GENERALIZATION OF A FORMULA OF HAYMAN AND ITS APPLICA-
TION TO THE STUDY OF RIEMANN'S ZETA FUNCTION

BY
E. GROSSWALD'

1. Introduction. In [5] Hayman considers functions f(z) = 2 n=o an 2",
analytic inside [ 2 | < R (< « ) and satisfying some additional conditions and
obtains for their coefficients a, an asymptotic estimate which generalizes
Stirling’s formula 1/n! ~ (e/n)"(2rn)™?, to which it reduces in the case
f(z) = €.

In the first part of the present paper, we obtain an asymptotic series for the
coeflicients a, of an appropriate class of functions f(z); this is the analog of the
well-known asymptotic series for the factorials, to which it reduces in the case
f(z) = €.

In the second part, we use the results of the first part, in order to prove that
a certain condition, necessary for the validity of the Riemann hypothesis, is in
fact satisfied.

Part |

2. Notations and main results. Let f(z) = D .o a» 2" be a function
analytic inside the circle |z| < B (<), real on the real axis and such
that lim,.r f(x) = «. Set

a(z) = 2 BIED _ o £y 2))

and define inductively for » > 1,

dav—l ( z )
dz

a,(2) =z

Let A be the class of real-valued functions a(x) such that, for v > 3,

a,(z) < a(z) for sufficiently large x (which might depend on »). We asglme
furthermore, that there exists a function §(x), satisfying the following con-
ditions for some a € A :

(1) limg.g d(z)ax(z) = «;
(i) limg, 8°(z)a(x) = O;
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10 E. GROSSWALD

also, setting N(z; 8) = maxg=s f(2)™" | f(xe”)|, we require that
(iii) limg,z Mz;8) = 0.
The functions f(z) for which such functions 6(z) can be defined will be said

to belong to the class F.
Denote by r = r(n) the unique (for proof of uniqueness, see [5]) root of

(1) a(r) = mn,

which approaches R, when n — o, and by A = A(a), the class of functions
§ = 6(r), satisfying (i), (ii), (iii) for a given a(z) € A.
For fixed natural integer m and a(x) € 4, set
b( x) = max { a2m+1 a;3m—5/2 a—3m—3/2 agm s a;3m—5/2 a§m+2 a;—sm—7l2 a2m+2} .
) ) )
next, selecting also 6(x) ¢ A(a), define
(2) on(®; 8, @) = ax(2)" max {(3a:)™" exp (—38'az), Nz, 3), b(x)}.

Finally, denoting the greatest integer function by square brackets and the
multinomial coefficient

|—'N!—’(V1+V2+ -+« +wn=N) by <N> )
vl val o0 Vil V ]k
set
( N/2 k1
(38) Ax(z) = —ZW— k T Z( ) a,(x) -+ a,(x), N even, ky = [N/3];

here, and in what follows, a summation without limits is understood to range
over all sets of integers v; > 3, satisfying», + -+ +m=N. By (3),4:=0
and we agree to set Ao = 1. Any 0-term occurring in the paper is understood
for n — o, or, equivalently, for r — R. With these notations we now state
the main result.

THEOREM. Iff(2) = D meoan2 e F andr = r(n) is the root defined by (1),
then, for any selection of the natural integer m, of a(r) e A and 8(r) e A(a), the
coefficients o, of f(2) admait the following asymptotic expansion:

an = f(r) -r"<21r2a ()™
A (2051 (1)) T (r 4+ ) An(r) + O(en(r; 8, a))}
= f(r) " (2man(r))
A1+ 7 0 (261 (1))TO 4+ DAn(r) 4 Olen(r; 8, a)) ).

