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AUTOMORPHISM SEQUENCES OF INTEGER
UNIMODULAR GROUPS

BY
JoaN L. DYER

Let 2/(G) denote the automorphism group of the group G, and let I: G —
2(G) be the homomorphism which assigns to g € G the inner automorphism

I(g): x> gxg~" (all x € G).
This procedure may be iterated to give rise to an automorphism sequence
G L o4(G) L A(H4(G)) = #*(G) L -+
Such a sequence stabilizes in finitely many steps if the maps
I: '(G)—> ' Y(G)

are isomorphisms for all sufficiently large integers i; that is, «/'(G) has a trivial
center and only inner automorphisms for all sufficiently large i. Such groups
are termed complete. Finite stability need not occur, even when G is assumed to
be linear. For the infinite dihedral group D, each

I: o£/(G)— o4+1(G)

is a monomorphism with «#'*1(G)/I(s#(G)) of order two (Hulse [7]). The main
result of this paper is:

THEOREM A. The automorphism sequences of the groups SL(n, Z) and
GL(n, Z) stabilize in finitely many steps.

When G is SL(n, Z) or GL(n, Z), the automorphism group «/(G) is known
(Hua and Reiner [5], Wan [17]). Moreover, G has almost all automorphisms
inner, and almost has a trivial center. Thus the conclusion of Theorem A is a
natural one, and the automorphism sequences of these groups might be ex-
pected to stabilize very quickly. However the situation is surprisingly com-
plicated for the general linear group when n is even, as well as for the special
linear group when n = 2.

We first establish:

THEOREM B. For n > 2, .o/(PGL(n, Z)) is complete; that is
I: .«/(PGL(n, Z) — «/*(PGL(n, Z))
is an isomorphism.
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For n > 3, Theorem B follows easily from Solazzi’s more general results on
the automorphisms of projective groups containing enough transvections ([15],
or see [13]). These results are obtained by extending O’Meara’s residual space
techniques, are valid for a broad class of rings, but exclude n = 2. The first
determination of .«/(PGL(n, Z)) is that of Hua and Reiner [6], utilizing what
has been termed the method of involutions and including n = 2. In that paper,
the automorphisms of PGL(n, Z) that carry PSL(n, Z) to itself are determined.
This is indeed the full automorphism group for n > 3 as asserted in [6], but is
only a subgroup of index 2 in «/(PGL(2, Z)). This error appears not to have
been noted previously.

We next obtain:

THeorReM C. Ifn >3, &(SL(n, Z)) is complete.

Since GL(n, Z) decomposes as the direct sum of SL(n, Z) and its center
{I,, —1,} for odd n, PGL, GL, and SL have the same automorphism groups in
this case. Thus for Theorem A, there remains the general linear group in even
dimensions, and the exceptional n = 2. The table which follows summarizes the
remainder of the computations. The entry in row /', column G is a pair of
numbers: the first is the index of I(=/'~!(G)) in #/'(G) and the second is the
order of the center of .2//(G). We remark that these centers are all elementary
abelian 2-groups. The last entry in a column is the first .2/'(G) for which I:
#'(G)— «'*1(G) is an isomorphism.

GL(n, Z),

n>4andeven | GL(2,Z) SL(2,Z2)
f 2%;2 22,22 2%;2
of? 2%;22 26-3;1 232
o3 25-3;1 2:1 23:22
o 2:3;1 2;1 27; 24
of® 2;1 229.32.5-7;2
of 6 26.3.7;23
77 212.3:7;1
o8 26-3-7;1

The automorphism groups of GL(n; R) and SL(n, R), when n >3 and R is
any integral domain, have been determined by O’Meara [12]; those of the
projective groups by Solazzi [15]. I conjecture that the automorphism seq-
uences of these groups are finite whenever the automorphism group of the ring
R has a finite automorphism sequence.

This paper is organized as follows: in Section 1, after establishing notation,
we state some consequences of the decomposition of .«/(G) relative to a split
short exact sequence

1-K-G-Y-1
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where K is a characteristic subgroup of G. These results serve to organize the
subsequent computations. In Section 2 we obtain Theorems A, B, and C for
n > 3. Section 3 deals with the automorphisms of V and the group of deriva-
tions of SL(n, Z,) in V, for certain SL(n, Z,)modules V. These results are
required in Section 4; the modules which arise are the (additive) group M(n, m)
of n xm matrices over Z, on which SL(n, Z,) acts by left matrix multi-
plication, and the (additive) groups M (n), M (n)/{0,, I,} on which SL(n, Z,) acts
by conjugation. The results of this section imply that H!(SL(n, Z,), V) = 0 for
n # 3 (see also [4], [9]). Proofs are direct and elementary, proceeding from the
Steinberg presentation of SL(n, Z,) (see [16], [10]). The fourth and final section
is devoted to the case n = 2. We obtain «/(PGL(2, Z)), correcting the error in
[6], and then Theorems A and B. It may be of interest to note the correction
required in [6]: in the notation of that paper, case b of Theorem 2 cannot be
eliminated (the assertion “whence (S, T2)* = +1” on p. 469, lines 1 and 2, is
false). This case does arise, and leads to an exceptional automorphism defined
in terms of the generators

0 1 11 01
Szi(—l 0)’ T=i(o 1)’ B"i(l 0)

of PGL(2, Z) by
S—SB, T—>TB, B—B.

Thus Theorem 2, the Corollary to Theorem 3, and Theorem 4 need
modification for n = 2. A computation along the lines indicated in the proof of
Theorem 4 establishes that .«/(PGL(4, Z)) is as asserted and then the induction
proceeds as given.

Results are numbered consecutively within a section, so that 2.3 refers to the
third result of Section 2.

1. Extensions and complete groups

For any group G and any x, y € G we write [x, y] = xyx~'y~!. H < G means
that H is a subgroup of G, and H < G that H is a normal subgroup of G. [G: H]
is the index of H in G, and |G| the order of G. For any subset S = G,{S ) is the
subgroup generated by S and nm ¢S is the normal subgroup generated by S.
For subsets S, T of G, [S, T] is the subgroup generated by all [s, t] with s € S,
t € T. The commutator or derived subgroup of G is [G, G], also denoted by G';
G is perfect if G = G'. 64(S) is the centralizer of S in G:

%s(S)={g9 € G|[g,s]=1forall s € S}.

The center of G is €4(G), which will be written as €(G). .4 4(S) is the norma-
lizer of S in G.

For g € G, a € /(G) write [g, o] = ga(g)~". Then for T = G and S = ./(G),
[T, S]is the subgroup of G generated by all [g, o] with g € T, « € S; and € ¢(S)
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is the fixed point set of S in G:
%c(S)=1{9 € G|[g, a] =1 for all « € S}.

For any set S, G° is the group of functions from S to G, under pointwise
multiplication # : G° x G®* — G, where (f # g)(s) =f(s) - g(s).
The map I: G —» #/(G) defined by

I(g)(x)=gxg~* (9, x € G)

is a homomorphism of G onto the group I(G) of inner automorphisms of G.
I(G) <= #(G), since

od(g™" = I(a(g)) (x € ¥(G), g€ G)

G is complete if I: G — .o/(G) is an isomorphism. Thus the automorphism seq-
uence obtained from G stabilizes in finitely many steps if and only if .</"(G) is
complete for some integer r. If 6(G) = 1, I: G — ./(G) is a monomorphism. In
this situation, we will identify g € G with I(g) € .</(G) whenever convenient.

Let K be a characteristic subgroup of G; that is, restriction to K induces a
homomorphism .2/(G) — ./(K). Then the natural projection G - G/K induces
a homomorphism .«/(G) — .«/(G/K). Throughout this paper, homomorphisms
of the type G - .¢(G), .«/(G) - .</(K), and .¢/(G)— .</(G/K) will always be
given by I (viewed as an inclusion if (G) = 1), restriction to the characteristic
subgroup K, and the map induced by the natural projection, respectively. Note
that in general these homomorphisms are neither monomorphisms nor
epimorphisms.

For n > 3, SL(n, Z) is the commutator subgroup of GL(n, Z) (see [5] or [11,
p. 108]). Therefore SL(n, Z)is a characteristic subgroup of GL(n, Z), and Wan
[17] has established:

THEOREM 1.1 [17].  For n > 3, the restriction map induces an epimorphism
4 (GL(n, Z))— </(SL(n, Z)). §

This result also follows from O’Meara’s more general determination of the
automorphisms of linear groups over integral domains.

