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EXCURSION THEORY REVISITED

P.J. FITZSIMMONS AND R.K. GETOOR

In memory of J.L. Doob

ABSTRACT. Excursions from a fixed point b are studied in the framework
of a general Borel right process X, with a fixed excessive measure m
serving as background measure; such a measure always exists if b is
accessible from every point of the state space of X. In this context the
left-continuous moderate Markov dual process X arises naturally and
plays an important role. This allows the basic quantities of excursion
theory such as the Laplace-Lévy exponent of the inverse local time at b
and the Laplace transform of the entrance law for the excursion process
to be expressed as inner products involving simple hitting probabilities
and expectations. In particular if X and X are honest, then the resolvent
of X may be expressed entirely in terms of quantities that depend only
on X and X killed when they first hit b.

1. Introduction

Let X be a nice Markov process and b an element of its state space. Let
M Dbe the closure of the random set {t : X; = b}. Then the complement of M
is the disjoint union of a countable number of open intervals, the excursion
intervals from b. Excursion theory is concerned with the analysis of M and
the behavior of X on the excursion intervals. This description of excursion
theory comes from Chapter VI §42 of [RW87], to which we refer the reader for
some history of the subject. In his seminal paper [I71], K. It6 introduced the
Poisson process point of view for describing excursions from a point. Excellent
presentations of this theory may be found in Chapter VI of [RW87], Chapter
XII of [RY91], Chapter 3 of [B92], and the papers [R83], [R84] and [R&9].
A closely related approach to excursions (from more general subsets of the
state space) is based on the notion of an exit system, due to B. Maisonneuve
[Ma75]; see also E.B. Dynkin [Dy71]. The exit system point of view was used
in [G79] and we adopt it here.

Our interest in the subject was rekindled by a recent paper of Fukushima
and Tanaka [FT05]. Working in the context of an m-symmetric diffusion
they showed that some of the basic quantities of excursion theory could be
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expressed as inner products of simple hitting probabilities or expectations.
These results were preliminary to the main subject of the Fukushima-Tanaka
paper but were intriguing and of interest in their own right. The purpose
of this paper is to show that analogous results hold for an arbitrary Borel
right process X on a Lusin space E with a fixed excessive measure m serving
as background measure. It is perhaps surprising that the mere existence of
an excessive measure enables one to obtain results of considerable interest.
In concrete examples there is usually a natural choice for m. Of course, if
one does not assume symmetry then a dual process enters the picture. The
dual that appears most naturally is the left-continuous moderate Markov dual
process X associated with m and X. Such a dual process always exists. The
simplest way to understand X is in terms of the corresponding Kuznetsov
process. The relevant facts may be found in [Fi87], [DMM92] or [Ma93];
Section 2 of [G99] contains a good summary. See also [FGO03]. The reader
who is not familiar with this theory may assume throughout that X and X
are standard processes in weak duality with respect to m, as in [GS84].

In Section 2 we describe the hypotheses that are in force throughout the
paper, and we recall the basic facts of the exit system approach to excursions.
This section also contains the fundamental decomposition of the resolvent in
terms of excursion-related ingredients. In Section 3 the key formula expressing
the Laplace-Lévy exponent, g(\), of the inverse local time at a regular point
b as an inner product is developed. It appears in Theorem (3.6) and states
that g(\) = 0 + Ac(m) ™! [ *@dm, where p* = E*[e 1], § = P*[T, < oo,
and § = limy_o g(\). Here Tp, (resp. T}) is the hitting time of b by X (resp.
X ). This formula depends on a specific normalization of the local time at b,
¢ = (f¢), inasmuch as the Revuz measure of ¢ with respect to m is c(m)ey,
€p being the unit mass at b. Additional expressions for the constant § are
contained in Theorem (3.15). Moreover, the Laplace transform of the entrance
law governing the excursion process is shown to be given by an inner product
(f,@) = [ f@* dm. One consequence of all this is that g(\) and the resolvent
(U*) of X may be expressed entirely in terms of quantities that depend only
on the processes X and X killed at Ty and ﬁ, respectively, at least if X and
X are honest. In Section 4 we extend an old result of Harris [H56], Silverstein
[Si80], and Getoor [G79], showing that under a mild condition, the mean
occupation measure of excursions gives rise to an excessive measure. This is
the case, in particular, if b is accessible from every other point of the state
space. In Section 5 we present several examples that illustrate the results
in Section 3 and 4. In particular, we discuss the extent to which ¢ and the
“stickiness” v = limy_,o g(A\)/\ may be varied while the Lévy measure of g
and the entrance law of the excursion process remain fixed. Finally, in an
appendix we present several facts about the left-continuous moderate Markov
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dual process X that are needed in the body of the paper but are not readily
available in the literature. Some of these results are of independent interest.

We close this introduction with a few words on notation. We shall use
Bjg,oo[ to denote the Borel subsets of the half-line |0,00[. If (F,F,pu) is a
measure space, then bF (resp. pF) denotes the class of bounded real-valued
(resp. [0, o0]-valued) F-measurable functions on F. For f € pF we use pu(f)
or (i, f) to denote the integral [ fdpu; similarly, if D € F then u(f; D)
denotes [;, fdp. On the other hand fu denotes the measure f(z)u(dz) and
i|p the restriction of p to D. We write F* for the universal completion of F;
that is, 7* = (), F", where F” is the v-completion of F and the intersection
runs over all finite measures on (F, F). If (E, ) is a second measurable space
and K = K(z,dy) is a kernel from (F,F) to (E,€) (ie., F 3z — K(x,A)
is F-measurable for each A € £ and K(z,-) is a measure on (E, &) for each
x € F), then we write K for the measure A — [, p(dz)K(x, A) and K f for
the function z — [ K(x,dy)f(y). Finally if f is a measurable function from
(F,F) to (E,E), then v = f(u), the image of p under f, is the measure on
(E, ) defined by v(B) = u[f~*(B)] for B € €.

2. The Lévy exponent of the inverse local time

Throughout this paper (P;, ¢ > 0) will denote a Borel right semigroup on
a Lusin state space (F,E), and X = (X, P*) will denote a right continuous
strong Markov process realizing (P;). In general we shall use the standard no-
tation for Markov processes without special mention; see, for example, [BG68],
[DM87], [Sh88] and [G90]. In particular U* = [ e * P, dt denotes the re-
solvent of (P;). We adopt the usual convention that a real-valued function f
defined on E is extended to the cemetery point A by f(A) := 0. For example,
Pf(z) = PPf(X,)] = Pe[f(Xe)it < (] and Uf(a) = P* [ e M F(X) dt,
where ¢ denotes the lifetime of X.

