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BANACH LATTICES WITH PROPERTY (H) AND
WEAK HILBERT SPACES

BY

N.J. NieLsen! anD N. ToMCZAK-JAEGERMANN

Introduction

The notions of weak type 2 and weak cotype 2 were introduced and
studied by Milman and Pisier [10]. In [12] and [13] Pisier defined a weak
Hilbert space to be a Banach space, which is both of weak type 2 and
weak cotype 2 and developed an extensive theory of these spaces and weak
properties in general. In [12] he defined the so-called property (H) for
Banach spaces (which roughly says that for every normalized unconditional
basic sequence (x;) and for every integer n,||Z7_,x;|| behaves like Vn) and
proved that weak Hilbert spaces have this property; it was left as an open
problem whether property (H) is actually equivalent to the space in question
being a weak Hilbert space.

One of the major problems of the theory is the scarcity of known examples;
basically the only known weak Hilbert spaces are variations of the Tsirelson
construction (see e.g., [2]) and this raises the question whether every weak
Hilbert space has a basis.

In this paper we study the structure of unconditional sequences in Banach
spaces with property (H) and we give strong estimates of the tail behaviour
of such sequences. The estimates have the same order of magnitude as those
obtained for the unit vector basis of the 2-convexified Tsirelson space and its
dual. We then use these results to show that a Banach lattice has property
(H) if and only if it is a weak Hilbert space, thus solving the above question
of Pisier in the affirmative for Banach lattices. We also combine our esti-
mates with the results of W.B. Johnson [4] to investigate the structure of
subspaces of quotients of a Banach lattice with property (H). We show that
every such space has a basis and give estimates for the uniformity function of
the uniform approximation property. Again these estimates have the same
order of magnitude as in the Tsirelson case.
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346 N.J. NIELSEN AND N. TOMCZAK-JAEGERMAN

We now wish to discuss the arrangement and contents of this paper in
greater detail.

In Section 1 we study property (H) for unconditional sums of Banach
spaces. In particular we discuss a quantitative finite dimensional version of an
interesting method, due to W.B. Johnson and presented in [12] and [13],
which often can be used in the study of weak Hilbert spaces and other weak
and asymptotic properties. Some related applications can be found in [5]. The
main result of the section states that if we have a “long” unconditional direct
sum of subspaces of equal finite dimension in a Banach space with property
(H), then at least one of the subspaces is close to a Hilbert space. This result
will be used heavily to obtain our main results.

Section 2 is devoted to the construction of subsymmetric and unconditional
direct sums from a direct sum of copies of a given Banach space. Construc-
tions of this kind are typically done using Ramsey’s theorem, following the
Brunel-Sucheston approach. However, while standard arguments are mostly
concerned with infinite sequences of vectors, we require here quantitative
results on finite direct sums of copies of a fixed finite dimensional space. Qur
proofs are closely modelled on those of [11], Section 11. However, to keep
track of all the integer functions involved, we present short arguments which
refer directly to Ramsey’s theorem.

Section 3 contains the main results of the paper, namely the investigation
of the structure of unconditional basis sequences in Banach spaces with
property (H), as described above. In section 4 we prove the characterization
of Banach lattices with property (H). We also combine the results of Section
3 with [4] to obtain the results on bases and the uniform approximation
property of subspaces of quotients of Banach lattices with property (H).

Section 5 contains some additional properties of spaces with property (H)
and some open problems.

The authors are deeply grateful to Professor W.B. Johnson for many
discussions on the results of this paper and for his suggestions.

The first named author wishes to thank Professor B. Toft for discussions
on estimates of the Ramsey functions.

0. Notation and terminology

In this paper we shall use the notation and terminology commonly used in
Banach space theory as it appears in [8], [9], [11], [13] and [15].

Let G = {—1,1}", let m denote the normalized Haar measure on G and
define the sequence (r,) of Rademacher functions on G by r,(¢) = &(n) for
alle € G and all n € N.

Let X be a Banach space. By Rad(X) we denote the closed linear span of
{r, ®x;li € N, x; € X} in L,(m, X), while if n € N, then Rad,(X) denotes
the closed linear span of {r; ® x;|]1 <i <n, x; € X} in L,(m, X).
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If E and F are isomorphic Banach spaces, we let d(E, F) denote the
Banach—Mazur distance between E and F and if F is a Hilbert space, we
put d(E) = d(E, F).

One of the fundamental notions of this paper is that of a weak Hilbert
space. For our purpose the following definition will be convenient.

0.1 DerFINITION. A Banach space X is said to be a weak Hilbert space if
there exist 6 > 0 and C = 1 such that for every finite-dimensional subspace E
of X there exist a subspace F C E and a projection P: X — F such that
dim F > 6dim E, d(F) < C and ||P]| < C.

The definition is not the original one but is chosen out of many equivalent
characterizations proved by Pisier (cf. [12]).

Another notion which is basic for our investigations is the property (H),
also introduced in [12].

0.2 DerFINITION. A Banach space X is said to have property (H) if for every
A > 1 there is c()A) so that for every n € N, whenever {u,,u,,...,u,} CXisa
A-unconditional normalized basic sequence, then

(1) c(A) ' < <c(M)Vn.

n
Z U;
j=1

The smallest ¢(A) which satisfies (1) is denoted by k x(A), or by k(A) if no
ambiguity can occur. The constant k(1) is called the property (H) constant
of X and it is also denoted by «k(X).

It was proved in [12] that weak Hilbert spaces have property (H). In
general it is not known whether these two notions are equivalent, but as
mentioned in the introduction, one of the main results of this paper is that
they are indeed equivalent for Banach lattices.

A basis (x;) in an n-dimensional Banach space X is said to be C-equiv-
alent to the unit vector basis in /5 if for any sequence (¢,)7_; of scalars one
has

n

Y 1x;

j=1

n 12
C‘l( }:Itjlz) <

j=1

. 172
< C( r ltjlz) .

j=1

If A is a subset of a Banach space X, then [A4] will denote the closed
linear span of A.

Throughout the paper, the function log denotes the logarithm with base 2,
and exp, x = a*, for a > 1 (in most cases, a = 2). If ff R—>Rand m €N
then fU™ denotes the m-th iteration of the function f. Finally, if 4 is a set,
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then |A| stands for the cardinality of A, and if ¢ € R, [¢] denotes the integer
part of ¢.

1. Property (H) for unconditional sums of Banach spaces

As mentioned in the introduction, in this and the next section we shall
discuss a quantitative finite dimensional version of a method due to W.B.
Johnson, but recorded (and, according to Johnson, amplified) by G. Pisier in
[12] and [13]. This approach has many applications to problems concerning
property (H) and weak Hilbert spaces. It is based on an investigation of
Schauder decompositions and unconditional direct sums of Banach spaces.