(4)

3. Comments and a corollary. In (4), the error term depends upon the
choice of a(z) and 8(z). In many cases it is possible to choose these functions
so as to minimize the order of this term. For instance, if we set
d(z) = glbd.ees a(z), it might happen that d(x) e A. This, e.g., is always
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the case if f(z) ¢ F is of order lesy than one, because then a,(z) < ay(z) for
z — R. In general, we shall say that f(2) e Fy, if f(2) e F and d(x) e A.
Clearly, Fy  F and, if f(z) e F1 one will select a(x) = @(z). Concerning
8(x), the choice is less well defined. However, one observes that in (2) b(z) is
independent of §(x). If for some §(x) e A(@) and x sufficiently large,

max {b(x), Ma; 8), (8a2)”" exp (—3d'a)} = b(z),

then on(x; 8, @) = ay*(x)b(z) and this result cannot be improved by any

different choice of § e A(@). If, however, for all 6 e A(d) and 2 — R,
b(z) < max {\(x;8), (8a2) ™" exp (—38'm)},

then one selects the largest possible 6, because, as 6 increases, N(z; 6) and
(8as) " exp (—38°a,) both can only decrease. In order to do that, we may set
do(x) = lubd.sea@ 6(x); but then in general 8,(z) ¢ A(d@). However, there
exists a sequence {6x(x)}, 8x € A(@), such that limg., dx(z) = do(x), and we
may choose a specific éx(x), with conveniently large K. We shall denote by
¢om(2) the function ¢,.(x; 8, a), corresponding to a(x) = @(x) and the specific
choice of §(x) described. We may formalize the result just obtained in the

CoroLLARY. If f(2) € F1, then the error term in (4) may be replaced by
O(en(r)).

For completeness we also recall that (see [5]) in (4), v "f(r) may be replaced
by M, = min, (1/z) supjs— | f(2) |.

Finally, it should be mentioned that the usefulness of the theorem is limited
mainly by the difficulty one has to solve (1) with sufficient accuracy. Indeed,
suppose that we obtain r(n) in the form r(n) = r(n) + &(n), where
e(n) = o(ri(n)) is an error term of which we have only limited information.

Then, when we substitute this in (4), it may happen that the uncertainty
introduced by e(n) is so large, that it wipes out any advantage obtained from
carrying along the asymptotic expansion. In these cases, (4) does not repre-
sent any effective improvement over the simpler result of Hayman as far as the
computation of the coefficients «, is concerned. However, even in some of
these situations, the present theorem may lead to results not directly obtainable
by Hayman’s Theorem. One such example will be presented in Part IT.

4. Proofs.

Lemmal. I, = [Z,e™¢” de = T(v + %)

Proof. Seta’ = y;then I, = [¢ ey dy = T(» + ).
Lemma 2. Letc = (8%a2/2)"%; then may = [5 ¢ 2% dz < ¢,
Proof. Integrating by parts and using property (i) of 8,

Mo = 37 + 32 — Doy < 3707 + 3672 — Dima
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and the result follows, because, by (i), ¢ = 6%, > 2v — 1 for fixed » and
sufficiently large z.

Lemma 3.
8
[6 6—-(1/2)0%2(:)02:' do = (2(12 l(x) )v+1/21-.( + ) _ 2'Yv(2a2_l(x) )82v—-1 —(1/2) 62a3(2)

0<y <1).
Proof. Follows from (i), Lemma 1 and Lemma 2.
Proof of the theorem. Let f(2) ¢ F and set z = ze®, so that

log 1(2) = log (=) + 2 2

a(z);

hence,

) = 162) exp {5 W )}

By Cauchy’s theorem,
(5) a, " = if flxe®)e ™ de.
21!' —

We split the integral (5) into two parts: [Z, = [2; + [js>s. By the assump-
tion f(2) e F we can select a function a(z) e A, and then §(z) € A(a), such that,
using (iil), the last integral is O{\(z; §) -f(2)} and it remains to compute

f_:f(x) exp {f; % ay(x)} & db.

In this last integral we take for z the root » = r(n) of (1); then the terms
10a:(r) — 16n of the exponent cancel and the integral becomes

(6) f("') [: e—(l/2)02a2(r) exp {g (11'0'),’ a,('r)} d@ = f("')I(T, 6).

We select a fixed integer m and write, for simplicity a, rather than a,(r), when
ever there is no danger of confusion; then the exponential in (6) may be ex

panded as follows:
n\? k
(48) a,)
v!

eXp{; (ifz)v“”} = §k1<z o ) > 13' (i

k=0 ! k=2m+1

= Sl + S2 .
Here

o0

S= > 2 Z(o)”Z“’

1 "k
k=gt k| N oo
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Z Zaploooavk

N=3(Zm+1) 1 Ko i)

Ld A\N k1
-3 @t s lZ@,)k“"”'“”“

n=6m+3 N! i=omt1 k!

o0

the symbols k; , <]:7> and Y, (without indication of limits) having the same
k

meamng asin2. Weset S; = S5 + 87 , Sz being the sum ofzthe even powers
and S7 the sum of the odd powers of 6. Clearly, [2;¢ “?%*28; do = 0 and
it is sufficient to consider only Sy .

