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1. Introduction

We are interested in finding a class of kernels M such that we have the
maximal operator

sup
KeM

p.v. fR"K(x —-)f(y)

bounded on some L? spaces. As a first approach, we consider the dimension
of the space n to be bigger than 1 and let K have the form A(|x|)Q2(x")/|x|"
where Q is a homogeneous function, continuous with mean O on S,_;, and &
is a radial function. These kernels could be gotten, for example, when we
decompose a kernel K, satisfying the growth condition of Calderén-Zygmund
kernels |K(x)| < C/|x|", into its radial and spherical parts

Zhi(r)¥il(x) /w

where Y, are the spherical harmonics. In this paper we consider the case when
M is the set with the radial function A satisfying

(fowlh(r)lséf)l/ss 1.

We show that for 1 < § < 2, the maximal operator is bounded on L?(R"),
p > 5,/(s,_1)- And this range of p is the best possible.

Here, we should remark that some ideas of the proof are from the paper of
J. Duoandikoetxea and R.L. Rubio de Francia [2], and [3] of E.M. Stein.

2. Result and proof

THEOREM. Let n>2 and Q € C(S"™Y) with [¢n-1Q(§) da(§€) = 0 where
do is the surface measure of S"~! and Q is of homogeneous of degree zero. Let

fron SR 1 - ) .

T(f)(x) = sup
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where the supremum is over the set ||\h|| is(r+, 4r/ry < 1. Then

IT(H 1, < 4,071,

for1 <S8 <2, p>S8,/(S,_1) This range of p is the best possible.

Proof. We first show that the range of p is limited. We assume

1
TThTa 0< < 10,
f(x) = { T I
0, |x| > 10,

where a < 1. Thus T(f), by duality, is simply

I %]

where x is the characteristic function of the set |x| < 10.
For each x, |x| <1, let x’ = x/|x|. Then

x(x — r§)
[, 2O =

(T (x))" = /ljl""

[ 0@ o] 4

~ __G__fz
|x|S'(n—a) 1

since x(x — r¢§) = 1 when |x| < 1. Denote by I(x’, r) the integral over $"~ 1.
Let B be a ball in R" centered at x’ with radius e. We are going to pick ¢ > 0
small enough so that Q(¢) is basically constant on the set B N S"~1. Now we
wish to estimate the rate of growth of I(x’, r) as r approaches 1. We have

s
dr

‘ 1
L"_lﬂ(g) Ix//’,'_ sln—a

I(x',r) = + =1 +1I,.
( ) v/;ms"—1 B¢ng"! ! 2
It is clear that as r close to 1, I, is bounded by
120l [ _e*"do(¢) < ClIl.,.
s’l

For I,, we use a change of variable to the tangent plane of S”~! at x’. Since
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r > 1 we have
’ ’
lx’ - x7l <|£ - -)fr-l forx’+¢€BnS" L
We can pick a suitable point P on the tangent plane at x’ such that

xl
|x'— 7|+ |P| =\

The change of variable is the mapping ¢: £ = P. Letting ¢t = |P| and u =
1 - 1/r we have

, e 2
Il(x ’ r) j(; 2)(n a/2) dt

(u +1¢

— Cy-l+a [/* "2
= Cu a](; as 12)(”"")/2 dr.

This means that I(x’, r) blows up at least on the order of |r — 1|~1** as r
approaches 1. Thus T(f)(x) = oo when [2|I(x’,r)|S dr= o0 or a <1/8S.
This implies that T(f) is not in any L7 space when a < 1/, or correspond-
ingly, when

fe LP(R") forp < Sn/(Sn—1).
To rule out the case p = Sn/(Sn — 1), we simply let

f(x) = |x]7"*S(log1/|x]) "X <10(%)-

1/2
dr
r
2

Now, let us consider the case S’ = 2. By duality,
R 00
T =
(F)(x) ( L

S

k= —o00

_2(Hf(x -2

1,2
ar
; .

Let us take a smooth function p(r) supported on {r|1/2 < |r| <2} and
¥, p(2%r) = 1. We define the partial sum operators

5cf = p(2*1x1) f(x).
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Since f = ¥ (S.,f) for any k,

( , 2 . 1/2
TN s | Z [ [ 2O(Sewif)(x = 2'r8) doe) "’7)
) 1/221/2
< ?(Z(fffsn-ﬁ(ﬂ(skﬁf)("‘”"5)""’“) 4) ))
2 4 172
< (g L8O (Seas)(x = 24r8) da(€) —,’-)

2
ST(1)(),

where the last two inequalities are obtained by applying Minkowski’s inequal-
ity. First, let us compute

2
dr
- dx.

