THE COHOMOLOGY OF STABLE TWO STAGE
POSTNIKOV SYSTEMS!

BY
LarRrYy SmiTu

In this note we will study the cohomology algebra of a certain class of two
stage Postnikov system. This question was considered originally in [4] [5] [6]
[7]. We begin with a few definitions.

DeriniTION. By a generalized Eilenberg-MacLane space (GEM) we shall
mean a Cartesian product of K (w, n) spaces where = is a finitely generated
abelian group and n > 1.

DeriniTION. A two stage Postinikov system & is a diagram
F —_— F

Lo

E— E;

I

B—% B,
where
(i) F and B are GEM’s.

(ii) F — Ep g r18 the path space fibration over Br . Bpis of course
a simply connected GEM.

(ili) F — E — B is the fibre space induced from F — Er — By by the map
(72 B — B F.

Now it is well known that B and By have H-space structures, unique up to

homotopy, derived from the product in =. (In fact well chosen models are
actually topological abelian groups.)

DEerFINITION. & is called stable if B and Br have H-space structures, multi-
plicatively homotopy equivalent to the standard ones, in which ¢ : B — By is
a map of H-spaces.

Associated with a two stage Postnikov system we have an Eilenberg-Moore
spectral sequence (see [12]) {E,, d,} such that

E,= H"(E;k),  E» = Totuswpm (H*(B; k), k)
where k is a field.
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This spectral sequence is part of an extensive research conducted by Eilen-
berg and Moore. Their work is just now beginning to appear in Commentarii
Mathematici Helvetici and would of course serve as an encyclopedic reference
for the properties of this spectral sequence used in our work.

Our study of stable two stage Postnikov systems centers around the result
established in §2 and §4.

TuaeoreEM. If & is a stable two stage Postnikov system, k = Z, p a prime, and
B contains no factors of the form K(Z, 1), K(Zy, 1), r > 1, when p = 2,
then E, = K.

Our methods actually allow us to compute E,. Further we are able to
determine the structure of H*(E; Z,) as an algebra over Z, .
1. Hopf algebras

We will begin by developing a few simple techniques for computing
Torr (A4, k) when A and T' are Hopf algebras over a field k. These will prove
useful in the sequel. We refer to [8] for the basic definitions.

All algebras will be assumed graded, connected, commutative and locally
finite. ® always means ®; .

TaeoreEM 1.1. Suppose that T is an algebra , A C T a sub-algebra with T'a
projective A-module. Let Q@ = T / A and suppose given modules (Aqr C); then
there exists a spectral sequence {E, , d,} such that

(i) E,= Torr (4, C)
(i) EBE3P? = Torf (A, Tori (k, C)).

Proof. See [3, p. 349]. O

We wish to employ this spectral sequence when I is a Hopf algebra and A is
a sub-Hopf algebra of . To do this we shall need

TaeoreM 1.2 (Milnor-Moore). If T is a Hopf algebra, A C T a sub-Hopf
algebra and @ = T / Athen T = A ® Q as a left A-module and a right Q-co-
module.

Proof. See [8, Prop. 4.4]. O

CororLraRY 1.3. If T is a Hopf algebra and A C T is a sub-Hopf algebra then
T ¢s a free A-module. O

DEeriniTION. Anideal I C T is called a Hopf ideal if
y(I)cTre®lI+I®rT
where¢ : I' - I' ® T is the co-product in T'.
If I is a Hopf ideal then I'/I is a Hopf algebra with the induced co-product.

ProrosiTion 1.4.  If T s a co-commutative Hopf algebra and I C T is a Hopf
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ideal then there exists @ unique sub-Hopf algebra A C T so that
I =AT=(4)

Proof. Let Q@ = I'/I. Then there is a natural epimorphism of Hopf alge-
bras » : T — @ with kernel I. Passing to duals we obtain a monomorphism
v i 0* > 1%

Set A* = I'* /@

Passing to duals again and identifying I' and Q with their double duals we
obtain a sub-Hopf algebra A** C I Set A = A™*.

Now by Theorem 1.2, T* = A* ® 2" as a A*-comodule and an 2*-module.
The map »* : @* — I'*is given by y* — 1 ® y*. Passing to duals we obtain
I'~A® Qasa A-moduleand » : T — Qis given by

r®y—ay if degx =0
—0 if degx > 0;

thusker» = { ) #;-y;eT | z;e A and deg z; > 0}, i.e. kerr = A-T.
Uniqueness follows from A* = T* / @*. 0O

Notation. Let T and A4 be co-commutative Hopf algebras, ¢ : I' — 4 a map
of Hopf algebras. Then ker ¢ C T is a Hopf ideal and we can apply Proposi-
tion 1.4 to obtain a sub-Hopf algebra generating ker ¢. We will denote this
sub-Hopf algebra by sub-ker ¢.

