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ON THE SEQUENCES THAT ARE GOOD IN THE MEAN
FOR POSITIVE L ,-CONTRACTIONS, 1 < p < o0

DOGAN COMEZ AND SEBASTIAN FERRANDO

1. Introduction

It is a well-known fact that, if a weight n is good a.e. for all operators induced by
measure preserving transformations (MPTs), then it is also good a.e. for any Dunford-
Schwartz operator (i.e., L} — Lyo-contraction) [BO]. Similar results have been ob-
tained in various other settings [JO], [JOW], [CLO]. When T is an L-contraction
induced by an MPT, various types of sequences, such as Z, block sequences [BL], se-
quences satisfying the cone condition [BL], [RW], sequence of squares and sequence
of primes [RW] are good in the mean for 7. Recently, it was proved in [F] that,
sequences satisfying the cone condition are good a.e. and in the mean for the class of
bounded superadditive processes relative to MPTs.

In this article, our aim is to show that sequences which are good in the mean for
invertible MPTs are also good in the mean for 7-(super)additive processes relative to
positive L ,-contractions (when 1 < p < 00), or positive Dunford-Schwartz operators
onlL;.

Let (X, X, u) be a finite measure space, and let T: L,(X) —> L,(X) be a
positive linear contraction where 1 < p < oo is fixed. In order to avoid certain
difficulties we will assume that (X, X, ) is a Lebesgue space. A strictly increasing
sequence n = {n;} of integers is called good in the p-mean for T if, for every
f €L, limy, % Zf’:'(;' T" f exists in the L,-norm . If v is a measurable
transformation on X, we say that n is good in the p-mean for t when it is good in
the p-mean for the operator T induced by 7. As usual, n is called good in the p-mean
if it is good in the p-mean for all MPTs.

A family F = {F,},»o of functions in L, is called a T-superadditive process
if Fuym > F, + T"F,, a.e. forall n,m > 0 (Fy = 0), where T is a positive linear
operator on L. If the reverse inequality holds, it is called T-subadditive, and if the
equality holds, i.e., F, = 27;01 T'Fy, itis called T-additive. A nonnegative T-
superadditive process F is called bounded if yr = sup, % f Fydp < oo. Itis well
known that, if F C L} is bounded, then lim,_, », % [ Fudp = yp.

In order to define the “averages” of a T-superadditive process F = {F,} along a
general sequence n, it will be convenient to view F as a collection of functions { fi}
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618 DOGAN (;f)MEZ AND SEBASTIAN FERRANDO
in L, with partial sums F, = fo + fi +--- 4+ fa— satistying the condition
T"F, < Fpyn — Fn, m,n>0.

Following [JO], in the sequel we will use the generalized notation for sequences.
Namely, a sequence n will be a family of integers n = {n(k, [)} such that

nk,l)) <nk,b) if I <l, and nk, 1) <nky, ) if ky <k, .
Given a sequence n = {n(k, [)}, we define the average of a superadditive process F
alongnas,forK > land L > 1,

1 L—-1
7 2 fakp (). ()
j=0

(When n = {n;}, the averages of F along n will be ﬁ ,1(":'01 Sfne- ) A sequence
n = {n(k, [)} is called good in the p-mean for T-superadditive processes if, for every
T -superadditive process F , limg ;o0 % ZJ.L;OI Su(k.j) exists as a double limit in

L,-norm.

2. The apparatus and the main theorem

The problem of determining when a sequence n is good in the mean for MPTs was
settled by Rosenblatt [R, Theorem 1]:

(i) For 1 < p < 00, a sequence n is good in the p-mean for invertible MPTs if
and only if limg y_oo & YN €27 K-DF forall B € [0, 1).

(ii) When t is a MPT, Z,{:ol f@"KDx) converges in L-normVf € L,, 1<
p < oo, if and only if it converges in Ly-norm for all f € L,.