0

2n  [2n/3]
S; = Z ( l)n 6 Z 1 Z <2n>k Qyy **° Oy

n=8m-+2 (2n)! kg1 k!

B m O [ 2m 1 (6m A 4] }
= VG 4)!{(2m T @nmar B

+ (—py { 1 <<6m+6>'<2m+1> o

(6m + 6)! | (2m + 1)! (3161 az Og
(6m + 6)! (2m + 1)(2m) om—
= (3')2"“1121 51 as" e as
(6m + 6)! (2m + 1\ sm 1 (6m 4 6)] ames
* W( 3 ) a m) MR e o “’}
+ (om0
(6m + 8)!

use having been made of (ii), 8°a — 0 (which implies § — 0), for r — R.
Hence, using (ii) once more,

S' — (_l)m 06m+4 a2ma _ 06m+6 a2m+2.
’ Cm)T(3™41 > ™~ @m + 2)1 @l ™
+ 0 (06m+6 a2m+1 + 06m+8 a2m+2 ).
As for S, it may be rewritten as follows:

2m DY
S=1+nE > (i9)" X 2

-y‘

(7)

Il

had k2 LR
143 ()" 2 g
N=3 Vi *°

k=1 k' 1 . Vk!

where ks = min ([N/3], 2m). Hence, S; = 1 + 8; 4+ S4, with

3+2m+1 N ki
S = Z (10 Z Z(J://v)kavl ceay,

N=3 N, k=1 k‘
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and

o L\N 2m
S4= Z (7:0) Z]-Z(J,\j)ka”...ayk.

N=3am+2 N! i=1 k!
In S; we separate the even and odd powers of 6, so that S; = S35 + S , with
S5 = 20 An(r)6”, 87 = 2% Ba(r)6,

where the Ay, (r)’s are given by (3) and the By,1(7)’s have similalz' expressions.
We do not need to know the By,,1’s explicitly, because [2; ¢~“*"*287 df = 0.
For later use we record that

(8) An(r) = 0(a"(r)), k= [20/3].

One handles S, in the same way as S, and obtains S; = S: + SY , where S7 is
the sum of the odd powers of 8 in S, , so that f 8y e HDagl gg — 0, while

06m+2

(6m + 2)!

(9) gm—l 2 %m—Z ?4 2m—1 2 m
o(r) = ( )_~_~<g,)mz;, + ( ;") G 0 + ()

= 0(a™).
Substituting in the integral of (6),

Si= (=1 T g(r),

b
1(r,9) = [ (L S S+ S0

and, by Lemma 3,
I(r,8) = (2maz)"? 4+ D25 (2037)" ™0 (v + 1)As(r) + R,

with an error term

5
R = f e_(l/2)02“2(S; 4 8L) db — dyola 8)_16_(1/2)52“
s

3m
— 22 An(r)(2057)8" Ny, PP (0 <y < 1).
=2
From Lemma 3, (7), (9) and the definition of b(x) (see (2)) follows
fa e_(l/z)azazs; de = 0{ —(3m+2)+1/2 Zma + @ (3m+3)+1/2 2m+2
s

g G s Gm iy (),

and

)
f_a e P8, dp = 0fa™(202")"") = 0(b()),

respectively. Also, by (ii) and (8), A5, 8" = 0(a®’”) = o(1); hence, the
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—(1/2>62az)

last two summands of R are O((as8) e Consequently, if

Yn(r; 8, 0) = max (b(r), (a2 8) 7”2y,

then B = O(y(7; 8, @)) and (5) becomes

anr” = (2r)"f(r)(I(r,8) + O(N(r;9)))

= (2m)7f(r) (2raz")"1 4 7 250 (20")T(v + $)An(r)
+ @ 0(Ym(r; 8, a) + Nr, )}

Hence, by (2),

= (2mas) ()1 + 27 200 (2a27)'T (v 4 §) An(r) + Olom(r; 8, 0))}
and this finishes the proof of the theorem.