Proposition 1.5. Suppose that T', A are co-commutative Hopf algebras and
¢ : T'— A is a map of Hopf algebras. Let A = sub-ker ¢, then as Hopf algebras

Torr (A4, k) =2 A J¢ ® Tor (K, k).

Proof. Since A is a sub-Hopf algebra of T it follows by Corollary 1.3 that
T is a free A-module. Thus by Theorem 1.1 we have a spectral sequence
{E,,d,} such that

(i) E.=Torr (4,k)
(ii) Es = Torg (4, Tora (k, k))

whereQ =T /A =ime C 4.
Now im ¢ C A is a sub-Hopf algebra and therefore by Corollary 1.3, 4 is a
free im ¢-module. Thus

Ey* >~ A ®Tors (k, k), Ef™* =0 p#0,
and so the edge homomorphism gives an isomorphism
A ®q Tora (k, k) = Torr (4, k).
Finally observe that Tory (k, k) is a trivial @-module and hence
A ®gTory (k, k) =~A /7 Q® Tory (k, k) = A Jo ® Tors (k, k). O
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2. Two stage Postnikov systems. Z,-coefficients

For convenience we recall a few things from the introduction. Through-
out this section & will be a fixed stable two stage Postnikov system

F=—F

||

E—““)Ei'

ol
B—% B,

We will let {E,, d,} denote its Eilenberg-Moore spectral sequence and assume
that the ground field &k is Z,. All cohomology will be taken with Z, as coeffi-
cients and we leave it out of our notation. Finally we assume B contains no
factors of the form K(Z, 1) or K(Zy, 1),r > 1.

ProposiTioN 2.1. E, =~ H*(B) / im ¢* ® Tolsub-ker o+ (Z2, Z2).

Proof. Since & is stable ¢* : H*(By) — H*(B) is a map of Hopf algebras.
Further by the results of Serre, H*(Br) and H*(B) are co-commutative.
Now apply the results of §1. O

ProposiTioN 2.2. E, = E,.

Proof. By the results of Serre, H*(By) = P[V], i.e. a polynomial algebra
on a certain vector space V. Now sub-ker ¢* < P[V]. It therefore follows
by Borel’s structure theorem for Hopf algebras over Z; [8, Theorem 7.11] that
sub-ker ¢* is also a polynomial algebra, say sub-ker ¢* = Plzy, -+ &, - - -].

Therefore using a Koszul complex [3, p. 151] or [12, §§2.1 and 2.2] we see
that

Torsub-ker o* (Z2 3 Z2) = E[ul y "t Un oy o '] deg Ui = (_1’ deg xi)'

Thus B, = H*(B) /im¢* ® Eluy, -+ un, - -] asan algebra. Hence as an
algebra E» is generated by E3'™ and E;"'*. But recall that

de s B3* — E;77* =0
ifp =0,1landr > 2. Therefored, = 0, > 2,and E; = E,. O
CoroLLARY 2.3. Ker {p*: H*(B) — H*(E)} = (im ¢%).

Proof. Recall that we have a commutative diagram

H*(B) — EV* < H¥(E).

I |

p*
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Since clearly 6 : H*(B) — H*(B) / im ¢* ® Elu; , - - -] has kernel (im ¢*)
the result follows. O

The above result for p = 2is deceptively easy. We turn next to a consider-
ation of the situation when p is an odd prime. We will return to the case
p = 2in §5 to study the structure of H*(E) as an algebra and as an algebra
over @(2).

3. Z,-coefficients, p an odd prime. Preliminaries
One of the most basic of all stable two stage Postnikov systems is the diagram

K(Z,,n—1) = K(Zp,n — 1)

I !
K(Z,,n —1) - L(Z,,n)
! !

* —— K(Z,,n)

where L(Z, ,n) is the path space on K(Z,,n). More directly we could con-
sider this system as simply the fibration
K(Zp,n — 1) = L(Zy,n) = K(Z,,n).

Throughout this section p is an odd prime. The necessary modifications to
accommodate the case p = 2 are left to the reader. We will denote the mod p
Eilenberg-Moore spectral sequence of the above system by {E,, d,}. In this
section we will determine completely the behavior of the spectral sequence
{E,,d,). Inthe next section we will see how this can be used to study the
case of an arbitrary stable two stage Postnikov system.

