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STRONG SWEEPING OUT FOR BLOCK SEQUENCES AND
RELATED ERGODIC AVERAGES

MUSTAFA AKCOGLU AND ROGER L. JONES

ABSTRACT. In this paper we consider the block sequences introduced by Bellow and Losert, and show
that in several cases, not only does divergence occur, but that we also have strong sweeping out. Related
averages are also considered.

1. Introduction and notation

Let (X, X, m) denote a probability space, and t an ergodic measure preserving
point transformation from X onto itself. Let {(n, £;)} be a sequence of pairs of
positive integers. Define the sequence of averages,

1 &G—1 )
Af @) = 4 Y faEmtix).
j=0

In [4] necessary and sufficient conditions on {(n, £;)} were given so that the averages
A, f converge a.e. Later in [6] it was shown that one can find sequences {(n, £¢)},
with £, — oo, such that not only do the averages diverge, but the Cesaro averages
of the block averages also diverge a.e. The argument in [6] shows the existence of a
sequence, {(ny, £)}, with this property, but does not actually give an example. Using
different techniques from those in [4], in this paper we obtain many of the same
results, but the techniques also establish much more. We give a family of examples
that show the Cesaro averages of these moving averages can fail to converge, and in
fact have the strong sweeping out property. We also consider the “block sequences”
considered by Bellow and Losert in [S5]. That is, we consider the subsequence of
integers determined by the set U2 [ng, ni + £i). We give several examples of cases
where such subsequences are “bad universal”, and in fact have the strong sweeping
out property.

Definition 1.1. A sequence of L! — L™ contractions, {T}}, is said to be strong
sweeping out if given € > 0 there is a set E such that m(E) < € but such that

limsup Ty xg(x) = 1 a.e. and limkinf Tixe(x) =0a.e..
k
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The strong sweeping out property was introduced by Bellow, and subsequently
studied by several authors. Showing that a sequence of operators is strong sweeping
out implies that the operators diverge in the worst possible way. In [1] it was shown
that many subsequence averages, such as % ;’___l f (% x), have this property. In fact
it is shown that the sequence {2/} can be replaced by any lacunary sequence, and we

still have strong sweeping out. To do this the C(«) condition was introduced.x

Definition 1.2. Let0 < @ < % A sequence of real numbers, {wy}, is said to
satisfy the C (a) condition if given any finite sequence of real numbers, xi, x2, ..., X1,
there is a real number 0 so that Owy € x; + (0, 1 —@) +Zfork =1,2,..., L.

In [1] it is shown that any lacunary sequence, after possibly neglecting the first
few terms, satisfies the C(c) condition. A modification of what is given there shows
that finite unions of lacunary sequences will also satisfy the C(«) condition. See [8]
where the details of this modification are given. Further, in [1] it is shown that the
averages associated with any sequence that satisfies the C (@) condition will have the
strong sweeping out property. While the sequences considered in this paper do not
satisfy the C(«) condition, we show that similar ideas can be used to establish strong
sweeping out.

Throughout the paper, if {v,} denotes a sequence of measures on Z, and 7 is
a measurable, measure preserving point transformation of a probability space onto
itself, we will also use {v,} to denote the associated sequence of operators given by

vn f () = 3, v (k) f ().

2. The main results

We begin this section with a definition of a condition that is similar to the C(«)
condition, but is associated with a sequence of measures, rather than a sequence of
real numbers.

Definition 2.1. Let {v,} be a sequence of probability measures. Let 0 < o < %.
The sequence of measures is said to satisfy the B(a) condition if givene, 0 <€ < 1,
and a positive integer L, we can find k1, k2, ..., k; and sets Ji, J», ..., J. such that
vy, (Jj) = 1 —eforj=1,2,...,L, and such that for any sequence {xj}]'.;,, of real
numbers, we can find a real number 6 such that w6 € x; + (a, | — ) + Z for all

wel,j=12,...,L.

We can now state the following theorem which shows the importance of the B(«)
condition.