If K, Y are groups and pu: Y — ./(K) is a homomorphism, the semidirect
product of K by Y with action u, written K X, Y,is defined to be theset K X Y
with multiplication

(h, x)(k, y) = (h - p.(k), xy) (hkeK,x, yeY)

Thus K x, Y is a group, and we will identify K, Y as subgroups of K %, Y.
Note that G ~ K X, Y if and only if G contains subgroups K*, Y* isomorphic
to K, Y respectively, such that

K*<G, K¥*nY*=1, G=<(K*uU Y*),
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and such that p corresponds to Y* acting on K* by conjugation. In the case
Y < @/(K)and pis inclusion, we write K X, Y.IfIm u=1,K X, Y>~K®Y.
For groups K, Y define .#(K, Y) as a set by .#(K, Y)= /(K) x K* x
./(Y); under the product
(01, 01, B1)o2, 02, B2) = (x1%2, %15 # O1 B2, B1B2),
-# (K, Y)is a group. Moreover, if G satisfies an exact sequence

E:l—K-G1,Y —1

and i(K) is a characteristic subgroup of G, then there is a monomorphism
®: .o/(G)— . #(K, Y). The elements of Im ® may be characterized in terms of
the data associated with the extension E (cf. [19]). We will exploit this result in
the special case G =K x, Y.

PROPOSITION 1.2. Let G = K X, Y, and assume that K is characteristic in G.

Define ®: .</(G)— .# (K, Y) by
D) = (0 3, B) if 7(k, x) = (a(k)d(x), B(x)).

Then (o, 0, B) € Im @ if and only if the two conditions below hold, for all x,
yeY:

(1) Ot O t= I(é(x))”ﬁ(x) (in .c"/(K)), and

(2) 8(xy)=46(x) - uyw(8(y)) (in K).

Proof. To each y € .&/(G) there corresponds a commutative diagram

1—K—Kx, Y— Y —1

2 B
1—K—KxX,Y—YV—1
so that y(k, x) = (a(k)d(x), B(x)), and (a, J, B) € . #(K, Y) by the Five-lemma.

Conversely, the Five-lemma implies («, 4, 8) € Im @ if and only if y, defined as
above, respects products in K %, Y. By computation, we require

o) - 8(xy) = 6(x) - ppu(lh)) - p4x(6(y))
for h € K, x, y € Y which is equivalent to (1) and (2). |

The propositions which follow are fairly immediate consequences of 1.2 and
will be used in the computations of automorphism groups in the rest of this
paper. Henceforth, we identify .</(G) and Im ®.

PROPOSITION 1.3.  Let G = K X, Y, where K is a characteristic subgroup of
G.

(1) The kernel of the projection .</(G)— o/(K)@® ./(Y) is
Der, (Y, ¢(K))={0: Y - %(K)|d(xy) = 6(x) - u0(y) for all x, y € Y}.
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(2) If6(K)=1, #(G) is isomorphic to the subgroup of 4 (K)@® #(Y) given
by

{0, B)|apco™ gt € I(K)).
(3) If¢(K)=1and Ker u =1, then .</(G) is isomorphic to the normalizer of
{I(K) v Im (u)) in o/(K).
(4) If K is complete, #(G)~ K @ .</(Y).
(5) If Y is complete, /(G)~ M x, Y where

M = {(a, 6) € (K) x Der, (Y, K)|[o, u,] = I(6(x)) for all x € Y}
with product (g, 6,)(0t2, 8,) = (atq &2, &y 05 # 8,), and

py(a, 8) = (myapy *, 1y 81(y)~").

Proof. By 1.2, if a = =1 then I(6(x)) =1 so d(x) € 4(K) and ¢ is a u-
derivation. This is part (1); for part (2), I: K — ./(K) is a monomorphism
when %(K) = 1. Consequently, equation (2) of 1.2 may be derived from equa-
tion (1):

I(é(xy)) = (xﬂxya— 1/.1/;(;’,)
= o, py 0 gy gt
= 1(0(x)p 1O (y)uip
= 1(3(x)up(8(»)))

Therefore Im (/(G) > ./(K) @ .«/(Y)) is as described in part (2) above. Part
(3) follows from part (2) since I(K) <./(K) and f € .«/(Y) is determined by
up: Y —» o/ (K). Part (4) also follows from part (2), since K is complete means
that 4(K) =1 and I(K) = «/(K).

When Y is complete, Y =~ {(u,, 1, I(y))|y € Y} < .¢/(G). The remaining state-
ments of part (5) follow from 1.2 and the computation

(1ys 1, I 6, 1)y ' 1, I(y™Y)) = (uyopy *, 1, 01(y~ 1), 1),

We remark that 1.3(3) is Lemma 1.1 in J. S. Rose [14], and that (4) follows
from Baer’s observation that any complete normal subgroup K of a group G is
a direct summand of G [1].

We turn now to the case in which K is also assumed to be abelian. Write the
group operation in K additively, and view K as a left Y-module by means of
u: Y = o/(K). Denote by .«/,(K) the group of Y-module automorphisms of K
(that is, .«/ ,(K) = % 4« (Im p)), and by Der, (Y, K) the additive group of deri-
vations of Y in K:

Der, (Y, K)={5: Y > K|d(xy) = (x) + u,6(y) for all x, y € Y}.

The inner derivation determined by k € K is the derivation d(x) = k — p,(k)
and corresponds to I(k) € /(K %, Y).
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ProPOSITION 1.4.  Let G= K X, Y, where K is a characteristic abelian sub-
group of G, and let n: o/ (G)— (Y) be the projection.

(1) Ker n ~ Der, (Y, K) %, o ,(K), where ¢,(d) = ad.

(2) Imrn={BeL(Y)|u ue-p: Y- (K) are equivalent representations}.

(3) IfY is complete, #(G)~ Ker n X, Y where p (8, a) = (u,61(y™ "), ).

(4) If Y is complete and Im p is abelian, </(G) ~ Ker n x, Y where now
py(a’ O() = (5I(y_ l)’ O().

Proof. Since I(K) = 1, (1) and (2) are immediate consequences of 1.2. When
Y is complete, (3) follows from 1.3(5). To obtain (4), defines: Y — .#(K, Y)by
s(y)= (1,0, y). Then Im s < /(G) by 1.2, is=1: Y > Y; and so

A(G)~Kern X;Ims ~Kern x, Y. ||
COROLLARY 1.5. Continue with the hypotheses of 1.4.
(1) IfKerpu=1,

2/(G) ~ Der, (Im u, K) X, A yx(Im p)

where p,(8) =a ¢ 5 o I(a™?).
() IfImnrn=1I(Y)and 6(Y)=1,

4(G) =~ Der, (Y, K) %, (Y ® #,(K))
where p(, ,(6) = p,adI(y~"). 1
See also [14] for results related to 1.4 and 1.5.

COROLLARY 1.6. Let G~ K® Y where K is a characteristic abelian sub-
group of G.

(1) (G)~Hom (Y, K) x, («/(K)® /(Y)), where py, 5(8) = adp™ .
(2) If Y is complete, </(G)~ (Hom (Y,K) x, (K))®Y, where
o,(0)=06. 1§

The criterion which follows is due to Burnside; it may be deduced from
Rose’s 1.3(3).

THEOREM 1.7 [2, p. 95). If%(G) = 1, then .</(G) is complete if and only if G is
a characteristic subgroup of #(G). |

Finally, we quote Wielandt’s rather sweeping sufficient condition for finite
automorphism sequences:

THEOREM 1.8 [18]. If G is a finite group and 6(G) = 1, then the automor-
phism sequence of G stabilizes in finitely many steps. ||
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2. Automorphism sequences, n > 3

The projective general linear group PGL(n, Z) is the quotient of GL(n, Z) by
its center {I,, —I,}, and is a group with trivial center. In this section we first
prove that the groups &/(PGL(n, Z)) are complete, by applying Burnside’s
criterion to a special case of Solazzi’s Theorem ([15]; see 2.1 below). Theorems
A and C for odd n are then obtained as a corollary. Next, we utilize Hua and
Reiner’s determination of o/(GL(n, Z)) ([5]; see 2.4 below) to complete the
proof of Theorem C and then to compute the automorphism sequences for the

general linear groups (even n > 4). We begin by stating the Solazzi results we
require.

THEOREM 2.1 [15]. For n >3,
A(PGL(n, Z)) ~ o/ (PSL(n, Z)) ~ PSL(n, Z) %, (Z, D Z,),
where
Imo={l,0: +X > +AXA™ ', f: £ X > + X", af}
and
A=diag (—1,1,...,1)e GL(n, Z). 1|

We have written +X € PSL(n, Z) for the image of X € SL(n, Z) under the
natural projection, X" is the transpose of X, and X ™' = (X 1.

COROLLARY 2.2. (1) For n =3, o/(PGL(n, Z)) is complete.
(2) Ifnisodd, n=>3,

A (PGL(n, Z)) ~ o/ (SL(n, Z)) ~ o/ (GL(n, Z)).

Proof. (1) Since PSL(n, Z) is perfect when n > 3 (cf. [11, p. 108]), PSL(n, Z)
is the derived group of «/(PSL(n, Z)). Hence PSL(n, Z) is a centerless group,
characteristic in its automorphism group; and so Burnside’s criterion (1.7)
yields (1).