We begin by recalling the results of Cartan [2] on H *(Zp,n, Z,). Wede-
note by @(p) the Steenrod algebra mod p [11]. By a monomial in G(p) we
mean an element (see [11])

BUPUET - P
where ¢; = 0, 1, and s; are positive integers. We will write
BOP*IBt ... Pg° = P, I=(e0,8,61, 8 &)
DEFINITION. A monomial P’ is called admissible if
8i 2 PSiy1 + €.

Derinirion. If P’ is admissible we define the excess of P’, denoted by
e(P") by

e(P") = Z?=1 2(8; — psip1 — €i) + ZLo &i.
If we write P* = 8°°P*'P’ and P’ is admissible then it is easy to see that

(i) e(P") = e + 251 — deg P,
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We also have

(i) e(P") + deg P' = 2ps; + & .

TuEoREM 3.1 (Cartan). H*(Z,,n, Z,) = S[{B°P"i,}] where ¢ = 0, 1 and
P’ is admissible with e(P") < n. O

Here S[z, , - - -] denotes the free commutative algebra on generators ; , -
The above isomorphism is an isomorphism of Hopf algebras over G(p).

Leto* : QH*(Z, ,n, Z,) — PH*(Z, ,n — 1, Z,) (see [1], [2]) denote the
cohomology suspension of the fibration

K(Zy,n — 1) = L(Z,,n) = K(Z,, n).

COROLLARY 3.2. ker ¢* s the vector space spanmed by B°P'.. where
e(I) =n— 1 QH*(Z,,n, Z,).

Proof. Merely observe that

0'*(66P‘Iﬁn) — 6£PJO'*( Ln) = ﬁEPJLn_l

and apply Cartan’s Theorem. O

Lemma 3.3. P°P’ is admissible and e(P°P’) = n — 14ff P” is admissible,
e(P’) <n—1and2s = deg P’ +n — 1.

Proof. This follows by manipulating with the formula

e(P°P’) = 2s — deg P’. O
Lemma 3.4. The correspondence
P’., — BP°P’.,

where J 1s admissible and

(i) deg (P’w) is odd

(ii) 2s = degP’ +n —1
defines a vector space isomorphism between the indecomposable elements of odd
degree in H*(Z, , n, Z,) and ker o*.

Proof. Follows from Theorem 3.1, Corollary 3.2 and Lemma 3.3. [J

DzrintrioN. If V is a graded vector space then sV is the graded vector
space defined by (sV)' = V™. Ifay, --- @a,, - is a vector space base for
V then sz; , - - - is the corresponding basis for sV.

DerFiNiTION. If V is a graded vector space then we define V' and V™ by

(VH = V' if ¢ iseven
=0 if 7 isodd
(V) =V if 4 isodd

=0 if ¢ iseven.
(Ifp = 2set VF =V, V™ = (0).)
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Dgerinirion. If V is a graded vector space then
S*(V) = [V ® E[V7]
T(V) = P[V]/(VT)? ® E[V].

DerinttioN. If V is a graded vector space, we define the Poincaré series
of V to be the formal power series

P(V,t) = 2 w0 (dim V")¢".
DgerinitioN. If W is a bigraded vector space, we define the Poincaré series
of W to be the formal power series
P(W,t) = 2omcocal’y  Cn = D ipjmn dim W™
If V is a graded vector space we recall that
Torsiyy (2, , Z,) = 8*[sV]
as a Hopf algebra.

If W is another vector spacef : V — W a linear map then there is an induced
map

f:8[V] — 8[W]
and hence an induced map
i* 2 Torsy (Zy , Z,) — Torsiw (2, Zy)
which is given by
¥ = sf : 8¥[sV] — S*sW]

where (sf)(sv) = sf(v) and requiring sf to be a map of algebras with divided
powers, i.e. sf(vn(s0) = va(sf(v)) forallve V*.

LemMa 3.5. B, = 8*[{s8°P'w}], ¢ = 0, 1, e(P") < n, as a Hopf algebra.

Proof. Apply Cartan’s Theorem and the above remarks. [

If z e B3 then d(z) e B3™* = 0, r > 2 and hence # determines an
element 2« ¢ B="™*. Since B! = 0, ¢ > 0, B’ = Z,, we see that if » has
positive complementary degree x determines a unique element, possibly zero,

Wle F'H*(Z,,n — 1,Z,) C HZ,,n — 1, Z,).
In [12] we showed that
a*(B°P'in) = JsB°P’ul
where ¢* is the cohomology suspension. (See also [1] for a very similar situ-
ation.) Thus we see

LemMA 3.6.  The elemenis in E3*™ that are boundaries under some d, are all
linear combinations of elements of the form sBP’v, where e(I) = n — 1.

