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PROBABILISTIC INVARIANT MEASURES FOR
NON-ENTIRE FUNCTIONS WITH ASYMPTOTIC VALUES
MAPPED ONTO oo

JANINA KOTUS

ABSTRACT. We study the dynamics of transcendental meromorphic func-
tions of the form f(z) = R oexp(z), where R is a non-constant rational
map and both asymptotic values R(0) and R(co) are eventually mapped
onto co. With each map f we associate its projection F' on the cylin-
der P. Let Jp, consist of all points whose trajectory returns infinitely
often to some compact set whose intersection with the postsingular set
is empty, and let h = HD(J}.) be the Hausdorff dimension of Jf.. We
prove that the h-dimensional Hausdorff measure H" of JE is positive
and finite, while the h-dimensional packing measure of Jf, is locally in-
finite at every point of this set. We also prove that there exists a unique
F-invariant Borel probability measure p on Jp, that is absolutely con-
tinuous with respect to the Hausdorff measure H” | and that p is ergodic
and conservative.

1. Introduction

We consider the family R of transcendental meromorphic functions f(z) :
C — C of the form

(1.1) f(z) = Roexp(z),

where R is a non-constant rational map. The set of singularities Sing(f~!)
consists of finitely many critical values and two asymptotic values

51 = R(O), 52 = R(OO) .

Let @* be the class of non-entire functions from R such that both asymptotic
values are mapped onto infinity, i.e., there exist numbers ¢; > 1, ¢ = 1,2, such
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that f%~1(¢;) = oo, and

(1.2) dist, (P*(f), ;) > 0,

where Jy is the Julia set of f, x is a chordal metric, and
Pr(f) :== O*(Sing(f~1) \ ©F({&1, &21) -

Through the entire paper we assume that the considered functions belong
to @*. Then there are N; > 0, i = 1, 2, with the following properties: If i = 1,
then, for any z € C with real part greater than Ny,

(13) f‘h (Z) = aoenlz —+ ale(n1*1)z 4+ .4 n, + an1+1672 +..

o0
ni—j)z
= g aje( 1 J),
Jj=0

where ny > 0 and ag # 0. If i = 2, then, for any z € C with real part smaller
than 7N2,

(1.4) fqz(Z)Zboe_"2z+b16(_m+l)z—|—---—|—an2+bn2+1ez+~--

_ Z bje(—n2+j)27
j=0

where ng > 1 and by # 0. We can assume without lost of generality that
ny S ng .

Following [7] we consider the map Ty defined by

f7(z) if Re(z) > Ns,
(15) Ty(2) = |

f2(z) if Re(z) < —Nj3,
where N3 := max{Nj, No}. The following result was proved in [7] (see
Lemma 2.2):

ProprosITION 1.1. There exist M1, My > 0 and M3 > N3 such that for
every z € C with |Rez| > M3 the following conditions hold:

(i) Myen(®)Re(2)] < Ty (2)] < Myen(2)IRe(2)]
(ii) Myen(®)Re(2)] < \T}(Z)| < Mye(#)Re(2)]
where
n(z) = N zf Re(z) < 0,
ny if Re(z) > 0.

Since f(z) is 2mwi-periodic, we consider it as a function on the cylinder
rather than on C. So let P be the quotient space (the cylinder)

P=C/~,
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where z7 ~ z9 if and only if z; — zo = 2kmi for some k € Z. Let 7 : C — P
be the canonical projection. The function f projects down to a holomorphic
map

F:P\x(f}(00)) =P

so that Flom = mo f, i.e., the following diagram commutes:
c\B, L c

(1.6) ﬂl lw

B L op

where By = f~!(00) and B = 7(By). The Julia set Jr of F is defined to be
Jp=7(JrNC).
Set Ty = 7(Tf). The next remark follows directly from Proposition 1.1.

REMARK 1.1. There exist My, My > 0 and M3 > N3 such that for every
z € P with |Rez| > M3 the following conditions hold:

(i) Myen(@Re()] < |Th(z2)| < Mye™@)IRe()
(i) MyerRe()l < T ()] < Myen®)Rel2)]]

where n(z) is defined as in Proposition 1.1.