In this section we consider a Banach space which is a A-unconditional
direct sum of given subspaces E;. This means that every vector x is of the
form x = L,x; with x; € E; (i = 1,2,...) and that ||Z; £ x;|| < Allx|l. The
main result which is a finite-dimensional version of [12] Theorem 4.4 and [13]
Theorem 14.3 states.

1.1 THEOREM. Let X be a Banach space with property (H), which is a
A-unconditional direct sum of subspaces E;, 1 <i < k such that dim(E,;) =
m <o forall 1 <i<k. If mm+*A+16m" <k then there is a j,, 1 <j, <k,
and a K so that d(E, ) < K. Moreover, one can take

4
K = CA%(A)*k(CA%(1)%)
where C > 1 is a universal constant.

The proof follows the line of the original argument although it requires
several modifications which we indicate below.

The next proposition is a finite dimensional version of [12] Proposition 4.3.

1.2 ProrosiTION. Let X be an n-dimensional Banach space. There is a
universal constant C > 1 such that d(X) < Cx(Rad (X))*.

Proof. To simplify the notation set k = x(Rad,(X)). From the definition
of property (H) we have

m 5 172
(1) (k)" ym < (fG Y ri(t)x; dm(t)) <kim
=1
for all {x,, x,,...,x,} € X, with |lx;|| =1 for 1 <j <m, and for all 1 <

m < n.



BANACH LATTICES WITH PROPERTY (#) 349

The right hand side inequality, combined with the results of Tomczak [14]
and Bourgain, Kalton and Tzafriri [1] Theorem 3.1, shows that there is a
universal constant c¢; so that T,(X) < c¢;k, where T,(X) is the type 2
constant of X.

From Konig and Tzafriri [7], if ¢ = 2 + 256(c,k)* then C(X) < 2 where
C(X) is the cotype g constant of X. Applying [14] and [1] again and the left
hand side of (1), together with known quantitative inequalities between
Gaussian and Rademacher averages (for example, see [11] Appendix 2 or [15]
Theorem 25.1), we have the existence of universal constants ¢, and ¢, so that
C(X) < cz\/cy Kk < ¢k Using a classical result of Kwapien (for example,
see [15] Theorem 13.15) we get the required estimate

d(X) < T,(X)Cy(X) < Cx* =K. [

The following lemma is familiar to specialists in the field. Its proof is a
straightforward modification of the known argument for compactness of the
Minkowski compactum of all n-dimensional Banach spaces (for example, see
[15] p. 278) and will be omitted.

1.3 LemMa. Let m € N and N(m) = m+1", There exists a family
F={E;||1 <j < N(m)} of m-dimensional Banach spaces so that if E is an
arbitrary m-dimensional Banach space, then there is a j,, 1 < j, < N(m) with
d(E, Efo) <4.

Proof of Theorem 1.1. Let N = N(m) be defined as in Lemma 1.3. This
lemma then implies that there is a subset I c {1,2,..., k} of cardinality at
least kN~ so that d(E,, E;}) <16 forall i,j € I.

Consider the subspace Z = ¥;.; ® E; C X, which clearly forms a A-
unconditional direct sum; moreover, |I| > 2™. We will show that if i, € [
then Rad,(E,) is CA%k(A)%-isomorphic to a subspace of Z. So it has
property (H ) with the constant x(Rad,(E,;)) < CA%k(A)%k ,(CA%k(A)?). Since
k(Z) < k(X), an application of Proposmon 1.2 will conclude the proof of the
theorem with K = (CA%k(A)*k(CA%k(1)?))*.

Assume for simplicity that I ={1,...,|I|} and let us describe some
details of the construction of an isomorphism T of Rad,(E,) into Z with
ITINT=Y < CA*k(A)?, where C is a universal constant.

Since Z has property (H) with the constant «(A), it follows from [12]
formula (4.3) that

M AT @ <) Zex] < a1

for all m € N, all A-unconditional normalized sequences {x,, x,,..., X,,} € X
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and all (¢)72, € R™. (Here || - ll» and || - ll,,; denote the norms in the
Lorentz sequence spaces [, ,, and [, ; respectively.)
Let now £, &,, ..., £, be an enumeration of the elements of {—1, 1}"* and

choose isomorphisms T, of E; onto E; with |T}|| < 16, |IT7"]l = 1 for all
1 <i < |I|. Define T: Rad,,(E,) = Z by

2) T( in: r; ®xj) =2"m/2 § ( % rj(s,.)Tixj)
j=1 i=1\j=1

for all X7 r; ® x; € Rad,,(E,).
Formulas (1) and (2) give

m
-1
(3) (Ac(Q) T X ®x
j=1 L2, cm, Ey)
m 2"
= ()‘K(A))_lz_m/z ( er(si)xj )
j=1 i=1llL2,
m
< T( M r; ® xj)
j=1
m 2"
< Ak(A)27m/2 ( Y ri(e)Tix;
j=1 i=1lll5,
m
<16Ak(A)| X r; ® x;
j=1 L1, Ep)

By the classical result of Kahane (for example, see [11] Appendix 3, [15]
(4.7)), there is a universal constant C' so that the L, - and L, ,-norms are
C’-equivalent on Rad(E,). Together with (3) this gives that

(4) ITIIT M < CA%(Q)?,

with C = 16C’. This completes the proof of the theorem. |

2. Subsymmetric and unconditional direct sums of Banach spaces

In this section we shall discuss how to construct subsymmetric and uncon-
ditional direct sums from a given “long” direct sum of copies of a given
Banach space E. We shall only consider finite direct sums; the case of infinite
sums was treated in Pisier [12], Section 3.
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Let (E,|l - llg) be a Banch space and let N € N. Let EV denote the
product on N copies of E. Let || - || be a norm on E¥ for which there are
numbers a > 0 and b > 0, so that for all x = (x(1), x(2),..., x(N)) € EV
we have

N
(a) asupllx(n)lie < llxll <b ) llx(n)lle.

n<N n=1

Then (EV, || - ||) is called a direct sum of N copies of E.

If n < N we shall identify E” with the subspace of E" consisting of those
x € E" for which x(j) = 0for n <j < N.

If n <Nand x € E" and (i), c{1,2,..., N} with i, <i, < -+ <i
then the element x(i, i,,...,i,) € EV is defined by

n’

x(j) fork=i,1<j<n,

x(i, 0,05 0,) (k) = {

0 otherwise.
If A >1 then (EM | - |) is called a A-subsymmetric direct sum, if for all
n <N, all x€E" and all (i)}_, c{1,2,...,N}, i; <i, < -+ <i,, we
have
(b) (i, igseeesi)ll < Allxll.
(EN, || - 1) is called A-unconditional provided that for every ¢ € {—1, 1}V
and every x € EV,
(¢) I(e()x)HI < Allxll.