Naturally, one asks if the existence of the limit in (i) would imply that the sequence is
good in the p-mean for some operators on L. In this section, we will show that if n is
good in the p-mean for (super)additive processes relative to MPTs, then it is good in
the p-mean for (super)additive processes relative to positive L,-contractions, when
1 < p < oo, or relative to positive Dunford-Schwartz operators on L;. The main
tool in obtaining this result is the apparatus below. Parts of the construction of the
apparatus are standard, therefore we will only give an outline of it here (adapted to
the superadditive setting). The reader is referred to [JO], [J] for the details. In [JO],
due to the intended purpose there, only the case 1 < p < oo was studied. Clearly,
the complications with p = 1 in [JO] are due to Chacon’s counterexample for a.e.
convergence for positive linear isometries in L;. We are mainly interested in norm
convergence, hence it is natural to consider also the case p = 1.

The apparatus. Let T and S be linear operators induced by the nonsingular invert-
ible point transformations T and o on X and Y, respectively, with w and z as the
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associated weight functions. (If o is measure preserving, z = 1.) Then
T"(f)(x) = f@")wa(x) and S"(f)(x) = f(0"x)z.(x), n=1.

where w, = w(wort)...(wot" ") andz, = z(zo1)...(z o " "). Also assume
that 7 is aperiodic. Fix K > 1 and L > 1, and choose § > 0 such that

J

Letm € Z+ suchthat 1 < % and n(K, L) < m. Construct a Rohlin-Kakutani tower

m
{Ak};(";l for t with error less than % and ;L(U;(”imz_m 4140 < % Similarly, construct
a Rohlin-Kakutani tower {Bk”c"in for o with error less than % Pick a constant 8
such that u(A;) = Bv(B;). Let ¢: A, — B; be an invertible MPT and define
H: L,(A)) = Ly(B) by H(f)(y) = f(@~'y)B"7, 1 < p < oo, for supp(f) C
Ay Then [, |Hf )IPdv = [, |f(x)|Pdp. Let A = Uj” A, and B = U~ By,
and then extend H: L,(A) — L,(B) as

14
du <e if u(E) <.

L—-1

z—: Ink .
=0

1
L “4
j_

wi(t* 07 y)
k(o =*y)
where ®: A — B is the extension of ¢ defined by ®(x) = (c*¢pr¥)(x), 1 <k <

m?2, for x € Ay. Consequently, if supp(f) C A, then supp(Hf) C B, and

] \f1Pdu = / \Hf|Pdv. )
A B

From the construction, it follows that, for f € L} N Loo, |Hf L8 = I flLooa)-

H()(y) = f(@'y) B,

LEMMA 2.1.  Let the operators T, S, and H be as above. If {F,} C L,(X) isa
T -superadditive process, then {H F,} C L,(Y) is an S-superadditive process.

Proof. 1tisenough to show that (H F,,) (0" y)zm (y) = H[(F,ot™)w,](y). Now,

—kq)—l
HI(Fy 0 ™) wnl(y) = [(Fy o )@ y)wn (@' y) 22 N gurp
Z(o™*y)
—k—m gy—1 m
= (@ 0" (@ lomyy 22T g1y
z(07*y)

Since Wipm (T K "D lo™y) = w,, ("D Lo y)wi (k"D 1o™y), and

Zham (@ K ma™y) = 7,,(y)zk (0 *y), we have

Wigm (TF D" 10™y)
Zktm (o ~Fmamy)

= HF,(0"y)zm(y)

proving the desired equality. O

HI(F, o T wnl(y) = F,(® 'a™y) Zm(y)BYP
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Now we are ready to obtain the main result.

THEOREM 2.2. Let T be a positive L,-contraction, 1 < p < 00, or a positive
Dunford-Schwartz operator on L. If n = {n(k, l)} is a sequence of positive integers
which is good in the p-mean for a class of superadditive processes relative to MPTs,
then it is good in the p-mean for T -superadditive processes of the same class.