(2) For odd n > 3, GL(n, Z) has the direct sum decomposition

GL(n, Z)~{I,, —1,} ®SL(n, Z).
Consequently PGL(n, Z) ~ PSL(n, Z) ~ SL(n, Z) and (e.g., by 1.6(1))
A (GL(n, Z)) ~ </(SL(n, Z)). 1

As stated in the introduction, the groups «/(PGL(n, Z)) (n > 3) were first
determined by Hua and Reiner [6]. Ying [20] subsequently established that all
automorphisms of PSL(n, Z) are induced by automorphisms of PGL(n, Z) for
even n > 6 (odd n cause no difficulty for PGL and PSL coincide). The final case
n =4 is part of Solazzi’s result, and we thank the referee for supplying the
reference. This replaced a rather laborious though elementary computation
which showed directly that Burnside’s criterion applies to .o/(PGL(n, Z)) (even
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n > 4) by proving that PGL(n, Z)is not isomorphic to the other two subgroups
of index two in /(PGL(n, Z)).

The next proposition paves the way for us to apply the results of Section 1 in
the remainder of this section.

PROPOSITION 2.3. Let n >3, and let K be an arbitrary finite group. If
G = K x, o (PGL(n, Z)), then K is a characteristic subgroup of G.

Proof. Let n: G — «/(PGL(n, Z)) denote the natural projection. If K is not
characteristic in G, then G contains a finite normal subgroup whose image
under n is a non-trivial finite normal subgroup of «/(PGL(n, Z)). Thus it
suffices to show that &/(PGL(n, Z)) contains no element with finitely many
conjugates, except 1. Let, then, « € &/(PGL(n, Z)) and assume that « has finitely
many conjugates. Then o centralizes a normal subgroup L, say, of finite index in
2 (PGL(n, Z)). We will prove that « centralizes PGL(n, Z), which implies that
a =1 Let x € PGL(n, Z), y € L; then x~'yx € L so

x7lyx = a(x " 1yx) = a(x)” Lya(x).

Thus [x, «] € PGL(n, Z) and centralizes L. But +tefjeL for d=
|/ (PGL(n, Z))/L|, say, where ¢;; is the elementary matrix with 1I's down the
main diagonal and in position i, j; zeros elsewhere. But the only element of
PGL(n, Z) that commutes with all +e?;(d # 0)is the identity. Hence [x, «] = 1,
or a =1 as required. ||

We now establish that the automorphism sequence of SL(n, Z) and GL(n, Z)
are finite for n even, n > 4. We first quote Hua and Reiner’s determination of
o/ (GL(n, Z)) for the case under consideration.

THEOREM 2.4 [S]. Let n be even, n > 4. Then

A (GL(n, Z)) ~ PGL(n, Z) X, (Z, ® Z,),
where Imo = {1, a: X - X', B: X - (det X)X, af}. 1

COROLLARY 2.5. For even n > 4,

(1) «(GL(n, Z))~ A(PGL(n, Z))® Z,, and
(2) A(SL(n, Z)) ~ o/ (PGL(n, Z)) and is complete.

Proof. By 2.1 and 2.4, .</(PGL(n, Z)) is a subgroup of «/(GL(n, Z)) of index
2, and the action induced by f on PGL(n, Z) is trivial. This is (1). Since § acts
trivially on SL(n, Z) and «/(GL(n, Z))— «(SL(n, Z)) is onto (1L.1), (2)
follows. |

Denote the additive group of 2 x 2 matrices over Z, by M(2, 2) and set
M = M(2,2) x,; SL(2, Z,) where A denotes the (left) action of SL(2, Z,) on
M(2, 2) given by matrix multiplication:

A X > AX (X e M(2,2), A e SLQR, Z,)).
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Note that SL(2, Z,) ~ S, the symmetric group on 3 symbols (they are nonab-
elian groups of order 6), and that S; is complete.

THEOREM 2.6. Let n > 4 be even.

(1) «/*GL(n, Z)~ Z, ® Z, ® (PGL(n, Z))

() «*(GL(n,Z))~ M @ «/(PGL(n, Z)) and (M) = 1.

() «**MGL(n, Z)) ~ *(M)® /(PGL(n, Z)) and the automorphism seq-
uence of GL(n, Z) stabilizes infinitely many steps.

Proof. Put Y = &/(PGL(n, Z)) and write /" for &/"(GL(n, Z)). It follows
from (2.1) that Y/Y'~Z, ® Z,.
Since #' ~Z, @Y, Z, is characteristic in ' and 1.6(2) yields

/?* ~{Hom (Y, Z,) X, A (Z,)} ®Y
~ Hom (Y/Y',Z,)®Y
>~ Zz (‘B Zz @ Y.
This is (1), and we may again apply 1.6(2) to obtain
of*~{Hom (Y,Z,DZ,) X, 4 (2, DZL,)} DY
o~ {Hom (Z2 @ Zz, Zz @Zz) xd Jj(ZZ @Zz)} @ Y
~M®@Y.
Since 4(S;) =1, €(M) = €m2.2(SL(2, Z,)), which is the fixed point set of
SL(2, Z,) acting on M (2, 2) by left multiplication 1. Consequently ¥(M) = 1.
Finally, part (3) follows from Wielandt’s Theorem (1.8) once we prove that
A(K®Y)= (K)@ Y for any finite centerless group K. By 2.3, K is charac-
teristic in K @ Y so 1.3(2) implies
AKDY)~A(K)DA(Y)~L(K)DY. |
As a consequence of 2.6(3), <73 **(GL(n, Z)) is complete if and only if o/*(M)
is complete; we conclude this section by establishing that </2(M) is a complete
group. One preliminary lemma is required; the group M and these computa-

tions appear again in Section 4 in connection with the automorphism sequence
of GL(2, Z).

LEMMA 2.7.  View M(2, 2) as a left SL(2, Z,)-module under left multiplication
A

(1) Der; (SL(2, Z,), M(2, 2)) ~ M(2, 2), where X € M(2, 2) corresponds to
the (inner) derivation A — (I — A)X.

(2) AM(2,2))~SL(2, Z,), where B € SL(2, Z,) corresponds to the auto-
morphism X - XB™ 1,
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Proof. Let 6 be any derivation, and put

c= ((1’ i) e SLQ2, Z,).

Then C? + C + I =0, so that we may define X € M(2, 2) by
(C)=(I - O)X.

Note that §(C™!) = (I — C"')X,and that ACA™' = C*'forall 4 € SL(2, Z,).
Consequently,

3(C*Y) = 6(ACA™) = (I — C*1)6(4) + A3(C)

which implies that 6(4) = (I — A)X as required.

Now let o € o/ ,(M(2, 2)); we claim a(X)= XB~! for some B € SL(2, Z,).
Let m;; € M(2, 2) denote the matrix with 1 in position i, j and zeros elsewhere.
The fixed point set of {e,,) in M(2,2)is {m,,, m,,), hence a restricted to
{my;, m;,) is an automorphism. Consequently there is a (unique)
B e SL(2, Z,) defined by a(m,;)=m,; B~ for j =1, 2. Then

a(mzj) = a(eZl mlj + mlj) = e210((m1j) + a(mlj) = msz_ 1.

Thus aX = XB™ !, since {m;;|1<i,j<2)=M(2,2). |

PROPOSITION 2.8. Let M = M(2,2) x; SL(2, Z,). The automorphism se-
quence of M is

M <1M(M)<1,,Q/2(M)= 527'3(M)=
where the factor groups are SL(2,Z,), Z,, 1, 1, ....
Proof. Since M’ = M(2, 2) x; {C), where

01
c={i 1
and M” = M(2,2), M(2,2) is characteristic in M. Moreover SL(2, Z,) is
complete, so 1.5(2) yields
/(M) ~ Der (SL(2, Z,), M(2, 2)) %, {SL(2, Z,) ® o ;(M(2, 2))}
where p(4.,(0) = paad1(A~1"). Using the isomorphisms of 2.7 we may write
(M)=M(2,2) x,{SL22, Z,) ® SL(2, Z,)}
where now p(4.5(X)= AXB™!. Here,
IM)=M(2,2) x,{SL2,Z,)® 1}.

Since .«/(M)" = M(2, 2), M(2, 2) is characteristic in .o/(M) and we may apply
1.4(1), (2) where

/(M) > o/(SLQ2, Z,) ® SL2, Z,)).
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A computation shows that
A(S3®S3) = (S3@ ;) %, t]T? = 1),

where 1(x, y) = (y, x). (See Rose, Lemma 1.4 [14]. For a direct proof, the ele-
ments of order 3 in S; @ S; with centralizers of order 2 - 3 are (a, 1) or (1, a)
where a® = 1. Use an element of {I(S;®S;), ) to assume these are fixed.
Then so are their centralizers, and now fix an element of order 2 in each
centralizer by applying I(Z; @ Z3).) Recall that

a b\* (d b a b
(c d) = (C a) for (c d)eM(Z, 2).
Thus adj € &/(M(2, 2))is an automorphism of M(2, 2) as an abelian group, and

is an anti-automorphism of the matrix ring M(2,2) such that
XX = (det X)I,. It follows that for (4, B) € SL(2, Z,) ® SL(2, Z,),

adj © pa.p = Prap © adj € (M(2, 2))

By 1.4(2), t € Im . In fact, © = n(7) where #(X, (4, B)) = (X*Y, (B, A)). There-
fore m is onto, and

Im 7 = (a(I(/ (M), (7)) = S(MYIM(, 2)) %, (2.

