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MANIFOLDS
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1. Introduction

Twistor spinors were introduced by R. Penrose as solutions of a conformally
invariant field equations in general relativity. In this paper we consider Riemannian
spin manifolds carrying twistor spinors. Outside their zero set they can be seen as
conformal analogues of parallel spinors. As an example, a twistor spinor with a zero
exists on the standard sphere. Moreover, A. Lichnerowicz proved in [Li, Thm. 7] that
the sphere with its standard conformal structure is the only compact Riemannian spin
manifold carrying twistor spinors with zeros.

To a spinor field ¢ one can canonically associate a vector field Vy as the dual of
the 1-form X — +/—1(¢, X - ¢), where the dot refers to the Clifford multiplication
and the bracket is the canonical hermitian inner product on the space of spinors. The
associated vector field of a twistor spinor is conformal, i.e., its local flow consists
of conformal transformations. There are twistor spinors for which the associated
conformal field is trivial as well as twistor spinors with non-trivial conformal field,
for example on the standard sphere.

In a previous paper the authors showed the following:

THEOREM 1.1 [KR1, THM. A). If the Riemannian spin manifold (M, g) carries
a twistor spinor with zero and with non-trivial conformal field then the manifold is
conformally flat.

In this paper we obtain a converse statement, more precisely we describe the global
types of conformally flat manifolds, which carry twistor spinors with zero and with
non-trivial conformal field.

Let (M, g) be a conformally flat Riemannian manifold; i.e., every point p has an
open neighbourhood U, such that (U, g) is conformally equivalent to an open subset
of Euclidean space. A conformally flat manifold is called developable if there is a
conformal map §: M" — S” into the standard sphere; 8 is uniquely determined up
to a conformal diffeomorphism of the sphere; i.e., up to a Mobius transformation. It
follows that a developable conformally flat manifold carries twistor spinors with zero
and with non-trivial assciated conformal fields. The universal covering (M, g) of a
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conformally flat manifold (M, g) is developable. Now we assume in addition that
M is orientable. Since the fundamental group 7 (M) = m; acts by orientable deck
transformations on M, there is an induced homomorphism p: 71 — M*(n) in
the group of orientable Mobius transformations which is uniquely determined up to
conjugation in M*(n). The homomorphism p is called the holonomy representation;
cf. [Kul, Ch.7]. The manifold is developable if and only if p is trivial.

We say that the holonomy representation p: w; — M™(n) fixes a point p € S" if
for all y € m; the point p € Im($) is a fixed point of §, = p(y). In this case there is
the induced representation

Px = ppx: T —> CO™ (n),

in the special conformal group CO*(n) = R* x SO(n) of Euclidean space R* =
T,M, givenby p,(y) = (dé,),: T,58" — T,S". Here is the main result of this paper.

THEOREM 1.2.  Let (M, g) be an orientable conformally flat manifold with de-
velopment §: M — S" and holonomy representation p. Then (M, g) carries a spin
structure and a twistor spinor with zero if and only if the following conditions are
satisfied:

(a) The holonomy representation p fixes a point p € Im(8) C S", the induced
representation is orthogonal, i.e.,

Px,p: T —> SO(n),
and admits a lift
px.p: 1 —> Spin(n)

with respect to the two—fold covering Spin(n) — SO(n).

(b) If u: Spin(n) — U(A,) is the unitary spin representation then the representa-
tion

Ko pyp: 1 —> U(A,)

has a trivial subrepresentation; i.e., there is an invariant subspace V. C A, of dimen-
sion at least one on which m| acts as identity.

There is a twistor spinor ¢ with non-trivial associated conformal field Vy if and
only if in addition to conditions a) and b) also the following condition holds:

(c) The induced holonomy representation py , on T,S" has a trivial subrepresen-
tation; i.e.,

Pwp: T —> SO — 1.

The main idea of the proof of part (b) is that a twistor spinor ¥ with zero p on S”"
is uniquely determined by the value D (p) of the Dirac operator at the zero and that
¥ induces a twistor spinor with zero on M if and only if the spinor Dy (p) is fixed
under the action of the fundamental group m; = 7, (M).
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It follows immediately that a Kleinian manifold in the sense of [Kul, (7.8)] which
carries a twistor spinor with zero is already developable. We show in Example 3.6
that there are conformally flat manifolds for which the assumptions of Theorem 1.2
are satisfied and neither p, , nor u o p,_, is trivial.

In [KR2], the authors construct a complete Riemannian metric on R*, which is
half-conformally flat but not conformally flat and which carries a 2-dimensional space
of twistor spinors with common zero point. In this case the associated conformal fields
vanish identically. See also [KR3] for this construction in all even dimensions > 4.