Proof. First we will prove the theorem when T is a positive invertible linear
isometry of L,(X), 1 < p < oo. Let T be induced by an aperiodic invertible
nonsingular transformation t, andlet (Y, ¥’, v, o) be an invertible measure preserving
system. Fix K, L, and consider the apparatus above (where S is the isometry induced
by o). Letx € Ax Nsupp(+ Y10 fuck.p)- If y = ®x, then

1 L-1 1 L-1
I Y Hfwk.n() =H [Z > fn(K.j)(x)] . ()]
Jj=0 j=0

Now, for any two pairs K, L and K’, L', let §; and 8, be chosen such that

- D fuk.p) = 2 Jakr )
E|L = L’ =
if w(E) < 8, and ,u(E ) < &, respectively, as in the apparatus. Let § = min{é,, §,}.
Pick m so that l <3 and n(K,L),n(K', L") < m, and construct the mappmg H as

in the apparatus Consequently, (2) holds for both Z ! fuk.j) and Z L
Then

P
du<§ and ]E

€
d —
IL<2

L'—1

L’ Z fn(K’ D

Lp(X)
| Lt 1 "
- an(l(,j) - Z Jnk, )
L 7 L =
L1
Z fn(K »n L, Z fn(K’ 5

p

L-1 | L=t
du + € by the choice of §,

< fA anuc DT Z VAU
f l [ an(K DT }i fn(K’,j))jI
j=0

p

dv +e€ by (1),

L'—1

L,Zan(Kf,) +e  by@.

Lp(Y)
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Letting € — 0, and then using the fact that { Z,'L;ol Hfuk,jy is Cauchy in the
norm by hypothesis (since S is induced by measure preserving transformation, and
Hf, is S-superadditive by Lemma 2.1), we have that the averages of the original
T -superadditive process is Cauchy in the norm. This proves the assertion when t
is aperiodic. If 7 is periodic with period d, the same argument applies with minor
modifications after replacing the sets A; by disjoint sets A;, A, ...Ay, where if
xe€ A, thenthx € Ay, k=1,2,...d, andt¥t'x =x .

Next, let T be a positive L ,-contraction. By Akcoglu-Sucheston dilation theorem
[AS] there exists another (larger) L ,-space, say L, and a positive invertible isometry
Q: L — Lsothat DT" = EQ"D for n > 0, where D: L,(X) — L is a positive
isometric imbedding of L,(X) into L and E: L — L is a positive projection. Here,
the process {Df;} is Q-superadditive in D(L,), and, for any sequence n,

1 L-1 1 L—1
D| =Y fuxiy | =E|+ D Dhux.p |- ©)
L & L &

By the first part, nis good in the p-mean for superadditive processes relative to positive
invertible isometries, thus it is good in the p-mean for Q, and by (3), it is good in
the p-mean for T'.

When p = 1, the same argument in the first part implies that if n is good in the
1-mean for superadditive processes relative to MPTs, then it is good in the 1-mean
for superadditive processes relative to positive invertible isometries which are also
L .-contractions. Again, we use Akcoglu-Sucheston dilation theorem (for p = 1) to
obtain (3). Since E and D preserve L,-norm for f € L N Lo, (see also [A]), the
assertion follows from the same argument asinthecase | < p <oo. 0O

Not every sequence which is good in the p-mean is good in the p-mean for superad-
ditive processes (see the example below). However, the method of proof of Theorem
2.2, adapted to the additive processes, also gives:

THEOREM 2.3. Let T be a positive Ly-contraction, 1 < p < 00, or a positive
Dunford-Schwartz operator on L. If n = {n(k, 1)} is a sequence of positive integers
which is good in the p-mean, then it is good in the p-mean for T .

Remark. 1If n is good in the mean for invertible isometries, then an argument
similar to that of Theorem 2.2 above shows that it is also good in the p-mean for
T -additive processes when T is a positively dominated operatoron L,, 1 < p < oo,
or is a (not neccesarily positive) Dunford-Schwartz operator, or is a power bounded
Lamperti operator.