THEOREM 2.2. Let {v,} be a dissipative sequence of measures with the B(x)

condition for some a, 0 < a < %. Then the associated sequence of operators {v,}

has the strong sweeping out property.
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Proof. It will be enough to show that given € > 0 and Ny, there is a Lebesgue
measurable set G such that the density of G, d(G) < €, and

[x: sup v, xg(x) > 1 —-e] =R.
n>Ny

Once we have this fact, the result will follow by standard arguments. The argument

below is contained in [1], but is included here for completeness.

Let E = (¢/2,1 —a/2)+Z and F = (a, 1 — o) + Z. Then there are finitely
many translates Fy, F», ..., Fg of F with the property that for each x € R there is an
integers, 1 <s < S,suchthatx + F;, C E.

Select Q such that d(E)? < €. Denote by T = {1,2,...,5}1:22} Let

= §2. We note that there are only L vectors in . Using the fact that the measures
satisfy the B(a) condition, we can select ki, k2, ..., ki such that the v, have the
properties required by the definition. (We can assume that k; > N since if not,
we could have simply have chosen L = S + Ny and discarded the first N terms.)
For each vector o € I, let v, denote one of the v;;’s. (Make this assignment in a
one-to-one way. This is possible since there are exactly L vectors and L measures.)
Because of the assumptions, we know that for each o € X we can find a real number
rq such that r, - J, C F,, where o, denotes the gth coordinate of 0. We know by

Theorem 2.1 of [1] that for almost every choice of the real numbers r(, r;, ..., rg we
have
2 E
d (ﬂ ) = d(E)?.
r,
g=1"1
Thus we can select ry, ry, ..., rg sothatr, - J, C Fy, and d( =1 f) < e.

LetG = ﬂf___, ;’-’j— We have d(G) < €. We now need to show that for each x € R
there is a o € ¥ with v, xg(x) > 1 — €. This will follow if we can show x + reG
for each r € J,. This means that foreachgq, | < g < Q,weneedx +r € ; E that
isrgx + ryr € E. We know that there is s, so that ryx + F;, C E. We ]llSt take
o= (s1,8,...,5¢). 0O

The first application is an immediate corollary.

COROLLARY 2.3. If {v,} is a dissipative sequence of measures with support on
a sequence that satisfies the C(a) condition, then the operators associated with {v,}
have the strong sweeping out property.

Since it has been shown that lacunary sequences have the C () condition (see
Proposition 2.5 below) this implies

COROLLARY 2.4. If {v,} is a dissipative sequence of measures with support on a
lacunary sequence, then the operators associated with {v,} have the strong sweeping
out property.
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However, many sequences of measures that do not have support on a sequence that
satisfies the C(«) condition can be shown to have the B(«) condition. To see this
we will need the following proposition. The proof is a small adaptation of the proof
given by Losert in [8] to show that a finite union of lacunary sequences satisfies the
C (o) condition. (Also see [9] and [1].)

PROPOSITION 2.5. Let {n;} be a lacunary sequence with ﬁfﬁl > A > 1. Then

there existsan a,0 < a < %, such that given a sequence of real numbers, x\, x3, . . .,
and a positive integer ko, we can find a real number 6 € [—1/ny,, 1/ny,] such that

nb e xp+ Qa1 —2a)+7Z
SJork > ky.

Proof. First find an integer 4 > 0 such that A” > 2k + 2. Define @ = %Tﬁ’ﬂf
By adding some terms, if necessary, we can assume ”ﬁvki < A forall k. Let Iy =
[—1/nk,, 1/nk]. Since ng,|lo| > 1, by reducing Iy, we can in fact assume

ni A2 Il = 1 — 4a.

We will show below that there is a closed subinterval I, C Iy, with ng, 4,22 11| =
1 — 4a, and such that for all 6 € I}, we have

nb € xp + Qa,1 —2a)+7Z

fork =ko+1,ko+2, ..., ko+ h. Then we can iterate the construction, replacing I
by Iy, and starting at ng, 1541, thatis, replacing ko by ko +h. We get a nested sequence
of closed intervals, Iy, I, I, . . ., and any 6 in the intersection has the desired property.
The new interval, I}, is found as follows. For kg < k < ko + A, put

Gy = {x € Ihlnix € x; + (—2a, 20) + Z}.