2. Conformal invariance of twistor spinors

Let f: (M,3) — (M, g) be a conformal map between oriented n—dimensional
Riemannian manifolds with f*g = o ~2g for a smooth function 0: M —> R*.
Let M carry a spin structure &: Pypin(M, 8) —> Ps,(M, g), which is a Spin(n)-
principal bundle with a twofold covering & of the SO(n)—principal bundle P;,(M, g)
of positively oriented orthonormal frames of (M, g); cf. [LM]. Via the conformal
map f, this induces a spin structure Py, M, 2 — P,,(M, g) on M, 2) and the
induced map

frot Pso(M,8) — Pyo(M, g); (e1, ..., e) > (07! fuler), ..., 07" filen))

lifts to a bundle map fypin: Pspin(M,8) — Pypin(M, g), which is uniquely deter-
mined up to a sign. This induces a bundle isometry f,: L(M,g) > X (M, g) of
the associated spinor bundles X(M,g) = Pypin(M, 8) X, A, tesp., Z(M,3) =
Pspin M, 8) X, A,. Here u: Spin(n) —> U(A,) is the unitary spin representa-
tion on the complex vector space A, and dim A,, = dim Ay, = 2™. We de-
note by D, resp. D, the twistor operator of (M, g), resp. (H, g); it is given by
D: T'(EM) > I'(TM ® X M) with

Dp=) &® (V;¢ + %e,- . D¢> ,
i=1

where V3 ¢ is the spinor derivative of the spinor field ¢ € I'(X M) in the direction of
the vector field X, - is the Clifford product and D the Dirac operator. Twistor spinors

are the elements of ker D, resp. ker D; i.e., a twistor spinor on M satisfies the twistor
equation

'V§(¢+%X-D¢=O, 1

for all vector fields X on the manifold. Via the induced map f, we can pull back
spinors; i.e., for a spinor field ¢ on M the equation f,(¢) = ¢ defines a spinor field
¢ on M. If ¢ is a twistor spinor on (M, g) then o'/2¢ is a twistor spinor on (M, 3);
cf. [BFGK, ch.1.4].
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Hence fP: ker D — ker D; ¢ — o '/2¢ maps twistor spinors of (M, g) on twistor
spinors of (M, g).

Now fix a point ¢ € M. Then a twistor spinor ¢ is uniquely determined by the
values (¢(q), Dp(q)) € T,M & Z,M= A, @ A,. Hence ker D can be identified
with a subspace of A, & A,. Under this identification we can express

fP: kerDC T,M ® S,M —> kerD C T,M & T,M
(where ¢ = f(p)) by the homomorphism
— — -2 —
@), ¥(@) — (o‘/2<p)¢<p), a2 (p)¥(p) — "Ta‘ﬂ(p) grado (p) - ¢(p))

for ¢ € ker D and ¥ (q) = D¢(q). This follows from the formula

D(0'29) = "V Do~ DNg) = Y2 D — “-= 5 261 grado - 3;

cf. [LM, Thm. 5.24].

Now we consider twistor spinors with zeros. Let 7, := {¢ € kerD | ¢(q) = 0},
resp. Tp = {¢ € kerD | ¢(p) = 0}. Then we identify 7, with the subspace
{D$(q) | ¢ € T,} C ;M = A, and fP: T, — T, with the isomorphism
¥ (q) = o3¢ (p) (here ¥ = D¢ for some ¢ € T,(M, g)).

3. Conformally flat manifolds and twistor spinors

In this section we prove our main result, Theorem 1.2 and construct examples. On
our way we prove the following results:

LEMMA 3.1.  Let (M, g) be an orientable conformally flat spin manifold with
development 8: M — S" and holonomy representation p. If (M, g) carries a twistor
spinor with zero q then there is a point p = Im(§) C S", which is fixed by the
holonomy representation p, such that the induced representation py. p is orthogonal,
ie.,

p*,p: Ty —> S@(n).
Proof. If ¢ € 7, M, then the universal covering space M carries a twistor spinor

¢ with zero g € n" (q). Here m: M — M denotes the universal covering map. For
= 8(g) consider the isomorphism

875 T,(8") — TAM),

and denote by ¥ € T,(S"™) the twistor spinor with zero at p and with () = 3; .
Let Z3 := {geM| ¢y = 0} be the zero set of ¢. Since a twistor spinor on S” has at
most one zero, the zero set Z7 is mapped onto p under §.
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Since the deck transformations act on M by isometries the zero set Z is invariant
under the action of 7. It follows that the holonomy representation p fixes p € S”.
Hence p, ,: m; = CO*(n). Let y € 7, and consider

@y)ut T,S" —> T,S".
Since 8Py = ¢, for g € 6~'(p) we obtain

Dy (p) = o**(q) 8.(D$(q))

and

= 02 (yq)(8,):8. (DB(9)) .

