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ON THE n-INVARIANT OF GENERALIZED
ATIYAH-PATODI-SINGER BOUNDARY VALUE PROBLEMS

MATTHIAS LESCH AND KRZYSZTOF P. W OJCIECHOWSKI'

1. Introduction. n-invariants for Dirac operators on manifolds with boundary

We consider a compact Riemannian manifold M withboundary N, dimM = 2k+-1
odd. Moreover let (S, V) be a complex Dirac bundle over M (cf. [17, Def. 11.5.2]).
Then we can form the Dirac operator

D: CP(S) = CP(S)

associated to this structure. In order to obtain self-adjoint extensions of D we have to
impose boundary conditions. We assume that the metric is product near the boundary,
i.e.,thereisacollar U = [0, 1) x N of the boundary where the metric and the hermitian
structure of S are product. Then on U the operator D has the form

1.n D=F(1+A),
ox

where I': S|N — S|N is a unitary bundle automorphism (Clifford multiplication
by the inward normal vector) and A: C§°(S|N) — C§°(S|N) is the corresponding
Dirac operator on N. One easily checks the following identities

1.2) M=-, T*=-T,TA=—AT, A* =A.

In order to define self-adjoint boundary conditions for D we first deal with the case
ker A = {0}, i.e., Ais invertible. This case is most similar to [1] and there is a canon-
ical self-adjoint boundary condition. Let IT, be the orthogonal projection onto the
positive (negative) spectral subspace of A, i.e. [Ty = 19 «)(A), [I_ = 1 0)(A).
We use the pseudodifferential operator I, as elliptic boundary condition and put

' D(D,) = {s € H'(M,S)| T, (s|N) =0}.
where H* denotes the k-th Sobolev space and D(-) denotes the domain of an opera-
tor. The elliptic boundary conditions for Dirac operators have been discussed in [3],
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and [3] also shows that D, is a self-adjoint operator. In [9] it was shown that the
n-function of D,

1.4 n(Dy,s)=T(s+1)/2)7" / oot<s-1>/2Tr(D+e-tDi) dt
0

is well-defined for Re(s) large and has a meromorphic extension to the entire complex
plane, regular ats = 0. For the last point itis crucial that we have a compatible Dirac
operator, since for these operators the local residues of the n-function vanish [4].
Moreover [4] shows that (1.4) converges for Res > —2 and we thus may also write

o0
(1.5) n(Dy,0) = «/Lﬁfo £ T(D e P4 dt.

It is a remarkable fact that  is more or less independent of the length of the
boundary cylinder. For R > 0 let

Mgz :=(—R,0]x N)UM,
and

My :=((—00,0]x NUM

be a manifold with cylindrical end. Here the cylinder and M are glued together along
the common boundary in the obvious way since M is product near the boundary. By
virtue of (1.1) the Clifford structures and D have an obvious extension to M,,. The
manifold M, is complete, thus D is essentially self-adjoint on Cg° (M, S). This is
classical by now. The standard reference is the beautiful paper by Chernoff [8] on
hyperbolic equations. Denote by D, this unique self-adjoint extension of D and by
Df the operator D on My with boundary condition (1.3). It was shown in [14] that
(Do, 0), the n-invariant of D, is well defined. Moreover we have:

THEOREM 1.1 ([9, 18, 21]).
lim n(DX,0) = (D, 0).
R—>o0

Modulo integers, n(DX , 0) is independent of R.

The situation is different in case of non-trivial kernel of A. (1.3) is not a self-
adjoint boundary condition any more and there exista variety of self-adjoint boundary
conditions which we are going to describe now. First we need the Cobordism Theorem
for Dirac operators. This is due to Atiyah-Singer and was published in Palais book.
But there also exist fairly direct proofs by now.

PROPOSITION 1.2. [20, 13, 15, 3] We have
dim(ker(I' — i) Nker A) =dim(ker(I" + i) N ker A).
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We pick a Lagrangian subspace £ of ker A with respect to I'. This means that
(L) is orthogonal to £ and £ + I'L =ker A. Let 7. be the orthogonal projection
onto £ in ker A. £ can equivalently be described by the reflection o :=1 — 2n,. o
is unitary, 02 = 1 and £ is just the —1 eigenspace of 0. Moreover

(1.6) ol'=-To.