6. An illustration. Let f(2) = ¢°, so that R = «. Then, o, = 1/nl,
a,(2) = zso that we may take a(z) = @(z) = z and ¢’ ¢ F1 ; also, (1) becomes
r = n. Conditions (i) and (ii) require a choice of §(x) such that x8* — o,
26 — 0 for £ — . Therefore,

o(z) = lLubdseawm 8(z) = Lubd. 27 /x(x)

where x(x) may be any function that increases monotonically to infinity slower
than "%, Without loss of generality, we may normalize x(z) by setting
x(1) = 1. Then §(z) = o and 85 (x)a(z) = 1so that 8o(z) ¢ A(z). We
may, however, select the sequence dx(x) = (2"* logx ) ™" where logx = stands
for the K times iterated logarithm. With this choice we obtain for any
natural integer m, b(z) = 2", A\(z) < exp {—3z"*logs’ 2} and on(z) =
a*(x)b(x) = ™. The coefficients Az (r) = As(n) become

(—1)2& 1 20\ &
29! gk"z<)”

so that ors]
—1vq _ (=2)"73 < ) ~(g—k)
(202 )?Asq(n) Eenl I; A > ) kn
and

5 q [29/31
3 art+ D = 5 GHE L w (%) e

= 2%! =1 k!

3m—1 Cj
- =1 E
with
(=13 (=) (2j+ 2k>
(10) 9= ZEGHmEN s M

Hence, (4) becomes

1/n! = (e/n)"(2en) 41 + 27 ¢i/n’ + O(n™™)}.
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It is, of course, classical, that 1/n! = (e/n)"(2an)"*G(n), where
- - & B2V 1—2» —2m—1
G(n) = exp{ ; 550 — 1) n 4+ 0(n )} .

Hence, it follows from the uniqueness of the asymptotic expansion (see [3,
p. 13]), that the coefficients ¢;, defined by (10), have as (formal) generating

function
eXp _ i B2V o nl—-?v
=1 2v(2v — 1) )

This result may be compared with a similar one in [4], where the coefficients
of the formal power series expansion of G(n) are represented by an explicit
formula different from, but somewhat similar to (10).

Part Il

6. Introduction. As already mentioned in 8, a severe limitation in the use
of our theorem is the fact that (1) is, in general, a transcendental equation
and the lack of accuracy inherent in its solution wipes out any advantage that
(4) may have over the simpler result of Hayman. Here we shall see an example
of precisely this nature, where (1) cannot be solved with the accuracy needed
to give more than the principal term in (4), for the coefficients &, , but where
a significant result can nevertheless be obtained.

7. Statement of the problem and main result. We consider the function
£(s) = 3s(s — D)7 "I (35)5 (s),

where {(s) is the Riemann Zeta function. Setting s = 3 + 4, £&(3 + ) =
(1) = D meoc,l* is an entire function of order one of . The Riemann
hypothesis is equivalent to the assertion that all roots of E(¢) = 0 are real.
If this is the case, then, observing that ¢ is real, one of the consequences is (see
[2]) that

pn = ncy — (n + 1)cu1 Caa > 0.

Actually, this condition is satisfied rather trivially; indeed, E(¢) is an even
function and the coefficients of  alternate in sign, so that (see [5))

E(t) = Z:':==0 (— 1 )mam t2m, oy > 0,
and one immediately checks that
pom = 2mady, > 0, pomt1 = (2m + 2)am amyr > 0.

One may, however, consider E(¢) as a function of #; still better, using Hay-
man’s notation, set z = —#, so that Z(¢) = f(—1*) = f(2) = D w-oan2", an
entire function of order 1. If ¢, is a real zero of Z(t), then zp = — is a nega-
tive zero of f(z) and the Riemann hypothesis is equivalent to the statement
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that all zeros of f(z) are negative. This means in particular that they have to
be real, which, as mentioned, implies that D, = no’ — (n 4+ 1)au_1 otnys must
be positive for all » > 1. Although the proof that

(11) D, >0

would not settle anything, the verification of (11) is of interest (if (11) fails
for some integer n > 0, then the Riemann hypothesis cannot be true) and the
problem of determining the sign of D, has been raised by Pélya already in 1927.
(See [7, p. 16].)