Proof. Apply Corollary 3.2 and the observation above concerning the co-
homology suspension. O
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Before continuing we make the important observation that {E,, d,} is a
spectral sequence of Hopf algebras, i.e. E, is a differential Hopf algebra with
differential d, and E,.; =~ H(E,, d,) as a Hopf algebra. This can be seen
either by diagram chasing or direct from the definition of {E, , d,} in [12].

Lemma 3.7 E, = T[{s8°P'i.}] wheree = 0,1; e(P’) < n — .
Proof. We know by Lemma 3.6 that
EZ1* = {vector space spanned by all elements of
the form s8°P’,, where & =0,1,e(I) <n — ¢}

and hence by Borel’s structure theorem for Hopf algebras over Z, and Lemma
3.5 we see that _
E., D T[{s*P'u}], &e=0,1;e(P")<n—e.

The lemma will be complete when we show that
P(T[{s8P'w}l, t) = P(H*(Zp,n — 1, Z,), t).
To see this we recall that by Cartan’s Theorem
HYZy,n — 1, Z,) = S[{B*P’tn}], e=0,1;¢P) <n-—1

as a Hopf algebra. If we now filter H*(Z,,n — 1, Z,) by the primitive fil-
tration [8] and denote the associated graded by G we see

G = S*{BP 1}l
We now recall that for any e H*(Z, ,n — 1, Z,)* then
¥ = Pz, 2r = deg z.

and so if we define a correspondence

Vo(BP tn1) 2 PP, 2% =¢+degJ +n —1
and more generally
Yo 8P tn1) - P'0(Yp0-1(BP" tn1) 2t = deg 6(Ype-1(BP tn-1)
we can define a map
S*({BP’ tn-1}) — T[{sB8°P’ u}]
e=90,1 e=0,1

e(P’)y <n—1 e(P")<n—e¢
by

BP’ 1y — 6P 1y

'Yp‘l(/gepjln—-l) — sa'Ypﬁ(Is'PJLn—l)

and requiring that w be a map of algebras, where of course we have to apply
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Lemma 3.3 to show that P‘8P’ is admissible of excess <. It is straight-
forward to verify that w is an isomorphism. Hence

P(T({s8°P"w}],t) = P(G,8) = P(H*(Zy ,n — 1;Z,),1).

e=0,1,eP) <n—e
and hence the lemma is established. [

Lemua 3.8.  If P'is admissible and does not begin in a 8 and
(i) deg P' = 2t(p — 1)
(ii) e(P") = 2t
then PT = P°'.
Proof. Write P* = P"P’; then we have
e(P") + deg (P") = 2pt
and
e(P") + deg (P") = 2t + 2t(p — 1) = 2pt.

Therefore ¢, = ¢ and from
2t = 2t; — deg P’ = e(P') = 2t
we see deg P” = 0 and hence P’ = 1. O

Levma 3.9. Suppose that n = 2t + 1 and {E, , d,} is the Eilenberg-Moore
spectral sequence of

K(Zp;n - 1) %L(Zpyn) %K(Zpyn)

(.e. as above), then
(1) di(vp(s1a1)) = 0,7 < p - 1
(11) dp_l(‘yp(Sth+1)) = )\SBP 2t4+1 N#0 eZ

Proof. If we apply the argument of [1, Theorem 4.1] to the spectral se-
quence {E, , d»} we see that d, = 0,7 < p — 1, and so (i) follows.

To see (ii) we note that be Lemma 3.7 7,,(8¢2t+1) cannot survive to K, and
by the argument of [1, Theorem 4.1] it can never be a boundary under any d, .
If dp1(vp S12e41) = O then since do(7v, Suaet1), 7 = p, would vanish for dimen-
sional reasons we would contradict the fact that v, sw1 does not survive
to ..

Therefore d,_1(v,(sw2et1)) # 0.

Now note

deg Jp—l(7P(SL2t+l)) = (—1,2tp + 2)
=(—=1,2(p —1)+1+ 2t + 1).
Therefore applying Lemma 3.6 we see that d,_1(7y,(sw2s41) is a linear combina-
tion of elements of the form s8P w1 where
(i) e(P") =2t
(ii) deg P' = 2t(p — 1).
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But by Lemma 3.8 the only admissible monomial satisfying this condition
is BP'. Therefore

—p—-l( Yo(St2e41)) = )\SBPtl-2t+l , N#£0eZ,.0

TueoreM 3.10. Let {E, , d,} be the Eilenberg-Moore spectral sequence of the
Jfibration
K(Zy,n — 1) > L(Z,,n) > K(Zy,n)