We suppose that b € E is a regular point; that is, P*[T; = 0] = 1, where
Ty := inf{t > 0: X; = b} is the hitting time of {b}. Define p*(z) = P*[e~*T?]
for A > 0, and set ¢ = limy_o¢* = P°[T, < oo]. (To avoid trivialities,
we assume throughout that ¢ does not vanish identically on E \ {b}.) Let
XY = (X, T,) denote X killed when it hits b, and let Q; and V* denote the
semigroup and resolvent of (X, T):

Qif = PU[f(Xy);t <Th),

Tb o0
VA f(x) = P””/ e MF(Xy)dt = / e MQy f(z) dt.
0 0

The lifetime of (X,T}) is R = Ty A ¢, and one may replace Tj, in (2.1) by
R without changing the integrals, because of our convention that functions
vanish at A. Also, T, < ¢ if and only if T, < co so R = T}, on {T, < co}. This
statement holds P®-a.s. for all x € F, and as is customary we shall omit the

(2.1)
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qualifier a.s. where it is clearly required. A direct application of the strong
Markov property at time 7} shows that

(2.2) Uf =V +* - U(b),  A>0,fepe.

Because b is a regular point, the singleton {b} is not semipolar and conse-
quently there exists a local time ¢ = ¢ for X at b. This is a positive con-
tinuous additive functional (PCAF) of X, increasing only on the visiting set
{t > 0: Xy = b}. As such /¢ is uniquely determined up to a multiplicative
constant. Define, for A > 0 and f € p&*,

(2.3) UM = P'/ e MF(Xy) dly.
0
Especially important is the A-potential of £,
(2.4) uMz) = UM (z) = P* / e M dey.
0

Note that this integral is really over ]0, (] since the measure d¢, is carried by
this interval. Using the strong Markov property of X,

(2.5) vrr - | TN EX) dly = UM ),

Ty

and, taking f = 1,u*(x) = *(z)u(b).
The inverse local time 7 = (7(¢));>0 is the right continuous inverse of ¢:

7(t) :=inf{s > 0: €5 > t}, t>0.

It is standard that (7(¢)) under the law P? is a strictly increasing subordinator
and that

(2.6) Ple W] = ¢~t/v ) N> 0,t>0.

Thus g(A\) := [u*(b)]~! is the subordinator exponent of (7, P?); as is well
known, g(\) takes the form

(2.7) gA) =5+ + / (1 —e ) p(dt)

10,00[

where § and v are nonnegative constants and v is a measure on |0, co[ with
/ (tAD)wv(dt) < oo.
10,00[

The measure v is the Lévy measure of (1, P?). Observe that
(2.8) 0= ;ir% g(N), v = /\lim g(A)/A.

It was shown in [GS73] that

t
(2.9) / 1p(Xs)ds = 7 - £y, vt >0,
0
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Pe-as. for all * € E, and so U,(b) = yu*(b). (Here 1, is the indicator of
{b}.) As both ¢; and fot 1,(X,)ds vanish on [0, T}], we even have U1}, = yu?.

(2.10) PROPOSITION.  Under P® (., has an exponential distribution with
parameter §. In particular, § = 0 if and only if P*[lo = o] = 1 if and only
if PP[ls] = o0.

Proof. Observe that {{o, >t} = {7(t) < co}. Therefore
P’[lo > 1] = PP[1(t) < o0] = ;\in%) Pble M) = ;ir% e =70t 150,
by (2.6) and (2.8). O

An efficient way to compute probabilities to do with the excursions of X
from the regular point b is the associated (predictable) exit system (P*,1);
see [Ma75, §9]. Let M denote the closure in [0, oo[ of the visiting set {t > 0 :
X: = b}, and let G be the set of strictly positive left endpoints of the maximal
complementary intervals of M. Then there exists a o-finite measure P* on
(2, F*), where F* is the universal completion of F°, such that

> Z,- Fob,

seG

(oo}
(2.11) p* = Pp* U Z, dls} P*[F], =z€E,
0

provided Z > 0 is a predictable process and F' € pF*. (As with the local time
£, the measure P* is only determined up to a constant multiple: If (P*,¢)
is an exit system then so is (¢"'P*, ¢ - /) for any constant ¢ > 0.) Taking
Zs=e*, F=1—e¢" and then F = 17,0} in (2.11) we see that
(2.12) Pl —e ™ <00 and P*[T, =0]=0.
Under P* the process (X;);>o is strong Markov with semigroup (). This is
a (very) special case of a result of Maisonneuve [Ma75]. Define
(213)  Qi(f) =P [f(Xe);t <Tp] =P*[f(X4);t <R],  t>0,f€pE".
It is well known and easily verified that (Q7) is an entrance law for (Q;) (the
semigroup of the killed process (X, T;)); that is, Q7. , = Qf Qs. Also, for each
t > 0, the measure Qj is carried by Ep := E\{b} and Q;1g, = P*[t < R] < o0
because (by (2.12))

o>P l—e ] >Pl—e B >0-e )Pt <R).

(2.14) PROPOSITION. Define

oo R
(2.15) V2(f) ;:/ e MQF(f) dt:P*/O e ME(Xy)dt, A>0,f¢€pE*.

0
Then

f) + V()

(2.16) UM (b) =1 o) Arosens
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Proof. Let f and A be as above. Then

0o s+ Rofg
UM (b) :Pb/ e—“f(Xt)1b(Xt)dt+PbZ/ e Mf(Xy)dt.

0 seG

The first term on the right is just f(b)U>1,(b) = vf(b)u*(b) because of (2.9).
Using (2.11) the second term on the right reduces to

PPy e [/OR e MF(Xy) dt] ofly = VX f)ur(b).

seG

The assertion now follows because u*(b) = [g(\)] 7. O

The next result concerns the last exit time from b, namely L := sup M (with
the convention that sup () = 0). Observe that P’[L > 0] = P*[T}, < oo] = 1.

(2.17) PROPOSITION. If A > 0, then

(2.18) Ple ] = P*[T, = o0 /g(N)
and

(2.19) PYe L L = ¢ = P*[C = 0]/g(\).
In particular,

(2.20) 0 =P*[T, = o0] > P*[¢ =0],

and P°[L < o0] is 0 or 1 according as § =0 or § > 0.