Let
¢ =m(f77H&)
forj=1,...,¢; —1,7=1,2. Then for n > 0 we define the sets

; 1
Wn:{ZGP: [Re(z)| < n, |Z_<i]|>ﬁ’ i=1...,¢ -1, i:1,2}.

We also consider

Kn=()F7(Wy).
Jj=0

It was shown in [7] (see Lemma 3.1) that for z € K,
(1.7 Jim (P (2)] = oc.
Let m,, be the t,,-semiconformal measure supported on K, t, > 0, i.e.,

ma(F(A)) > /A F(4)

for every Borel set A C P such that fj4 is 1-to-1. In [7] (see Lemma 5.4) the
following result was shown:

tn dm,,
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THEOREM 1.2.  For every € > O there exists N such that for all n > ng
(with a suitable ng)

mn({z € Jp : |[Re(z)| > N}) <e.

It follows that the sequence of measures {my} is tight.

It was also shown in [7] that there exists s > 1 such that ¢, > s for all n
large enough. In view of Theorem 1.2, there exists a subsequence {ny} such
that the sequence {t,,} converges. Let h denote the limit of this sequence.
Then h € (1,2]. Passing to yet another subsequence we may assume that the
sequence {my,, } converges weakly to a measure m. This gives the next result,
which was also proved in [7] (cf. Proposition 4.2 and Theorem 5.6). Let

Jpn)={z€Jr:wiz)NK,#0} and Jj= U Jp(n).
n>N

THEOREM 1.3. There exists an h-conformal measure m on Jg such that
m is atomless and m(Jy) = 1. If m' is a t-conformal measure for somet > 1,
then m" = m and 1 < h = HD(J}) < 2. Moreover, there exists ng such that
m(Jp(ng)) = 1.

Let H" and P" denote, respectively, the h-dimensional Hausdorfl measure
and the packing measure. In this paper we prove the following results.

THEOREM A. There exists a unique Borel probability F-invariant measure
i on Jg that is absolutely continuous with respect to a conformal measure m.
This measure is ergodic and conservative.

THEOREM B. We have:
(i) 0 < H"(J5) < oc.
(i) Ph(J};) = 00. In fact, Ph(J}) is locally infinite at every point of Jp.

COROLLARY 1.4. H‘hJF is equivalent to any measure with the properties in
Theorem 1.3.

Various versions of thermodynamic formalism and finer fractal geometry
of transcendental entire and meromorphic functions have been explored since
the mid 1990s, and more extensively since the year 2000. For an exposition
of the main results obtained so far the reader is referred to the survey article
[5].

2. An invariant measure equivalent to the conformal measure m

In this section we show the existence and uniqueness of an F-invariant
Borel probability measure equivalent to m.
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Analogously to Lemma 4.2 from [4] one can prove that for any open set
U C P we have
(2.1) limsupm(F™(U)) = 1.

REMARK 2.1. The h-conformal measure m of Theorem 1.3 is ergodic and
conservative.

The proof of Remark 2.1 has a long history going back to the papers [§],
[9], [10]. The full proof carries over, with some obvious minor modifications,
from the proof of Theorem 4.23 in [3].

LEMMA 2.1. Up to a multiplicative constant there exists a unique F'-
invariant, o-finite measure [, which is conservative, ergodic and equivalent
to the h-conformal measure m.