Combining Theorem 2.3 and the theorem of Rosenblatt [R], if we define the Fourier
coefficent function C(B) ofm, by C(B) = limg y— oo —11\7 ZN;Ol e>rinK.))B  whenever
the limit exists for all 8 € [0, 1), we obtain:
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THEOREM 2.4. Ifn is a sequence whose Fourier coefficent function C(B) exists
for all B € [0, 1), then it is good in the p-mean for all positively dominated L -
contractions, 1 < p < oo, or Dunford-Schwartz operators on L.

Recall that the result (i) of Rosenblatt provides a criterion for determining the
sequences that are good in the 2-mean for additive processes (relative to MPTs).
There is, yet, no such criteria known for superadditive processes. We will show in the
following section that for a certain family of sequences (B-sequences) if the process
F has some additional properties, or if the averages of F along subsequences are
defined differently, one can say more about the convergence in the mean. Indeed, the
following shows that the question of which sequences n are good in the p-mean for
superadditive processes is very delicate (which will be discussed in a separate article).

Example. Let f, = (—=1)", n = 0,1,2,... Clearly F = {F,} is a bounded
subadditive process (on a one point space). Now, we will define, inductively, a
sequence {ny} such that limy ﬁ Z,f/:‘ol fu, fails to exist. For, letng = 0, n; =1,
ny =2,n3 =4,n4=5,n5 =7,and

n3iz4j, 0 < j < 32, are the next 32 even numbers after nzi_
nyatj, 0 < j <32, are the next 3'2 odd numbers after nsis_;.

Then ;’c\,:_ol fo. = 0if N =32, andis § if N = 3'4. Hence, lim infy S fu =
0, whereas lim supy + Z,’(\':‘O' fu =1

Remarks. 1. The Fourier coefficent function of this sequence exists for all 8 €
[0, 1), hence, by Theorem 2.4, it is good in the p-mean (for additive processes).

2. For the process F in the example above, the sequence of even (or odd) integers,
sequence of squares, sequence of primes, and block sequences (i.e., sequences of the
form n = UBy, where By = {n; + i}f‘zo, and ny 1, I 1 withng + Iy < ngq) are
good in the p-mean.

3. The superadditive case revised

In [F] it was shown thatif nis a B-sequence (see definition below), then the averages
of bounded superadditive processes relative to MPTs along n (called moving averages)
are good in the 1-mean as well as a.e. However, the definition of moving averages used
there is different than (x). In this section we will show in Proposition 3.1 that if the
definition (x) is used, then B-sequences and block sequences need not be good in the
p-mean (nor a.e.) for bounded superadditive processes. We emphasize that in these
two cases the additive averages do converge. For these subsequences we study two
different solutions: the first one is to consider a more restrictive class of superadditive
processes (the Chacon processes) and use the definition (x), and the second solution
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is to redefine the superadditive averages for these subsequences using the definition
in [F]. In both cases, we will show that B-sequences (and block sequences), which
are good in the 1-mean for additive processes, are good in the 1-mean for bounded
superadditive processes. In the sequel, we only concentrate on B-sequences given
that the case of block sequences is similar. We will also concentrate only on the case
p=1

A sequence n = {(Un, 7n)}ooy in Z x Z such that r, > O for all n is called a
B-sequence if there is a constant satisfying

{k :3n, k+[v,, v, +ry) CI} < B|I|

for every interval I C Z, where |S| denotes the cardinality of a set S C Z. Notice
that, if | = I(j) = rj, k = k(j) = vj, and n(k,i) = k(j) +i, then B-sequences
can be viewed in terms of the general definition of subsequences. We observe that
the above definition of superadditive averages along a subsequence can be written as
follows:

1
"‘(Fv,,-l-r,, - Fv,,)v (4)
rn
PROPOSITION 3.1.  Let {(vk, k) 132, be a sequence of integers satisfying
= kT 4’

where {v,} and {r,} are strictly increasing sequence of positive integers. Then there
exists a nonnegative, bounded superadditive process { F,,}32, (on a one-point measure
space) such that (4) diverges.