We prove next that Ker = = I(M(2, 2)); it follows that &/*(M) ~ o/ (M) x4
{%). By 1.4(1), we have

Ker n ~ Der, (SL(2, Z,) ® SL(2, Z,), M(2, 2)) X o (M(2, 2)).

Thus Ker n = I(M(2, 2)) if and only if .« (M (2, 2)) = 1 and every derivation is
inner. The first statement follows from 2.7(2) and the fact that
%(SL(2, Z,)) = 1, and the second follows from the argument of 2.7(1).

Finally, we prove that /(M) is complete. We will do this by exhibiting a
characteristic centerless subgroup L of .«7>(M) such that L < /(M) and such
that the induced homomorphism .«/?(M) — /(L) is an isomorphism. The fact
that o/%(M) is complete is then a consequence of Burnside’s Theorem (1.7). We
claim that L = .«/?(M)” has the required properties; note that L < .«/(M)since
*(M)/</(M) is abelian. We have

L>~M(2,2) x, (Z;®Z,),
where 7, ;, X = C°XC/ with
01
c={i 1)

A computation shows that (L) = 1. Lis clearly characteristicin .«/?(M), and it
remains to prove that «/>(M)— .2/(L) is an isomorphism. Since .«/*(M)/L acts
faithfully on L/L ~ Z3 ® Z, o/*(M)— /(L) is an injection.

We now compute «/(L). Since Ker 7 = 1 and M(2, 2)is characteristic in L (it
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is the 2-Sylow subgroup of L), by 1.5(1)
/(L) ~ Der,, (Im 7, M(2, 2)) X, .V ymc2.2(Im 7).
The argument of 2.7(1) shows that every derivation is inner, whence
| Der,, (Im 7, M(2, 2))| = |M(2,2)] =2*%

Next, we determine the order of the normalizer of Im t in .2/(M(2, 2)). Since
|Im t| =3% and «/(M(2,2))~SL(4,Z,), Imt is a Sylow-3-subgroup of
SL(4, Z,). 1t therefore suffices to determine the order of the normalizer of
T l
S=1O Cf |e,er3‘

in SL(4, Z,). A computation yields

N sra,2(8) = :((i(l ())(2) | X; & SLE2, Zz): Y :((;’2 ())/1

which has order 23 -32 Hence |«/(L)| = |M(2,2)|2°-3%>=27"-3% But
| *(M)| =2|#(M)| =27 3% and #*(M)— /(L) is a monomorphism.
Thus 2/*(M) ~ o/(L) as required. ||

)|Y,. e SL, zz)=

3. Some SL(n, Z,)modules

The results of this section (and Lemma 2.7) are not new (see [4] or [9, p. 25]).
However, we require only some rather specific computations for Section 4, so
the proofs below are correspondingly elementary. Write M(n, m), M(n) for the
additive groups of n X m,n x n matrices over Z, respectively. These groups are
left SL(n, Z,)modules, where the action A on M(n, m) is by matrix multi-
plication, and x on M(n) is by conjugation, thus

Aat X > AX, k4 Y>AYA™! (A €SL(n Z,), X € M(n, m), Y € M(n)).

Since {0,, 1,} 1s a k-submodule of M(n), the quotient inherits a module structure
also denoted by «, and the natural projection

#: M(n)— PM(n) = M(n)/{0,, I}
is of course a k-homomorphism.

Let m;; € M(n, m) denote the matrix whose sole nonzero entry is a 1 in

position i, j. For matrices of appropriate shape,
_Joif j#Fk
Mt = i =k

Consequently, m;; Xmy, is zero if and only if X has a zero in position j, k; we
write X (j, k) for this entry.

We view SL(n, Z,) (n > 3) as the group presented in Steinberg form on
generators e;; (i # j, 1 <1, j <n), where e;; corresponds to the elementary
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matrix I, + m;; € SL(n, Z,), subject to the defining relations
e} =1, forisj,
[eij» ex) = ey for distinct i, j, k,
lej, e =1, ifj#k, iand#Kk,i.

(See [16], p. 72, or [10] for a full discussion of the Steinberg groups and further
references.)

PRrOPOSITION 3.1.  If n > 4, every derivation of SL(n, Z,) in M(n, m), M(n), or
PM(n) is inner. That is,

(1) Der, (SL(n, Z,), M(n, m)) ~ M(n, m),
(2) Der, (SL(n, Z,), M(n)) >~ PM(n), and
(3) Der, (SL(n, Z,), PM(n)) ~ PM(n).

Proof. Let V denote any SL(n, Z,)-module. Since e; ;,, (i'= 1, ...,nand the
subscripts are taken modulo n) generate SL(n, Z,), a derivation
0 € Der,, (SL(n, Z,), V) is inner if there exists v € V such that

(1) 5(ei,i+ 1) =V—€,41 V= (1- ei,i+1) * 0,

and then v is determined modulo the fixed point set of SL(n, Z,) in V.
Moreover, the d(e;;) € V are subject only to the conditions

@) (L+ey) de)=0 (i#j)
(3)0(ew) + 0(e;j) + ewep - (ey;) + e - d(ew) + ey - d(ex) =0 (i, j, k distinct),
4) (14 eq)-o(e;)+ (1 +ej) 0(e) =0 (j#Fi, ks 11, k).

Consider first § € Der; (SL(n, Z,), M(n, m)); we seek X € M(n, m)such that
Oleivy)=mi;4 X (i=1,...,n)

The matrix m;;,, X has all rows zero except perhaps its ith row, which is the
(i + 1)st row of X. Hence we can solve for a unique X provided equations (2),
(3), and (4) imply m,,.6(e;;+,) = O for some r and all k # i. From equation (2),
m;;6(e;;) = 0 and from equation (4) applied with i, j, k, I distinct (n > 4),

milé(eij) = mikmkl‘s(eij) = mikmij(s(ekl) =0.
Next, let 6 € Der, (SL(n, Z,), M(n)). Equation (1) now reads
5(ei.i+ 1) =M X+ Xmyioy +my e Xmigg.

The nonzero entries of the matrix on the right occur only in row i or column
i + 1. They determine the off-diagonal entries in row i + 1, column i of X and
the sum X(i, i) + X(i + 1, i + 1). Hence solutions of equation (1) determine an
element of PM(n) (reflecting the fact that {0,, I,} is the fixed point set of
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SL(n, Z,) in M(n)); and solutions exist if and only if (2), (3), and (4) imply
m,d(e; i+ Jms=0 forsomer,sandalll#i k+#i+1

Note first that equation (2) implies that é(e;;) commutes with m;;, and equation
(4) yields

eijen(0(e;;) + olew)) = (0(ey;) + dlew))ejen
fOI'] # i, k al‘ld l# i, k. Slnce mk, el‘j ek, = m“,
my(8(e;;) + 0(ew)) = mu(d(ey;) + o(ew))eijen

But m,; commutes with d(e,;), whence 0 = my,d(e;;)my, (1% i, k, j # i, k). It
remains to show that m, 6(e; ;, Jm;; = Ofor I # i, i + 1 and some r, 5. For this,
we use equation (3): pick I # i, j, k (n > 4) and multiply (3) on the left and right
by my,. This yields m,é(e;;)m, = O for all distinct i, j, | and completes the proof
of part (2).

Finally, let 6 € Der, (SL(n, Z,), PM(n)). Let D;; € M(n) satisfy

D¥ = d(e;;) € PM(n), Dij(r, r) =0 for some r = r(i, j) # i, j.
Then (2), (3), (4), in terms of the D;;, read

) D;; + e;;D;je;; = a(i, j)I,,
(3) Dy + D;j + egepDijepey + e;jDye;; + exDyey = ali, j, k),
@) D;; + eyDijey + Dy + €;;Dye;; = ali, j, k, i,

where i # j in (2'); i, j, k are distinct in (3'); j # i, k; I % i, k in (4'); and a(j, j),
a(i, j, k), a(i, j, k, 1) € Z,. We claim that all s are zero, whence part (3) follows
from part (2).