An infinite direct sum of copies of E is defined in a similar manner;
indeed, consider a norm on the space E™ of all finitely supported sequences
satisfying (a) and define the infinite direct sum to be the completion of E®™
in that norm. Subsymmetricity and unconditionality are defined by (b),
respectively (c).

If A is aset and k € N we shall let A1 denote the set of all subsets of 4
with k elements.

We shall use the finite version of Ramsey’s theorem as follows (for
example, see [3] Section 11.2, [11] Theorem 11.2).

2.1 THEOREM. For all k,n,m € N there is an N € N, N = R(k, n, m) so
that if

f{1,2,...,N}*¥' 5 (1,2,..., m}

then there is an M C{1,2,...,N} with |M| =n such that f(M'¥)) is a
singleton.
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Estimates of the function R can be found in [3]. For convenience of the
notation let exp,(x) = 2*. One has [3, pp. 90-91]

R(k,1,2) < exp$((k — 1)U).
Moreover, a simple combinatorial argument yields
R(k,l,m) < RY™(k,1,2).
Thus,
(d) R(k,1,m) < exp$™((k — 1)!).

2.2 THEOREM. For all d and n € N there is N = N(d,n) € N with the
following property. Whenever E is a d-dimensional Banach space and (E™, || - |))
is a direct sum, then there is a subset A c {1,2,..., N} with |A| = n, so that
(E4 | - D) is a 3-subsymmetric direct sum. The function N can be taken as

N = exp$)(n), where s = (3n)*".

Proof. For simplicity we shall assume that @ = b = 1 in (a). By induction

we shall construct subsets {1,2,...,N} = A4, 2A4,,..., A, 2 - so that for
every x € E4» and 1 <r < m, and for any (i,);_, €A, (i )i, S A4,, with
i <i, <+ <i, j; <j,< --- <j, we have

(1) lx(irsizse-esi) | <3 x(igs das -5 0 Il

We shall continue the process as long as
(2) |4,,| = m.

If we can ensure, by a suitable choice of N, that the integer n satisfies (2),
then any subset 4 of A4, with |4| = n will satisfy the requirements of the
theorem.

Assume that A4, 4,,..., 4,,_, have been constructed so that (1) and (2)
hold. To construct A,, we proceed as follows.

Let x € E4=-1, x # 0 be a fixed element supported on m coordinates
of E4=-1, Divide the interval [||x|l«, llx|l;] into at most m disjoint inter-
vals of length at most ||x|l.. (Here |Ix|le= maxjeAm_1||x(j)l|, x|l =
Yica,_llx(DI.) Define f: Al™ - — {1,2,..., m} to be the function which to
each (iy), i; <i, < *++ <i, assigns the number of the interval to which
llx(iy, iy, ...,i,)|l belongs. By Ramsey’s theorem there is a subset M, C A4,,_,
such that all |lx(i,,i,,...,i,)|l belong to the same interval for (i,) € M,.
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Hence if (i) c M, (j,) c M, iy < -+ <i,, j; < -+ <j,, we obtain

(3) ||x(i1,i2,...,im)|| < ”x“oo + “x(jlyjz,""jm)”
< 2”x(j17j2,'~"jm)“’

For this to be possible we need, by Ramsey, that

(4) |4,,_1| = R(m, IM,|, m).

Let .#” be an (1/m)-net of the unit sphere of E of cardinality at most
r,, = (1 + 2m)?. (The existence of such a net is well known, e.g., see [11],
Lemma 2.6.) We now repeat the above construction for every x of the form
considered, the coordinates of which are in .#. That is, we have to repeat it
7 =r)} times to get subset A,,_; 2M; 2 -+ 2M;=A,, An easy approxi-
mation argument shows that A4,, has the property

(5) V(lk)’(]k) g‘4m’ il < < im’jl < e <jm

Vx (S EA'""IZ ||x(i1,i2,...,im|| < 3||x(j1,j2""’jm”-
Moreover, by (4),
(6) |4,,_,| = R(m, |A4,,|,m).

To complete the proof we have to estimate the number N. By (6) and (d) it
follows that the required condition |4,| > n is ensured by

|4,_,| = R'(n,n,n) < exp§**(n!) < expy**+2(n).
By iteration we get
N < exp$(n)
where s = L7231 + 2k)*k? + 2) < (3n)?. ]

Theorem 2.2 can be used to construct unconditional direct sums. First we
need some more notation, stemming from [12].

Let E be a Banach space, n € N and (EV, || - ||) a A-subsymmetric direct
sum, where N iseven. If x € E let £ = (—x,x) € E%,andfor 1 <n < N/2
define S, (x) € EV by

S,(x)=%12n —-1,2n) =(0,0,..., —x,x,0,0,...),

where the non-zero coordinates are on the (2n — 1)-th and 2n-th place.
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Denote S,(E) by E. We can now prove:
2.3 ProrosITioN. Let n € N, let N = n(n + 3) and let (EV,|| - ||) be a
A-subsymmetric sum. Then {L7_ S, (x )1 <k <n, x, €E} is a (\*+

2xa~'b)-unconditional sum of n copies of E. Moreover, d(E, E) < 2a™'b.

Proof. We will show thatif A c B c{1,2,...,n} and x,x,,...,x, €E
then

To prove (1) define a sequence {c;};c 5 of subsets of {1,2,..., N} such that:

Y Si(x)

i€A

(1) 2 Si(x;)

i€B

‘ < (M +2xa7'b)

(2) i <i' = max 0; < min o;.
3) If i € A then |o;| = 2, say o; = {j(i,1),)(i,2)}.
(4) Ifie B\Athenlo,l =n+1,

say o; = {j(i,1),i(i,2),...,j(i,n + 1}.

Note that to find subsets with these properties we need at least N = n(n + 3)
terms in the direct sum.
By the A-subsymmetricity of (E¥, || - ||) we get for every 1 <k <n

9 | TaGEDIG2) + T EGGR. Gk D)
ieA ieB\A
<Al X Si(x) ‘
i€B

Averaging (5) over all 1 < k < n we obtain

(6)

L5 (G 10,06:2) + 5 £ 80+ )|

ieA ieB\A4

2 Si(x;) I

i€EB

<A
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Therefore
) | T sinf <A £ 20 0.56.2) |
i€eA i€A
<X X S;x; )y Si(x)(i(i,n), j(i,n + 1))“
i€eB ieB\A
< W Tsx ]+ 222 %
i€B i€B\A
<A Y Six;|| + 2Abat| Y S,.x,-"
i€eB i€B

= (N> +2Aba™t)

Z S;x;

i€B

1t is clear that d(E, E ) < 2a~'b and that the considered subspace is a direct
sum of n copies of E. [ |

Combining Theorem 2.2 with Proposition 2.3 we obtain the following
corollary which is one of the basic tools used in this paper.