The idea of the proof of Lemma 2.1 is to apply a general sufficient condi-
tion for the existence of a o-finite absolutely continuous invariant measure,
obtained in [6]. In order to formulate this condition, suppose that X is a
o-compact metric space, m is a Borel probability measure on X which is pos-
itive on open sets, and suppose that a measurable map T : X — X is given,
with respect to which the measure m is quasi-invariant, i.e., mo 77! <« m.
Moreover, assume the existence of a countable partition o = {4,, : n > 0} of
subsets of X which are all o-compact and of positive measure m, and such
that m(X \ U,,>o 4An) = 0. If, in addition, for all m,n > 1 there exists k > 0
such that B

(2.2) m(T~F(A,) N A,) >0,

then the partition « is called irreducible. The result of Martens, comprising
Proposition 2.6 and Theorem 2.9 of [6], says the following:

THEOREM 2.2. Suppose that o = {A,, : n > 0} is an irreducible partition
forT : X — X. Suppose that T is conservative and ergodic with respect to
the measure m. If for every n > 1 there exists K, > 1 such that for allk >0
and all Borel subsets A of A,

m(d) _ m(THA) o m(d)
m(An) — m(T~F(An)) = "m(An)’
then T has a o-finite T-invariant measure p that is absolutely continuous with

respect to m. Additionally, p is equivalent with m, conservative and ergodic,
and unique up to a multiplicative constant.

(2.3) K-

Since in the sequel we will need a bit more than what is asserted in
Lemma 2.1, namely a construction of the invariant measure claimed in Theo-
rem 2.2, we briefly describe this construction. Following Martens, we consider
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the sequences of measures

k—1
. Spm
2.4 Sm = moT™" and m=———.
(2.4) k ;:o Qk Sem(A)

It was shown in [6] that each weak limit p of the sequence Qpm has the
properties required in Theorem 2.2, where a sequence {vy : k > 1} of measures
on X is said to converge vaguely if for all n > 1 the measures v, converge
weakly on all compact subsets of A,. In fact, it turns out that the sequence
Qrm converges and

p(F) = lim Qpm(F)

for every Borel set F' C X. Making use of (2.2) and (2.3) one can show (see
Lemma 2.4 in [6]) the following:

LEMMA 2.3.  For every n > 0 we have 0 < u(Ay,) < co. Furthermore, the
Radon-Nikodym derivative du/dm is bounded above and below on A,,.

Now let us pass to the map F : P\ B — P. The ergodicity and con-
servativity of the measure m follows from Remark 2.1. Thus, we only need
to construct an irreducible partition « with the property (2.3). Indeed, set
Y = J(F)\ B, and for every y € Y consider a ball B(y,r(y)) C P such that
r(y) > 0, m(0B(y,r(y))) = 0, and r(y) < (1/2) min{n/2,dist(y, B)}. The
balls B(y,r(y)), y € Y, cover Y, and since Y is a metric separable metric, one
can choose a countable cover, say {A, : n > 0}, from these balls. We may
additionally require that the family {4, : n > 0} is locally finite, i.e., that
each point x € Y has an open neighborhood intersecting only finitely many
balls A,,, n > 0. We now define the family o = {A4,, : n > 0} inductively by
setting

AO = A~0 and An+1 = An+1 \ U A~_n
k=1

(and throwing away empty sets). Obviously, « is a disjoint family and

U 4n 2 J(F)\ B\ | 04,.

n>1 n>0

Hence m (UnZO An> = 1. The distortion condition (2.3) follows now from

Koebe’s distortion theorem with all constants K, equal to some K, and the
irreducibility of the partition a follows from the openness of the sets A,, and
Theorem 1.3.

Let p be an F-invariant measure that is absolutely continuous with respect
to the measure m. Set

Py ={z€ P :Re(z) > M}
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and
P_m={z€P:Re(z) < —M}
for M € R.
PROPOSITION 2.4. There exists M > 0 such that

(2.5) w(P-p) <oo and p(Py) < oc.

To prove Proposition 2.4, take £ € N such that k > Ms, where M3 is as

defined in Remark 1.1, and consider the sets
X, ={ze€Jp:—(k+1) <Re(z) < -k}
and
XF={2€Jp:k<Re(z) <k+1}.