Below we identify the Lagrangian subspaces of ker A withits reflections o and denote
by r,, the orthogonal projection onto ker(o + 1). Sometimes we consider 7, also as
projection in L2(S|N) in the obvious way. Since ker A consists of smooth sections,
this projection has, of course, a smooth kernel. To o we associate the projection

(W) Mo =4 + 75
and define the boundary condition

Dg = D,

(1.8) 1
D(D,) = {s € H' (M, S)| s (s|N) = 0.

Again D, is a self-adjoint, unbounded Fredholm operator and the n-function has
the same properties as in case of invertible A (see the Appendix A to [9]). A priori
there is no canonical choice for ¢ and the question how 7 depends on ¢ naturally
arises.

n-invariants for global boundary conditions were first introduced by Cheeger in
the context of conical singularities [6], [7], including the emphasis on the role of
Lagrangian subspaces in ideal boundary conditions. He studies the n-invariant of the
signature operator on manifolds with conic singularities. Inorder to obtain self-adjoint
extensions, Lagrangian subspaces naturally occur. For general 1% order regular sin-
gular operators this has been worked out by the first named author [16].

More general any pseudodifferential projection P with the same principal symbol
as I1, and which satisfies

(1.9 —TPI'=1-P,

the equivalent of (1.6) in the terminology of projections, provides us with a self-
adjoint elliptic boundary condition. We denote the space of such P by EII*(D). This
space was studied in [2] and the Appendix B to [9] (see also [3]), where the homotopy
groups of Ell*(D) were computed. In particular 7; (ElI*(D)) = Z.

In the next section we study in detail the case of a cylinder manifold where we can
compute n(D,, 0) explicitly. This leads to a formula for the dependence of n(D,,, 0)
on ¢ which we then prove in Section 3 in general. Given two reflections oy, 0,
we construct a path connecting o; and 0,. The main idea then is to transform the
resulting family of operators into a family which is constant near the boundary. It
seems that many people in the community have the impression that now the result
just follows from the standard variation formula for #. Morally, this is correct. But
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nevertheless, the problem is more subtle since the family of operators (3.7) is not
pseudodifferential. Moreover we mention that our formula for the dependence of 7
on the boundary condition is one of the ingredients of the general glueing formula
of the n-invariant, which has been proved in the meantime using our result in the
cylinder case [5]; see also [21] for the case of invertible tangential operator.

Finally, we obtain a family of boundary conditions over S!, which provides us
with a generator of 7 (ElI*(D)).

Acknowledgement. Peter B. Gilkey brought the problem of the dependence of n
on the boundary condition to our mind. We are indebted to him for his stimulation and
constant encouragement to write this paper. For the first named author the starting
point was a visit of P. Gilkey at Augsburg, December ’92, were the first named author
has learned a lot during a long session with J. Briining and P. Gilkey. He is indebted
to both of them. Moreover he wishes to thank U. Bunke, G. Grubb and W. Miiller for
useful discussions on the subject.

2. The cylinder case

In this section we discuss in detail the case of the cylinder M :=[0, 1] x N. Here
we can relax our assumptions on the operators. We just assume that we have a first
order symmetric elliptic differential operator of the form (1.1), where A: C3°(E) —
C°(E) isafirst ordersymmetric elliptic differential operator over thehermitian vector
bundle E and I’ is a unitary 0™ order operator, I'2 = —I,TA = —AT. Furthermore
in this situation we have to assume that Proposition 1.2 holds. Then we choose two
reflections gj: kerA — kerA, j = 0,1, as in Section 1 and put

Mo .= I+ +JTgO, I :=1TII- +ﬂal
and
D, =D
2.1 )
DD,) = | f € H'®. E) | Mo(£1{0} x N) = 0. I (£1{1} x M) = 0} .
In this situation we can compute quite explicitly.
THEOREM 2.1. We put

u:= o001, and u+ :=ulker(l" Fi).

