SOME HOMOTOPY OF STUNTED COMPLEX PROJECTIVE SPACE

BY
RosErT E. MOSHER

1. Introduction

The 2-components of the stable homotopy groups ms..:(CP/CP™™) of
stunted complex projective space are here tabulated, up to group extension,
for 8 < 7 < 13. For earlier work, including computation of these groups for

1 < 7, see [13], [4], [11], [6], [7], and [8] as corrected by [9]. See [3] for
odd components.

A result of Toda [13] relates these stable groups to the metastable homotopy
groups of unitary groups as follows: Let 0 < ¢t < m. Then

Tent2e1(CP/CP "_1) = monaeaU(n),

while there exists a commutative diagram with an exact row

0 Z W;n+2t(CP/CPn‘1) —_— 7|'2n+2tU(n) —0
(n+1t) !l hl
Z = H2n+2t(CP/CP”—1)

in which 4 is the Hurewicz homomorphism.

In view of Toda’s formula the value of 4 is needed to deduce meni2c U(n).
We include this datum as (2.3) and give in (2.5) the order of the image of each
element of the 2-component of 73,4 8™ in i,y (CP/CP™™).

Our basic method is the stable homotopy exact couple resulting from the
standard cell filtration of CP/CP". By naturality, differentials in the
resulting spectral sequence for CP/CP" ™" may be computed in the analogous
spectral sequence for CP. The study in [9] of this sequence for CP is the
basis of the calculation here; we keep its notations and have used its tech-
niques to determine most of the requisite new differentials.

We tabulate our results in Section 2; Section 3 describes the computation
and lists the values of the needed differentials. In two cases the methods of
[9] were not adequate to evaluate these differentials. Proofs for these cases
are indicated in Section 4.

The results of Section 2 were announced in [10].

2. Results on homotopy groups
TueorEM 2.1. The 2-component of the torsion of the stable homotopy group
Tonii(CP/CP™™), 8 < 4 < 13, 4s given by Table 2.2.
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TaBLE 2.2
n(8)
D) 0 1 2 3
8 32 0 27, Zs
9 3Z2+ Zs Zs Zy+ Z2? 22 Zs
8 (16) 3Z2-+ Zis 9(32) Zs 10 82) Za+ Z2? (Z2+ Zu)
25 (32) Zie 26 (64) Z2+ Z2? (Z2+ Zs)
58 (64) Zo+ Zis+ Z2? 72
10 Z2 0 27, Zs
11 Zg? Zs Za? 27> Z2? Zs Zy+ Zs
0(128) Zs+ Zs 9(82) Zu? (Z24 Zy)
8(32) Zs?Zs 25 (64) Za? (Z2+ Zs)
24 32) Zs+ Zis 57 (128) Za? Zs+ Z1s
121 (128) Z4? Z2+ Zs2
12 0 Z2 Zs 0
13 Z4?2Z2 Z3? Zs Zy+ Zs Zs

8 (82) Za? (Za+ Z2)
24 (64) Za? (Zs+ Zs)
56 (128) Za? Z2+ Zhre

120 (128) Zs? Za+ Zs2

n(8)
i 4 5 6 7
8 3Z, 0 272 Z2
9 2Zs+ Za? Zs Z2 Zys+ Z2? Zo Zs
15 (16)  Zis
10 Z2 0 Zs Z2
11 Zs? Zo Zs? Zs Z1e 272+ Zs
22 (32) Zs 23 (82) 222+ Zis
6 (32) Zu 39 (64) 2Z2+4 Za
7(64) 2Za+ Zes
12 0 0 Zs 0
13 Zy? Z2 Z1e 2Z2+ Zs Zy? Zs
21 (32) Zs 22 (82) 2Z2+ Zis 23 (32) Zsi+ Zis
5@2) Za 38 (64) 2Z:+ Za 7@2) Zs?Zs

6 (64) 2Z: + Zes

In (2.2) the symbol A ? B denotes a group satisfying an exact sequence
0—-A—>A?B—B—0.

Modulo torsion, m3,.:(CP/CP™™) vanishes for ¢ odd, but is infinite cyclic
for 7 even.