(as it has been throughout this section); then
(1) q,=0,r<p—1
(ii)  dp—y 28 determined by

dp-1(7p(sP’t)) = NsBP'P’1,, N #0eZ,and 2t + 1 = deg J + n,

and requiring that it be a deriation of algebras
(iii) E, = E,.
Proof. We obtain (i) by applying the argument of [1, Theorem 4.1]
to the present case.
To prove (ii) let
degPJ—l—n =2t+1
and choose a map
g:K(Z,,n) >K(Zp,20+ 1)
such that
9%(2enn) = Plu .
We then have a diagram

K(Z,,n — 1) % K(Z,,2t)

! . !
L(Z,,n) — L(Z,,2t + 1)
! !

K(Z,,n) — > K(Z,,2t + 1).

Dgnote the Eilenberg-Moore spectral sequence of the right hand fibration by
{E,,d,}. By naturality of the Eilenberg-Moore spectral sequence we have a
map of spectral sequences

{gr} B, d — (E,, d}.
Then
g*'Yp(sWH-l) = v,( SPJ‘n)
and so applying Lemma 3.9 at the crucial point we see
dp1(vp(sP"tn)) = dps g ¥p(st2041)
= g*dp1 vp(St2041)
9" (NsBP"12041)
\sBP ‘P
(by remark preceding Lemma 3.5).

Il
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If we now recall that a complex of the form I'lu] ® E[v] with d(u) = vis a-
cyclic we see that B, = T[{s8*P'w}], ¢ = 0, 1; e(P’) < n — ¢ and applying
Lemma 3.7 we see that £, = E, . O

It is of course very likely that the constant \ above is actually =1 but we
see no way to prove this. Actually we have been somewhat sloppy, the con-
stant N depends on P’i, and we have failed to indicate this dependence, but
this is of no consequence.

We will close this section with some remarks on H*(=, n, Z,).

ProrosiTion 3.11.  If x € Q"' H*(w, n, Z,) then BP'x % 0 ¢ QH (7, n, Z,).
Proof. This follows from [2, Exposé 16, §2, Theorem 1]. O

COROLLARY 3.12. The map p : Q*"H*(x, n, Z,) — Q""PH*(x, n, Z,)
by x — BP‘z is a monomorphism of vector spaces. O

It is interesting to note that Rothenberg-Steenrod (unpublished) have re-
cently obtained new proofs of Cartan’s theorems using the “Milnor-Moore”
spectral sequence derived from Milnor’s construction of a classifying space for
a topological group.

4. Two stage Postnikov systems. Z,-coefTicients

Throughout this section & will be a fixed stable two stage Postnikov system

= F

L

E_—_’E’p

I’l lpr
B—% B,.

All cohomology will be taken with Z,-coefficients p an odd prime (the necessary
modifications to accomodate the case p = 2 will be left to the reader). The
mod p Eilenberg-Moore spectral sequence of & will be denoted by {E, , d.}.

ProposiTioN 4.1. By = H¥(B) / ¢ ® Torap-ker ok (Zp, Zp)-
Proof. Apply the material of §1 to the case at hand. O

Lemma 4.2.  Suppose given a diagram of spaces;

I

B
l/

o

X
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then we can fill it in to a commutative diagram

Y Y’

Xx,Yé—i———-> X T,,Y/J

l{/B T

Xl

Proof. Direct from the definitions. O
Let z; € Q sub-ker »* and choose a map

¢i:Br—>K(Z,,degz;) = K

representing z; . Consider the diagram

QK QK
1 1
B Xx PK PK
1 !
B fice K.

One readily sees that ({s0¢)* : A*(K) — H*(B) is the zero map. Since
K = K(Z,, deg x) it follows that {;0 ¢ : B — K is null homotopic. Hence
B Xk PK has the same homotopy type as B X QK.

Let {E., d.} denote the Eilenberg-Moore spectral sequence of the above
diagram. The Eilenberg-Moore spectral sequence of the fibration

0K - PK - K
will be denoted by {E,, d,}. We then have
ProrosiTioN 4.3. E,~H*B) ® E,andd, = 1 ® d,. O
Applying Lemma 4.2 we obtain a diagram

/ P.
-

Er

K

,L

By the naturality of the Eilenberg-Moore spectral sequence we obtain a
map of spectral sequences

(g5} : (B, d} — {E,, d}.

B,

N

Be—ye— "

—B
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Suppose now that we choose a basis 1, +++ 2, , -+ for Q sub-ker ¢*".