Then the n-invariant of Dy is given by the formula
1
Do, 0) === > f;

pemm)
e espec(—uy )
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in particular,

1
n(Ds,0) = —Etrlog(—u+) + dimker(u+ — 1) mod 2Z

1
= —;{log det(—u4+) + dimker(w+ — 1) mod 27Z.

Moreover dimker D, = dim ker(u, — 1) and hence the reduced n-invariant is given
by

1 1
1(Dgs,0) = E(n(Da, 0) + dimker D,) modZ = ——2—7;1—, logdet(—u+) mod Z.

Proof. 'We choose an orthonormal basis (¢»),2; of im I, consisting of eigen-
sections of A, i.e. Apyn = Andn, Ay > 0. Then, since’'A = —AT, (1"41»,,);’,?=1 is an
orthonormal basis of im I1—, AT'¢, = —A,["¢,. Putting

v, = { span (¢, T'¢,), n> 1,

ker A, n=0,
we have
L*(E) = PVa
n=0
22) L([0, 1], L¥(E)) = P L*([0. 1], Vi)

n=0

00
Da = @ Da,n
n=0

where for n > 1 we have
0 -1 d An 0
v = (1 7o)+ (5 )
D(Do,n) = {(f, g) € H'([0,1],C»; f(0) =0, g(1) = 0}
and forn =0,

0
Dso = I'—
0 ax

D(D,o) = {f e H'([0, 1], ker A); f(0) € ker(gp — 1), f(1) € ker(oy — 1)}.

LEMMA 2.2. For n > 1 the operator D, , is invertible and has symmetric spec-
trum. In particular, n(D, ,, s) vanishes.
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Proof. 1If Dy ,(f,g) =0 then f(x) =cie **, g(x) = cy€** and the boundary
conditions force ¢, ¢; to be 0. The operator

(s 1)

obviously leaves the domain of D, , invariant and anticommutes with D, ,, which
proves symmetry of the spectrum. O

Now we deal with Dq, and first compile some properties of the unitaries involved.

e dimker(o; £ 1) = 1/2dimker A, deto; = (—1)!/2dimker 4,

e u = o0po is unitary, commutes with I', detu = 1. Hence u+ := u|ker(I" F i)
is a well-defined unitary.

e u* = 0100 = 01000101 = o1u01, thus specu is invariant under complex
conjugation.

LEMMA 2.3. We have

spec Do = U %+nZ,

ae&(-m,m]
e'®espec(u4)

where the multiplicity of the eigenvalue o/2+ k is just the multiplicity of the eigen-
value e'* € spec(u ).

Proof. Consider an eigensection Dy o f = Af. Then we have obviously
fx)= e fy, fo € ker(op — 1).

Decompose fo=: fo,+ D fo,—, fo,+ € ker(I'F i). Decomposing fo,+ with respect to
the spectral decomposition of u 4 w.1. 0. g. we may assume, that fo + is an eigenvector
of uy;ie., ufo+ = mfo+, n € S'. Now one easily checks the relations

ufo,— = fo—, 00 fo,+ = fo5 O1fo+ = fo—-» 01 fo,- = Rfo4-
The boundary condition at 1 shows that A is an eigenvalue iff

2t =y,

Writing 4 = €%, o € (—m, w], we obtain the assertion. [

To prove the theorem we have to analyze the analytic continuation of the function
2.3) f(a,s):= Z sign(n +a)|[n+al™, ae(-1,1)\({0}.
neZ

This could be done by differentiating with respect to the parameter a [11, Sec. 1.10].
Here we give a somewhat more general result.
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LEMMA 2.4. Let S be a symmetric elliptic differential operator on the closed

manifold M. Denote by |Ao| > O the first nontrivial eigenvalue of S. Then, for
0 < lal < |2l

&2
n(S +a,0) = (dimker S) sign(a) + n(S, 0) + Z —Res n(S)Q2I)

2 1/2
Zl+1/2Res;(s ) +1/2).
Since n and ¢ are holomorphic for Re s large, the sums are in fact finite.