THEOREM 2.3. Let 2,1 generate Hyn10.(CP/CP™™).  Let hnii ik Tosk generate
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TaABLE 2.4
k
n(8) 1 2 3 4 5 (]
0 1 2 2 8 8 16
8 (16) 4 8 (16) 8
1 2 2 8 8 16 16
9 (16) 4 9 32) 8 9 (32) 8
25 (32) 4 25 (64) 4
57 (128) 2
121 (128) 1
2 1 8 4 8 8 128
10 (16) 4 10 32) 4
26 (64) 2
58 (64) 1
3 2 4 4 8 32 64
11 32) 4
27 (64) 2
59 (64) 1
4 1 4 1 16 16 64
5 2 1 8 16 32 16
6 1 8 4 16 16 64
22 (32) 32
6 (32) 16
7 2 4 2 16 16 32
15 (16) 8 23 (32) 16
39 (64) 8
7 (64) 4

the image of the Hurewicz homomorphism
bt onias(CP/CP™™) — Hynisu(CP/CP™™).

Then, up to multtplication by an odd integer, for 1 < k < 6hyirx 18 given by
Table 2.4, while hyy17 = hnyis -

TueorEM 2.5. Let B8 be in the 2-component of G;,0 < ¢ < 13. Let
j: 8" — CcP/CP™
be the inclusion. Then the order of j, 8 € wont.s(CP/ CP™™) 4s given by Table 2.6.

Nomenclature for elements of G, the stable homotopy of spheres, is as in
[12].
3. Description of the calculation

According to [9, Section 3], the E'-term of the spectral sequence
{E"CP; d CP} has the following description. For each p, column p contains
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TaBLE 2.6
8

n@)|n |n¥| v | o | & |7 |no|ge|np |0l & | 1w Iy
0 |2]|2|8]|2 1621212222 212 8
24 (32) |4
1 [(0]0]2]2 8/0{0|0j0|0]O 0|0 2
9 (16)| 16 25 (32)| 2 121 (128)[4
2 (2121210 812|12(2|12(0]2 2|2 2

10 (16)| 16
3 1010010 2121210(0(0]0 010 0

11 32)] 4

27 (64)| 8

59 (64)| 16
4 |2]|2]|4]|2 8(2(2(2(2|2]2 212 4
5 (0(0(4]2 410]0(0]0]|0{0O 0|0 4
6 (22210 212121212012 212 0
22 (32) |4
6 (32) |8
7 10(0]01]O0 210(0(0|0(0]0 0|0 0
15 (16)| 2 39 (64) |2
7 (64) |4

a copy of G, the stable homotopy of spheres, beginning with ¢, ¢ E5,,. For
Be@,, we denote by 8, the corresponding element in Ej piq .

For CP/CP™, E' has the same description in column p for p > n, while
column p is zero for p < n. The differentials follow by naturality from those
for CP. To deduce the results of Section 2, it is necessary to compute, in the
2-component, the differentials d" on each element of total degree no more
than 2n + 14. We now restrict attention to such elements and to the
2-component.

For r < 3, these differentials are given by (5.1), (5.2), and (5.4) of [9].
Inspection reveals that we need evaluate d* only on the diagonal terms
Eniinpifor4 <4 < 7. These differentials are given by (5.6) of [9].

Further inspection reveals that the only additional possible non-zero
differentials on terms of total degree no more than 2n + 14 are d° and d°
on the diagonal, namely d® on By iny:i for 5 < ¢ < 7 and d° on B pinys for
6 < ¢ < 7. These differentials are deduced from their following values in
CP.

LemMA 3.1. dbys.nis CP is zero, except for n = 3 or 5 (8), 1 or 7 (16),
or 9 (32), in which cases its tmage is generated by pa € ) A

LemMma 3.2. The 1mage of d?.%,,w CP 1s generated by Nn eEf.,,,+u , Where
N=14n=3(8),140r 15 (16),0r 23 (32); N = 2 ¢ n = 2 (8), 1 (16),
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9 (32), 25 or 39 (64), or 57 (128); N = 4 4f n = 4 (8) or 22 or 24 (32); and
N = 0 otherwrise.

Except for group extensions, (2.1), (2.3), and (2.5) follow by direct calcula-
tion from (3.1), (3.2), and the preceding remarks. As an adjunct to the
calculation, as a check, and as a tool for evaluating the group extensions we
have, as in [9], computed the Adams spectral sequence for the 2-component
of % CP/CP" by the method of [5]. We have used these computations and
some ad hoc methods to determine some of the group extensions, but we omit
to reproduce this work.

4. Proofs for two cases

(3.1) and most of (3.2) are proved, case by case, using only techniques of
[9], in particular (3.1), (3.2), (4.7), (4.9), (4.11), inspection of cell
structures and comparison with the Adams spectral sequence. However,
refinements were needed to compute ¢ n4s for n = 24 (32) and n = 6 (16).