Levma 4.4, BP"xzy, -+- BP™x,, ---, 2t; + 1 = deg x;, are linearly in-
dependent elements of Q sub-ker ¢** .

Proof. By applying Theorem 1.2 we see that z;, -+ - 2, , - - - are indecom-
posable in H*(By). Hence by Proposition 3.11, 8Pz, is an indecomposable
element of H*(By) and since

0 B8P z; = BPYo™(x;) = BPY0 = 0

1t follows that BP"z; e ker o*. Since BP"z; is also indecomposable it follows
that 8Pz, e sub-ker ¢*. The result now follows by Corollary 3.12. [
Thus we can choose a basis

{xl,"'xn;"'}U{BPtlxly"'}U{yly"'yn;"'}
for ) sub-ker ¢* and thus we have
LemMA 4.5. Sub-ker ¢* = S[{z:} u {8P“z} u {yil.

Proof. Clearly it suffices to show that sub-ker ¢* is a free commutative
algebra. Recall that sub-ker ¢* is a sub-Hopf algebra of H*(Br). By
Cartan’s Theorem H*(Bp) is a free commutative algebra. Hence by Borel’s
structure theorem for Hopf algebras over Z,, [8, Theorem 7.11] we have
sub-ker ¢* is a free commutative algebra. O]

COROLLARY 4.6.
Ey~H*B) / ¢" ® Tlst1, -] ® E[spP 2, -] ® Elsyr, +++].

Proof. Since deg y; is always even this follows from Proposition 4.1 and
Lemma 4.5. O

TaEOREM 4.7. The differentials d, satisfy
i) d,=0,2<s<p—1
(i)  dpa(vp(sts)) = NsBP"z;,2t; + 1 = degxi, N % 0eZ,.

Proof. Let d,, r > 2, be the first non-zero differential and let z ¢ E2 be an
element of minimal degree with d.(2) # 0. Then z is indecomposable. By
Corollary 4.6 the indecomposable elements of E; have filtration degree 0, —1
or —p?. Since r > 2 we can assume that the filtration degree of z is —p®.
Thus without loss of generality we can assume that z = y,e( ;).

Now consider the map {g¥} : {E,, d} — {E,, d,}. We have

9*(seti41) = 82

and hence
9*(Vpe(825)) = Ypa(Stae41).

Now applying Theorem 3.10 we see that
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dr('qu('S‘xi)) = g*(zr'YpQ(slati.{_]‘)

=0 if2<r<p-—1.
Since -
dp-1(vp(s2:)) = g*dﬂ—l('yzos‘?tz'H)

= g*)\SBPtiuiﬂ = xﬁPtixi
the result is established. O

TuroreM 4.8. E, = H*(B) / ¢* ® Tl{st1, -} U {y1, -+ -}] and hence
E,=E,.

Proof. By Theorem 4.7 E; = E,_; and
E,=HH"B) /¢*® I'lsty, --+] ® E[s8P"2,, -] ® Elsyy, -]

where
dps(7p(s2:)) = NsBP" 'z,
and so

E, = H*(B) /¢" ® Plst1, -+-]/(saf, ) ® E[syr, -] ® H[[[{vpszi}]
® E[{P" w:}l.
Now recalling that
Ilypse,] ® EBP"wi]
is acyclic and that
Plszy , ++1/(sel, +++) @ Blsya, -] = Tlisar, -} ulp, -],
we see that
B, = H*B) /¢* ® Tlistr, -} u {yr, -+ }1.
Therefore as an algebra, E, is generated by E3* and E,"*. Since
d,: B3* — Eym* =0, r>p,n =01

we see that d, = 0,7 >p, on a set of algebra generates for £,. Since d, is a
derivation it follows that d. = 0,7 > p, and hence E, = E,. O

If the reader has been making the necessary modifications to accomodate the
case p = 2 then yet another, although unusually complicated proof of Proposi-
tion 2.2 is obtained.

COROLLARY 4.9. ker p* = (im ¢*).
Proof. As in Corollary 2.3. O

5. The algebra structure

As in the last few sections & will denote a fixed stable two stage Postnikov
system
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F==F

A
E— Ey

| e

BTB);'.

All cohomology will be taken with Z,-coefficients, p a prime (p = 2 is not
excluded). The mod p Eilenberg-Moore spectral sequence of & is denoted by
{E,,d}.