Proof. Since 0 < |a| < |Ag|, for Res large we compute

NS +as) = (@imkers) @ sign(A)[A +a|~*
a respec S\ {0}
sign(a) X 8\ sa\n
— (dim kers) 8@ 3 sign@)Ar Z( )(X)
laf respec S\(0} n=o \ 1!

= (dim kerS) lgnl(a)+ (S, s)+Z( )a n(S, s +20)

(=5 oo, (o2 ST
+;(21+1)a {(S,—2 +l).

The last series gives the analytic continuation to the entire complex plane and the
assertion follows from

(21 )n(s s+2t)| — L Res n(s)an,

21
0 —s ¢ (s2, s+1+l
20+1 2

In (2.3) the operator is S = 117985 on S!. Its n-function vanishes identically and

Res ¢ (SH)(1+ 1/2).

-1

1
(2 )=2) — =2k 22),

n=1
¢r the Riemann ¢ -function. Since 1 is the only pole of ¢r and itsresidue is 1 we find

2.4) f(a,0) =sign(a) —
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With Lemmas 2.3, 2.4 we obtain

—-S

n(Deys) = Y D sign(n)l%+nn

a€(—m,m) nGZ\{O)

eiaespec(u +

o
-s
E 7 f (Z—’S)’
a€(—m,m) 74
ei®espec(u )

hence

. @ -8
n(Ds,0) = Y sign(@) — ~ = 3 £

ag(~mm) B e(—m,m)
& ®espec(u) P espec(—uz)

and the proof of Theorem 2.1 is complete. O

For the more general Atiyah-Patodi-Singer boundary conditions of D we can at
least give a vanishing criterion.

LEMMA 2.5. Let M = [0, 1] x N and D be of the form (1.1). Moreover let P be
a generalized Atiyah-Patodi-Singer condition for D; i.e., P has the same principal
symbol as 1, and satisfies (1.9). Put

Dp = D
D(Dp) = [f GHI(M, E)YlP(fII0} x N)=0, — P)(fI{l} x N) = O] .

Then the n-function of Dp vanishes.

Proof. We show that Dp has symmetric spectrum. Put
T: L*([0, 1], L*(E|N)) — L*([0,1], L*(EIN)), (T f)(x) :==Tf(1—-x).

It is clear that 7 maps D(Dp) onto itself and anticommutes with Dp. O

An Example. We discuss in some detail an example that explains Theorem 2.1
and which leads to a generator of 71 (EIl*(D)). In the context of the beginning
of this section assume ker A # {0} and choose an element ¢ € kerA, ||¢|| = 1
with F'p L ¢. Fix a symmetric boundary condition on the complement of W, :=
C*([0, 1] x N) ® span(p, ['p) as in the preceding Lemma. To define self-adjoint
boundary conditions we therefore have to fix Lagrangian subspaces in span(gp, ['p).
For convenience we work in the base

Lo, LI
e = r/-i-(fp—ll“fp)» f= ﬁ(¢+tl"¢)
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of span (g, I'p) consisting of +i-eigensections of I". For simplicity, let
Ly = span(e + f),

ie.,

and for0 <a < 2w,

L1, := span(e+ '@ f),

0 _e-i (m—a)
Ola =\ _ itr—a) 0 .

Let D, be the operator with symmetric boundary condition on the complement of
W, and boundary refiection o, 01 , on W,,. We have

ei(n-—a) 0
Ug = 0001,a = 0 e—itr—a) )

thus ¢/"=9 is the only eigenvalue of u,,+ and we obtain from Lemma 2.3 that the
spectrum of D, restricted to W, is

ie.,

T —a

Z.
2 +r
Hence we have proved:
PROPOSITION 2.6.
i, 0<a<m,
4
n(Da7o)= 0’ a=mnm,

a_ 2, w<a<2m,
w

. a
n(D,,0) = o modZ.