Proof. Observe that L is the unique point s € G for which Tjofs = oo.
Therefore, by (2.11),

Pb[ef)\L] — Pb Z eiAsl{Tb:oo}Oes
seG
= u*(b) - P*[T} = od],

proving (2.18). A similar computation proves (2.19) once we notice that
s =L =( < oo if and only if s € G and (o6 = 0. Multiplying both sides
of (2.18) by g(A) and then sending A — 0 we obtain (on account of (2.8))
§ - PP[L < oo] = P*[T}, = oo|, proving (2.20) when § = 0. As in the proof
of (2.10), P’[r(t) = oo] = 1 — e7% for t > 0. Because the closed range of
the subordinator 7 coincides with the closure of the visiting set {t : X; = b},
we have the inclusion {7(t) = co} C {L < oo}, for each ¢ > 0. Therefore, if
§ >0,

P'[L < oo] > P*

Uir(n) = 00}]

n=1

=1 lim P®[7(n) = oo] = lim(1 — e ") = 1,

n
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proving (2.20) in this case as well. The final assertion of the proposition
follows from (2.18) and (2.20). O

(2.21) REMARKS. (a) Letting A — 0 in (2.19) we see that P*[¢ = 0] =
§-PP[( = L < oc]. This implies that when § > 0 there is no killing at b (i.e.,
PY[L = ¢ < oo] = 0) if and only if P*[¢ = 0] = 0.

(b) Because g(A) ™' = P? [(¥ e~ d/,, we can invert the Laplace transform
in (2.18) to obtain

P[L<t]=6-P°], t>0.
(2.22) COROLLARY. P*[T} € A] = v(A), for all A € Bjg o[-
Proof. Let T = Ty, during this proof, and recall that ¢ = P*[T" < o0].

Evidently R < T and R = T on T < oo; together with the terminal time
property of T this yields

R
(2.23) V) = P*/ e*Atl{Toet<oo}dt
0
T
= P*/ e‘Atl{T«x}} dt = \71P* [1 —e M T < oo} .
0

Thus, by (2.16),
(2.24) g\) AU (b)) = A+ P 1 —e ;T <], A>0.

On the other hand

¢
AU p(b) = AP? / e M1 1< ooyoby dt
0

¢
:AP”/ e Mgy dt
0

=Pl[1 —e M.
Combining this with (2.18), (2.20), and (2.24) we find that
(2.25) N =0+ N\ +P 1 —e ;T <], A>0.

Now define h(t) = v(Jt,o0[). Then

e _ LMy,
)\/O e h(t)dt_/]om[(l ) u(dt)
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by Fubini’s theorem. On the other hand, by (2.25) and (2.7),

o T
)\/ e MNPt < T < oo]dt = / e Mdt; T < 0o
0 0

=P [1- e T < 0]
= /00(1 — e M) p(dt).
0

Both A(t) and P*[t < T < oo] are finite and right continuous on ]0, co[, hence
equal functions of ¢ by the uniqueness theorem for Laplace transforms. The
assertion now follows from the monotone class theorem.

(2.26) COROLLARY. P*[R = o00] =4 P’[( = ).

Proof. Since AV (1g,) = P*[1 — e ], P*[R = oo] = limy_o AV (1
Also, from (2.16), AU (b) = [yA + AV (1g,)]/9(A). As A — 0, \U*(b)
P’[1 — e7*¢] — PY[¢ = oo] and g(\) — 4. Hence P*[R = o] = 4 - P*[¢
o0l.

)

o

3. Excursions and duality

We now fix an excessive measure m on (E, £) to serve as background mea-
sure. Thus m is o-finite and mP, < m for all ¢t. It is known that mP;, T m
(setwise) as t | 0; see [DM87, XII, 36-37]. (The existence of m is a mild
assumption and, as we shall see in Theorem (4.5), not really an assumption
at all if b is accessible from all points of E.)

Associated with m and (P;) is the Kuznetsov process ((Y:)ier, @m). We
shall make no explicit use of this process except in the appendix, but we
suppose (without loss of generality) that (X;, P¥) is the realization of (F;)
described on p. 53 of [G90]. Similarly the moderate Markov left-continuous
dual process ()?t,lgz) associated with X and m is as described on p. 106 of
[G99]. See also [Ma93] or [Fi87] where somewhat different notation is used.
Let P f = P'[f(X,)] and UM = [ e P, fdt = P* [ e M f(X,) dt denote
the semigroup and resolvent of X. This semigroup and resolvent are linked
to those of X by the duality formulas

(3.1) (P.f,9) = (f,Pg) and (UM,g) = (f,U%g), f.ge€EA>0,t>0,

in which (f,g) := [ fgdm provided the integral exists. We emphasize that
the probabilities 1?’1', x € FE, are only uniquely determined off a Borel m-
polar set (which may be taken to have absorbing complement); see [FGO03,
(5.14)]. Therefore functions involving the dual measures P* are only well
defined modulo an m-polar set. This should be borne in mind when reading
formulas involving these functions. However this causes no problems with
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the duality formulas (3.1) since m does not charge m-polars, or even m-
semipolars. Finally we shall usually omit the hat ~ in those places where it
is obviously required. For example, we write ]_?"[f(Xt)] in place of P [f()?t)]
In most of the paper we shall make no use of the explicit realizations of X
and X. However we shall need them in the Appendix. As mentioned in the
introduction the reader may avoid the use of the moderate Markov dual by
assuming throughout that X and X are standard processes in weak duality
with respect to m.

Because b € E is regular, we have P°[T, = 0] = 1. By (A.4), lA)b[Tb =0]=1
as well. The following “hatted” forms of notation introduced in Section 2 will
be used freely in what follows: @ := f"[Tb < o], Xt = (X T,) (the process X
killed at Tb) VA and Qt (the resolvent and semigroup of X b) etc. Accordlng
to (A.7), X and X? are dual processes in the sense that (V> f,g) = (f, V*g)
for f,g € p&”. See also Remark (A.8). As with their dual counterparts,
we have R = T} on {Tb < oo}. Here one must be a little careful since the
measures (Px T € E) are only determined modulo an m-polar set. Thus this
last statement holds P7-a.s. for z € E\N where N € £ is m-polar for both
X and X. We should emphasize that X is the object of interest; X is a
convenient construct to help us analyze X.

