) is supported in

1
U T oea <& < _ 3 gk for all i,1<i<ney.
20 20

a€EZL
Moreover, if
13 7
(82) —%2’67‘1 S gt S _%2I€7a for all ’l:, 1 S 7 S n,
then

3 7
: i _ K Ot< i z< i _ K—« ‘7 < <
{17 (l —|—2O>2 &+ (l —1—20)2 forall 4,1 <14 n}

1
C {77 : <li + 2) 2 < < (L + 1) ZNQ}-

Note that there exists a nonempty open cone K, with vertex at the origin
such that for all £ € Ky, there exist a € Z and & € [0, 1] satisfying (8.2). In
the sequel we work with such a cone.

For ¢ € K and choosing Ky = [~N, N]* x [N, N]|", we have

5 erm-(147))

(Af)(€) = cf(€) lim

N —oo0 |KN|

S

K x[0,1] 1€2" €7

2
dy dn dk
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~

=cf€) Jim N7
2

~ 1
x / Z ¢<2“"(£+n)—<1+1>> dn dx
(mr) €[NNI x[0,1] (S5 RED
niwl'Q"*aVi
=cf(€) lim N~ / > (277)" dr
1€2" ,a€Z
€3] ~2n
—N<I1;28"“<NVi
1
Ay . —-n —Kk+a\M r—a\T
=cf(¢) lim N > (N2t (25 )  dk
o€l
|€i|~2" "> Vi
1
=cf(¢) Z 1dk
0 o€l
|&:|~27 7> V4
=cf(£). O

Now, let m be the multiplier associated with the Calderén-Zygmund kernel
K. Thenm € C*°(R™\ {0}) and m is homogeneous of degree 0. Suppose fur-
ther, without loss of generality, that m is supported on the cone K, described
earlier. We may reduce the problem to this case via a partition of unity and
by invoking rotation invariance.

Recalling that

Bf = f+K,
and
Cf(x) = sup |MyBM_, f|(x),
n
we define, for { € R",

B('f = Z<fa ¢P>wglwp(27l)(<)a

peD
where
(¥6) (&) = m(e ~ ©)3,(©).

Using Lemma 6, it is not hard to see that

Bf:= lim — / M_yT_yD3_ .. By-ryD3. Ty My f dy dn dr:

Kn x[0,1]
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—ngnm‘KN| / Z[f,M Ty D} .6)

Ky x[0,1] PEP
x (M_gT_y D302 ) (1%(%)(2%7))] dy dn dr:.

In fact,

. 1
B = Jm e [ % [<f, MT D)
x T_nMy D3, (wﬁfR")A(ﬁ) (1%(2”)(2”?7))] dy dn dk

. 1

~ lim [ S|t i)

N—oo |KN| D
Kyx[0,1] PE

X T—T)MyD§” [m (€ - 7727#;) q/b;(é)} (1wp(2n) (QHW))] dy dﬂ d’i'
Since
Ty My D3 [m (€ = 127%) 3,(6)| = m(§)T_n My D3, (),
we get that

(BF)Y(€) = m(E)(AF(E) = cm(©)] (&),

where the last equality follows from the claim and the fact that suppm C K.
Now, for f € C§°(R™) and ¢ € R,

M¢BM_ cf( x)

:lliglow / MCM_,,T_yDQ_ B,- nnDQNT MyM_¢ f(x)dy dndk
K, x[0,1]

:zlirgo@ / M¢_ nT_yD2 «Bo- NnDQHT My _¢ f(x)dy dndr
K, x[0,1]

:zliIgo \Kl| / M_ /T_yDz_ B, . *(n +C)D2,T M,y f(x)dy dn' dr
K& x[0,1]

. 1 2 2 /
ZE,IEC W / Mﬁan_yD27n BQ?N("I"”C) D2K,TyMnl f(X) dy d"’ d/ﬁ:,
K; x[0,1]
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where KlC := ¢ + K;. The last equality follows from the fact that for f €
C§°(R™) and any fixed ¢, the integrand gets arbitrarily small on the domain
Kl(A K'! as | — oco. The details are left to the interested reader.

Therefore,

Sup [M¢BM_¢ f(x)|
M_,T_yDj .

D3 Ty M, f(x)| dy dn’ dr.

sup B¢
¢

We recall the following fact about the weak L? norm: there exist universal
constants C7, Cy such that

|(f,18)| [(f,1E)]
C1 S%PW S fllp2ee < Co s%p B2

where the supremum is over all measurable sets £ with finite Lebesgue mea-
sure. This implies

sup |M¢BM ¢ f|

2,00
1 1
< - lim ——
Nstép [E[172 /LLI& &
E
</
K x[0,1]

1
Spm e [
l—o0 |Kl‘

K x[0,1]
</

M_n/T,yDgfﬁ (Slclp BC) D%NTyMn'f(X)

dydn’ d/{] dx

1
Slép |E|1/2

M—n’T—yD§—~ (s%p B(> DgnTyMn:f(x)

dx] dy dn' dk

E
1
<l \M_,T_yD5_,. | sup B¢ | D3.Ty M, f| dy dn’ dr
l—o00 |Kl‘ n ¢ n
K x[0,1] L2
1
< lim / sup Be | D3 Ty M,y f dy dn’ dx,
l—o00 |Kl‘ ¢ n
K1 x[0,1] L2

since the weak L? norm is invariant under the translation, dilation and mod-
ulation operators defined in Section 2. The same invariance properties also
hold true for the L? norm. In order to prove the weak L? bound for the
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Carleson operator, it therefore suffices to show that
(8.3) | Sup Be fllpze < C| fllz2,

which is the conclusion of Theorem 1.
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