2.4 CorROLLARY. For all d and n € N there is N = N(d, n) € N with the
following property. Whenever E is a d-dimensional Banach space and (EV,|| - ||)
is a direct sum, then there is a subspace of (EV,|| - |) which is a (9 + 3a™'b)-
unconditional direct sum of n copies of a space E such that d(E, E) < 2a™'b.
The function N can be chosen to satisfy N < exp$)(n(n + 3)), where s = (3n)".

3. Unconditional bases and property (H); main estimates

We are ready now to pass to the main results of this paper concerning
quantitative behaviour of unconditional bases and blocks of these in Banach
spaces with property (H). It turns out that in this general case the obtained
estimates coincide with the known theorems on the unit vector basis in the
2-convexified Tsirelson space [2].

We begin with some observations which are the starting points for all
further constructions. The first lemma is well known.

3.1 Lemma. Let E and F be m-dimensional Banach spaces with normalized
1-unconditional bases (x;)]*,, respectively (y;)iL,. If T: E — F is the linear
map defined by Tx; = y; for all 1 < j < m, then there exists an x € E such that

@ 1< lxll <3, 0TIl < I7xll < 3IT1);

(i) x belongs to the span of at most [log m] + 2 mutually disjoint blocks of

the x ;s with constant coefficients.
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Proof. Pick y € E with |ly|l = 1 such that (|Ty|| = |T]| and write y =
L7 t;x;. By unconditionality we may assume that ¢; > 0 for all 1 <i <m.
For 1 <j < k = [log m] + 1 define the level sets

(1) E;={ieN27 <1, <270-Y)
k
(2) Eeo=1{12,....m} \ UE,.
j=1

It is easy to see that

k

e 1
3) x= Y20 Y x4 = Ty,
j=1 i€E; =
satisfies the requirements of the lemma. |

Repeating the lemma several times we get the following corollary. In its
statement we denote by ¢: N — N the function defined by ¢(n) = [log n] + 2
for all n € N.

3.2 LemMA. Let E and F be n-dimensional Banach spaces with 1-uncondi-
tional normalized bases (x,)}_,, respectively (j;)j_, and let T: E — F be the
linear map defined by Tx; =y, for all 1 <j < n. For every m € N there exist
normalized block basic sequences {f;|1 <j < Y (n)} of (x;) and {z;|1 <j <
Y™ (n)} of (y) so that if T,: [f;]1 > [z,] is the linear map defined by
T,f; =z forall 1 <j < ¢ (n) then

(i) (Be(E)x(F)) "ITI < 1T, < («(E)x(F))"ITI
where k(E) and «x(F) are the property (H) constants of E and F respectively.

Proof. Let (E))!? be as in the proof of Lemma 3.1. Put u; = L, g X,
v; = L;cgY; for all 1 <j < ¢(n). Observe that

(1) (e(EYe(F)) ™" < llulllioll ™" < k(E)k(F) foralll <j < y(n).

Let f; =u;/llu;ll, z; = v;/llvll forall 1 <j < ¥(n) Gf E,=Jset f,=z =
0). Define the linear map Ty: [f;] = [z;1 by T\(f;) = z; for all 1 <j < y(n).
By (1) we get

(2) (x(E)x(F)) 'ITull < IT,ull < x(E)x(F)ITull forall u € [f].
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By Lemma 3.1 this implies

(3) (Bx(E)k(F)) 'ITI < ITy] < k(E)k(F)ITI.

Applying Lemma 3.1 once more we find a subspace Y, € E spanned by
@(n) blocks of (f;) with constant coefficients, so that 7, attains its norm up
to the constant 3 on Y, and we proceed with an obvious induction. [ |

The following technical definitions are fundamental.in this section.

3.3 DeriNiTION. Let X be a Banach space with an unconditional basis
(x)jc;andlet K> 1, m € N.
6 (x ) is called (m, K)-Euclidean, if for every subset A C J with |A| < m,
(x, i 4 is K-equivalent to the unit vector basis of I5".
(ii) Let n € N; (x;) is said to have property E(n,m, K ), if there is a set
IcJ, Il =n, so that {x;lj € J\ I} is (m, K)-Euclidean.

3.4 DeFiNiTION.  Let (x;) be a 1-unconditional basis for a Banach space X.
We shall say that X has property (H) for blocks of the basis, if the conditions of
Definition 0.4 are satisfied for A = 1 and all block basic sequences (u;) of (x;).

If (x;) is a normalized 1-unconditional basis for a Banach space X and
X € X has the form x = ¥.t,x, then we shall write ||x|l, = (Z,|¢,/)'/2.

Our main aim in this sectlon is to prove, in Theorem 3.11 below, that if a
Banach space X has property (H) and (x j) is a 1-unconditional basis in X,
then for a suitable K and every n € N, (x,) has E(n, m(n), K), where m(-)
is a fast growing function of n and K depending only on the property (H)
constant. The proof of this fact is done in several steps which consist of
improving estimates for m(-) using blocking procedures.

Let us describe the first one. It requires the following lemma.

3.5 LemMA. Let X be a Banach space with a 1-unconditional normalized
basis (x;) satisfying property (H) for blocks of the basis with constant k.

Let (u)), be disjointly supported finite blocks of (x;), say u; = L; ¢, t;X;
for 1 <i < m. Assume that there is a K > 1 so that {x; | j € a}is K-equwalent
to the unit vector basis of IS for all 1 < i <m. Let a = max, max, ., |t;| and

B = min,||lu;|l,. There exists a universal constant C > 1 such that

(CKk(a +B)B™Y) " iu, < %u, < CKk(a + B)B
i=1 i=1

m
T X
i=1

Proof. Our assumptions imply

€)) K Yulla < llu,ll < Kllu,ll, foralll <i <m.
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We shall define a blocking of Y. u; as follows: Let 8, C oy be a set of
smallest cardinality such that

1/2
(2) B < ( P tf) .
j€d;
If we let z; = X, 5 t;x;, then from the minimality of 8, we get
(3) B < lizyll2 < ( + B).