Pick k # i, j and multiply (2) left and right by m,, to obtain a(i, j) = 0.
Consequently m;; commutes with D;; so

m;D;ymy; = mym; Dyymymy; = my; Dymy;.
Therefore the trace of the matrices appearing in (3') is
h-: a(i’ ja k) =tr (Dik) = Z Dik(s9 S)‘
s¥ik
However for any s # i, j, k, when (3’) is multiplied left and right by my we
obtain
mssDikmss = a(i’ j’ k)mSS'

Consequently Dy(s, s) = a(i, j, k) for s # i, j, k. If the choice of D;, € d(e;) was

such that r(i, k) # i, j, k then a(j, j, k) = Dy(r(i, k), r(i, k)) = 0. Otherwise,
r(i, k) = j and the trace relation now yields

a(i, j, k) = Dik(j’ j) = 0.
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Finally, we establish that all a(i, j, k, I) are zero. For n > 5, or for n = 4 and
i=korj=Ithereisans #i,j, k, [ withse{l,2,..., n}. Multiply (4') left and
right by mg, to obtain a(i, j, k, I) = 0. In the remaining case, n =4 and i, j, k, |
are distinct. Multiply (3') on the left by my, and on the right by m to obtain

0 = my, Dymj. + my D;jmy = my Dymj, + myy Diym;my
and so 0 = my,; Dy, m; by (2'), valid for all distinct i, j, k, I. Now (4') multiplied
left and right by m;; yields a(i, j, k, [)=0. |
COROLLARY 3.2. If at least one of n,mis # 3,
Der, (SL(n, Z,) ® SL(m, Z,), M(n, m)) ~ M(n, m),
where p 4 5(X)= AXB™*.

Proof. Apply transpose if necessary to assume n = 3. If
6: SL(n, Z,)® SL(m, Z,)— M(n, m)
is a derivation, by 3.1(1) or the argument of 2.7(1) there is an X € M(n, m)such
that
8(A, I,)= (I, — A)X for all A € SL(n, Z,).
Since (4, I,,) and (I,, B) commute, (I, — A)((I,, B) — X(I,— B~ !))=0. In
particular
mi’i.(,.l(é(I”, B)_X(Im—B—l))=0 fori= l,...,n
or
s(I,, B)= X(I,, — B™1).
Consequently 6(4, B)= X — AXB™ ! as required. ||

PrOPOSITION 3.3. (1) Der; (SL(3, Z,), M(3, m)) >~ M(4, m).
(2) Der, (SL(3, Z,), M(3)) ~ Der, (SL(3, Z,), PM(3)) =~ PM(3).

Proof. We establish (2) first: as in 3.1(2), (3), e;;D;je;; + D;j= I is impos-
sible, so D;; commutes with e;;. Therefore the (i, i) and (j, j) entries of D;; are
equal and the other entries in row j, column i are zero. For k # i, j, the (k, k)
entry of D;; is zero either as a consequence of equation (4) or by the choice of
D;; € D¥ made as in 3.1. This yields part (2).

For part (1), equations (2), (3), and (4) reduce to

m;;6(e;;) =0 (i #J)
6(eik) = mjké(eij) (l, j, k distinct).

Consequently my; 6(e;;) = m,, 6(e,3), and there is a unique X € M(3, m) such
that

d(eij) = (1 — e)X + myy 8(ez3) (k # i, )
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Thus & corresponds to the pair (X, my,d(e,3)). Since my,(e,3) can be any
matrix in M(3, m) with rows 2 and 3 zero, we obtain part (1). [

PRroPOSITION 34. Let n > 3.

(1) o, (M(n, m)® M(n))~ SL(m, Z,) ® Z,, where the isomorphism is given
by

(B,b)>B: (X, Y)> (XB™L, Y+ b Tr (Y)I,)

and SL(n, Z,) acts on M(n, m)@® M(n) by p4(X, Y) = (AX, AYA™").

() o, (M(n, m)@® PM(n)) =~ SL(m, Z,), where the action of SL(n, Z,) is as
in (1).

(3) o (M(n, m)® PM(n))= 1, where SL(n, Z,) ® SL(m, Z,) acts by

cun(X, Y)= (AXB™1, AYA™)
4) A(M(n, m))~SL(m, Z,).
Proof. Note that (3), (4) follow from (1), (2).

Let Be o (M(n,m)®M(n)), where puX,Y)=(AX, AYA™) for
A € SL(n, Z,). Let S,, S, be the subgroups of SL(n, Z,) defined by

;=Y 4 ||AesLn-1,2,)

-

S,={|" 4 |laesLn-1,2,)}

The fixed point sets of p(S,), p(S,) in M(n, m) @ M(n) are
_l L 2 S g l
T, = l(; a;my;, aI,,)‘, T,= l(; a;my;, bl, + mu)‘,

respectively, and Im p fixes (0, I,)). Since the restrictions of f to these fixed
point sets are isomorphisms, we have first a (unique) B € SL(m, Z,) such that

(1) B(mlj’ O) = (mljB_ 1? a(])ln)
and second that
() BO, my;) = (Z bjm,;, my; + bln)'

Follow B by (X, Y)— (XB, Y) so as to assume B = I, in equation (1). Then
ﬂ(e“ mlj, 0) = p(ekl)ﬂ(mlj, 0) implleS

B(myj, 0) = (my;, 0), k+# 1
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and the action of e,, applied to the equation above yields B(X, 0) = (X, 0).
Next, apply e, to equation (2) to obtain

B, my,) = (; b;my;, mkl), k#1,

and then apply e, to (2) to obtain (0, m;) = (0, my,), k # 1. But my; = m'y; so
these matrices are conjugate, which implies b; = 0. Now follow § by

(X, Y)> (X, Y + b Tr (Y)I,)

so as to obtain b=0 in equation (2). Since m,, and m; are conjugate,
»B(O’ mll) = (0’ mll) implies ﬂ(O, mii) = (O’ mii)’

The argument that establishes part (2) is similar; the fixed point set of S, S,
are the images of T, T, in M(n, m) @ PM(n). |

4. The case n = 2

In this final section, we derive Theorem B, Proposition 2.3, and then
Theorem A for the groups PGL(2, Z), GL(2, Z), and SL(2, Z). It will be conven-
ient to relate these groups to the free product structure of PSL(2, Z). We will
view SL(2, Z) as a split extension of the free product L =Z, * Z4 by Z,, and
GL(2, Z) as a split extension of L by the dihedral group of order 8. Since the
index of L is in each case a power of 2 whereas L is generated by elements of
order 3, it follows that L is characteristic. We first summarize the properties of
free products (with amalgamation) that will be used below; proofs may be
found in Magnus, Karrass and Solitar [8, Chapter 4, Section 2], for example.
We write H *,4 K for the free product of H and K with amalgamated subgroup
A; we assume given and fixed monomorphisms 4 - H, A — K and identify 4
as the intersection H n K in H %, K. The groups H and K are termed the
factors of the free product H », K. A right transversal of A in H denotes a
subset # = H such that 1 € # and H is the disjoint union | J, . » 4h.

THEOREM 4.1. (1) Let A#, A be right transversals of A in H, K respectively.
Then each element of H *, K has a unique expression in the form as,s, *** S,
where a€ A,s; € # U X', and s;, s, lie in different factors.

(2) Any element of finite order in H * 4 K is conjugate to an element of finite
order in one of the factors.

(3) ¢¥H*,K)=An¥H) N EK) 1

Let D be the dihedral group of order 8; D~Z, x, #(Z,). Fix the
presentation

D =<{a, b|a* = b? = (ba)* = 1).

Note that every nontrivial normal subgroup of D contains (D) = {a?), and
that the only elements of order 4 in D are a*!. Consequently Z, is character-
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istic in Z, X, #(Zy)~Zy X, Z,, s0 1.4(1) and (2) yield
AD)~Zy X, AL =0, t|c* =1 = (01)*=1)

where 6: b— ab,a— aand t: b— b, a— a™*. Furthermore I(a) = 6%, I(b) = .
Let L= Z, * Z, have the presentation L = {c,, ¢,|c} = ¢} = 1).

ProposiTION 4.2. (1) (L)~ L x, D, where p: D — «/(L) is defined by
Paici—Crt a0 Pyl €L Co, Oy

(2) (L) is complete.
(3) IfG=K x, (L) and K is finite, then K is characteristic in G.

Proof. (1) By direct computation, p,; # 1 so p: D — /(L) is an injective
homomorphism. Moreover p(D) N L =1 (where we have identified L with
I(L)), since L has no 2-torsion (4.1(2), (3)). We claim /(L) = {L, p(D)), and
this is part (1). Let y € .«/(L); 7 is determined by y(c,) and y(c,). By 4.1(2), the
conjugacy classes of elements of order 3 in /(L) are represented by
{4, €11, ¢3, €3 1}. Since p, acts transitively on this set, we may follow y by a
suitable element of L, p,) to obtain y(c,) = c,. Now y(c,)is L-conjugate to c,
or to ci'. Since y(c;)=c, and y(c;) generate L, 4.1(1) implies that
y(c1) = ¢; “ct 'cs whence y € <I(c2), pra)-

(2) Wehave ¢(L) =1 (4.1(3)), and L is generated by all elements of order 3
in &/(L). Hence L is characteristic in .«/(L); and so /(L) is complete by Burn-
side’s criterion.