The Revuz measure v} of £ with respect to m is proportional to €3, the unit
mass at b; that is, v} = c¢(m)ey, where 0 < ¢(m) < co. The constant c¢(m)
w111 appear in various formulas below. Of course ¢, is a smooth measure. Let
7 be the dual PCAF of X with Revuz measure c¢(m)ep. The A-co-potential
function

(3.2) MNz) = P* / e M de,
0

is only determined off an m-polar set, but since {b} is not even semipolar, the
value @ (b) is uniquely determined. Moreover the dual of (2.2) holds,

(3.3) U} f(w) = @) - U f(b) and @ =@ - @(b),

but requires a separate proof which is given in the Appendix as (A.9). From
(A.2) we obtain the important relation

34) W) = /E UM (2) ey(dz) = /E OM(2) e (dz) = i (b).

Recall the “stickiness” coefficient v from (2.8) and (2.9). Taking v = m and
= c(m)ep in (A.1) gives

MUy, = A1, yul) = c(m)v)\f]\’\l(b) — ¢(m)y as A — oo.
But AmU*, T m({b}) as A — oo and so

(3-5) v =m({b})/e(m).
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We come now to the main result of this section. Recall from (2.7) the Lévy
exponent g(\).

(3.6) THEOREM. If A >0 and f € pE*, then

(1) g(A) =8+ A@,9")/c(m), and

i) o = F22)/elm)

Proof. Tt suffices to consider strictly positive f € b€ such that m(f) <
oo. Fix A > 0 and 8 €]0,\[. From the resolvent equation U*f(b) + (A —
BYUBUM (b) = UPf(b). Then (A.1) with v = ¢(m)ey, and p = m (i.e., A; =
(t A ¢)) implies that c(m)UM(b) + (A — 3) - (UM, 4%) = (f,4”). But from
(3.3) and (3.4), @° = @P(b)p® = u”(b)p®. Divide the previous equality by
u”(b) €]0,00[ and then let 3 | 0. Since u?(b) = g(3)~!, we deduce from (2.2)
and (2.8) that

(3.7) c(m)8 - UPf(b) + AV, 8) + AU (b) - (0, 8) = (f, D).

Because f > 0 we have (¢, ) < oo, and then rearranging (3.7) we obtain

UM (0)[c(m)d + A, )] = (f, 3 — AVP).

Using the moderate Markov property and the fact that {¢t < E} € Fi_ one
readily checks that 3 — AV*@ = @*, which shows that

(f, 7Y
c(m)d + A(¢*, @)
in view of the previous display. Finally, by (A.l1) again, we see that

c(m)UM () = (f,a*) = a () (f, P) = v (b)(f,@*). Thus (3.8) implies that
g(\) =ur(b)~t =5+ M@, §)/c(m). This proves both (i) and (ii). O

(3.8) UM (b) =

Taken together with its dual, (3.6)(ii) yields the following result.
(3.9) PROPOSITION.  (¢*,2) = (¢, P*).

Proof. From (A.11), U = VAf+ 3> (A]Af(b) for A > 0 and f € pbE*.
Now arguing as in the proof (3.6)(ii) we find that ﬁ)‘f( b)[e(m)d + A&, ¢)] =
(f,9*) since @ (b) = u’(b) 1 67" as # | 0. But UAf( ) = c(m)”'(f,ut) =
c(m)’luA(b)(f,go ) and so g(A) = u* ()~ = § + MA@, ¢)/c(m). Combining
this with (3.6)(i) we obtain (¢*, @) (2, ). O

c(m)u(B) 71T p(B) and (P, ¢) =

(3.10) REMARK. Since (p*,p) =
= 47(b), we see that (3.9) is equivalent to

(
( )it (b)” 1UA ©(b) and u?(b)
p(b) = U*(b).
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We are now going to develop a formula that relates ¢ to the energy func-
tional LY of the killed process X? = (X, T;). We refer the reader to [G90,
§3] for general information about the energy functional. A o-finite measure
¢ is an X’-excessive measure provided \V* < ¢ on E, = E\{b}, which is
the state space of X°, since P*[R > 0] = 1 if x # b. If £ is an X’-excessive
measure and f an X’-excessive function, then

(3.11) L&, f) = sup{u(f) - nV < €}
If ¢ is purely excessive for X (that is, £Q;(B) | 0 as t — oo whenever B € £
and £(B) < o) then (3.6) of [G90] states that

(3.12) L&, f) =1 Jim Mg =MV, ).

Define 1) := 1 — p = P*[T}, = o0]. Since Q1) = P*[T, = 0o, < R| 1 1 on E,
as t | 0, the function 9 is X’-excessive. (More precisely, the restriction of 1)
to B} is X’-excessive; note that ¥(b) = 0.) Now

Qg =Pt <Tp) < 00] <3,
and in particular @tﬁ — 0 ast — oo. Let mg := @m|Eb. If f € p& with
m(f) < oo and f(b) = 0, then moQ:(f) = (&, Qef) = (Q:B, f) < mo(f) and

moQ:(f) — 0 ast — oo. Therefore my = g0m| By is a purely excessive measure
for X* and so from (3.12)

(3.13)  L'(mo,w) =1 lim Amo —AmoV*, ) =1 lim M@~ AV?3,v).
The last equality is valid because 1(b) = 0 and mo—AmV> = (F—AV*@)m as

o-finite measures on Ej,. (In general, it is not the case that (mg—AmoV >, 1) =
(3,%) — M(V2,1).) Since §* =  — AV, it follows that

(3.14) L (mo, ) =T lim A(*,v).

We are now prepared to state the promised result relating § and L?. Recall
from (2.20) that 6 = P*[T}, = o0].

(3.15) THEOREM.

(3.16) § = c(m) " Lb(mog, ) + Jim g(M)[1 - AU (b)]
= c(m) " LO(mo, ) + P*[¢ = 0].

Consequently,

(3.17) LP(mg, 1) = c¢(m)P*[¢ > 0,T, = o0).

Proof. From (3.8) and (3.9)

@y @\ 1)
(3.18)  UM(b) = c(m)s + M, ) c(m)d — NP, 0) + M@, 1)°
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But AUM(b) < 1and g(A\) = 5+ (@, ¢)/c(m) < oo which forces (¢*, 1) < oo.
Now (p*, 1) = a*(b)~L(a*, 1) = g(A)e(m)UM(b). Substituting this into the
last display we find

(3.19) 5= M@, ¥)/c(m) 4+ g(\)[1 — XU M(b)].