Continuing in this manner we construct mutually disjoint subsets
8y, 82,...,0, of oy so thatif we let &7 = o\ U7L,§,, then

1/2
(4 ﬂS(thj|2) <(a+B) l<r<n,
S
and
1/2
(5) ( Y |tj|2) <B.
jed

Now let 6 be a subset of o, of smallest cardinality so that
1/2
( YilP+ X ltjlz) > B.
jEd jEd

Set 8, .1 = & U 8] and continue as before. In this way we construct mutually
disjoint subsets 8,, 1 <r < n,,, such that if z, = ¥, _;;x;, then

P
(6) B < llz,llz < (a + B)
and if 6;, = 0,,\ U}z, .6, and z, = ¥, t;x;, then
(N lizoll2 < B.
This clearly implies that if r, # r, # 0 then
®) 2,1, < (@ + B)Bl12,I,:

From the construction it follows that each §, intersects at most two ¢;’s;
therefore by (1),

9) (\/_Z_K)_lllzrllz < llz,Il < V2Klliz,ll, forall0 <r<n,,.
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If « denotes the property (H) constant, then by (8) and (9)

(10) (V2Kx(a +B)B"")""

er

r>0

er

r>0

<
2

<V2Kk(a +B)B7'| X 2,

r>0

2

Let u = 7 ,u,. It follows from (1) and (10) that

(11 Null < llzoll +{| ¥ 2z, || < Kllzoll, + V2Kx(a + B)B ™!

er

r>0 r>0 2
<K@+ V2k(a + B)B Hlull..
Similarly,
(12) lull 2| ¥ z,| > (V2Kk(a +8)B") | L 2,
r>0 r>0 2
> (2VZKx(a + B)BY) lulls,
completing the proof. [ |

3.6 ProprosITION. Let X be a Banach space with a 1-unconditional normal-
ized basis (x;) satisfying property (H) for blocks of the basis (with constant ).
Let m € N and K > 1 and assume that (x;) is (m, K)-Euclidean.

Let (u){L, be disjointly supported finite blocks of (x)), say u; = X, t;X;
for 1 <i <m. Assume that {x;|j € o;} is K-equivalent to the unit vector basis
of I¥ for all 1 <i < m. There exists a universal constant C > 1 such that

(CKk)™! <

2

< CKk

2

m
Z”i
i=1

m
Zui
i=1

m
Z“i
i=1

Proof. Put u = X" u,; without loss of generality we may assume that
llullz = 1. Let J; = {jlIt;l = m™'/?}, J, = U 0;\J; and define

M zy= Y, tx;, v;= 3, tx; foralll <i<m,
jen j€o;nJ,
. 1 ) 1
) I = \illlollz < m s Iy ={illlvlly = W

(3) Z, = Z Ui, Z3= > ;-

iel, iel,
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Clearly u=1z +2z,+z; Since (x;) is (m, K)-Euclidean and |J,| <
m”21”2 < m, we have

©) K=zl < llzyll < Klizyll.
Further,
(5) K Y2 < ol <Kllv,ll, foralll <i <m.

The norm of z, is estimated by Lemma 3.5, with 8 =1/2m'/? and a =
1/m!/2, It follows that there is a universal constant C > 1 so that

(6) (CKx) “Yiz,ll2 < llz,ll < CKkllz, 5.
By the definition of zj,
lizsll, < m'2/2m'? < 1/2.

Moreover, by (5) and property (H) we get

L v/l

i€l

(7 llz5ll < max|ivl
1

‘ < (K/2mY*)kym = Kk /2.

By (4), (6) and (7) we get

(8) Mlull < lizyll + llz,ll + llz5ll < CKk(llzllz + liz,ll, + 1) < 3CKk

and
1/2
(9) lull = maxfliz,ll, llz,/l} = \/— (CKr) "' (llz, 113 + llz,113)
1 . 112 .
= \/—Z_(CKK) (1 - Z) > (ZCKK)
This proves the result. u

As an immediate consequence we get the following blocking principle.

3.7 CoroLLARY. Let X be a Banach space with a 1-unconditional normal-
ized basis (x;) satisfying property (H) for blocks of the basis (with constant ).
If there is an n € N and K > 1 so that (x;) is (n, K)-Euclidean, then (x;) is
(n?, K)-Euclidean as well, where K = CKk and C > 1 is a universal constant
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Proof. Let JCN, |J| =n? and fix x = L, ,t;x; with Zjejltj|2= 1.
Consider any partition of J into n mutually disjoint subsets o;, i = 1,2,...,n

with |o;| = n and define

(1) u= 3 tx;.

j€a;

It is readily verified that (u;) satisfies the conditions of Proposition 3.6 and
hence there is a universal constant C > 1 so that

(2) (CKx) ™' <|| X ¢,

jeJ

< CKk. ]

If X has (H) and A > 1, we put «*(A) = k(CA?k(X)?) and k*(X) =
k(Ck(X)?), where C is the constant from Theorem 1.1.

The next proposition gives our first estimate of the function m(-) men-
tioned earlier in this section.

3.8 ProrosITION. Let X be a Banach space with property (H). There is a
constant K > 1 such that whenever (xj)j"i » 1 <M <o, is a normalized
unconditional basis for X, then (x;) has E(n,n,K) for all 1 <n <M.
Moreover, K < Ck*(X)V, where C > 1 is a universal constant.

Proof. Let us first show that there is a constant K, such that property
E(n?,n, K,) holds for all 1 <n < M. Fix K’ to be defined later and assume
that for some n, E(n? n, K') does not hold. By induction we can then
construct n disjointly supported subspaces E;, each spanned by n vectors of
the basis (x;) not K'-equivalent to the unit vector basis of 7.

Let m € N be chosen independently of n, so that

(1) exp, (v (n))N(y™) <n

where N(-) is the function defined in Lemma 1.3 (note that m = 4 will do).
By Lemma 3.2 we can for each 1 <i < n find a ¢ (n)-dimensional sub-
space F; C E,, spanned by a normalized 1-unconditional basis (a block basis
of (x;)), which is not K'(3x)™"-equivalent to the unit vector basis of 12“’('")("),
where k is the property (H) constant of X.

Since the F;s form a 1-unconditional direct sum, we get from (1) and
Theorem 1.1 that there exist K, < C,;x*(X)'?,C, a universal constant, and
an iy, 1 <i, < n, so that d(F, ) < K,. It is well known and easy to see that
this implies that every normalized 1-unconditional basis of F,-o is K,-equiv-
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alent to the unit vector basis of 13("')(”). Hence, by the choice of the F;’s
K'(3k) " < K,.

We can therefore conclude that whenever K, > 3"Ck*(X)"*12 >
81C,k*(X)'® then (x) has E(n? n, K,) for every n. Corollary 3.7 and an
easy calculation now show that there is a universal constant C > 1 such that
(x;) has E(n, n, K) for all n and all K > Ck*(X)". ]

The second blocking procedure is performed for a specific ordering of an
unconditional basis with the intention of improving the tail behaviour of the
basis. To be more specific let us introduce the following definition which is a
modification of Definition 3.3.

3.9 DerFiNiTION.  Let X be a Banach space with an unconditional basis (x j).
Let K> 1 and let n,m € N. We say that (x;) has E(n,m,K) provided
[x;lj = n + 1] is (m, K)-Euclidean.