It is known [5] that for f(2) defined as here above,

log f(z) = 4% log (2*/2me) + %logz + Llogw/2 + o(1)

holds for | z | — «, uniformly in | arg 2z | < = — (0 < § < =) and that (nota-
tions as in Part I) if M, = inf,s; ¥ "f(r), then a, ~ (7n)™*M, (n — «).
This asymptotic relation is, however, insufficient for the proof of (11). In

what follows, we propose to show, using our theorem from Part I, that for
n — ©,

(12) D, = o(1 + O(log™ n)).

One may observe that (12) will be obtained, although, on account of the diffi-
culties already mentioned, (4) does not lead even to an asymptotic formula
for o, (only forlog a,). From (12) it follows that (11) holds at least for suffi-
ciently large values of n, so that this necessary condition for the validity of the
Riemann hypothesis is indeed satisfied. It may be added that (11) may be
verified directly for any specific value of » and that the present method permits,
in principle, to replace the O-terms by inequalities, so that it should be possible
(although, presumably quite laborious), to prove (11) for all n.

8. Application of the theorem. Using the definition of f(z) and the general
Stirling formula, one may replace the previously indicated formula for log f(2)

by the sharper equality
(13) log f(z) = %'*log (2*/2me) + Zlogz
+ tlog7/2 +J(Z7/2 + 1) + Q(2),

where (see [1, p. 165] or [9, p. 218]).

m

_1 1 _ B,, 12 —1—2m

Q(z) = log g‘(z” ? + 1), and B, are the Bernoulli numbers in the even subscript
notation. Defining

d
I(z) = 2 T IGM + 1)
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and, inductively, for » > 1,
J(2) = 2 in-l(z),
dz

(by using the formulas (44), (45), (46) on pp. 166-167 of [1]) one verifies for
largz| < = — & (6 > 0) that

Ji(z) = =3Bz M(1 — 27%) + 0(z™"),

Jo(z) = B2 *(1 — 2277 4+ 0(z7)
and, in general,

J(2) = (—=1VB. 27327 — (2:)7) + 0(z™**)

— (—f;l)” z~1/2(2—v . %2_1/2) + 0(3—3/2).

Hence, if a1(2) = 2(f'(2)/f(z)) and, for v > 2, a,(2) = za,_1(2), one obtains
from (13) that, for any 6 > 0, one has uniformly in | argz | < = — §:
1/2
a(z) = 3" log§—~ + 3= A =) + 0
(14)

ax(z) = 4" log -I— (27— 227 4 0(a7);

and, in general,

¢l
ay(Z) 2 y—1 1/2 lO ( 1) —1/2(2——v _ %z—1/2) + 0(2—3/2)
2 6
for v > 2.
In order to apply the theorem, we set | 2| = x and select = 2 /*log™"

we also observe that R = « and that for every fixed » > 1, a;(z) > a,(2), if z
is sufficiently large. Hence we may take a(z) = @(z) = ai(z),andif f(2) e F
then f(z) e F1. Next one verifies that for x — «,

2 1/2
o' =

15) &%a ~ &2 — o, &fa~ Llog % — 0 ¢ log ' — .
16 ) 8 )

We now check that all remaining assumptions of the theorem are satisfied by
f(2). Indeed, forz = ze” and 8 < || < = — 8, one obtains from (13) and
the remark that in this interval

1Q(2)] ~ [ 274 1P| < exp {—3(log 2)2" log ™},
that
log | f(2)| — log f(z)

1) 1/2 x1/2 2 1/2 ™
1 2. Y -1 z 1 T
<2cos2 T logzwe g0 +810gx+4log2
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1/2
+06™) - (-%x‘” logo— + flogz + }log Z + 0(x"“‘")>
2me 2

1/2
—%(1 — cos g) z'? log ';—We — 3% + 027

1/2
o 1s2 12 X _ 1s2.1/2 1 —1/6 -1 —1/2
50z log o 5w’ 4 53 z Plog x4+ O0(x")
2 1/2 8131/2 —1/6 —1 1/6

by the definition of 6(z) and (15).