Proof. Let Q = {wp}, u(wp) = 1. We will define a new sequence

{(vp, TYRS) C {(vks ri) IR

as follows: let (v}, r{) = (v, r1), and

! / ’ !
V) =Vp,, Uy, suchthat v,, > v +r; and ry = TIy,, and
ry=r rn, such that 22 < 1 and vi=uv
37— "n3» n3 riy — 3 3 ni:
In general

!’ / !/ [ p—
Vb = Uny, Where v, > vy + 719y andry =ryp, fork=1,2,...

/ !
- Yty 1 - =
T4t = Tny,, Where e and vy | = vy, fork=1,2,....
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Define X% = (X?)%2, where

X2k 1 if j € [nvy, + (n — Dry,, nvy, + nry,) forsome n > 1
0 otherwise,

fork =1,2,...,and X**! = (0);-,,.fork =0, 1,2, ... Moreover we also define

=ix;’,, Yo=0  and F,,=X—:Y, Fo=0
i=1

p=I1

A picture for the above definitions is as follows: X' is the infinitely long i row, and
Y, is the sum of all the elements in the p™ column.
Because v, — oo we see that F, < oo for all n > 1. We first check that

Sup,,- | niF,, < % . To prove this, notice that if we fix n > 1 then there exists v;_
satisfyingv; <nandv, ,, > n. Foragiveni, 1 <i <k,, we write
n n

n=38(;+r)+v (5)
where §; isanintegerand 0 < y; < v/ +r] we notice that the condition ) ;o | 7 ir, < %
implies:

4 v;
= > 1. 6
3 <v,/ + r,.’) ©)

Hence using (5), (6) and the fact that S, is the sum of the ones in the first n columns
we estimate as follows: It is enough to consider the case y; > v; for each i:

1F<1‘k2 3+)<1i4 5+
n n ‘= ni=13 vi 1]
4 Fu an & r!
< — & = — =
3n g '( + +r) n v; +r’) 3

The next property we verify is F, + F,, < Fy4,, Ym, n > 0 (superadditivity). This
follows from the inequality

n—1 m+n—1
Z Y, < Z Y, m,n >0,
p=0 p=m

which in turn follows from -, ' X! Z;":,,'l'_z Xj, Vi > 1. This last inequality

follows from the definition given for XJZ" So superadditivity is proved.
From the definitions it follows easily that
(Futr, — F)
Rl B TN Vk=1,2,... 0
Tok



SEQUENCES GOOD IN THE MEAN FOR L ,-CONTRACTIONS 625

We finally claim that
(Fy,

’ — F,
21 o1 V21

) 1

7 ﬁ )
T2k+1 3

k=0,1,2,... (3

To check (8) take £ > 0. By the construction, only the first 2k rows contribute with
ones to the difference (F,

e P Fv;kﬂ)- Write
forj=1,...,p; gjanintegerand 0 < y,; < (U'zj + Véj). We notice that by the
definitions,
/ / Vo 41l
12 U2k/+"2k > 2,/ 2j <<k
3 F2k+1 ok
hence,
1 r. vl
— 5 21/ > ,21 , Jj=1,... k. (10)
3\vy + Tokt1

Therefore, using (9) and (10) it follows from the definitions that

PR k ! / k ! ’
(F”;k+|+r Ut Fvéku) < (q21 " + " ) < Qi l 2j
_— ! ! ’
Tok+1 3vy; 41

!/ /
T2k+1 = P41 =1

W -

k / ! ’
Poatlyi 1
< : 2k-’./—l 2j : + § / 2j / <
I T (v 1)) () +12))

Combining (7) and (8) we conclude that lim,,_, ri, (Fy,4r, — Fy) does notexist. O

Remarks. 1. We notice that a subsequence of a B-sequence is also a B-sequence.
For instance, consider the example v, = (k + 1)!, r, = k!. Hence, ry /vy — 0 and
then taking an appropriate subsequence the condition Y _p-, vk—:tr—k < % used in the
proposition above can be satisfied for some B-sequence.