(3) As in the proof of 2.3, we must show that /(L) has no nontrivial finite
normal subgroups, which is equivalent to showing that the centralizer of any
normal subgroup of finite index in /(L) is trivial. By 4.1(2), L has this property.
Now suppose H <./(L) and |.«/(L)/H | is finite. If o € € ,;,(H), then for all
xeLyeHNL,

x 7 yx = a(x " Lyx) = a(x)” Lyo(x).

Consequently a(x)x ' e 6, (Hn L)y=1,ora=1 |

Fix the presentation Z, = <a|a4 = 1) together with the monomorphism
Z, — D defined by a — a.

PROPOSITION 4.3.  There is a commutative diagram
1—™L—SL2,Z)—Z,— 1
1
t—L—GL2,Z)— D — 1
where the middle vertical arrow is inclusion, and both rows are split exact (that is,
the middle group is a semidirect product of the end groups). The action pu: D —

/(L) is given by p, = py, Uy = pa2. Moreover, L is a characteristic subgroup of
SL(2, Z) and of GL(2, Z), and SL(2, Z) is a characteristic subgroup of GL(2, Z).
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Proof. The group SL(2, Z) has the well-known description as Z, *z, Zg
(see [11, p. 139] or [8, p. 47]); thus

SLR2,Z)~{x, y|x* =y x*=1),

o ( 0 1) . (0 - 1)
-1 0/ 1 1
defines the requisite isomorphism. By 4.1(1), each element of SL(2, Z) may be
written uniquely in the form

where

as;S; *** Sp

where a € {1, x2}, s; € {x} U {y, y™!}, and s,, 5, lie in different factors {x),
{y). Define the homomorphism L — SL(2, Z) by

1

¢y - y2=xty"1, cy— xy*x 1

=xy~ !x.

The uniqueness of the normal forms 4.1(1) implies that L — SL(2, Z) is a mono-
morphism. Since I(y) = I(y~?) and I(x*) =1 in «(SL(2, Z)), a computation
shows that L <<SL(2, Z). By 4.1(2), L is the group generated by all elements of
order 3 in SL(2,Z); and so is a characteristic subgroup. The map
SL(2, Z)— Z, defined by x — a, y — a® is an epimorphism whose kernel con-
tains L and whose restriction to {x) is an isomorphism. Since SL(2, Z) =
(L, x) and L n {x) = 1, the first row is split exact.

To obtain the exactness of the second row, note that the sequence

1-SLQ2,Z)-»GLQ2,Z)—»Z,=<b|b*=1) > 1
is split exact, where we select the splitting map Z, - GL(2, Z) to be

01
b—»(l 0).

(0 1 ( 0 1)
1 0)’ -1 0
generate a subgroup of GL(2, Z) isomorphic to D, and the argument now
proceeds as above.

Finally, since L is characteristic in GL(2, Z) and D contains a unique sub-
group isomorphic to Z,, it follows that SL(2,Z) is characteristic in

GL2, Z) 1

COROLLARY 44. (1) PSL(2,Z)~ L x,<b), PGL(2, Z) ~ L x,{a% b).
) #(PSL(2, Z))~ PGL(2, Z).
(3) A(PGL(22,Z))~ L x, D~ (L) and is complete.

Then the matrices
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Proof. By 43, PSL(2,Z)~ L x,(Z,/Ker p) and PGL(2,Z)~L x,
(D/Ker p). These correspond to the descriptions given in (1).

L is characteristic in both PSL(2,Z) and PGL(2,Z), ¥¢(L)=1, and
Ker p = 1. Therefore 1.3(3) implies that

A(PSL2, Z))/I(PSL(2, Z)) ~ A p({b)) = {a?, b),
and «/(PGL(2,Z))= «/(L). 1
This completes the proof of Theorem B and establishes 2.3 for the case n = 2.

THEOREM 4.5. (1) /(SL(2,Z))~Z, ® PGL(2, Z).
Q) A(GLR2,Z)~Z,®Z,dPGLQ2,Z).

Proof. We have SL(2,Z)~L x,Z,; and so 13(2) implies that

s/ (SL(2, Z)) is isomorphic to the subgroup of /(L) ® /(Z,) given by
{(, B) o™ pp," € I(L)}.
Since B(a) = a*! and a® € Ker p, pg, = p,. Hence
A(SL2, Z)) = {(, B)| [, ps] € I(L)} = L %, p(b) ® #(Z,)
~L x,{a*,b)®Z, ~PGLR2,Z)DZ,.

Again by 4.3, we have GL(2, Z) ~ L x, D, and now 1.3(2) yields

2(GL(2, Z))
~ {(o, y) € Z(L) ® (D) | g™ p;," € I(L) and ap,a™ 'yt € I(L)}.

As above, ya = a*! so the first condition on (o, y) reads o € PGL(2, Z). Since
Wy = P,z and a* € €(D), the second condition is that b~ 'y(b) € Ker . Thus
A(GL2, Z))~ PGL2, Z)® {y € 4(D)|b~*y(b) € {a*)}
= PGL(2, Z)® (D)~ PGLR2, ) ® Z, ® Z,. 1

Recall that M = M(2, 2) x, SL(2, Z,), where M(2, 2) is the additive group
of 2 x 2 matrices over Z, viewed as a left SL(2, Z,)-module by 1,: X —» AX.

THEOREM 4.6. (1) #/*(GL(2, Z))~ M x, o (PGL(2, Z)).

(2) «3*(GL22,Z))~ (M x,Z,)® 4(PGL(2, Z)).

() #*(GL2,Z))~ (M x.Z,) x, Z,)® A (PGL(2, Z)) and is a complete
group.

Proof. PutY =L x, D~ o/(L), and recall that PGL(2, Z) ~ L x ,{a?, b)

and &/(PGL(2, Z))~ Y.
We have #(GL(2, Z)) ~ (Z, ® Z,) ® L x,{a? b). By 1.6(1),

#*(GL(2,Z))~Hom (L x,€a%, b),Z, ®Z,) X, (¥4 (Z, DZ,) DY)
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where 6, ,,(8) = o - & - I(y~?!). Since (L %, {a? b)) = L,
Hom (L x,{a? b), Z, ® Z,) ~ Hom ({a?, b), M(2, 1))~ M(2, 2)

where the second isomorphism assigns the matrix whose first column is ob-
tained by evaluation at a® and second column by evaluation at b. Then

and we choose this isomorphism so that SL(2 )acts on M(2,2)by X —» AX.
For y € Y, the action is that induced by I(y~') on <a2 b). Consequently,
L x,{a?, b> acts trivially and I(a™ ') induces the map a* - a2, b — a*b which
corresponds to right matrix multiplication by e,, € SL(2, Z,). Therefore

AHGLR, Z))~ M(2,2) %, {SL(2, Z,)® Y} ~ M X, Y = M x, (L %, D)

where L x, {a?, b) = Ker ¢ and ¢,(X, 4) = (Xe;,, A).
Since M is finite, it is characteristic in «/%(GL(2, Z)) by 4.2(3). Moreover
(M) = 1 so 1.3(2) and 4.2(2) yield

A3 GLQ2,Z))~{o, y) € A(M)® Y |ao, 0" 0,51 € (M) for all x € Y}.
Since Im ¢ ~ Z,, g,,,-1 = 0,; and so
A3 GLR2,Z))~{n € A (M)|[o, 0,) e IM)} D Y.

By Proposition 2.8, o/ (M)/I(M) ~ SL(2, Z,), and the centralizer of 6, - I (M)in
A (M) 1(M)is {a, > I(M). Thus we have part (2), where

M x, z2 M(2,2) %, {SL2, Z,) ® ey}

and p 4 (X) = AXB~!. This group is characteristic in &/(GL(2, Z)). Iterating
1.3(2) and 4.2(3) yields

APHGLR, L)) ~ oM X, Z,)D Y.

It remains to show that &/(M X, Z,)~ (M X, Z,) X, Z, and that this group
is complete.
Since M(2, 2) = (M X, Z,)" we may apply 1.5(1) to obtain

(M X, L)~ Der (Im p, M(2,2)) X, Nemez,2p(Im p).
The argument of 2.7(1) shows that every derivation is inner; and so
A (M X L) I(M(2, 2)) = Nogmz,2p(Im p).
Note that Im p is a dihedral group of order 12, for Im u ~ SL(2, Z,) ® {e,,)

in which
01
“((1 1)’e“)

has order 6 and is inverted by w = (e,,, 1) which has order 2. Take the basis
{myy, myy, myy, my,} for M(2,2) over Z,, and identity «/(M(2,2)) with
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SL(4, Z,) acting from the left on M (4, 1) >~ M(2, 2). A computation shows that
the matrices corresponding to z, w are

_ (€ C _ (€21 O ) _ (0 1)
Z—(O c and W—(O . where C = 1 1)
We assert that

Nsuazn(KZ, W))={Z, W) - {T) where T = ((I) f)

Since the center of {Z, W) is generated by

1 1
3
z (01)

and has order 2, any matrix X which normalizes {(Z, W) commutes with Z3
and therefore has block upper triangular form. Since {C, e,,) = SL(2, Z,) we
may multiply X from the left by an element of (Z, W) to obtain

(1) X= ((I) ;,) where Y € M(2, 2).