In the last section we established that there is a filtration {F"H*(E)}
with associated graded object, denoted by GH™*(E), given by

GH"(E) 2 E,
as Hopf algebras.
To determine the structure of H*(E) we recall come results of [11, Chapter
1]. Consider the maps

Pr,: BX Er—>B X By X E
given by
pr(z, y) = (2, pr(¥), ¥),  @&(z,y) = (z, e(y), y)

Note that E € B X Er and that pr| E =& | E. Therefore we have defined
a difference homomorphism [11]

(pr — @)* : H*(B X By X Er) > H*(B X Er, E).
Consider the diagram
H*(B X By X Ex) MH*(B X Ey, B) —— H*(E).
ProrosiTiON 5.1.
F7HY(E) = {¢¢H"(E) |3y cH*(B X Br X Ey)
with (pr — ¢)*(y) = 8(z)}.
Proof. See [12, Theorem 1.3.3]. OJ

Note that if B = % we then obtain the Eilenberg-Moore spectral sequence
of the fibration F — Er — By and

CoROLLARY 5.2. F'H*(F) = im{s*: H*(By) — H*(F)} where s* is
the cohomology suspension. [

PRrOPOSITION 5.3. There exist elements &y, -+ y1, -+ € Q sub-ker o* such
that

GH™(E) = H*(B)/ker p* ® Tl{sz1, ---} u {sa, -"}].
Proof. This follows from Theorem 4.8 and Corollary 4.9. O
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For simplicity in the sequel we will write R = H*(B) /ker p*.
Choose elements uy , - -+ , vy, -+ - ¢ F"H*(E) to represent sy , -+ sy, - * -
respectively.

PROPOSITION 5.4. *(us) = o™(&:), 1%(vs) = o™ (ys).
Proof. Consider the commutative diagram

H*(B X By X Ey) _r=e H*(B X Ep, E) S )

l l [
*
8
H*(B X Ey) i H*(Es, F) ——— H*(F)
where the vertieal maps are induced by inclusion. Now it is clear that
(Pr — &) " (I X @i X 1) = 8(w),  (Br — &) (1 Xy X 1) = §(v3)

since the bottom line determines the cohomology suspension in ¥ — Ey — By
commutativity of the diagram yields the result. O

Let M = im {s* : Q sub-ker ¢* — H*(F)} and let 8§ € H*(F) be the sub-
Q(p)-algebra generated by M.

ProposiTiON 5.5. The sequence of Hopf algebras

p* * o
R— HY(E) — 8
has the following properties:
(i) p™ is one to one
(ii) 4* s onto hence 8 = im ¢*

(iii) ker:* = R-H*(E).

Proof. Both (i) and (ii) are trivial so we turn to (iii). To prove (iii),
filter H*(E) by {F "H*(E)} as in Theorem 4.8.

Filter H*(F) by the filtration determined by the Eilenberg-Moore spectral
sequence of F — Er — Br. Then this determines a filtrationon 4 € H *(F).
It is not too difficult to see that +* : H*(E) — A < H*(F) is a filtration-
preserving map.

Passing to associated gradeds we have

GA = Tl{szy, -} ufsys, - --}]

QH*(E)=R®T[{sx1,-~-}u{sy1,---}]
and
G*:R®T—T by r®t—>0, degr >0

—1rt, degr =0
Since H*(E) is a free R-module it follows that
ker {¢* : H*(E) = 8} = {rt} |r e R and deg r > 0}. O
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DEeriniTION. A sequence of commutative algebras

Ay I A; i A

is called co-exact at A; if
ker fi = (im fi_1) = fim1 (M) M

CoROLLARY 5.6. The sequence of Hopf algebras

Z,,eRl*—’ H*(E) =, S—Z,
is co-exact; the maps p™ and i* being maps of G@(p)-algebras. O
ProrosiTioN 5.7. (i) As an algebra, S = S[L] where
L = Qim {¢* : Q sub-ker o* — H*(F)}.
(ii) As an algebra over G(p), S = U(M) where
M = im {¢* : Q sub-ker o* — H*(F)}.

Proof. Let us begin by proving (ii). By Cartan’s results we have
H*(F) = U(X) where X = im {¢* : QH*(By) — H*(F)}.

Since Q sub-ker o* © QH *(B r), it follows that M < X. Hence it follows
that 8§ = U(M).

To prove (i) note that by (ii) S = U(M) < U(X) is a sub-Hopf algebra of
U(X). Since U(X) is a free commutative algebra on @X by the results of
Cartan, Borel’s structure theorem for Hopf algebras over Z, yields (i).
(If p = 2 we merely substitute the results of Serre [9] for those of Cartan.) O

If we define N : Q sub-ker o*~ — Q sub-ker * by N(z) = Pz, 2t + 1 = dega,
it is not too difficult to see that

(dim L7) = dim (Q sub-ker ¢*)’ — dim (AQ sub-ker *7)’

— dim (B\Q sub-ker ¢*7)’.
THEOREM 5.7. As an algebra,

H*(E) =R ® 8.