LEMMA 2.5. There exists a constant C1 > 0 such that for n large enough

and k > M3 we have
m(X;) < Cre™* I and m(X) < Cpem2ki=h)

Proof. 1t follows from Remark 1.1 that there exist universal constants
Dy, D_ (independent of k) such that
(2.6) IIm (T (2)) — Im(Tp(w))| < Dyem@IRe)

for z,w € X,;t. This implies that if k& > M; then Ty is Bie™*-to-1 on the
set X ,j , where B; depends on D, but is independent of k. Thus for every n
large enough and all £ > M3 we have

1> ma(Tr(XE) > (Bremk) ! /

N |T1/7 |tn dmy,
X

k

> (Bie™F)~H(Mye™F)mm, (X
> (B) M e U, (XF).
Hence there exists a constant C' independent of k such that
mn(X:) S C+en1k(l_tn) S C+en1k(1—h) .
Analogously, one can prove that for every n large enough
mn(X,;) < C,enZk(l_h)

for some C_ > 0 and k > Mj3. Setting C; = max{Cy,C_}, we obtain for the
measure m

m(X]:') < C’lernk‘(lfh) and m(Xk_) < Olenzk(lfh)

for k > Msj. O
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Proof of Proposition 2.4. Set Ag = X]J\}g. Fix k > M3, and let
Sg=[u+2,k+2] x[-k/2,k/2] CC,

where u = max{|{1], |€2|}. Theset {z € C: Imz = 7} is canonically embedded
into C. Thus each holomorphic inverse branch F, 7 : P\ n({z € C : Imz =
7}) — P of FI, j > 1, can be assumed to be defined on a subset of the
complex plane C. This map restricted to X ,j extends holomorphically to a
univalent function on Sj. By Koebe’s theorem there exists a constant C such
that, for every j > 1, every x € Ay, and every y € X,j, we have

EY @ _ s
[(F7) ()]
Therefore
m(F;j(le)) h 3hm(X1:r)
m(F7 (Ag)) = R Ay

Combining this with Lemma 2.5 we obtain

m(F (X))
m(E (Ao))

< Clcgm(Ao)—lkiihenlk(l—h) )

Hence
m(FI(X,))
m(F~7(Ao))
So, for every n > 0,
o m(F(X)]))
Z?:o m(F 7 (Ao))
Thus, applying Theorem 2.2, we get
" om(FI(X;E
n—0o0 Zj:o m(F~i(Ap))
Hence, if M = Ms, then

< C1Cym(Ag)~ EPhem k=)

S Clcgm(AO)flkShenlk(lfh) .

< C1Cym(Ag)~ EPhem k=)

pPa) < D0 n(XE) < D0 CiOhm(Ag) RO < oo,
k=M3; k=M3;

Analogously, replacing n; by ne and taking k > Mj3, we obtain that

pPoar) < 0 n(X) < Y CLO8m(Ag) ke Ioh) < o
k=M3 k=Ms;

This completes the proof. O
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We recall that & = R(0), &, = R(oco). By our assumptions there are
¢ > 1,i=1,2, such that f%=1(¢;) = co. Let p; denote the order of the pole
f472(&;). For every k > 0 let

Ri={zeP: ne "D < |2 — R(0)| < ne™*}
and
Qr=1{z€P: nef(kJrl) <|z—=R(x)| < nefk}

for some n > 0, where R(0) # oo, R(c0) # oo. If R(0) # R(oc0), then we
choose 7 small enough so that B(R(0),n) N B(R(x),n) = 0.

PROPOSITION 2.6. There exists € > 0 such that

(2.7) w(B(R(0),¢€)) < oo and p(B(R(x0),¢€)) < co.
First we prove the following lemma.

LEMMA 2.7. There exist constants C3 > 0, r > 0 and p1,p2 € N such that
for n large enough and all k satisfying e™* < r we have

m(Ry) < Cgek[l)l_(p1+1)h] and m(Qp) < CBek[pQ—(pz-‘,-l)h].

Proof. Since f172(£;) is a pole by of multiplicity p;, there exists r; > 0
such that

(2.8) Fo=2(y) = 1

(z = &)m
for z € B(&1,7m1) C P, k1 # 0. The comparability sign =< means that

0< inf{M 1z € B(ihﬁ)}

[(z = &)
1—2
< sup{% iz € B(§1,r1)}
< 00.