Note that the matrices in {Z, W) of this form are Z> and I ,, and that X2 = I .
Since {(Z2?)=<{Z, W), XZ*X = Z*?, which implies that YC = C*'Y.
Moreover, [X, Z] € {Z, W) implies that

CYC_l + Y=02 or 12.

Since CYC '+ Y= (C'*'+1)Y, it follows that CYC !+Y=0 so
Y =al + bC. Therefore X or Z3X is the matrix T. But TZT !=Z,
TWT™ ! = Z3*W, which shows that {Z, W) - {T) is the normalizer of {Z, W).
Therefore

‘M(M xt ZZ): M(4a 1) x/l <Za W, T>
= (M(za 2) xu <Z9 W>) x¢ ZZ
~ (M X, Z,) X4 Z,.

A computation establishes that M(2, 2) ~ /(M X, Z,)", so 1.5(1) applied as
above yields

XM X, Zy)~ M4, 1) X; Nspa.2,KZ, W, T)).

We obtain part (3) once we show that {(Z, W, T) is a self-normalizing sub-
group of SL(4, Z,). To this end, since {Z, W, T)' = {Z), any matrix X which
normalizes {Z, W, T) may be selected modulo {(Z, W) to be block upper
triangular of form (1) and to centralize Z. But then the upper right hand 2 x 2
corner of X commutes with C. Thus X = Z3°T®, as required. i
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We now turn to the determination of the automorphism sequence of
SL(2, Z). We shall first show that «/(PGL(2, Z)) is a direct summand of
A*(SL(2, Z)).

PRrOPOSITION 4.7.

(2) «3SL2,Z

A2(SL2, Z)) ~ (Z, D Z,) x, L(PGLQ2, Z)).
(B) «*(SL2, z;

(Z, G—)D) x, o (PGL(2, Z)).
(M(8, 1) x, <Z>)@&/(PGL(2 Z)), where

Z e SL(8, Z,)

is the block lower triangular matrix

(: %)
I, 1)

Moreover, the centers of these three groups are elementary abelian groups whose
orders are 2, 2%, and 2*, respectively.

Proof. In 4.5(1), we obtained #/(SL(2,Z))~Z,® PGL(2, Z). Thus by
1.6(1) and 4.4,

(1)
) =~
) ~

*(SL(2, Z))~ M(1,2) X, Y
where Y = L X, D ~ &/(PGL(2, Z)), and ¢: Y — &/(M(1, 2)) is defined by
L x,{a?* b) = Ker g, 0,(X)= Xey,.
Next, by 4.2(3) and 1.4(4),
S¥(SLR, Z)) = {Der, (¥, M(1, 2)) x,, ,(M(L, 2))} x
where p; ,(6) = a6 and p, (8, &) = (6 ° I(y~ '), «). First,
o (M(1, 2)) = €s15.2,(Im ¢) = Im 0.

Next, let 6: Y —» M(1, 2) be a g-derivation. Since L < Ker ¢ and the restriction
of 6 to Ker ¢ is a homomorphism, (L) =0 and & is determined by d(a),
8(b) € M(1, 2). These must satisfy 6(a*) = 6(b*) = 8(abab) = 0, which reduce to
(6(a) + 6(b))m,, = 0. Therefore the first entries of &(a), 5(b) coincide and we
may write 6(a) = (e, f), 6(b) = (e, g). Define the map

Dera (Y’ M(l’ 2)) xul <e12> - Z2 (-DD

by (6, €i;)— (¢/ 9, a®**°b") (where § is given above). By direct computation,
this map is an isomorphism, and the map u, corresponds to u,: Y —
A (Z, ® D) given by

L < Ker py, py ,(c’, a'b') = ("5, a7™"b') and p,,(c, a’b') = (", a')').

Adjust the presentation of 2/*(SL(2, Z)), replacing ((1, 1), a) by ((1, b), a), to
obtain

ASLR, Z)) ~ (Z, ® D) %, Y
where p|, = 1 and p, = p,: (¢, ab') > ("**, a'b).
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Since Z, @ D is characteristic in &/*(SL(2, Z)), we apply 1.3(5) to obtain
A*SLR,Z))~ N x, Y,
where
N ={a, ) € #(Z, ® D) x Der, (Y, Z, ® D)|[e, p,] = I(5(x)) for all x € Y}

and p, (o, 6) = (u, o, ', u,61(y~1)). Since L < Ker pu, L < Ker 8; and so any
derivation is determined by d(a), 6(b) € Z, @ D which must satisfy

1= (6(a) # u.6(a))* = 6(b) # uyd(b) = d(ab) # d(ab).
These equations are equivalent to é(a) = (¢!, a*'b*), 5(b) = (c"?, a***b*?) and
(5 (@hrthap = 1
Now let a € .«¢/(Z, ® D). The derived group of Z, ® D is 1 ® {a?), and
6(Z,® D)= {c) ®{a®).
Hence
a(l, @) = (c*, a**21), (1, b) = (c*%, a"b), «lc, 1) = (c, a**).

The equalities op, = I(3(b))upx and op, = I(5(a))u,a evaluated at (1, a)
together with () above impose the conditions k = k| = k,,s, = 0mod 2. Then
evaluate on (1, b) to obtain h = 0 mod 2. These exhaust the restrictions on a, &
so we have now (a, 4) € N if and only if

5(a) = (c”, a2g1bk), 5(b) = (C’z, a2“b")
() a(1, a) = (¢, a'*¥1),  «(1, b) = (c*2, a*/?b),
a(c, 1) = (c, a®*),

where all exponents are taken mod 2. A computation shows that p: Y — 2/(N)
is given by p|. =1 and

Pa= P (&, 6) = (I(1, b)) o o, 8).
Let (4, 1) € N be defined by
A: (1,a)- (¢, a), (1, b)—> (1, b), (¢, 1) = (c, 1).
Then p,(A4, 1) = (4, 1) and for all (o, ) € N,
Pa(®, ) = (4, 1) - (@, 0) " (4, 1)7".

We may therefore adjust the presentation of &/*(SL(2, Z)), replacing a, be Y
by ((4,1),a), ((4,1),b), to obtain /*(SL(2,Z))~N@Y. Finally,
N~ M(8, 1) x, {Z); to see this, to (o, 8) given by (x*) associate (X, Z*) where

X!
= (e1, €2, 1y + (k + 1)y + f5, 12 + (k + 1)ez + f3, f1., f2, 91 + kf2, g2 + k).
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This map is a homomorphism (using the product in N given in 1.3(5)), and is
clearly injective. That the centers of these automorphism groups are as
described above follows by computing %p.2)(Im o), €z,op(Im p), and
E(N)=(Is+ZM(8,1). 1}

COROLLARY 4.8. Forall k >0,
S*THSL(2, Z))~ H, ® «/(PGL(2, Z)),
where Hy = M(8,1) x ; {Z) andfork > 1, H,,, = Hom (Z, ® Z,, 6(H,)) X
S (Hy).

Proof. Since H, is finite, so are all H,. We have &/ (PGL(2, Z)) ~ L x , D,so
& (PGL(2, Z))/4(PGL(2, Z)) ~ Z, ® Z,.Therefore 4.2(3) together with 1.3(5)
yields the result above. |

Note that, if €(H,) = 1, then H,,, = &/"(H,) and the finiteness of the auto-
morphism sequence of SL(2, Z) is a consequence of Wielandt’s Theorem. The
groups H,, and their centers, will be determined explicitly in the following
propositions. The notation is that of Section 3.

PrROPOSITION 4.9. H, ~ (M(4,3)® M(4)) x, SL(4,Z,) and €(H,)~1Z,,
with action

(X, Y)> (AX, AYA™Y),
Proof. We have H, = M(8, 1) %, {Z), and for any X € M(8, 1),
(gﬂo{(xa Z)} < <(€(H0), Z>’ (gllo{(xa 1)} > M(& 1)'
Therefore M(8, 1) is characteristic in H,; and so 1.5(1) implies
o (Ho) = Der; ((Z), M(8, 1)) %, €522},
where p,(6) = ad. A computation shows that
(A 0

Csus.znZ) = Y 4

) |A eSL@4,Z,), Y e M@4),

Any derivation is determined by 8(Z) which is subject to the one restriction
(Is + Z)6(Z) = 0. Therefore 6(Z) € (I + Z)M(8, 1) = ¥(H,) and is otherwise
arbitrary. View %(H,) as M(4,1) imbedded in M(8, 1) naturally as
(I + Z)M(8, 1). Then p, corresponds to left multiplication by 4, where

(i)

A (Hy)~{M@4,1)®M(4)} x,SL(4, Z,),
where (9, ) € o/(H,) corresponds to ((5(Z), Y), A).