Since the maps &, and (8, ), are bundle isometries we have o(g) = o(yq) for all
y € 7y, hence p,(y) € SO(n). We also have

Dy (p) = (8,)« (DY (p)) 2
forally em,. 0O

LEMMA 3.2.  Let (M, g) be an orientable conformally flat manifold with develop-
ment §: M — S" and holonomy representation p which fixes a point p € Im(8) C §”
and which is orthogonal, i.e., (ps)p: my — SO(n). Then (M, g) carries a spin struc-
ture if and only if p, , can be lifted to a representation

Pr.p: 1 — Spin(n)

With px , = & o p.p,, where &: Spin(n) — SQ(n) is the twofold covering.

Proof. (M, g) is spin if the representation w; — Aut(Py,(M, g)) of the funda-
mental group in the automorphism group Aut(P;,(M, g)) of Ps,(M, g), the group of
orientation preserving isometries of (M, g), has a lift ;; — Aut(Py,;,(M, g)) into
the automorphism group of the spin structure with respect to the canonical projection
Aut(Pypin(M, g)) — Aut(Py,(M, g)); see [Fr, Ch.9]. Since p fixes p and since an
element o € Aut(P,(M, g)) is uniquely determined if we know the action of o on a
fibre we conclude that p ,: 711 — SO(n) has a lift p,,: 7; — Spin(n) with respect
toé. 0O

Proof of Theorem 1.2. 1If M carries a twistor spinor ¢ with zero then (a) holds by
Lemma 3.1 and Lemma 3.2. It follows from Equation 2 in the Proof of Lemma 3.1
that (b) holds.

Let V =V, be the associated conformal field to the twistor spinor ¥ with zero
p on S” constructed in the proof of Lemma 3.1; i.e., (V, X) = «/—1(y, X - ¥) for
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all tangent vectors X. Let Wy, := graddiv V(p). Then the vector field V is not
identically zero if and only if W = 0; cf. [KR1, Prop.3.2]. Since y is invariant under
the holonomy representation, it follows that o, ,(W) = W which implies (c).

On the other hand, if (a) holds it follows from Lemma 3.2 that (M, g) carries a
spin structure. Now it follows from (b) that the twistor spinor ¥ on §" such that
¥ (p) € A, is fixed by u o (p,), induces a twistor spinor ¢ on M by the equation

Dy (p) = 0**(g)é. (DP(q))
which satisfies

X 1C))

and which therefore induces a twistor spinor on (M, g) with zero.

Now assume that, in addition, (c) holds, i.e. there is a unit vector V € T,S" such
that (§,),(V) = V forall y € m,. Let § € A, be a spinor which is fixed under the
holonomy representation py p; i.e., (8,).& =& forall y € m;.

Furthermore the spinor V - £ is fixed under w o p, p.

Assume first that the dimension n is even. Hence we can assume that £ is an
even spinor, i.e., § € A}. Let ¥ be the twistor spinor on S" with zero in p and
with Dy (p) = & 4+ iV - &. Then we obtain for the associated vector field Vpy (p) =
2|£12V (p) and it follows from [KR1, Prop.3.2] that the associated conformal field
Vy does not vanish identically. Hence there is a twistor spinor ¢ on M with a zero
and with non-trivial associated conformal field.

If the dimension » is odd, we use the fact that the spin representation on A, can

be described as the spin representation A,y = A}, & A,_,, where § € A},
and n = 2m + 1. Let (eq,...,e,) with V = ¢, be an orthonormal basis. Then
el,...,e,_1 act on both components and e, acts on u™ + u~ € A,'f_l @ A,_, as

en -t +u") = (=1D)"/=T(u* — u~). Let ¥ be the twistor spinor on S" defined
by Dy (p) = (—=1)"*t'&. Then Vpy(p) = 2|€|?V, hence the associated conformal
field Vpy does not vanish identically. This finishes the proof.