2. The example above may be adapted to give a counterexample for the case of
averages of bounded superadditive processes along Block sequences.

The counterexample constructed in Proposition 3.1 raises the question: Is there
a class of one-parameter superadditive processes for which %(F,,k +r, (W) — Fy (w))
converges in the mean (and possibly pointwise) as r, — 0o, when F is in that class?
Proposition 3.2 below proves that the so called Chacon’s admissible processes give
an affirmative answer to this question.

Definition. A collection { f, fi, ...} of functions in L;(X, X, u) is said to be a
bounded Chacon admissible process with respect to a positive linear contraction S if

S_fl S ﬁ‘f’l, l Z 0’
Sull’;l:fx F,<oo  where F,=Y""0 fi, n>1.
n>
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It follows that Fy + S*F, < Fiyn, k,n > 0 (take Fy = 0). Therefore, a bounded
Chacon admissible process is a bounded superadditive process.

We notice that the superadditive process constructed in Proposition 3.1 is not a
Chacon process (neither is the process in the example following Theorem 2.4).

For the purpose of the next proposition we will assume that S is an operator on
Ly, induced by an isomorphism on the base Lebesgue space. It is known that in this
case S admits a weak type (1,1) maximal inequality along B-sequences for additive
processes (in fact this is true for an arbitrary MPT [F])).

PROPOSITION 3.2. Let S be an operator as above. Assume that { fy, fi,...}, a
collection of L, (X X, u), is a bounded Chacon admissible process with respect to
S.IfF, = Z i=0 f,, n > 1, and {(vs, ry)};2, is a B-sequence with r, — o0 , then

(Fv,,+r,,(w) - Fv,, (U)))

Tn

converges a.e. and in the mean as n — 00.

Proof. Noticing that Z I Si fo < F,, we can assume w1thout loss of generality
that f; > 0,i > 0. For convemence define P; = f; — Sfi_1,i > 1; also we set
Py = fy. Using the fact that the process is bounded it can be proved that

ﬁm[ﬂ<w. an

To obtain this inequality we compute as follows (P; > 0):

fﬂ=v+nzfjﬂ—o+n./ﬂ“

_ 1 k+r+1) 1
‘(r+n(/F“”“T/ﬂ)5 r+D (w+r+an“”J

k+r+1) 1/
< —~sup- | F,.
= Trrn oy

Taking r — o0, this implies that limy_, o f fi < SUpP,> | % f F,.
For a given k > 1 define

§"k fi(w) for n >k
k _ k
8 (W) =1 ) for 0 <n <k

Hence it follows that

0if 0<mn<k
frw) —gkw) = & i p
n n > 8" Peyi(w) for n >k, where m=n—k.

i=1

(12)
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Define M;(f —g*) = Z"’“L"_l fn — gk. Using (12) we estimate that

vit+ri—1
Mi(f-ghwy< D > SR (w).
Jj=vi r=k+1

q

Alsodefine by ,(w) = Y S, P (w) and be(w) = lim by 4(w) . By an application
r=k+1 g—>0

of the Lebesgue monotone convergence theorem and equation (11) we obtain

fx be(w)dp(w) = Jim, fx begdp) < 3 f P, < Jim f fi < oo

r=k+1
(13)
Because by, 1 b and by € L| we conclude N brg 4 SYby. Therefore (13) implies
vi+ri—1 )
Mi(f—gH< ) S (14)
J=vi

As usual, define

Vytr,—1 vp4ry—1

flw) = lim sup — Y fw ffw) = 11m1nf— > fiw).
n—co In Jj=vn Jj=vy

For an arbitrary @ > 0 define E = {w | f!(w) — f*(w) > a}. Then to finish the
proof we need to show that (E) = 0. For k > 1 set

Uptra—1 Untry—1
— 1 - j—k — 1 - k
Gi(w) = lim = j=§v (87 fo(w) = lim = j=§v 8j (w),

where the last equality is obvious for the cases in which v, — o0 or v, < M, Vn >
1, and it also follows in the other case by an application of Theorem 3.3 in [F] (see
the remark following Theorem 3.3 in [F]). Therefore