We also require a certain fast growing hierarchy of functions on N U {0}
defined as follows. Given a non-decreasing function ®;, on N such that
lim, _,, ®(n)/n = =, define, for j > 1,

(%) ®,(0) =1 and ®;(n) = PP (n) forneN.

That is, for n € N, ®;(n) is the ®;_ (n)-th iteration of the ®;_,.
The next result provides a general inductive tail blocking procedure.

3.10 ProrosiTioN. Let X be a Banach space with a 1-unconditional nor-
malized basis (x;) satisfying property (H) for blocks of the basis (with the
constant k). Let ®, be a non-decreasing function on N such that
lim, ,,®(n)/n = and let K be a constant. Assume that (x;) has
E(n,®y(n), K) for all n € N. Then for every v € N,(x;) has E(n, ®(n),K,)
for all n € N. Here K, = K(Ck)", where k is the property constant (H) and
C = 1 is a universal constant.

Proof. We proceed by induction on v. For » = 0 the statement is obvi-
ously satisfied.

Let » > 1 and assume that for some constant K, ;, (x;) has
E(n,®,_(n),K,_) forall n € N.Fix n € Nand let I c {j € N|j > n} with
Il < ®,(n). Let x = T,_,t,x,, with T, _,|t,|* = 1. Define a partition of I
into mutually disjoint sets (o;);_, as follows: o consists of the first ®,_,(n)
elements of [; if j > 1 and if 0y, 05,...,0; are chosen then let g;, ; consist
of the first ®Y*(n) elements of I\ U !_,0;, whenever the cardinality of the
latter set is larger than or equal to ®Y* (), otherwise set a;,, = I\ U/_,0;,
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if this set is non-empty. Continue this process as long as possible to exhaust
all of I.

It is clear from the definition of ®, that the above construction ends after
at most s = ®,_,(n) steps. Also, for all 1 <i <s, we have |o;| < &2 (n)
and g; 07 (n), [. Therefore, by the inductive hypothesis, {x,]j € o;} is
K, _,-equivalent to the unit vector basis of I}l

Set

(D w;= ), t;x; 1<i<s.

j€o;

Since (x,);c; is (®,_(n), K, _,)-Euclidean the blocks (u,);_; satisfy the
assumptions of Proposition 3.6. Therefore there is a universal constant C > 1
such that

S
Z“i

i=1

(2) (CK, 1) <

Yt

iel

< CK, _k.

This shows that (x;) has E,(n, ®,(n), K,) with K, = CK,_,«. By induction
this completes the proof. |

We are now ready for the main theorem on the tail behaviour of uncondi-
tional bases in spaces with property (H). The fast growing functions ¢, which
control this behaviour are defined, for » € N, by

(**) ¢,(0)=1 and ¢uo(n)=n% ¢, (n)=3®,(n) forneN.
(Here the functions ®, are defined by (*), with ®, = ¢,.)

3.11 THEOREM. Let X be a Banach space with property (H) and let (x;) be
a normalized 1-unconditional basis for X. There is a permutation 7w of N, so
that for every v € N, there is a constant K, so that (x ;) has E(n, ¢,(n), K,)
for all n € N. Moreover, K, < C*',k*(X)"*', where C > 1 is a universal
constant.

Proof. From Corollary 3.7 and Proposition 3.8 it follows that there is a
universal constant C, so that (xj) has E(n,n* K) for all n € N with
K = C;x*(X)*. For each n € N choose J, € N so that |/,| <n and that
(x)); ¢, is (n*, K)-Euclidean and set I, = U7_,J;. Since |1,| < n? it follows
that if = is a permutation with =(I,) = {1,2,...,|[,|} for all n € N then
(%)) has E/(n? n* K) for all n € N. Proposition 3.10 now gives the
existence of a universal constant C, so that (x_ ;) has E/(n, ¢,(n), K,) for
all n € N, v € Nwith K, = CXKk(X)” < C,C3k*(X)" 1. =



364 N.J. NIELSEN AND N. TOMCZAK-JAEGERMAN
4. Applications for subspaces of lattices with property (H)

Here we shall apply the tail theorems from the previous section to
investigate some quantitative structure of subspaces of Banach lattices with
property (H). We get the results on the dimension of their Euclidean
sections, in particular on the weak Hilbert space property, on the existence of
bases and on the uniform approximation property.

It was discovered by W.B. Johnson that the results of Section 3 imply the
following proposition which we present here with his permission.

4.1 ProroSITION.  Let X be an order complete Banach lattice property (H),
let E € X be an n-dimensional subspace and let v € N. There exists a subspace
F C E of dimension k, where ¢,(k) > n*", and K, > 1 such that d(E) <
K,d(F). One has K, = C*k*(X)®%2" where C > 1 is a universal constant.

Proof. From the order completeness of X it follows that there exist
mutually disjoint normalized elements x;, x,,..., x,2« € X and an operator
T: E - [x;/1 <i <n?] =G such that

(1) ITx - xll < glixll forall x € E.

Since (x;) is a 1-unconditional basis for G, we get from Theorem 3.11 that
(x,) has E(k,¢,(k),K), where K = C{’K*(X)”*" and C, is a universal
constant. We may assume that the x,’s are enumerated so that {x;lk+1<
i < n®} is K-equivalent to the unit vector basis of 17"~k Put

(2) G, = [xlk+1<i<n®|; F =T YT(E)NG,).

G, is clearly 1-complemented in G and T(E) N G, is K-complemented in
G; hence by (1), F; is 3K-complemented in E. Let P be a projection of E
onto F, with ||P|| < 3K and put F = P~(0). Clearly dim F < k and E =
FoF,.

Since d(F,) < 3K, an easy calculation shows that

(3) d(E) < 6K(3K + 1)d(F). m
As an immediate consequence of Proposition 4.1 we obtain:

4.2 THEOREM. Let X be a Banach lattice with property (H).

For every v € N there is K, > 1 such that for every finite dimensional
subspace E C X there exist a subspace Y C E with ¢ (dim E — dimY) =
(dim E)?%™E gnd a projection P of E onto Y such that d(F) <K, and
Pl < K,. One had K, = C*k*(X)*®%2" where C > 1 is a universal constant.

In particular X is a weak Hilbert space.
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Proof. Without loss of generality we can assume that X is order com-
plete. Indeed, X ** is order complete and by the principle of local reflexivity
[8], X ** is finitely representable in X, which implies that it has property (H)
with the same constant. Now let » € N and let E € X be finite dimensional,
say dim E = n. Let K, be as in Lemma 4.1 and let Y = F, be the subspace
constructed in the proof of that lemma. Then it follows that Y has the
required properties.