Now we construct examples. Let A € SO(n — 1). Then we denote by F4 €
CO*(n) the following conformal transformation: Let N = (1,0,...,0) € $" =
{x = (xo, X1, ..., x,) € R | 37 x2 = 1} and let o: 'S" — {N} — R" be the
stereographic projection, for which o ((0, xy, x2, ..., x,)) = (x1, X2, ..., Xx,). Then
F4 is determined by

oo Fs00 (X1, %2, ..., %)) = (x1, AQx2, ..., X))
It follows that F4 (N) = N and the linearization of F4 at N is given by
(de)N (X|, DY xn) = (xlw A(-x2v ceey -xn))»

resp. (dFa)y = A € SO(n — 1) C SO(n).
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LEMMA 3.3. For A € SO(n — 1), n > 3 there is an orientable conformally flat
manifold M = M’ whose holonomy representation p fixes a point p € Im(8) and is
given by

o m(M)=Z — COT(n); 1 —> Fy.

Hence the induced representation of wy on T,,S" is given by

Pup: (M) = Z — SO — 1); 1 —> A.

Proof. Let R* = R x R""!. We denote by x = (x;,¥) € R x R*"! the
components. We set

1 11
[ n—1 [ _ n—1
X, :=[-1,1]1xB (2)U( 22) x R

= {(xl,)T) e[-1,1] x R*!

1 1
X1l < —z-orlxll < 5},

where B"~!(r) := {x e R"™! |, |x|| < r}. We denote by

={y=0o---»y) R |yl =1}

the unit n—sphere with closed upper hemisphere H} = {y € 8" | yo > 0}. The
boundary 0H} = {y € §" | yo = 0} is then the equator. Then for (0, y1,...,y,) €
0H} we obtain o ((0, y1,...,¥) = (Y1, .-+ Yn)-

Let X, be the disjoint union of X| and H} where we identify x = (x1,%) € X, C
R” with 1y € HY if and only if x = o(y) and x; € (—1/2, 1/2).

Let M =7 x X, / ~ where we identify

(m, (1,%)) ~ (m+1,(-=1,%))

forallx € B"~ (1/2) and all m € Z. Forn > 3 M is simply-connected. The map
f: M — M defined by: f(m, (xl,x)) = (m + 1, (x1, Ax)) for x = (x1, %) € Xi,
and f(m, o' (x1,X)) = (m+1,0" ' (x1, AX)) for (x;,X) € R*—B"(1),x; e R, X €
R ! as well as f(m, N) = (m+ 1, N) generates a Z~action by isometries which act
freely and properly discontinuous. Hence M = M4 = M /fZ is a conformally flat
manifold and we can choose the development map 6: M — S" such that §|{1} x H}
is the identity (i.e., 8((1,y)) =y, y € H}).
It follows that the holonomy representation

p: m(My) =2Z — M*(n)
isgiven by p(1) = F4 and it fixes N € §". 0O

Remark 3.4. M is not Kleinian since for a Kleinian manifold the holonomy rep-
resentation does not have fixed points; cf. [Kul, (7.8)].

The subgroup p(w;(M)) C M™(n) consists of parabolic elements; cf. [Ku2,
2.2)].
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Example 3.5. Forn =2m > 4,m € N, € R, o & 2nZ define the following
element in Spin(n):

Aq = ((sina)e; + (cosa)ey) - e3 - ((sina)es + (cosa)es) - e4.

Here (e, .. ., e,) denotes a positiviely oriented orthonormal basis. Using an explicit
spin representation p: Spin(n) —> U(A,) (for example [BFGK, Chapter 1.1]) we
obtain

1(Ag) =—E® - ® R_q ® R_q,

E= 1 0 "R, = Cf)Sa —sina
0 1 sin¢  cosa
and (£(Ay) actson A, = C?" = C?2 ® --- ® C2. It follows that the eigenvalue 1 of

w(A,) has multiplicity 2! and the eigenvalues % exp(2m ) have multiplicity 22,
If &: Spin(n) —> SO(n) we conclude that £(A,) is a rotation of the form

where

—R2a D R—Za ® Id

on R" = R? @ R? @ R"*™4; in particular £(A,) € SO4) C SO(n).

Example 3.6. Combining Lemma 3.3 and Example 3.6, for n = 2m > 6 and
a € R — 277 we obtain an element A, € Spin(n) and a conformally flat manifold
M, such that the holonomy representation

p: (M) = Z — M*(n)

is given by p(1) = F4, and such that p fixes a point N € §" with induced represen-
tation

psn: (M) — SO4) C SO(),

px,N(1) = —Roqg & Rz, ® 1d.

Hence the manifold M,, which is not developable, satisfies all assumptions of The-
orem 1.2. We conclude that on M, there exist twistor spinors with zero and with
non-trivial associated conformal field. It follows that for p € 8~ 1(N) we have
dim 7,(M,) = dimker(u(Ay) — Id) = 2™, hence diim 7,(M,) = n2"~! = m2™.
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