Letting A — oo establishes the first equality in (3.16). To see the second notice
that on the event {¢ < oo}, we have z = ((w) if and only if z = s + ((fsw)
where s is the unique element of G(w) for which Tj(6sw) = 0o, and so

1 — AU (b) = PPle™¢]

= Pb Z €_>\S€_>\<oes 1{Tb:oo}°98
seG

=P e Ty, = oo] - u?(b).

Therefore

(3.20) g1 = AU1(D)] = P*[e % T, = .

The right side of (3.20) decreases to P*[¢ = 0,7, = oo] = P*[¢ = 0] as
A — 00, and this gives the second equality in (3.16) O

(3.21) REMARKS. (a) Theorem (3.15) tells us that Lb(mg, ) < c¢(m)d <
oo. Since A7lg(A\) — v < 0o as A — oo, a sufficient condition that § =
Lb(mg,v)/c(m) is that A\[1 — A\U*1(b)] — 0 as A — oo, and this condition is
necessary if 7 > 0. If v = 0, then the condition limsup,_, . A[1 — AU*1(b)] <
oo suffices.

(b) The formula (2.20) identifies § as the (local time) rate at which a
final (infinite duration) excursion appears, thereby terminating the visiting
set {t : Xy = b}. Formulas (3.16) and (3.17) indicate that P*[¢ = 0] < § is the
rate at which the process X is killed at b, while L®(mg, 1)) /c(m) is the rate of
appearance of an excursion in which the process wanders away from b, never
to return. See Remark (2.21)(a). In particular, § = c¢(m)~*Lb(my,v) if and
only if there is no killing at b.

It is easy to check that the measure pm is excessive for X. Indeed, pm
is the balayage of m on the singleton {b}; see Proposition (A.3) and the
discussion preceding it in the Appendix. Let m; denote the restriction of m
to E,. Then

(3.22) V2 =c(m) '@ my, A >0,

*

by (2.16) and (3.6). In the sequel we shall write V, for V2.

(3.23) COROLLARY. The entrance law (Qf )t>o is uniquely determined by

the measure c(m)~tmg.
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Proof. Note that pm, = mo = @m|g, is a purely excessive measure
for (Q:). See the discussion just before (3.13). Moreover my = ¢(m)V, =
c(m) fOOO Qrdt. It is well-known that a purely excessive measure is the in-
tegral of a uniquely determined entrance law; see, e.g., [G90, (5.25)]. This
establishes the corollary. O

(3.24) REMARK. If ¢ = oo so that Tj, = R, then c¢(m) " mo(= c(m) =@ my)
and the entrance law (Q}) are uniquely determined by the killed process X°.

We conclude this section with a brief discussion of the resolvent decompo-
sition resulting from (2.2), (3.8), (3.9), (2.16), (2.23), and (2.25):

(@./)
(m)d + A& )

vf(0) + V2 (f)
§+YA+ AV ()’

vis-a-vis the killed process X°. Recalling that R (the lifetime of X?) is equal
to Ty A ¢, we see that {T, < oo} = {R < 00,Xr = b}. Therefore ¢* =
P’le ™ Xp = b] and ¢ = P*[Xgr = b]. Because the entrance law (Q})i>o
is determined by c(m)~1@my, so is its Laplace transform (V})y>o. Also,
v = limy o g(\)/A = limy_ (>, P)/c(m). Consequently, all quantities
appearing on the right side of (3.25) (except J) are determined by the stopped
processes Xinr and )A(MR. If both ¢ and Zare infinite (so that R = Ty
and R = fb), then the resolvent (U?) is uniquely determined by the killed
processes since (3.16) implies that § = L?(mg,)/c(m) in this case.

Finally, we relate the parameters of the decomposition (3.25) to the resol-
vent decomposition [R83, (7)], obtained there by purely analytic arguments.
We remark at the outset that there appears to be an unspoken assumption in
[R83], which when expressed in our notation amounts to this: P*[T, > (] =0
for all z € E—in other words, the process X can be killed only when in state
b. For example, implicit in formula (6) of [R83] is the identity of P*[e~*#] and
P°[e=*Tt] (our notation). This condition implies that P*[¢{ < 0o, T}, = oo] = 0
for all x € F, and in turn that

(3.26) P*[0< (¢ <o0;Tp=o00] = 13ng*[0;1{¢ <00, Ty = 0o}t < (]

(3.25) Uf(z) = VA f(z) + ¢ z) .

=V f(z) + ¢*(2) zekE,

=lim [ P7[¢ < 00,Tp = o0] Q; (dz) = 0.
t]0 Ep

Getting to the point, Rogers’ decomposition is
Yo f(b) +nx(f)
3.27 UM(b) = ’
(3:27) 1) do +70A + Anx(1g,)
where v > 0, dg > 0, and (ny)x>o is the Laplace transform of an entrance
law for (Q:). (We have written vy and dy for what Rogers calls v and 9,
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so as to distinguish his coefficients from ours.) To streamline the discussion,
we suppose for the remainder of the section that the local time ¢ has been
normalized so that ¢(m) = 1. We start with the expression [R83, (9)] for the
numerator on the right side of (3.27):

Y0 (B) +na(f) = UM (D) - [14 (A= B)U *(b)]

(here we use the assumption that ¢* = P°[e=*#]). Our computation relies
on the following identity, in which Dy :=t 4 Tj00;:

P’ U e dﬁs} :Pb/ e~ dl,
t D,
_ Pb |:€—)\Df, (/ e—)\u dgu) oeDt:|
0

= Plle P Jut(b).

Using the above for the fourth equality below, we have:
A= BUP*b) = (A — B)Pb/ e BPX: [T gt
0
= (A—ﬁ)Pb/ e~ Bte—ATho0: gy
Jo
=(A- ﬁ)/ e~ (B=Ntpb[e=A(t+Tio0)] gy
0

=gN)(A=p0) /OOO e~ (A-Ntpb [/too e N d&,} dt

=g(\)P [/Ooo (/OS(A — B)e BN dt> e dés]
=g(\)P? [/Ooo(e-ﬁt —e M) dﬁs}

=g\ [9(® " =gV
It follows that

(3.29 0f )+ () =00 253,
Using (3.28) to compare (3.27) with (3.25) we find that
(3.29) =981y and ny=g(B) V..

To compute §y we recall the definition dy := 1 — BUP1(b), where 3 > 0 is fixed

(but arbitrary). Therefore, by a computation appearing in the display above
(3.20),

(3.30) o =PPle 7] = g(B3)'P*[¢ = 0],
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because of (3.26). This reconciles the discussion preceding (3.26) with the
observation in Remark (3.21)(b) that P*[¢ = 0] is the rate of killing at b.