This, in turn, implies the existence of a universal constant F; (independent
of k) such that
[Tm(F=2(2)) — Im(F?~2(w))| < Byt

for z € Ry. Take K large enough so that e=® < ry. From (2.8) we obtain
that for k > K

(B ()] 2 Freket
for some Fy > 0. This implies that F91 1 is Gye™*-to-1 on the set Ry, where
(G1 depends on Fi, but is independent of k. Thus, for every n large enough
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and all k > K,

1 > mn(quz(Rk)) > (Glenlk)fl/ ‘(FqliZ),P"dmn
Ry

> (Gre"?) T H(Fre TR (Ry,)
> (G1)_1F1hek[_p1+(p1+1)h]mn(Rk).
Hence there exists a constant C’ independent of k such that
mn(Rk) < O/ klpr—(p1+1)h]

for k > K. Now let f1172(&) be a pole by of multiplicity ps. Then there
exists ro > 0 such that

(2.9) Fol(z) <

R2
(Z — 52)172

for z € B(&y,73). Analogously one can prove that m, (Qy) < C”eFlPz—(P2+1)h]
for every n large enough and k such that e~ * < r5. Consequently

m(Ry) < CyeFPr=itDRland  m(Qy) < Cseklpz= 2R
where C3 = max{C’,C"}. O

Let f; ! denote a branch of the inverse map f~! such that 0 < Im(f; ') <
2.

LEMMA 2.8. There is a universal constant D > 0 such that for all k large
enough we have
D le=+D) < |F'(2)| < De™*

if 2 € fo {(Rx U Q).

Proof. First we estimate f'(z) for z € fy ' (Ry). For simplicity we assume
that 71'({1) = §1. If R/(O) 7é O, then

Ji (B € {= € P i log(L/|R (0)]) = (k+1) < |Re(2)|
< —k —log(|R (0)|L) },

where L denotes the distortion of R™! on B(&;,r). Since F'(2) = f/(z) =
R'(e*)(e*), we obtain

(2.10) IF'(2)] < (JR'(0)|L) " (|R (0)|L)e ™" = e~*
and
(2.11) |[F'(2)] = e ®TVIR(0) LR/ (0)[ L7 = em ®HY.

If R'(0) = 0, there are constants A > 0 and p € N such that
A7z = 0P < |R(2) — R(0)| < Alz — 07
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and

A7z = 0P <R/ (2)] < Alz — 0P,
In this case there exists a constant A; > 0, which depends on p and A, but is
independent of k, such that

1
fo'(Ry) C {z e€P:logA; — (kp%) < |Re(z)] < —% —1ogA1} .

Moreover, for z € f; ' (Ry,) we have

(2.12) IF'(2)] < A (e*k/f’)pfl e HP = Aje®

and

(2.13) |F'(2)] > (A1)~! (e—<k+1>/p)”_1 e HD/P — (A)) e (D),

Next, we estimate f'(z) for z € f; '(Qx). For simplicity we assume that
m(€2) = &. We know that R(00) # oo and suppose that R'(co) = 0. To count
derivatives at R'(c0), we have to consider Ry (w) = R(u), where u = 1/w, for
w close to 0. Then R} (0) = 0. So there are constants A2 > 0 and p € N such
that

A wlP < [Ri(w) — Ri(0)] < A3 |w]?

and
A P < Ry (w)] < Ay w7t
Substituting
1 1
R =R (= -——,
o= () (+35)
we obtain

1 1
e < (£) (-] <

Aol <[ (1)
w
Since w = 1/u the above inequalities can be rewritten as
Ay ul P <R ()] < Agful =Y
But f(z) = R(e?), so f'(z) = R/(e*)e®. Since u = e*, we have
|F'(2)] = [R'(€*)[[e*] < Aafe?|~PHD[e*] = Age?

or equivalently

S A2|w|p+1 .

and
|F'(2)] = (A) 7 Me? |~ TV ||e?| = (Ag)te P2
Then

k k+1
fo_l(Qk) C {Z cpP: 5—|—logA3—|— < |Re(z)] < (p%) —logAg,} ,
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where Aj is a constant, which depends on p and As, but is independent of k.
So for z € fy ' (Qx),