The reason for the discontinuity of n(D,, 0) is that an eigenvalue crosses the
origin as a crosses 7. Since exactly one eigenvalue crosses the origin from + to —
we obtain that the spectral flow of the family {D, }y<,<, is —1. This makes sense
because Dy = D,, and hence we have a family of self-adjoint Fredholm operators
over the circle. We state these observations:
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COROLLARY 2.7. sf{D,} = —1 and as a result { D,} represents a generator of
my (E*(D)).

Remark. The spectral flow of the families of boundary value problems over S’
was also studied by Furutani and Otsuki [10].

More generally, let y: [0, 1] — U ker(I' — i) Nker A),y(0) = y(1) = I be
a closed path of unitaries. Extend y to ker A by I on ker(I" +i) Nker A and let
0, := ¥;*0¢Y,. This defines a family {D,}(,; of operators withboundary reflections
09, 0;. Since (y|ker(I' +i)) = I we have

ut, = (0o0r| ker(' — i)) = y(¢).
Thus by Theorem 2.1,

(2.5) d—d;ﬁ(D,, 0)= —;:;.tr(y 0*y ®).
This gives
14 1 1
(2.6) sf{D:} = —ﬁ Zﬁ(Dt,O)dt = mﬁ te(y )"y @) dt,

i.e., the winding number of the path y, which just gives the isomorphism

(U ker(I' — i) Nker A)) — Z.

3. The general case
The aim of this section is to generalize Theorem 2.1 as follows.

THEOREM 3.1. Let D be a Dirac operator on an odd-dimensional compact Rie-
mannian manifold with boundary as described in Section 1. Let 0o, 01 be reflections
of ker A satisfying (1.6). Then we have

1
1(Dg, , 0) — 1(Dg,, 0) = i logdet(oyo | ker(I' — i)) modZ.

Proof. We choosea self-adjoint endomorphism T of ker(I" —i) Nker A such that
™7 = g0y ker(T —i)and —1/2< T < 1/2,
ie.,

1
T = i log(ooo | ker(I" —i)).
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We extend T to L2(S|N) by 0 on the orthogonal complement of ker A N ker(I" — 7).
Then we find that

3.1 V, = mirt

is a one-parameter family of unitaries commuting with I and A and

3.2 o, =V oV,

is a one-parameter family of reflections anticommuting with I" that joins o and o7;.
Moreover this gives a one-parameter family of operators Dy, .

One of the main difficulties is that the boundary condition varies with r. Now we
introduce a transformation to a family which is constant near the boundary. Choose
f € C*(R) with

1, 0<x<e¢

(3.3) f = { 0 2s e

1
,0 =.
<&<3

Then f extends in an obvious way to a C*-function on M. Now define a gauge
transformation

U, = L*([0, 1], L*(S|N)) — L2([0, 1], L*(S|N))

34
GH (Ur(o)(JC) = ezni’f(x)T(p(x).

Since (Urp)(x) = ¢(x) for x > 2¢ it extends to a unitary one-parameter group on
L*(M, S). Moreover U, maps D(D, ) onto D(Dy,) such that
3.5) D(’,, =U,D, U*

ar~r

has fixed domain D(Dy,). On the collar [0,1) x N we have

(3.6) D; =D-2mir fTT, ’D(D(’,r) =D(D,,)
hence
3.7 D;r = Dy, —2mirf'T'T.

If this were a differential operator, we could apply [9, Prop. 4.4] (see also [9,
Appendix]) and would get

d_ ., d__,
(3.8) (D}, 0) = —ii(D}, U (=Dy,), 0),

where D;, U (=Dy,) is a Dirac operator on the double Mof M. By [11, Lemma
1.10.3] this would be

d
(3.9) —n12 f am (P, ar (D5, U (=Da)), (D, U (—Don))z) dp
M r
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where a,, is a local invariant in the jets of the symbol of the operators involved. Since
ay, is local in the jets of the symbols, it is supported on supp f’ C [g, 2¢] x N, hence

d . d .
(3.10)  —#i(D,,,0) = —n(D,,0)
dr dr
= 2mirn~1? / an(p, f' T'T, (D, ) dp.
[e,2¢]xN

Now T is not a differential operator and thus we cannot argue in this way. But of
course it gives us an idea what to do. In the next section we will prove:

MAINLEMMA 3.2. LetD,: C®(S! x N, SIN) = C®(S' x N, S|N) denote the
operator

D, = D —2mir f'TT,
ox
where S! is R/Z here. Then we have

d . d .
7,105, 0) = (D, 0).