Thus
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The action of .«/(H,) on Hom (Z, ® Z,, ¥(H,)) ~ ¢(H,) ® ¢(H,) is given
by the restriction of &/ (H,) to ¢(H,) >~ M(4, 1); thus the action corresponds to
left multiplication by 4, whence

H,~(M@4,3)®M(@4)) x,SL@4, Z,).

Since ¢(SL(4, Z,)) = 1, ¥(H,) is the fixed point set of SL(4, Z,) in M(4, 3) @
M(4). Hence 4(H,) = (0, 1,)) ~ Z, (see 3.1(1), (2)). 1§

ProposiTION 4.10. H, ~ M(3, 1) ® K, where
K = (M(4,3)®PM@4)) x, (SL@, Z,) D SL(3, Z,))
and 0., p(X,Y)=(AXB™', AYA™'). Moreover, K is complete and
$(H,)~ M(3, 1).
Proof. By 4.8 and 4.9,
H,=Hom (Z,®Z,, Z,) %, o/(H,)
~M(1,2)® L (H,)~M(2,1)® A4(H,)
Since SL(4, Z,) is simple, M(4, 3)@ M(4) is characteristic in H so that we may
apply 1.4(2) to n: &/(H,)— (SL(4, Z,)). It is a classical theorem that
A(SL(4,Z,)) = I(SL(4, Z,)) X, Z,,

where the nontrivial element in Im y is the inverse-transpose map [3]. Let
S, < SL(4, Z,) be the subgroup described in 3.4:

1 * x x
0

Si=o 4 |lAesLB.Zy).

0

The fixed point set of S, in M(4, 3) @ M(4) has order 2*, while its image under
inverse-transpose has fixed point set of order 2. Consequently Im n =
I(SL(4, Z,)) and we may now apply 1.5(2) to obtain «/(H,)~ D X, F where

D = Der, (SL(4, Z,), M(4, 3) ® M(4)) ~ M(4, 3) ® PM(4),
and

F=o,(M(4,3)®M@4))®SL@, Z,)~ (SL(3, Z,) D Z,) DSL(4, Z,)

(using 3.1(1), (2) and 3.4(1)). Since p,, (X, Y) = o(4X, AYA™?), it follows that
A (H)~ K@®Z,; and so H, >~ M(1, 3) ® K. Therefore ¢(H,) ~ M(3, 1),and
it remains to prove that I: K — &/(K) is an epimorphism.

M(4, 3) @ PM(4) is the maximal normal nilpotent subgroup of K, since
SL(3, Z,) and SL(4, Z,) are simple. Furthermore, up to an inner automor-
phism, any a € &/(SL(3, Z,) @ SL(4, Z,)) is of the form a, @ a, where each a;
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is either 1 or inverse-transpose. As above, only 1 @ 1 extends to an automor-
phism of K, so that 1.5(2) again applies. We obtain «/(K)=~ D X, F where
now (using 3.1, 3.2 and the additivity of Der),

D = Der, (SL(3, Z,) ® SL(4, Z,), M(4, 3) ® PM(4))
=~ Der, (SL(3, Z,) ® SL(4, Z,), M(4, 3))
@ Der, (SL(3, Z,) ® SL(4, Z,), PM(4))
~ M(4,3)® Der, (SL(4, Z,), PM(4)) ® Hom (SL(3, Z), PM(4))
~M(4,3)®@PM@)®1,

d
. F=(SL(3,Z,)®SL4,Z,))® «,(M(4, 3) D PM(4))

~ SL(3, Z,) ® SL(4, Z,) ® 1.
Consequently |«/(K)| = |D|-|F| = |I(K)| so I(K)= «#(K). 1

ProposITION 4.11.  H; ~ {M(3, 3) x, SL(3, Z;)} @ K where K is the group
described in 4.10, and €(H;) = 1.

Proof. We have
K = (M(4,3)® PM(4)) x, (SL(4, Z,)® SL(3, Z,)),

so the map ¢: K — Z, defined by ((X, Y), (4, B))— Tr Y is a homomorphism
whose kernel contains K'. We claim K’ = Ker ¢. Since SL(4, Z,) ® SL(3, Z,)
is perfect and

{(A=I)X|X e M(4,3), 4 € SL(4, Z,)} = M(4, 3),

we need only show that m¥ and m¥ + m7; (i # j) belong to K'; this follows from
the equations

m¥ = m¥; + e;miey (i, j, k distinct),
m§ + m¥ = mf + e;m¥e; + m}.
By 4.8, we have
Hy = Hom (Z, ® Z,, ¢(H,)) %, /(H;)=M(3,2) X, (H,).
Since H, ~ M(3, 1) @ K, we apply 1.6(2) to obtain
o/(H,) ~ Hom (K, M(3, 1)) x, #/(M(3, 1)) ® K.

But K/K'~Z,, so o/(H,)~ M(3, 1) x; SL(3, Z,) ® K. Note that «/(H,) -~
o (¥(H,)) is given by

M@, 1) x, SLB3, Z,) ® K — (0) X, SL(3, Z,)® 1 ~ SL(3, Z,).
Consequently H3 ~ M(3, 3) x; SL(3, Z,) ® K, and ¢(H ;) = 1 asrequired. []
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ProposITION 4.12. H, ~{M(4, 3) x, (SL(3, Z,) ®SL(3, Z,))} ® K, and
H, is complete.
Proof. Wehave Hy ~ {M(3, 3) x, SL(3, Z,)} ® K,and H, = &/(H ;). Now
V=M@3,3)®M@4,3)®PMA4)
is a normal subgroup of H; with H;/V ~ SL(3, Z,) ® SL(3, Z,) ® SL(4, Z,).
This extension splits, with action
”’(B;,Bz,A)(X’ Y, Z) = (Bl X, AYBZ_ 1, AZA_I).

Now V is the maximal normal nilpotent subgroup of H 3, hence characteristic,
while SL(4, Z,) is characteristic in H/V (if not, there is a nontrivial homomor-
phism SL(4, Z,)— SL(3, Z,). See also [14, Lemma 1.4]). Thus

Vx,(1®1®SL4, Z,))
is characteristic in Hj, as is its center M(3,3). But %y, (M(3,3))~
M(3,3) ® K, which has derived group K'. Finally %g,(K')=M(3,3) x;
SL(3, Z,) and is characteristic in Hj, as is its centralizer K. Consequently
H, = o/(H;)~ #(M(3, 3) x, SL(3, Z,)) ® K.

As in 4.10, using 1.4(2) and 1.5(2),
A (M3, 3) x, SL(3, Z,))

= Der}. (SL(3a Z2)9 M(3a 3)) X {SL(3’ ZZ) ® "dl(M(3’ 3))}

With 74 4(6) = a(4 - 6 - I(A™')). By 3.3, the group of derivations is isomorphic
to M(4, 3), and by 3.4, o/,(M(3, 3)) ~ SL(3, Z,) where B € SL(3, Z,) acts by
X — XB™!. The action of SL(3, Z,) on Der; is also by Y -» YB~ L.

To show H, complete, we prove that H is characteristic in H, and apply
Burnside’s criterion. The argument of the first paragraph applies to

V=M#43)®M@4 3)®PM@4))<H,
where now

H,/V ~ SL(3, Z,) ® SL(3, Z,) ® SL(3, Z,) ® SL(4, Z,).

We conclude that K and «/(M(3, 3) x; SL(3, Z,)) are characteristic in H 4, so
it suffices to prove that L = M(3, 3) x; SL(3, Z,) is a characteristic subgroup
of

(L)~ M4, 3) %, {SL(3, Z,) ® SL(3, Z,)}.

We have M(4,3)~ M(3, 3) ® M(1, 3) (where the first summand corre-
sponds to the group of inner derivations) characteristic in .«/(L). But M(3, 3)is
an irreducible .o/(L)/M(4, 3)-module, for 74 5(X)=AXB™!, X € M(3, 3).
Moreover, if é is any derivation and 4 € SL(3, Z,),

Ta.n(0) = ASI(A™7) = & + 1(5(4)),
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where 1(6(A4)) is the inner derivation determined by 8(4). Consequently either
I(6(A)) = 0 so that 6 = 0, or M(3, 3) is contained in the submodule generated
by 8. Thus M(3, 3) is characteristic in (L), and

A (L)/I(M(3, 3)) ~ M(1, 3) %, {I(SL(3, Z,)) ® SL(3, Z,)}
~ I(SL3, Z,)) ® {M(3, 1) x, SL(3, Z,)}

Here M (3, 1) s characteristic, and its centralizer is I(SL(3, Z,)) @ M(3, 1), with
derived group I(SL(3, Z,)). Thus L = I(L) and is characteristic in .&/(L), as
required.
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