(2.14) (A3)"te= D) < |F/(2)] < Ase™".
Analogously, if R/(c0) # 0, then
N Qr) c{zeP k+log Ayt < |Re(2)| <k+1—log Ay},

where A4 depends on R'(co) and the distortion of R in a neighbourhood of
R(00). Considering as before Ry(w) = Ry(u) with u = 1/w for w close to
zero, we get

A ul ™ <R (u)] < Aslul 2.
Since F'(z) = R'(e*)(e?), the last inequalities we can rewritten as
(A))"te™® < |F'(2)| < Age™ .
Thus for z € f;*(Qs) we have
(2.15) (Ag)Le=*HD < |F'(2)] < Age™™.
Combining (2.10), (2.12), (2.14), (2.15) and taking
D = max{l, Ag, A3, 144}7
we get the required estimate. O
Proof of Proposition 2.6. Let ¢g = min{ry,r2}, where 71, ro are defined
by (2.8) and (2.9). Choose ko such that ne=% < ¢y and set Ay = Ry,.
Fix j > 0, and for all [ € Z\ {0} consider all holomorphic inverse branches
F.7 : B(&,€0) — P of FJ such that f/(F.7(B(&1,€60))) = B(& + 2lmi, €).
Notice that B(&; + 2w, €o) is far from the singularity &;, since we assumed
that 7(£1) = &. So we can take inverse branches of f/ composed in the

last step with «r. To all of these inverse branches F; 7 we can apply Koebe’s
distortion theorem. Thus for k& > kg we have

m(FfJi(Rk))
m(F7 (Ao))

m(R)

(2.16) (o)

<K

where K is a distortion constant. Applying Lemma 2.7, we obtain
(2.17) m(Ry) < CseklPr— (il
Combining this with (2.16), we get

(2.18) m(FT (o)) m(Ag)
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Let now £ 7. B(&1,€0) — P be a holomorphic inverse branch of F7 such
that f7(F, 7 (Rk)) = Ri. Then there exists k; > ko such that

k
Fi-t <F0_j (U Rk>> C{zeP:—(k+1) <Re(z) <logu — 2}

1=k
where v = max{1,|£],|£2|}. As in the proof of Proposition 2.4 we can write

m(Ey P (RL)) e sn (B9 (Fy I (Re))
m(F (Ag)) = O mFI (I (Ag)))

Using now Lemmas 2.7 and 2.8, we get for k large enough

m(Fo_j‘(Rk)) < k3 m(F 1 (Fy 7 (Ry))
m(Fy 7 (Ao)) — m(FI=1(F~7(A)))
3 De khCyeklpr—(p1+1)h]

D—1e~(kotDhm(Ap)
< O kBh ekl 2htpi(1=h)]

< Cy

for some C5 > 0. This, together with (2.18), implies that for every j > 0 and
every k > k; we have
m((F~7(Ry))

‘ < klp1—(p1+1)R]
m(F7(4g) = |

since eFl=2htp1(1=N)] < eklpr=(p1+Dh] - Summing over k > ki, we get

m(F~7(B(&1,€1))) <cy i J3h kP = (1A DR < o

m(F~3(Ao))

where € := e~*19). Thus, for every n > 0,

Eg:() m(F_j (B(gla €1)) o i 3h k- (DR o
S, (P (A =

Hence, applying Theorem 2.2,

IN

o0

W(B(&1,e1)) < C5 Y kel =it Dl < o0
k=k:
To prove the second part of this proposition we define ¢ as before. Let kg
be such that ne=*0 < ¢, and set Ag := Qx,. Fix j > 0, and for all A € Z\ {0}

consider all holomorphic inverse branches F7 . B(&2,¢0) — P of FJ such
that f7(F. 7 (B(&,€0))) = B(& + 2mi, ep). To all of these inverse branches
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F79 we can apply Koebe’s distortion theorem. Thus for k& > ky we have,
analogously to (2.16),

m(FfJi(Qk)) < ME)
m(F:7(Ag)) — m(Ao)’
where K is a distortion constant. By Lemma 2.7 we obtain
(2.20) m(Ry) < CyeklP2=(P2A1)h]
This, together with (2.19), implies
m(F(Q)) _ pon Caettre— et D1
m(Fy 7 (Ag)) ~ m(Ao)
Let now _Fo_j : B(&2,¢€0) — P be a holomorphic inverse branch of F7 such
that f7(F,”(Qr)) = Q. Then there exists k; > ko such that