This formula shows that the variation of » is independent of the rest of the manifold.
We can argue now in twoways. We could compute dirﬁ (D,, 0) explicitly as in Section
2 or we can point out, that we can make the same considerations as above for the
operator on the cylinder. Consider the operator D on the cylinder [0, 1] x N. Let Dﬁyl
be the operator D with boundary condition as in (2.1) where the boundary reflection
on {0} x N is o, and the boundary reflection on {1} x N is op. Then the above
consideration yields

d . _d. oyl
(3.11) (D, 0) = — (D, 0).

By Theorem 2.1 we have
1
(DM, 0) = -—mtrlog(——a,aol ker(I' — i)) mod Z.

An easy calculation shows
0,00 ker(I' — i) = e~ 2T
thus

1
AD?M0)=r T — 3 dimker(I' — i) Nker A)mod Z
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and
d
(3.12) — (D™ 0) = trT.
dr

Together with (3.11) we obtain

1(Dg,,0) — 17(Dy,,0)

1
d
/ —nN (D, ,0)drmod Z
0 dr

1
rT = o log det(oyoq | ker(I" — i)) mod Z

and Theorem 3.1 is proved. We note an immediate corollary which is the generalisa-
tion of (2.6) to arbitrary manifolds with boundary.

THEOREM 3.3. Under the assumptions of Theorem 3.1 let oo be a reflection and
y: [0,1] > UEker(I' =) Nker A),y(0)=y(1) =1

be a closed path of unitaries. Put o .= y (r)*ooy (r). Then the spectral flow of (D)
is the negative of the homotopy class of the path y which is given by the winding
number; i.e.,

1 1
sf(D,,) = —%A tr(y(D)*y (r)) dr.

In particular, ifker A # {0} there exists a family (Do,) of spectral flow 1,i.e., such
a family represents a generator of the fundamental group of the space of generalized
self-adjoint boundary conditions of Atiyah-Patodi-Singer type introduced in [2].

Proof. The proof is immediate from Theorem 3.1 analogously to the computa-
tions after Corollary 2.7. O

Remarks. 1. The formula forn (D, 0)in Theorem 2.1 is somehow related to the
Maslov index; cf. [5].

2. In his recent work, L. Nicolaescu deals with the generalizations of the Maslov
index to the infinite dimensional context. Let us observe that in this case still the
spectral flow is equal to the Maslov index as it was described earlier in the work of
Furutani and Otsuki [10]. We refer to the forthcoming paper of Nicolaescu [19] for
details.

4. Proof of the Main Lemma

For the proof of the Main Lemma we proceed along the lines of [9] with suitable
modifications due to the fact that T is not a differential operator.
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PROPOSITION 4.1.  There exist positive constants c, ¢, c3 and a natural number
1, such that for any (u, x), (v,y) € S x N,

(4.1) IDre™ 2 ((u, x), (v, M) < c1t e e e~ BUV/1,

Proof. We decompose D, as in (2.2) into

[o,¢]
D, = @D,,,,,
n=0

where for n > 1 the operator D, is as in (2.2) and
0 y
D,,=T— —2mirfTT.
’ ou

By the Sobolev embedding theorem and Garding’s inequality we have an estimate

4.2) g, M < e + 225

with ¢ independent of #n and y and where 2k = dim N.
Now we find forn > 1

I Dr.ne P ((u, x), (W, M)
= IT@, + Ae ™%, v)e ™ [$,(x) ® $,() + 'p,(x)® T'h, M}
< 118ue™% (u, v)e™™ {Tpn(x) ® $n(y) — Pn(x) @ T M}
+lle™% (u, v)Ae M| = Ty (x) ® $() + 6, (x) @ Th, M I
clowe™% (u, v)|(1 4 An)e ™™ (1 + A2
< et (14 2,) (14 A2,