4. Excessive measures from excursions

We continue in the setting of Section 3. It follows from (3.22) and (3.5)
that

(4.1) gm = c(m) [yeo + Vi

The measure gm is X-excessive. (As noted in Section 3, it is the balayage of
m on the singleton {b}; as such the identity (4.1) has been noted already in
[FMS86, (6.10)].) According to [G79, Thm. 8.1], the excessive measure ye, + Vi
is an invariant measure for (P;) if and only if § = 0, at least under the side
condition ¢ = oo a.s. (The coefficient ¢ is denoted by h(co) in [G79].) We
shall give a simpler proof of a sharper form of this assertion without assuming
the finiteness of . Our proof relies on the following lemma. Recall that L is
the last exit time from the state b, and let L := sup{t > 0 : X, = b} denote
the dual object.

(4.2) LEMMA. The distribution of L under P® is the same as the distri-
bution of L under P?.

Proof. As noted already in the proof of (2.22),
Pl M =1 - AU(b),
and by the same token
Plle ™) =1 - AU*3(b).
But ﬁ)‘gﬁ(b)f U*p(b)—see the remark following the proof of (3.9)—and so
Pble=*] = PP[e=*E] for all A > 0. O

(4.3) PROPOSITION. The excessive measure gm is invariant for (P;) if
0 =0, otherwise it is purely excessive.

Proof. Evidently @m is invariant (resp. purely excesswe) for (P;) if and
only if P,p = <p, m-a.e. for all t > 0 (resp. lim, o0 P,p = 0, m-a.e.). Define
6 :=] limy_, Psgo. Then & is invariant for (Pt) Since {fb ogt < oo} = {E >
t}, o0 = limg_,o P* [L>s] = P’ [L = oc]. Now T}, < 0o on {L = oo} and so
using the moderate Markov property at the X- predictable time T, p+e (e >0),
we have

6=P°'[L=00,Ty+e < 0] = P'[6(Xp,4c) : Ty < o).

Upon letting € | 0 we see as in the proof of (A.9) that & = f’b[L = 0],
m-a.e. But (4.2) tells us that P’[L = oo] = P’[L = o0, and (by the final
assertion of (2.17)) P°[L < oo] is equal to 0 or 1 according as § = 0 or § > 0.
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Thus ¢ = ¢ and hence om is (P;) invariant if and only if 6 = 0, and ¢ = 0,
m-a.e. if 6 > 0. O

There is a classical construction, going back to T. Harris [H56] in the
context of Markov chains, of an invariant measure as the mean occupation
measure of an excursion. The same construction, in the context of right
processes, has been discussed by Getoor [G79, §8] (who credits the result to
M. Silverstein). The idea is simple: notice that the right side of (4.1) depends
on the excessive measure m only through the constant ¢(m). So let us forget
about m and use the right side of (4.1) to define a measure on (E,£):

(4.4) €= 2y + Vi,

where (¢,P*) is an exit system for the excursions from b, as described in
Section 2. In fact this measure is a special instance of a general construction
found in [FG88, §5], which is concerned with inverting the map m — v} from
excessive measure m to Revuz measure v} of a general PCAF A of X. The
following result summarizes things in our situation.

(4.5) THEOREM. Let the measure & be defined as in (4.4). Then
(i) €P, < € for allt > 0;

)
(i) € is o-finite on {p > 0};
(iil) & is X -excessive if and only Vi is o-finite on Ey,.

Let us now suppose that £ is o-finite, hence X-excessive. Then by [FGS88,
(5.11)], the balayage of £ on {b} is equal to . In other words,

(4.6) Pe- &=,

where Q¢(x) := f’g[Tb < o0], and f’f is the law of the moderate Markov
dual process (started at x) when the duality measure is taken to be . Thus,
Pe =1, &-a.e. Moreover, £ is a (P,)-invariant measure if and only if § = 0.

5. Examples

In this section we present several simple examples illustrating some of the
results of Sections 3 and 4. To simplify things we normalize the local time ¢
so that ¢(m) = 1.

(5.1) EXAMPLE. Let B = (B;) be Brownian motion on R and define
X; = By + ut where p > 0. Thus X = (X;) is Brownian motion with
constant drift g to the right. Then X and )?t = B; — pt are in classical
duality with respect to Lebesgue measure, m, on R. Let b = 0,7 = Ty and
B = (4% 4 2X)'/2. Then one easily calculates that

)\(x) _ e—(ﬂ-i-ﬂ)??, xr > O7
® e_(/u'_/g)m’ €T S O7
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and

(@) e2HT >0,
€r) =
4 1, z <0.

The dual object $* is obtained by replacing j by —u when A > 0, and

5(x) , x>0,
xTr) =
v e <.

Thus one finds
2
5.2 o) = —— = (o, P).
(5.2) (Phe) =75 =9
Moreover (P*, ) = (¢*,1 — ) = u/\. Consequently from (3.6), (3.14), and
(3.21), L%(mg, %) = u > 0 and

(5.3) g(N) = i+ 2

A+ (p2 4+ 20)12
This reduces to g(A) = v2\ when g = 0, the familiar exponent for the inverse
local time for Brownian motion. The entrance law (Q7) is also easily found.

Since the Laplace transform of Q;(f) is (¢*,1g,f) by (3.22), inverting the
Laplace transform one finds that Q; (dz) = ¢(t, x)dx, where

(5.4) q(t,x) = %6H$67u2t/267{1}2/2t.
Tt

Again this reduces to a well-known entrance law for Brownian motion when
n=0.

(5.5) EXAMPLE. In the resolvent decomposition
b) + V2(f)
5.6 ) = OV
(5.6) /) S+ A+ AV (@)

the ingredients ¢ = P*[T, < oo] = P*[Xg = b] and V} = [[° e MQ; dt are
determined by the stopped process (Xiar)i>0 and the entrance law (QF)i>o-
In this example and the next we examine the extent to which v and § are free
parameters.

Fix 4 > 0 and define a PCAF of X by the formula
(5.7) A=A+ (T — ), t>0.
That A; is increasing follows from (2.9): If 0 < s < ¢,

(5-8) Ay —As = / 1p(Xs) ds + (Y = 7) (b — £s) = (b — Ls).

Let us now use A to time change X. Thus define
(5.9) p(t) :=1inf{s > 0: As; > t}, t>0,
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and
(5.10) X =X,, t>0.