(2.19)

k

Fi—1 <F0j (U Rk>> C{zeP:logu+2<Re(z) < k+1}
1=k

The remaining part of the proof is analogous to the above argument. We

therefore conclude that for some Cg > 0 and €5 > 0
oo

w(B(&2,€2)) < Cs Z E3heklp2—(p2+1)h] - -
k=k1

Proof of Theorem A. To complete the proof, we have to show that p is
finite at every point a of the forward trajectories of both asymptotic values
&1,&. We recall that both omitted values are eventually mapped onto co. In
view of (1.2), dist, (P*(f),Jf) > 0, so the critical points do not belong to the
preimages of the forward trajectories of &1,&>. Thus, as in Proposition 2.6,
we see that there exists € > 0 such that u(B(a,€)) < oo for every a. This,
together with Proposition 2.4 and Proposition 2.6, finishes the proof. O

3. Hausdorff and packing measures and dimensions

The results of this section provide, in some sense, a complete description
of the geometrical structure of the sets Ji and J%, and they also exhibit the
geometrical meaning of the hA-conformal measure m.

THEOREM 3.1.  We have Ph(J)’Z) =P"(J5) = co. In fact, P"(G) = oo for
every open nonempty subset G of J5.

Proof. Since m(Jj NPyr) > 0 for every M € R, it follows from the ergod-
icity and conservativity of the measure m (see Remark 2.1) that there exists
a set £ C Jj such that m(E) =1 and

lim sup Re(F*(z)) = 400

k—oo
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for every z € E. Fix z € E. The above relation means that there ex-
ists an unbounded increasing sequence {k,}%2, depending on z, such that
{Fkn(2)}22, C Py for some large M > 0 and

(3.1) lim Re(F*"(2)) = +oo.
Fix k,, > 1 and consider the ball B(z, K~1|(F*»)'(z)|~1). Then
B(z, K7Y(F&)'|(2)| 1) € F 4 (B(F™ (2), 1)),

where F*» : B(F¥(2),1) — C is the analytic inverse branch of F*» mapping
F*n(z) to z. Applying Koebe’s distortion theorem and using the conformality
of the measure m, we obtain

m(B(z, K~ (FM) (2)|71) < K"(F*) ()| "m(B(F*" (2),1))
< KP(EY(F™) ()71 'm(Propen (2)4+1)-
Since, by (3.1), limy—.co M(Prepin (2)41) = 0, We see that

liming "Bz 7)

=0.
r—0 T‘h

Since m(GNJy) > 0 for every non-empty open subset of J}., this implies that
P"(G) = co. Since Jt = Upez(JF + 2mik), we are done. O

THEOREM 3.2.  We have 0 < H"(J,.(F)) < oc.

Proof. Let ng > 0 be the number defined in Theorem 1.3. Fix an integer
! > 1 and a point z € Ji(n). Consider the holomorphic inverse branches

e B(y(2),(21)™') — P sending F¥(*)(2) to 2. By Koebe’s (1/4)-
distortion theorem and the standard version of Koebe’s distortion theorem,

Fha () <B <y(z)2lz)> S ) <B <Fkn(2)(z), 311>>

> B (z % (kafz))'(z)—l)

Fk=G) (B (y(z)v 24Kl)> c F k) (B (Fk"( '(2), 12Kl)>
1
€ B (g (PG,

Using the conformality of the measure m along with the standard version of
Koebe’s distortion theorem, and the fact that inf{m(B(w, (12K1)™!) : w €
Wy} > 0, we deduce that