Hence, setting \N(z) = exp (—a52""), f(x)|f(ze®)| < A(z) holds uni-
formlyin$ < |6| < 7 — §forz — . The same inequality holds, however,
alsoforr — 6 < | 0| < x. Indeed, in this case onestill has Re (%2> + 1) >
so that, by Stirling’s formula,

| TG + DI < (2m)" exp {—ma(1 — 3%)Ja™"",
or, using the definition of 9,
I T3 + 3| < (2r)" exp {—1na'” + O(2"*)}.
Also, Re (2" + 3) > 4, Im (2"* + ) ~ 2"*sin 6/2 < 2" so that (see [8])
0<[¢("+ %) <2, and —o < ReQ(2) < tyloga;
hence,
— o < log|f(ze”)] < —ima'? + 0(="®) + O(ogz) < —1ima'?

say. Therefore,

) 1/2
log | 1(ae")| = Tog (2) < — 2 (1og 2 + )
2me 5

1/2
< —a?log T < —ga'? = log M)
2me
holds uniformly also for 7 — § < | 8| < w. This finishes the verification that
(2) € F; hence, that f(z) e F1. We may, therefore, use (4) for the computa-
tion of the coefficients e, .
Consequently, we replace x by the root » = r(n) of (1), which on account of

(14), verifies
(16) r*log (r"*/2x) = 4(n — 1) 4+ (" — ¥)/3 + 0.
We note the following consequences of (16):

(i) (™*log (+'*/2x))™ = O(w™) for every m > 0;

(ii) logr — 2logn ~ —2log: n;
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(17) (i) ¥ = (n — F 4+ 0@™")) log™ ('*/2n)
(n — § =+ o(1))(log n + O(logzn))™
nlog ' n(1l + O((logan)(log™ n))).

2 and compute the quantities that enter in the definition

Next, we select m
of ¢2(r), namely

(3a2) " exp (—38"a2) = O((r'"log"" r)™ exp (—5"""));

Nr) = exp (—g""");

oz} = 0(r ™ log™? r);
o030, = O(r ™ log™* r);
a—l7/2 0(7‘ 5/410g 5/27,)’
a: %} = 0 log " r).

The largest of these is O(r**1log™* 1), so that, by (14), (17) and (2),

(18) ex(r) = 0(n™).

By (4),
(19) an = 1" (2may(r)) 7 f (r) {1 + 8},
where

8 = a7 300 (207(r)) As(r)T(v + 3) + O(n7).
Computing directly D os (205°)T(v + 3)As(r), it follows from (14) and
(17), that thisis O(n™?). So, e.g., for » = 4,

2
a [0 Q.
As(r) = g1 + g5y + grarg; = O log" 1),

(2a5")* 45(r) = O((rl’2 log r)™*rlog’ r) = O(n™?)
and similarly for » = 5 and » = 6. The remaining terms of the sum are
(a1a5"/8) — (5a3 a5°/24) — (as a3"/48).
Of these, using (14),
a a0 = 4(rlog’ (er'?/2))7'(1 + 0(1)) = O(r 'log™2r) = O(n™?),
and it only remains to find a4 ¢3* and a3 @;°. By (14),

o 5 (r”z log f;— + 2 4 /3 — 8/3r + O(r‘m))

2

% < ( 12 log + r /3 — 2/3r + 0(7**3’2))
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= 2(r'"* log (er'*/27))"
X {1+ 2log™ (er'*/2x) + (3r log (er'’*/2x))™"
— 8(3r"* log (er'*/2)) ™ + O+ log™ 1)}
X {1 4+ (3rlog (er'’?/27))™" — 2(3r** log (er'?/21))™"

—21  —1 N2
= 2(r'*log (er''*/21))" Ot o)

X {1 + 2log™" (er'*/2x) — (3rlog (er'*/2a))™ + O(r ™ log™2r)}.