We first consider n = 6 (16). For such n, Fy 5.6 = Z generated by
16t,46 and E5 n411 = Zs generated by ¢.. The best result obtained by meth-
ods of [9] is that d°32t,4s = 0 and thus d*16.,46 = 4¢, or 0. The difficulty in
applying (4.11) of [9] is that ec does not detect 4¢.

However, since 7 is even, CP*™/CP™ " has the homotopy type of 8** \/ §***2,
Thus we may view 8™ as a subcomplex of CP"**/CP™™. Let L be the
complex obtained from CP*™/CP"™ by collapsing S™*2. A calculation in the
homotopy exact couple spectral sequence for L reveals that in this spectral
sequence d® is defined on S, .

We then use the idea of (4.11) of [9] to evaluate d’8t,.s in L, considering an
element v ¢ K¢ L corresponding to

”n - %nun+1 eKc(CPn+6/CPn—1) ,

the latter of which restricts to zero on 8% Calculating ck..ey, we obtain
in L that d’8u,s is zero mod 4¢, if n = 6 (32), but congruent to 2¢, mod 4¢,
if n = 22 (82). The value of d*16.,.5 in CP follows by naturality.

We now consider the case n = 24 (32). Once again (4.11) of [9] fails by a
factor of 2 since e does not detect 4.  In this case we pass to the real K-theory
and apply the sharper Adams invariant egs [1], which does detect 4f. The
proof of (4.11) of [9] may be readily adapted to yield the following, where
ye H' CP is the generator.

Lemma 4.1. Suppose n = 0 (8) and k = 2 (4). Lel Bne d*storr. Let
o € KpCP"™/CP™™ be such that chra = v+ -+ qy””‘. Then ep B =
2sq mod 1.

For n = 24 (32) the value of d*4t,;¢ follows from (4.1), where o and
chz a are found by a long calculation based on (2.2 v) of [2].



DD =

10.

1

SOME HOMOTOPY OF STUNTED COMPLEX PROJECTIVE SPACE 197

REFERENCES

. J. F. Apawms, On the groups J (X), IV, Topology, vol. 5 (1966), pp. 21-72.

. J. F. Apams aND G. WALKER, On complex Stiefel manifolds, Proc. Cambridge Philos.
Soc., vol. 61 (1965), pp. 81-103.

. H. Imanisu1, Unstable homotopy groups of classical groups (odd primary components),
to appear.

. M. A. KervaIrg, Some nonstable homotopy groups of Lie groups, Illinois J. Math.,
vol. 4 (1960), pp. 161-169.

. M. MaumowaLp, The metastable homotopy of S*, Mem. Amer. Math. Soc., no. 72
(1967).

. H. Matsunaga, The homotopy groups wam:(U(n)) for ¢ = 3, 4, and 5, Mem. Fac.

Sci., Kyushu Univ. Ser. A, vol. 15 (1961), pp. 72-81 (Note also correction slip).

, On the groups (U (n)), odd primary components, Mem. Fac. Sci. Kyushu

Univ. Ser. A, vol. 16 (1962), pp. 68-74.

, Applications of functional cohomology operations to the calculus of wanys(U(n))

for i = 6 and 7, n > 4, Mem. Fac. Sci. Kyushu Univ. Ser. A, vol. 17 (1963),

pp. 29-62.

. R. E. MosHER, Some stable homotopy of complex projective space, Topology, vol. 7

(1968), pp. 179-193.

, Some homotopy of stunted complex projective space, Bull. Amer. Math. Soc.,

vol. 74 (1968), pp. 179-183,

. M. RoruenBERG, The J functor and the nonstable homotopy groups of the unitary
groups, Proc. Amer. Math. Soc., vol. 15 (1964), pp. 264-271.

12. H. Topa, Composition methods in homotopy groups of spheres, Ann. of Math. Studies,

13.

no. 49, Princeton Univ. Press, Princeton, 1962,
————, A topological proof of the theorems of Bott and Borel-Hirzebruch for homotopy
groups of unitary groups, Mem. Coll. Sci. Kyoto, vol. 32 (1959), pp. 109-119.

CALIFORNIA STATE COLLEGE

LoNGg BeacH, CALIFORNIA

NorRTHWESTERN UNIVERSITY

EvansTon, ILLiNoIs