IA

Summing from 1 to oo standard estimates of the heat kernel of A2 at0 and oo yield
& 2 2
D I, e P ((u, x), (v, | < €yt~ e Hem U
n=1

and it remains to investigate the operator Dy,o. But D, is just an elliptic operator on
C3°(S1, ker A). Since ker A is finite-dimensional, standard elliptic theory gives us
the estimate (4.1) (cf. [9, Section 1]). O

Now we use Duhamel’s principle to investigate the heat kernel D;re“(Dfrr)z . Let

Ei(t; z, w) denote the kernel of the operator e ™ Dz, where D := Dg, U (—Dg,) is the
double of the operator Dy, (cf. (3.8)). E;(t;z, w) denotes the kernel of the operator
e—'D7 on S! x N and E5(t; z, w) is the kernel of the operator ¢ D2 on the infinite
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cylinder [0, 00) x N. Finally let & (¢; z, w) be the kernel of the operator e~ (P:.)",
which we are really interested in. First of all, by (3.6), each &, (¢; z, w) is unitarily
equivalent to the kernel of the operator D, e~ D3, . Hence we have from [9, Theorem
4.1]

4.3) IDr& (t; 2, w)|| < crt—k+D gmcat gmead@w)/t,

Now we describe the parametrix Q, for &,. Analogous to [9, Section 2] we consider
partitions of unity {¢1, ¢2, @3}, {¢¥1, Y2, ¥3} on M as follows:

0<¢; <1,

supp(¢1) C M \[0,1—¢/2] x N,

supp(¢2) C [e/4,1 —e/4] X N,

supp(¢3) C [0,&/2] x N,

On the cylinder all functions depend on the normal variable only.

The v; have the same properties as the ¢; and

e Y = 1in aneighborhood of supp(¢;), i.e.,
. 0
dist (supp(qu),supp (b—wl)) >8 >0.
u
Now we define

3
4.4) 0,5z, w) =Y ¥;(DE; 52, w;(w)
j=1

and as in [9, Section 4] we have

E@;z,w) = Or(t; 2, w) + (EHCO)(t; 2, w),
DyE(t; z,w) = Dy Or(8; 2, w) + (EH#HDC)(; 2, w),

where C is the “error-term”

3 . . 2.0
C(t;z,w) =— Z{%(z)%(t; z, w)oj(w) + %‘J‘(z)E,-(t; Z, W)@ (w)}.

j=1
Now the choice of the ¢;, ¥; and the estimates we have proved give:
PROPOSITION 4.2.  There exist positive constants cy4,Cs, C¢ Such that

IEADONE; 2, W < cae™ =50,
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Now we can prove the Main Lemma assuming that D, is invertible, namely

d 1 o[> : . ,
Z"Pe 0 = —= f 1712 T (D, P —2uD! (D, Ye'Pe))dt
0

2 . 00
1/2 1 _—t(D! )?
= —t/“Tr(D e or
«/—-7'[ ( or ) 0

2 . ’
= ——=1lim /& Te(D), e~*P=")
T e—0 4

=
= —— lim TH\E D, 0, (6) + VD, (E4C)(®))

2 . 3/
= ——=lim VETHD, 0,(e))

2 _
= ﬁli_r)rb\/cﬁni T (f'TTy2Ex(t; -, )

d
= 2100

as asserted. If D, is not invertible we choose . > 0 which is not in the spectrum of
Dy forr in a small interval. Let
E} = loo 10t o0 (Dy,)
be the spectral projection of D;r onto the eigenspaces to eigenvalues of modulus > A.
Then
A ’ . 1 o -1/2 Ay ,—t(D])?
n" (D, ,0) = 7=, t°TH(E D, e~ ") dt

differs from U(D:,, ,0) by an integer. A simple computation with the resolvent (cf.
[11, Sec. 1.10]) shows

d . . ,
dr Tr(E} Dy, e ™' Py = Tr(EN Dy, e~ P — 21 D, (D)%™ P '))
hence as before

d _d _ 2 . Afy o —s(D. 7
57 1Pa.0) = —-1"(Ds,, 0) = —ﬁler%ﬁTr(E, D, e )