ILDOE= 2

[, 8@ (St )(x = 247) do(£)

By Plancherel’s theorem, and Fubini’s theorem, the last equality is domi-
nated by

L) ¥
% J2mtan=t g x) g2t g

We claim that the term in parentheses is bounded by

[, 2= do(e)

%}|f(x)|2dx.

C min{2¥|x|, (2¢|x]) "},

for some positive number a. Applying the cancellation of £, it is easy to see
the term in parentheses is bounded by C2*|x|. On the other hand, by the
second mean value theorem, the term in parentheses is bounded by

r

2
dr

[, (6o

<ienzf [,

fzei2"r|x|(€-n)'x' dar do('r') dO(f)
1
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The integral in the absolute value sign is bounded by 1 and (2%|x|(¢ — 1) -
x")71; hence it is less than (2%|x|(¢ — 1) - x")~* where 0 < a < 1. So

(1) 1T < € min{27, 27) " Jifil,-

Next, we compute the L?-norm of T;f. For p > 2, there exists a function g in
LP/Y" such that

Il < cimzzf [,

Sy )(x = 2478) [ do(€) L g(x) | dx

By Fubini’s theorem, the formula above becomes
Czk:fml o (2)] f f Ja(x +2¢) [do(§) ——dx
< C[ T8 uf ()| Mg(x) dx
R" i

< (| Zise T
k

”Mg"(p/Z)'
p/2

where Mg denotes the classical Hardy-Littlewood Maximal function. By the
Littlewood-Paley theorem and the fact that the maximal function, Mg, is
bounded on L?(R") for 1 < p < oo, we have

@) \7(H1, < Cifil,-

Interpolating between (1) and (2), and applying Minkowski’s inequality, we
have

IT(F) 1, < Clfil,,

if2 <p<oo.
Before we show the case 2n(2n — 1) < p < 2, we need the following lemma.

LEMMA. Let g,(x,r) be the arbitrary functions defined on R" X R*. If
2n > p > 2 then
172
dr
r
p

=f

s"_lﬂ(i)gk(x - 2%r¢,

= (Do PYORY "’)

p
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Proof. As above, if p > 2, there exists a function k& in L(?/?'(R") such
that the left hand side of above equation equals

=0

J., 8(®)g(x — 248, r) do($)

1/2

2%h(x) dx)

Following the same procedure as above, it is easy to see the above formula is
dominated by

1/2
( [z [lguCe P JCx + 26 do(@) dr dx)

<<

where Mg (h) denotes the spherical maximal function. The lemma follows by
the fact that Mg(h) is bounded on L'(R") if r > n/(n — 1) (see [1], [3]). The
lemma is proved.

;fflgk(-,r)lz%

12
nMs(h)n(,,/z),) |
2

p/

Now we prove the case 2n/(2n — 1) < p < 2. By a duality argument, there
exist functions g,(x, r) defined on R" X R™ with || || |8l 2¢ar/mllellr <1
such that

InHl,= [, > ff [ R (Seasf )(x = 278) do(§) (. 1) & .

After changing variables and applying Holder’s inequality and the lemma, the
L?norm of T,(f) is dominated by |[(X;|S,.,f1>)'/?|,. Again, by the
Littlewood-Paley theorem, we have

(3) IT(H], < Cilfll,

if 2> p > 2n/(2n — 1). The case, S = 2, is proved by interpolating between
(1) and (3). On the other hand, it is clear that 7(f) is dominated by the
Spherical maximal function if S = 1.

To show that Tf is bounded on L?(R"), for 1 < § < 2, it suffices to show
that the operator

[Th.) [ 21~ r6) do(®) F

is bounded, where A(r, x) is an arbitrary measurable function and the L5-norm
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of h(-, x) is not bigger than 1 for every x. Therefore we may define a family of
operators,

7%(x) = ["I(r, x) "7 sign{h(r, x))
x [ 2(O)(x = rE) do(§) T

where a are complex numbers. It is clear that 7% = Tf if a = 2(1 — 1/8).
Then we have our theorem by interpolating between Re(a) = 0 (the bounded-
ness of the operator corresponds to S = 1) and Re(a) = 1 (the S = 2 case).

Remark. In [6], it was pointed out that when S = oo, there exists a

function f € L?, 1 < p < oo so that the maximal operator acting on f yields
an identically infinity function.
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