It is standard that X is a right Markov process. The PCAF A is strictly
increasing if 4 > 0, and even if 4 = 0 provided b is not a holding point. In
either of these cases the point b is regular for X, with local time at b given
naturally by

(5.11) by =Ly,
Observe that
t B p(t) ~
(5.12) / 1(X.) ds = / 1(X.) dAy = 3.
0 0

Since the time change has no effect on X during excursions from b, it is not
surprising (and not difficult to verify) that the resolvent of X is given by

7f(0) + V()
S+ AN+ AV ()
In short, by making a suitable time change one can alter the “stickiness”

parameter v to be any non-negative real 4 (with the proviso that 4 > 0 if b is
a holding point), while leaving everything else unchanged.

(5.13) U f(z) = VA f(z) + o™ (a)

(5.14) EXAMPLE. We now consider alteration of the parameter ¢ in (5.6).
To this end we employ the resurrection procedure discussed in [Me75]. Run
the process X until it dies. If ( = L, then restart the process in state b at
that time and continue until the next death, if any. At the second death
resurrect the process again, but only if (2 = L®) (where ((? denote the
additional lifetime due to the first resurrection and L has the analogous
meaning). Continue in this way forever, or until there occurs an excursion
that dies away from b. Let us use X to denote the process so constructed; this
is an instance of a general construction appearing in [Me75, §1], our “noyau
de renaissance” being the kernel N(w,dz) = 1jc—r}(w)es(dz). We evidently
have (employing the obvious notation)

(5.15) Eﬂ@zﬂﬂ@+/ P*(C € ds:C = L) Pyu f(0),

10,]
and so (by (2.19))
(5.16) T(@) = D) + 2L =Y
Therefore
(5.17) U () = VA () + (@) T (0),
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where
(5.18) T f(b) = UF(B)/[1 — PC = 0g(N) ]

_fO) + V) g\

g(\) g(A) = P*[¢ = 0]
_ )+ VA
Smin + YA + AV (p)’

and
(5.19) Smin := 06 — P*[( = 0] = P*[¢ > 0,T, = 00| = L°(mo, ),

in view of (3.16). In short, suppression of all killing at b replaces § by dmin-

We now show that any other 5 > Opin iS possible in (5.6). To save on ink
we suppose that the resurrection procedure of the preceding paragraph has
been performed and that we are starting with a process satisfying § = dpin.
(In general, the discussion that follows must be applied to X.) Suppose
that & > Omin. Define k := § — din. Let us compute the resolvent (call it
(U&))) of the subprocess X %) = (X, e=*¢) corresponding to the multiplicative
functional e*¢
from b, we have

(5.20) Pb/ e MeTk f(X,) dt
0

. Using the fact that ¢ is constant on the excursion intervals

= f(b)P? / e Me Ry de,
0

R
+PPY e ek (/ e—Mf(Xt)dt> o0
0

seG

= [vf() + VA (f)] - P’ / T ek g,
0

But
(5.21) Pb/ e Memkb gy, = Pb/ e AMWeku gy,
0 0
— / efkufg()\)u du
0

=[k+g(M)]™,
and
(5.22) k+g(A) =k + Omin + A+ AV (@) = 6 + A + AV ().
Therefore

vf(b) + V(S
(5.23) Upyf(b) = (®) /)

SN AVA ()
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In summary, the parameter § is free subject only to the constraint that it be
at least dmin given in (5.19). As we noted just above (3.26), Rogers [R83]
assumes that P*[T, > (] = 0; in view of (3.26) this means that in his context,

(524) 6min = P*[C > O,Tb = OO] = P*[C = Tb = 00]7

which is consistent with the discussion at the end of Section 3.

Appendix

In this appendix we shall prove the facts about the moderate Markov left-
continuous dual process X of our Borel right process that, to the best of our
knowledge, are not readily available in the literature. Since this appendix is
intended for those interested in Borel right processes we shall not repeat the
basic definition of how X is represented in terms of the stationary process Y
and the Kuznetsov measure Q,, associated with X and m. A good summary
of the relevant facts is contained in Section 2 of [G99]. However we should
emphasize one point. The probabilities P? are only uniquely determined off an
m-polar set—actually off an m-exceptional set, see [FGO03, (5.14)]. Therefore
functions involving the dual measures P* are only determined modulo m-
polars. This causes no difficulties when such functions are integrated with
respect to a measure that doesn’t charge m-polars. We shall not mention
this explicitly in what follows, but it should be kept in mind when reading
formulas involving the dual process.

We remind the reader of the “one hat” convention discussed below (3.1).

Let i be a smooth measure as in Section 3 of [FG96] and « = &, be
the associated diffuse optional copredictable homogeneous random measure
(HRM) of Y. Let A and A be the corresponding positive continuous additive
functionals of X and X respectively. Then p is the Revuz measure of both A
and A. One may suppose that A; = k]0,t] if ¢ < ¢ and A, = K] —t,0[ift < C.
Our first result extends (3.7) and (4.6) of [G99].

(A.1) PROPOSITION. Let i and v be smooth measures and let A, A and
B, B correspond to p and v respectively. If f,g € p€* and A > 0, then

[ 10 dv= [ 9-031 au
E E
where UNf = P* [° e M f(Xy) dA, and UNf = UAf =P 7 e f(X,) dB,

Proof. This result when one of the measures, say v, is absolutely continuous
with respect to m is contained in [G99, (4.6)] or, more generally, in [FGO03,
(5.12)]. In this case it takes the form (f,Uig) = ng . ﬁkfdu, and dually
(f, ﬁjg) = [g-U>du. It suffices to consider A > 0 and f,g € bpE*; also,
by replacing p and v by gu and fr we can reduce to the case f = 1 = g.
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Our task then is to show that v(U31) = u(ﬁgl). Now ﬂﬁﬁ‘“\f]\gl T ﬁgl as
[ — oo since U gl is A-coexcessive. Therefore using the special case discussed
above,

u(O31) = lim fp (07 031)

= 1im 3 (031,U571) = Jlim pr(UUL).
— 00

B—o0

A simple calculation shows that SUMUS 1 < U1, and so w(UX1) < w(UAD).
A similar argument gives v(U31) < u(U1), and this establishes (A.1). O

Taking p = v in (A.1) we have

(A.2) /f~U29 du:/gﬁﬁfdu, f,9 € pE*.
E E

The following fact is needed in Section 3 only for T3, but is valid much
more generally. Recall from [G90, §4] that the balayage Ryyym of the excessive

measure m on the singleton {b} is defined via the energy functionals L*, A > 0,
of X as

1t T TA A 77
Rgym(f) :=1 lﬂ%L (m, Pa,U7f), f epg,

where P{Ab}u =P e Mbu(Xp,)] = ¢* - u(b). The measure Ry,ym is excessive
and is dominated by m.