2 . . —e(D. 2
~ 7 Im /e TH(D, e~ )
since I — E} is of finite rank and hence

Tr(( — E)D,, e~ *®)")

is bounded as ¢ — 0. Now we can proceed as before and the Main Lemma is proved.



46

MATTHIAS LESCH AND K. P. WOJCIECHOWSKI

REFERENCES

M. F. ATIYAH, V. K. PATODI, and I. M. SINGER, Spectral as: try and Ri ian Geometry I,
Math. Proc. Cambridge Philos. Soc. 77 (1975), 43-69.

2.  B. Booss and K. P. WOICIECHOWSKI, Pseudodifferential projections and the topology of certain
spaces of elliptic boundary value problems, Comm. Math. Phys. 121 (1989), 1-9.

3. ________, Elliptic boundary problems for Dirac operators, Birkhduser, to appear.

4. T. BRANSON and P. GILKEY, Residues of the eta-function for an operator of Dirac type, J. Funct.
Anal. 108 (1992), 47-87.

5. U. BUNKE, A glueing formula for the n-invariant, preprint, 1993.

6. J. CHEEGER, n-invariants, the adiabatic approximation and conical singularities, J. Differential
Geom. 26 (1987), 175-221

7. —, Spectral geometry of singular Riemannian spaces, J. Differential Geom. 18 (1983),
575-657.

8.  P.R. CHERNOFF, Essential self-adjointness of powers of generators ofhyperbolic equations, J. Funct.
Anal. 12 (1973),401-414.

9. R.G.DoOUGLAS and K. P. WOJCIECHOWSKI, Adiabatic limits of the n-invariants: the odd-dimensional
Atiyah—Patodi-Singer problem, Comm. Math. Phys. 142 (1991), 139-168.

10. K. FURUTANI and N. OTSUKI, Spectral flowand intersection number, J. Math. Kyoto Univ. 33 (1993),
261-283.

11. P. GILKEY, Invariance theory, the heat equation, and the Atiyah-Singer index theorem, Publish or
Perish, Wilmington, DE, 1984.

12. M. GroMOV and H. B. LAWSON, Positive scalar curvature and the Dirac operator on complete
Riemannian manifolds, Inst. Hautes Etudes Sci. Publ. Math. 58 (1983), 83-196.

13. N. HIGSON, A note on the cobordism invariance of the index, Topology 30 (1991), 439-443.

14. S. KLIMEK and K. P. WOICIECHOWSKI, n-invariants on the manifolds with cylindrical ends, Differ-
ential Geometry and Applications, to appear.

15. M. LESCH, Deficiency indices for symmetric Dirac operators onmanifolds with conical singularities,
Topology 32 (1993), 611-623.

16. —_,On aclass of singular differential operators and asymptotic methods, Habilitationss-
chrift, Augsburg, June 1993.

17. H. B. LAWSON and M. L. MICHELSOHN, Spin geometry, Princeton University Press, Princeton N.J.,
1989.

18.  'W. MULLER, n-invariants and manifolds with boundary, preprint, 1993.

19. L. NICOLAESCU, The Maslov index, the spectral flow and splittings of manifolds, in preparation.

20. R. S. PALAIS, Seminar on the Atiyah-Singer index theorem, Ann. of Math. Studies, Princeton Univ.
Press, Princeton, N.J., 1965.

21. K. P. WOICIECHOWSKI, On the additivity the n-invariant, preprint, 1993.

UNIVERSITAT AUGSBURG

AUGSBURG, GERMANY

INDIANA UNIVERSITY—PURDUE UNIVERSITY AT INDIANAPOLIS

INDIANAPOLIS, INDIANA