Theorem 2.7 of [12] now gives that X is a weak Hilbert space. [ |

Remark. For an arbitrary Banach space X to be weak Hilbert requires,
according to the definition, that given an xn-dimensional subspace E of X,
the dimension of a “nice” subspace Y C E is proportional to n. The theorem
above shows that for a weak Hilbert Banach lattice a much stronger fact is
true: the dimension of a Hilbertian nicely complemented subspace Y C E is
“extremely large” with the same estimate as in the case of the 2-convexified
Tsirelson space and its dual.

Since by the classical John’s estimate (for example, see [15] Proposition
9.12), any k-dimensional space F satisfies d(F) < vk, Proposition 4.1 also
immediately implies the following.

4.3 THEOREM. Let X be a Banach lattice with property (H).

For every v € N there is K, > 1 such that if E C X is an n-dimensional
subspace then d(E) < K Vk , where the integer k satisfies ¢,(k) > n*". One has
Kk, = C’'k*(X)*®*+2 where C > 1 is a universal constant.

Recall that a Banach space X is said to have local unconditional structure
(l.u.s.t), if there exists a A > 1 so that every finite dimensional subspace
E c X is contained in a finite dimensional subspace F C X, which has a
A-unconditional basis. It is easy to see that the proof of Theorem 4.2 gives:

4.4 CoroLLARY. A Banach space X with Lu.s.t. has property (H) if and
only if it is a weak Hilbert space.

In the sequel we shall need two notions introduced by W.B. Johnson [4] to
give a criterion for all subspaces of a given Banach space to have the uniform
projection approximation property (defined a little latter in this paper).

4.5 DEFINITION. Let X be a Banach space, letn € N, andlet K > 1, ¢t > 1.

(i) X is said to satisfy C(n,t, K), if there exist a subspace Y of X of
codimension n, so that every subspace E CY with dim E <t is the
range of a projection P on X with ||P| < K.

(i) X is said to satisfy H(n, t, K) if there is a subspace Y € X of codimen-
sion n, so that for every subspace E CY with dim E <t we have
d(E) < K.
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For later convenience, in the definition above ¢ is not required to be a
positive integer. Johnson [4], Proposition 1.8, proved that the two notions
introduced in Definition 4.4 are in duality. In fact, if X has H(n, t, K), then
X* has H(5",logst,12K) and C(5%log t,12K). Hence, since these two
notions are hereditary, we get that if E is a subspace of a quotient of X, then
E has H(5%,logslogs t,144K) and C(5%",logs logs ¢, 144K).

We recall that if A > 1 and E is a subspace of a Banach space X, then a
subspace F € X* is called A-norming over E, if

llxll < Asup{lx*(x)l|Ix* € F, |lx*|| <1} forall x € E.
The following lemma is well known and standard.

4.6 LEmMma. Let X be a Banach space and E C X a subspace with dim E =
n. There exists a 5"-dimensional subspace F C X*, which is 2-norming over E.

Proof. Let (x,)}", be a (1/2)-net in the unit space of E. For 1 <i < 5"
pick y* € X* with |ly|l = y*(x;) = llx;/| = 1 and set F = [y}]. [ |

Let us introduce one more family of functions which plays a basic role in

quantitative results we come to now. We define 7,: N - R, for v €N, as
follows. Set

S(0) =1 and S(k) = exp$’(4k) for k € N.
For n € N let k, be the largest (non-negative) integer k satisfying
(A) exp$® (k) < n.
Finally, for » € N and n € N define 7,(n) by
1/2

(B) 7,(n) = (log ,(k,)/2)""%;
where ¢, is defined in (* ).

We postpone a technical discussion of the functions 7, until the end of this
section. For the moment let us observe that [7,(n)] < 1, whenever ¢,(k,) <

28. Moreover, the 7,’s are fast growing, as n — oo; in particular, already for
v = 3 we have

(C) 73(n) = exp§ (n).

4.7 THEOREM. Let X be a Banach lattice with property (H) (or, equiva-
lently, which is a weak Hilbert space). For every v € N there exists K, so that X
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has H(n, 7,(n), K) for alln € N. One has K, = C*1%Q1)"2kc*(X)** %", where
C = 1 is a universal constant.

Proof. Fix v € N and n € N. Assume that for some K> 1, X does not
have H(n,7,(n), K). Put k = k, as defined above, let K/ be as in Proposi-
tion 4.1. Let r be the largest integer with 5" < n.

Set L = S(kXexp$S®~3(k))!/3 and observe that by (A),

kL < exp$®~3(k) < logs n.

Therefore
(1) r>L > S(k)exp(zs(k))(zk(zk + 3))’

where s(k) = (3 - 2k)¥2",

We shall construct by induction a finite sequence (Fj)}=1 of k-dimensional
subspaces of X and a sequence (Y))]Z, of subspaces of X* with Y,_, C Y,
for 1 </ <r — 1such that:

(i) F,cY* and d(F)>K(K}) ' foralll <j<r;

(i) dimY, < 5 and Y, is 2-norming over X/_,F, forall 1 <l <r — 1.

Set Y, = {0}. By our assumption we can find a [7,(n)]-dimensional sub-
space E, of X with d(E,) > K.

(1)’ < exp,(27,(n)?) = 0,(k,).

Thus Lemma 4.1 yields the existence of a k-dimensional subspace F; C E;
with K'!d(F,) > d(E,) > K. From Lemma 4.6 we obtain a 5*-dimensional
subspace Y; C X* which is 2-norming over F;.

Assume now that 1 <j <r and that F,, F,,..., F, Y,,Y},...,Y; have
been constructed to satisfy (i) and (ii). Since ¥* is of codimension 5k < m,
our assumption gives a 7,(n)-dimensional subspace E;,; € ¥* with d(E; )
> K. Again an application of Proposition 4.1 yields a k-dimensional sub-
space F,, CE;,, with d(F;,,) > K(K])~'. Using Lemma 4.6 we find a
5%U*D_dimensional subspace Y/,, € X*, 2-norming over ¥/_,F; and we set
Yo =Y +Y,,. .

Clearly the F;’s form a direct sum. Put F = X]_,F; and let P: F —> ¥/_,F,
and Q;:F — F; be the natural projections. Then (i) and (ii) imply that
IP]l <2, hence [1Q;ll < 4.

Since S(k) > k116" by Temma 1.3 there is a set A < {1,2,...,r} with
|[A] = r/S(k) so that if i, € A then d(F,, F)) < 4 for all j € A. By (1) and
Corollary 2.4 we get that there is a subspace of ©; . ,F; which is 4-isomorphic
to a space Y, say, where Y is an 21-unconditional sum of 2% copies of a
k-dimensional space E with d(E, Fio) <8.
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In particular Y has property (H) with k(1) < 4k4(2), for every A > 1.
Thus the proof of Theorem 1.1 implies that d(E) < M = Ck%(21)*? and
hence K < 8K/ M = C'K'«%(21)*?, where C > 1 and C’ > 1 are universal
constants. [ |

We now turn our attention to the uniform approximation property for
Banach lattices which are weak Hilbert spaces. Recall that a Banach space X
is said to have the uniform approximation property (u.a.p.), provided there is
a function f: N — N and a constant K > 1 such that whenever E C X is a
finite dimensional subspace, then there exists an operator 7T on X with
IT| < K,Tx =x for all x € E and the rank rk(T) < f(dim E). In this
situation we shall also say that X has the (K, f)-u.a.p.