(A.3) PROPOSITION. Rgym = @m, where @ = P*[T} < oo].
Proof. By [G90, (7.9)],
Ruym(f) = Qumlf(Yo); 7 < 0],

where 7, := inf{t : ¥; = b}. But on {& < 0 < B} we have {7, < 0} =
0y H{T}, < o0}, so
Quulf (Y0); 7 < 0] = Qun [ £(¥0) P [T, < o]
= Qu[f(Y0)2(Yo)] = m(f®). U
(A.4) PROPOSITION. If b is regular for X, then Pb[ =0]=1.
Proof. Let £ be the local time at b and k the corresponding HRM normal-

ized so that the Revuz measure of ¢, or equivalently, of k, is €,. Now & is
copredictable and £ doesn’t charge . If h : R —]0,00[ with [ h(t)dt = 1,
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then
Qun [ O g0, -0y 0d0) = Qi [ WOV [T, = Ol
R R
= P'[T}, = 0] (1)
= P*[T} = 0],
where the second equality comes from [G90, (8.21)] and the fact that the HRM
k is carried by {t : ¥; = b}, Qm-a.c. On the other hand if Z = {t: Y; = b}~
where the “~” denotes closure, Z N {t : Tyof; > 0} = Z N {t: Je > 0,]t —
£,t(NZ = ¢}. Hence at € ZN {t : Tyof; > 0} is the right endpoint of a

maximal open interval in R\Z. But there are at most a countable number of
such intervals and since & is diffuse

Qm/Rh(t)l{Tboét:O}ﬁ(dt) — (1) = 1.
Consequently P?[T}, = 0] = 1. O

(A.5) REMARK. In general Blumenthal’s zero-one law does not hold for
X. Hence P°[T, = 0] = 1 is not equivalent to P°[T;, = 0] > 0. Since {b} is
not m-semipolar, P? is uniquely determined.

The next result complements (A.4).

(A.6) PROPOSITION. If b is regular, then f"[fb =0] =0 on Ep\S where
S is m-semipolar. Recall that B, = E\{b}.

Proof. Let T' = {x : d(x,b) > €}, where d is a metric compatible with the
topology of F and € > 0. Let g > 0 with m(g) < co. Set f = glr so that f > 0
on I' and m(f) < oco. Let p be a finite measure not charging m-semipolar
sets. Then a fundamental theorem of the first-named author states that there
exists a diffuse optional copredictable HRM, x, whose Revuz measure is u. A
proof may be fashioned from Section 5, especially (5.22), of [Fi87]. See also
(3.10) and (3.11) of [FGO3] in this connection. As in the proof of (A.4),

Qu | BT O, = (40 w(dt) = Q[ 1011 5,05, 0 FOV0) ()

If T, 06, = 0 and f(Yy) > 0, then d(Y;,b) > ¢ and for every n > 0,]t —
n,t[NZ # 0. Consequently ¢ is a discontinuity point of s — Y. But Y is right
continuous and F is a Lusin space and so Y has at most a countable number of
discontinuities. Thus, since « is diffuse, the above integrals vanish. Moreover
fR ISI[T » = 0] f(z)pu(dz) is precisely the first integral in the above display; see
[G90, 8.21)]. Since y is an arbitrary finite measure not charging m-semipolars,
it follows from a theorem of Dellacherie [D88, p. 70] that {z € T : P*[T} =
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0] > 0} is m-semipolar. Letting € | 0 through a sequence completes the proof
of (A.6). O

(A.7) PROPOSITION. Fix B € £ and define, for A > 0 and f € pE*,
T - - T
VA f = P'/ e Mf(Xy)dt and VA f = P'/ e Mf(Xy)dt
0 0

Then (f,V*g) = (V £, g).

Proof. 1t suffices to suppose f and g bounded. Then
P™"[f(X0)g(Xy); Te < t] =P™[f(X0)g9(X:); Xs € B for some s €]0, t[]
= Qn [f(Y0)g(Y:);Ys € B for some s €]0,¢[]
= Qun [f(Y_1)g(Y0);Ys € B for some s €] —t,0]]
=P [g(Xo)f(X1); T < t].

Multiply by e~

/mdm / Mg(Xy)dt = /mda: ”“/ e M f(Xy)dt.

Now UM = VAf +P° fTB e~ f(X,;)dt with a similar formula for UM and
since (f,U*g) = (Uf, g) we obtain (f,V3g) = (V . g). O

and integrate over [0, co[ to obtain

(A.8) REMARK. Of course UM = VA f + PRUM since X has the strong
Markov property. However since T I}\eed not be predictable for X, it does
not follow that P* f;; e Mf(X,)dt = PRUM off an m-polar set.

We next prove (3.3).

(A.9) PROPOSITION. Using the notation of (3.3), Tj‘}f = @Aﬁ}f(b) if
(i) A\ >0 and f € p&* or (ii) A > 0 and f € bpE*.

Pmo& It suffices to prove this for A > 0 and f € bp€*. Now dl, is carried
by {t: X: = b}, so

ﬁ}f:ff/ e MF(X,)de, :limf"/ e MF(X,)de,.
Ty €l0 Ty+e

But for ¢ > O,Tb + ¢ is predictable for X and so by the moderate Markov
property, P* [ e M f(X;)dl; = P* e NTFIUN f(Xr, y.)]. Since Upf is

A-coexcessive (i.e., A-excessive for X), t — [7;\ (X;) has right limits on [0, 0o
and left limits on ]0,00[. See Lemma 2 in [CG79] and also the paragraph
above (2.6) in [G99]. There exists a sequence (t,) depending on & decreas-

~

ing to T, with X(t,) = b for each n, as. on {I, < oco}. Consequently
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~

lim, o U‘g\f(XTAbJrE) = U'L,)‘f(b) a.s. on {T, < co}. In view of the above this
establishes (A.9). O

(A.10) REMARK. Of course, as explained near the beginning of this sec-
tion, (A.9) is short for U} f = @ U} f(b) off an m—polar set and U} f(b) is
uniquely determined.

A similar argument yields the following:

(A.11) COROLLARY. Let A > 0 and f € pbE. Then UM = V f +
UAf (D).
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