(3.2) Bl_lrk(z)h <m(B(z,1r(2))) < Blrk(z)h,

and
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where 74(2) = (121) 7 (F™(*))(2)|~" and B, is independent of z and k. It
follows from (3.2) that H" J7.(1) 18 absolutely continuous with respect to m for
every | > 1 and that H"(J%(ng)) < oo. Since

m(Jp(1) \ Jg(no) <m(Jp\ Jp(ng)) =0

and J,.(F) = 22, Jm(no +n), we conclude that H"(J5) = H"(J5(ng)) < .
We now prove that H”(J%) > 0. Let ¢ be such that

1
O<e< —
S De’

where D is the constant defined in Lemma 2.8. Fix z € Jp. Take r €
B(0,¢e(28K)~1). Since, by (1.7), limsup,, .. |(f*)'(2)| = +oo, there exists a
minimal n = n(z,r) > 1 such that

(3.3) rl(f7T) (2)] > e(2°K) 7
Thus

rl(f") (2)] < e(2°K) 71
Assume the holomorphic inverse branch of f™ defined on B(f™(2),32r|(f™) (2)])
and sending f"(z) to z, does not exist. Then n > 1. Let 1 < k < n be the
largest integer such that the holomorphic inverse branch of f"~ (=1 defined

on B(f"(z),32r|(f")(2)]) and sending f"(z) to f*~!(z) does not exist. This
implies that at least one of the asymptotic values &;, i = 1,2, satisfies

& e £ "B (), 320 (M (2))))

where f,;(nfk) : B(f™(2),32r|(f™)(2)]) — C is the holomorphic inverse
branch of f"~* sending f"(z) to f*(z). In addition, we have n = k since &; ¢
f~YC), i = 1,2. Hence there is an i such that |f"(2) —&| < 32K7r|(f") (2)| <
€. We assume that ¢ = 1. So there exists & € N such that

(3.4) em* D) () — & < ek

By Lemma 2.8 it follows that there exist constants A; > 0 and p € N such
that

k+1 k
—% —log A; < Re(f" *(2)) < - log Ay

and

[f(f*H(2))] < De™".
Combining this with (3.4), we get

(3-5) [F(f*7H ()| < De™ < Delf"(2) - &1l.
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Consequently, since r|(f"~1)/(2)| < €(28K)~!, we conclude that

32Kr|(f") (2)] = 82Kr|(f"1) (2) - | £/ (f" 7 (2)]
< 32K7|(f"71) (2)] - Delf"(2) — &
< eDe[f"(2) = &l
<|f"(2) =&l

This contradiction shows that the holomorphic inverse branch
£ B(f(2), 32r|(f")'(2)]) — C

of f™ sending f"(z) to z is well-defined. Now, the map f restricted to
B(f™(2),32r|(f™)'(2)]) is 1-to-1, and by Koebe’s (1/4)-distortion theorem,

F(B(f™(2),32r|(f") (2)])) D B (S (2), 87|(f**)'(2)]) -
Hence there exists a unique holomorphic inverse branch
fZ0F B (T (2), 80 (f ) (2)]) — €

of f"*! mapping f"!(z) to 2. Applying Koebe’s (1/4)-distortion theorem
again, we see that

(3.6) FZUED(B (T (=), 40 () (2))) D Bz, ).

Since the ball B (f"(z),4r|(f"*1)'(2)|) intersects at most

Arl(fTY ()] +2 <l (2)

horizontal strips of the form 27ij + (R x [0,27)), j € Z, using (3.6), Koebe’s
distortion theorem, the h-conformality of the measure m and, in the final step,
(3.3), we get

r="(m(B(z,r))

r n+1y/ Py ) o
WTR (7 (B (f"(z), 47| (f"T) (2)])))

< KM @ ()
= K"(r|(f"Y) ()"
< K"28 k)1,

=< TfhKh

The comparability sign < appearing in the above formulas means that the
constants depend on z, but are independent of n. Thus we are done. O
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