E = {w|[(f'w) — Giw)) — (f2(w) — Gx(w))] > e}
c {w | (sur’an(f—g")) > 9‘-}
n>1Tn 2
1 Uptrp—1 ) o
C {w I (g)a ,; S’bk(w)) > El,

where we used (14) to obtain the last inclusion. By hypothesis, S admits a maximal
inequality along the B-sequence for the additive process {S’ b}72,- Hence we obtain

u(E) < ——f b(w)du(w) = fIPrl < 00,
r=k+1
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where we used (12). Then taking k — oo gives u(E) = 0. Now we show how this
a.e result implies convergence in L. Given the hypothesis on the operator S and the
fact that the sequence { fi} is a bounded Chacon process it follows that Gy < G4
and [ Gy = [ f, where the last equality follows from the identification of the limit
result given in [F]. Therefore Lebesgue monotone convergence theorem guarantees
the existence of the L;-limit Go, = L; — limy_, o G.

The proof will be finished by showing that lim,,_, », || JT(F,,”JF," —F,) -Gl =
0. Given € > 0, use equation (11) to find K such that [ f, — [ f,, < 5 for all
K<m<nand |Gy — G|} < % for all k > K. It has been shown in [F] that L,
convergence holds for additive processes along B-sequences; therefore lim,,—, o ||Gx—
Ly wtr=lgi=k gy|l, = 0. Hence

|

n J=Un

1
r_-(FUn+rn - FU,,) - GOO “ 5
n 1

1 vy, —1 )
; l:(Fv,,+rn - Fvn) - Z (Sj—kfk)]

J=uvn
1 vp+ra—1 .
+|Ge—— > ()] +1Gk = Gl
n J=Un 1
€
= /fv,,+r,.—fk+§ <€ O

To extend the mean result of Proposition 3.2 to the operator case we need a version
of Theorem 2.2 for Chacon processes. First notice that Proposition 3.2 implies that
the averages %(FUML," — F,,) converge in the mean, where F is any Chacon process
with respect to some operator S (S as described above). To obtain this result for an
arbitrary positive L contraction T we can use the proof of Theorem 2.2 as HF is
S-Chacon admissible, where the transformation H is as in Theorem 2.2. But this is

easily checked along the lines of Lemma 2.1. With these remarks we obtain:

COROLLARY 3.3. Let {F,}32, be a bounded Chacon’s admissible process with
respect to T, where T is a positive Dunford-Schwartz operator on L. If {(vi, re) }32

is a B-sequence with ry — oco. Then

(ka+r/( (w) - ka (w))
Tk

converges in the mean as k — oo.

The second solution to the problem of defining averages of superadditive processes
is actually to define them as follows. The “averages” of a T-superadditive process
F = {F,} along a B-sequence n = {(v,, r,)} can also be defined by

1

—T"™F,,. ()

Tn
The ordinary (nonmoving) averages correspond to the case where v, = 0 forall n.
Observe that the averages of F along n = {(v,, r,)} using the definition (*) corre-
sponds to ;'n-[F.,”Jr," — F,, 1. Both definitions are equivalent in the additive case. The
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same apparatus used in the proof of Theorem 2.2 leads to the same conclusion when
the averages are defined by (x*). For, since n = {(v,, r,)} is good in the 1-mean
for bounded superadditive processes relative to MPTs in this case [F], it is enough
to prove that if 7 and S are as in Theorem 2.2 and n is good in the 1-mean for
bounded superadditive processes relative to MPTs, then it is also good for bounded
T -superadditive processes. That is why we only state this result (without proof):

THEOREM 3.4. Let {F,}32, be a bounded T -superadditive process, where T is a
positive Dunford-Schwartz operator on L. If n = {(v, ri) 52 is a B-sequence with
ry = 00. Then

1
—T%F,, converges in the mean as k — oo.
Tk
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