If the operator above can be chosen to be a projection we shall say that X
has the projection uniform approximation property (p.u.a.p.).

The smallest function f which can be used in the above definition is called
the uniformity function and denoted by & y (K, n) (by py(K, n) if we consider
the p.u.a.p.).

It was proved by Pisier [12] that every weak Hilbert space has the u.a.p.,
and very recently by Johnson and Pisier [6] that proportional growth of the
uniformity function characterizes weak Hilbert spaces.

We shall combine our Theorem 4.7 with Johnson’s results in [4] to show
that Banach lattices which are weak Hilbert spaces have the p.u.a.p. with
extremely slow growth of py; i.e., a behaviour as the Tsirelson weak Hilbert
spaces, see e.g. [2]. If v € N and &, denotes the inverse function to n —
[logs logs 7,(n) — exp$X(n)], we define 9,(n) = exp{®(h,(n)). The definition
of 7, shows that 1, has a very slow growth.

4.8 THEOREM. Let Y be a subspace of a quotient of a Banach lattice X
which is a weak Hilbert space.

For every v € N there exists a K,, so that p,(K,,n) <n + 9,(n) for all
n €N. One has K, = C'k%Q1)'**(X)*®+?*, where C > 1 is a universal
constant. In particular Y has p.u.a.p.

Proof. Fix v € N and n € N. Let K be equal to the constant K, from
Theorem 4.6. From this theorem and the remarks after Definition 4.5 it
follows that Y has

C(5%,logs logs 7,(n), If)

By Proposition 1.3 of [4], if F C Y is a subspace and & € N is any integer
such that

n = dim F < logslogs 7,(h) — 55,
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then there is a projection P on Y with Px = x forall x € F, ||P|| < 4K + 3
and

rk(P) < dim F + exp{(h).
Thus rk(P) < dim F + 9,(dim F). [ |

We also get the result on bases of subspaces of quotients of Banach lattices
which are weak Hilbert spaces.

4.9 THEOREM. Let Y be a (finite or infinite dimensional) subspace of a
quotient of a Banach lattice X which is a weak Hilbert space. Then Y has a basis
with the constant less than or equal to K, where K depends on the property (H)
constants of X. In fact, K < Ck%(Q21)"'?, where C > 1 is a universal constant.

Proof. Let K" denote the maximum of constants in Theorems 4.7 and 4.8,
for v =3. Let K'= 144K", that is, K' < Ck%(21)*®, where C>1 is a
universal constant. It is readily checked that ¥,(n) < (1/10)n and
logs log 75(logs logs n) > 3"*1. Hence, if Y is a subspace of a quotient of
X, then Y has H(n,3"*! K’) and (K',1.1n)-p.u.a.p. The argument of
Johnson’s on page 23 of [4] now shows that Y has a basis with constant less
than or equal to K'(2 + K'). [ ]

4.10 CoroLLARY. If X is a weak Hilbert space with l.u.s.t., then the
conclusions of Theorems 4.8 and 4.9 hold for every subspace of a quotient of X.

Proof. Since X has lu.s.t. and is reflexive it is isomorphic to a comple-
mented subspace of a Banach lattice Z, finitely representable in X. Hence Z

is a weak Hilbert space and the corollary follows immediately from Theorems
4.8 and 4.9. |

To conclude this section let us make some observations on the growth of
functions 7,(n), as n — «. Observe that

exp$E(k) < expFRTR(2) < expFPR(2),
for k > 4, hence (A) implies that
(D) exp{Pkn(2) > n.
Furthermore, () implies that for » > 2, and all k € N,

(E) ¢,(k) = expf- (k).
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Also ¢,(k) = k2 > exp@(k), for all k € N. Combining with (D) and using
(E) twice, we get, for n sufficiently large,

03(k,) = expy(9x(k,))(k,) = exp$” *D(n).

By (B), this implies (C). Estimates for the functions ¢,(k,), for v > 4, can
then be obtained, by induction, from (E).

5. Some additional remarks

If X is a Banach space with a normalized unconditional basis (xj), and
n,m € N, and K > 1, we shall say that (x;) has property H,(n, m, K) if every
m-dimensional subspace of [x,|j > n] is K-isomorphic to [7'. Let in the
following X be a Banach space with a normalized unconditional basis (x j).

The following result holds:

5.1 ProrosiTioN.  If X is a Banach space with property (H), then there is a
constant K and a sequence (m(n)) of natural numbers with m(n) — o, so that
X has H(n, m(n), K) for all n € N.

Indeed, if for some K this does not hold, then by induction we can
construct an infinite sequence (E,) of mutually disjoint subspaces of the same
dimension with d(E,) > K/2. This contradicts Theorem 1.1.

Using Lemma 3.1 twice, combined with the fact that every m-dimensional
subspace of X is almost contained in a subspace spanned by m?™ disjointly
supported vectors, one can easily prove

5.2 ProposITION.  If X has property (H) then there is K such that whenever
(x;) has H(n, m(n), K) for all n € N, then (x;) has H(n,2""™, KK) for all
n e N.

This shows that if X has property (H) and there is a K, so that the
sequence (m(n)) from Proposition 5.1 tends to infinity faster than some
iteration of the logarithm, then to every s € N there is a constant C so that
(x;) has H/(n,exp{(n),C) for all n € N. Then we could argue like in
Section 4 to get the results there. However it seems impossible to obtain any
growth condition of the sequence (m(n)) for a suitable K directly from
property (H). An argument by contradiction like in Proposition 3.5 will break
down if the low dimensional spaces constructed there are supported on
extremely long blocks. Hence we can pose:

5.3 PROPOSITION. Assume that X has property (H). Does X have an
unconditional basis (y;), which is a permutation of (x;), so that (y;) has
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H/(n,m(n), K) for some K and m(n) — « faster than some iteration of the
logarithm?

In [4], Johnson constructed Banach spaces X(k,) where (k,) is a sequence

increasing to « (k,, = n corresponds to the Tsirelson space). Calculations in
these spaces show that X((k,)) has property (H) if and only if k, — o faster
than some iteration of the logarithm, so it is not possible to use these spaces
as eventual counterexamples to Problem 5.3.

10.

11.

12.
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