Proof. Consider the co-exact sequence

p* " o*
Zy—>R—H(E) — 8—>2Z,.
By Proposition 5.6, S = S[L]. Therefore we can construct a map
p:A— H*E)

such that *-p =1: 8 — 8.
Therefore the result follows. O
Following MacLane we say that

Z,—-R—>H"E)—>A—Z,
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is “cleft” as a sequence of algebras.
Warning. S = U(M) but M need not be a free unstable module. It is
therefore not true in general that the sequence
p* * i*
Zy—>R—H(E) —™ A—17Z,

is a cleft @(p) extension. In fact simple examples show that this extension
is not always cleft over @(p).

THEOREM 5.8. The sequence

Z,— R > H*(E) —— U(M) — Z,
18 a co-exact sequence of G(p)-algebras that splits as a sequence of algebras. O

The study of the above extension when p = 2 “reduces” to the extension
problem of [6]. To make this precise we will show that

TureorEM 5.9. As an algebra over G(p)
H*(E) = Up(F7).

Proof. We remind the reader that Uy is defined in [6, §3]. It was also
shown in [12, 1.4] that F'H*(E) is an @(p)-submodule of H*(E).

To prove this result we proceed as follows. In the notation of Proposition
5.3 choose elements wuy, -+, vy, --- e F"H*(E) to represent sry, ---
sy, -+ e GH*(B).

Since F' < H*(E) is a map of @(p)-modules the universal properties of
the algebra Ux(F ") assure that the inclusion induces a map

b

¢ Un(F) — HY(E)
of @(p)-algebras.

We contend that ¢ is an isomorphism. For convenience in what follows
we will denote by 4; , 7; the elements corresponding to u, , v; when thought of
as elements of U R(F_l).

Now 1,4, -+ ,%, --- are an R-basis for F~'. This follows from the fact
that they correspond to 1, sz;, - -+, sy1, - - - in GH*(E) which are an R-basis
for Ew* ® Ex"*. Therefore we have

(i) the monomials 1, u;! - wi*vji -+ v;" where 0 < r, < p and
& = 0 1 are an R-basis for H*(E), for they correspond to the monomials
sfl oo sz syS! - - sy™ that are an R-basis for GH*(E);

(ii) the monomials 1,@;} - - @95} - - - 7;» where0 < r, < pand & = 0,1
are an R-generating set for Uz(F~'). This follows directly from the definition
of Up(F7H).

Now since ¢ : Ug(F™) — H*(E) is a map of algebras we have

—ry —Tp =E] =Em - 71 Tn , &1 . nEm
f(uil oo uin”fl cee By ) = uil “ee uinvj . Ujm

m
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and hence { takes an R-generating set in a one-one fashion to an R-basis.
Therefore ¢ is an isomorphism. [

Thus we see that a knowledge of the @(p)-module structure of F*H*(E)
will determine the @(p)-algebra structure of H*(E). Determining this @(p)-
structure seems to be a hard problem.

Acknowledgment. Theorem 5.7 was first proved in the case p = 2 by
Kristensen in [5] using his theory of cohomology operations in the Serre
spectral sequence of a fibre space. Massey and Peterson [7] have obtained a
neat proof based on [6]. Theorem 5.9 for p = 2, also follows from the results
of [6] and we assume that this will appear in [7].

Appendix. Rational coefficients

The results of §1 can be used to yield some simple results on multiplicative
fibre maps when the ground field is the rational numbers Q. In this section
all cohomology is taken with @ as coefficients.

TaeoREM. If
t:F>E->B
is a multiplicative fibre map and H*(B) is co-commutative then

H*(F) = Tora+x(Q, H*(E))
as an algebra.

Proof. Consider the Eilenberg-Moore spectral sequence of £ Using the
results of §1 we see that

E2 = TOI‘H*(B)(Q, H*(E)) = H*(E) /p* ® Torsub-ker »* (Q; Q)-

Now sub-ker p* < H*(B) is a sub-Hopf algebra. Therefore by Borel’s
structure theorem for Hopf algebras over Q we see that sub-ker p* = S[V].
It follows that

Torsub-xer p* (@, @) = S[sV]
and

E, = H¥E) / p* ® S[sV].

Since sV < E;"* we see that Ey™* and E;"'* generate E, as an algebra.
Hence E; = E .

Since E, is a free commutative algebra and H*(E) is commutative with
GH*(E) = E, it follows that H*(E) = E, as an algebra. O
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