By (17), the last bracket equals 1 + 2(log (er'?/2x))™ + O(nlogn). By
the same procedure, one finds that

ai az’ = 2(r'?log (er'?/2m)) "
{1 + 2(log (er"*/2m))™ + (log (er'?/27))™ + O(n"*log n)};
the sum S in (19) becomes, therefore,
S = (4" log (er'*/2x)) {1 + 2(log (er'?/2x)) ™ + O(n*log n)}
— 5(12r"%log (er'?/2m)) 1 + 2(log (er'?/27))™"
+ (log (er'?/22))2 + O(n % log n)} + O(n™?)
= — (6r'%1og (er'*/27)) {1 + 2(log (er'?/2r))™
+ (log (er™/27))7"} 4 O((nlog"n)™)
= — (3" log ("*/2m) + )7L 4+ 2(3logr
+ log (e/27)}™") + O((nlog’n)™).
By (16) and (17),

1 4 2(log n + O(logzn))™"
n(l — 7/8n + O(n2)) 4+ (n/log n)(1 4 O(log, n/log n))

+ 0((nlog*n)™)

S =—#

— (1/24n)(1 — log™" n + O(log: n/log™n))
(1 4 2log™ n + O(log: n/log’ n) 4+ O((n log® n)™)
= — (24n)™" 4+ 0((nlog n)™)
and (19) becomes
(20) @ = 1 "(2max(r)) () (1 — (24n)™" + O((nlogn)™)).

9. Proof of (12). In what follows, the root of a,(r) = z will be denoted
by rs or r(z), whichever is more convenient. Replacing in

D, = nah — (n + ag_y any = nat(l — (1 + 7y At Olny)
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the coefficients a; by their values given by (20), we obtain after obvious
simplifications,

D, = nan{l — (1 + n)h(n)[l + O((nlogn)™)]}
with

h(n) = P () (rasa)f (racs) X (627 (ra) aa(rng1) aa(raa)) ™%
Let
(21) g(x) = logf(r(z)) — 3logax(r(z)) — zlogr(z);
then, if we denote the successive finite differences by A*g(7), one has
A'g(n — 1) = g(n + 1) — 2g(n) 4 g(n — 1)
and h(n) = exp {A’g(n — 1)}. Consequently,
(22) D, = nan{l — (1 +n7")exp {A%(n — 1}[1 + O((nlogn)™)]}.

By (21), g(z) is twice differentiable; hence (see e.g. [6. p. 57 (19.5)]),
Ag(n — 1) = ¢"(n + ), | 9| < 1. Letf = df/dr, a, = da,/dr,r = dr/dx;
then da;/dx = ay " and, differentiating

1) au(r) ==
we obtain a; ' = 1, whence
(23) v/r = (ray)”t = a3l

Differentiating (21), we now obtain, using (23) and (1’):
g'(x) = (f'/H)r' — ¥(as/as)r’ — logr — a(r'/r)
= (@ — Yraz a3’ — z)(r'/r) — logr

—Lag a3 (v /r) — logr

= —Llaza;° — logr.
Differentiating once more,
g’ (z) = 303" (20503 — @z az)r’ — (r'/r)

= {3a3°(205-105 — az-raz) — 1}(r'/r)

= —(r"/r){1 — $(2a5 — 6z a4)as’}

= —("/r)(1 + O(("logr)™)

= —a;'(1 + 0(n™))
by (17) and (23). Using (14), (17) and (1"),

205(r(z)) = a(r(z)) — § + ¥"() + 007"(z))
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=2+ ¥"@) — §+ 007"(2))
=z + (zlog” 2)(1 + O(logs z-log™" z)),

so that
—ay' = —227(1 + log™' = + O(loga z-log "))~

= —207(1 — log™ & + O(log; z-log* z))
and

Alg(n — 1) = ¢"(n +n)
—2(n 4+ )7 (1 — log™ (n + 1)
+ O(log: (n +n)-log™ (n+ 1)) (1 4+ 0(n™"))
= —2n"(1 — log'n 4+ O(logan-log™n)),
because | 7 | < 1. It follows that
exp {A%g(n — 1)} =1 — 20" + O((nlogn)™)
and (22) becomes
D, = nah{l — (1 + 7)1 — 207 + O((nlogn)™)]
[1 + 0((nlogn)™)]}
= nan{l — [L — 27" 4+ O((nlogn) ™)1 + O((nlogn)™)]}
= ai(1 4+ 0(log™" n));
this finishes the proof of (12).
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