Since by assumption, ny, ., < ng,A%, we have |nglg| < |ng4nlol < n A2\ Io| =

1 — 4. From this we see that x; + n;Gy is an interval of length at most 4«. If
ko+h

G= [_%’ %] n (Uko.—ijGk) then

4ah
|Gl = —.
g,

Since Iy \ G is a union of at most & + 1 intervals, at least one of these intervals has
length at least

I-de _ dah
o\ GI _ nigh® — m,

h+1 = h+1
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Selectone suchinterval and callit ;. We need to check that |/, | satisfies 724,+x A2 >
1 — 4. From the above, we see that

Io\ G| _ mugn | —da — daha?

|
A.2h
Hth AT T Thg, h+ 1

If we could show this is at least 1 — 4o we would be done.
Using the definition of « given above, and the fact that ny,., > ny,A", we have

A — 2h
Mg | = do —dabd L L
Nk, h+1 2h + 1)

asrequired. O

The first application of Proposition 2.5, combined with Theorem 2.2 is to give a
different proof of some of the results from [4]. This is the simplest application of our
technique. Modifications of the same idea will be used to obtain the later results.

THEOREM 2.6. Let {n;} be a lacunary sequence of positive integers, and {£;} a
non-decreasing sequence of positive integers such that given L, we have lim inf;_, »

9’;—‘ = 0. Then the moving averages

41

Arf(x) = Z @)

have the strong sweeping out property.

Proof. 'We will show that the sequence of measures associated with the averages
Ay satisfy the B(a) condition. Let o be the o given by Proposition 2.5, using the
lacunary sequence {n;}, that is the sequence of starting points of the blocks. Let
L be given. In this case we take ¢ = 0. The sets J; will just be the intervals
[Mky+js Pko+j + Liy+j), Where ko is chosen to have the property that %’;’)—L < a.
Let x, x3,...,x; be given. By Proposition 2 5 above, we can select 6 so that
On,+j + xj € Qa, 1 — 2a) + Z. Since |0] < —0- we have |Qw]| < eﬁ’i’- < « for all
w € [0, €,+,). Henceforeach j, j =1,2,..., L, wehave wd € x,+(a, 1-a)+7Z
forall w e [nk0+j, Ngy+j + ek(,+,~). O

We have the following corollaries, which are also contained in [4].
COROLLARY 2.7. Letn, = a* and let £, = b* where 1 < b < a < 00. Then the

moving averages associated with the sequence (ny, £y) have the strong sweeping out
property.
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Proof. We just need to show that f%‘- — 0, but in this case it is the same as

showing
k+L k
ak a

Since L, and b < a are fixed, this certainly holds. O
We can also obtain the following by the same argument.

COROLLARY 2.8. Letn; = [k%] and let £; = o(ny) where 1 < a < 00. Then the
moving averages associated with the sequence (ny, £;) have the strong sweeping out
property.

Proof. Since it will be enough to show that we have strong sweeping out for a
subsequence, we can consider only the lacunary subsequence obtained by restricting
k to be of the form 2”. Hence we are looking at n; of the form [(2¥)?] = [29¢], and
£, = 0(2°*). We need to know that

£
ZhotLl — 0.
N,
However, since 4,41 = 0(nk,+L), this means we need to know

o(2tko+D1a)

T — 0.

If we define €, by £, = €,2"%, then we know that €;,4; goes to zero as kg — 00.
What we need to show is equivalent to showing

2(ko+L)a L
€ko+L (_Z"T) = €+12"" = 0,

and for any fixed L this clearly holds since 2% is fixed, and €44+, — 0. O

In fact, more is true. By extracting a lacunary subsequence from a given sequence,
as above, we can give a new proof of the result in [4] on moving averages.

Let 2 be an infinite collection of lattice points with positive second coordinate.
Define

Q0 = {(z,5): |z—y| < a(s —r) for some (y,r) € Q,
(z, s) a lattice point}.

The cross section of 2, at height s > 0 is denoted by ©,(s) and is defined by
Qq(s) = {k: (k, s) € Q4. We will say that S satisfies the cone condition if there is a
constant ¢ (which can depend on ) such that for every A > 0 we have |2, (1)| < cA.
In [4] it was shown that the moving averages A, f(x) = & ;.":;f* f(x/x) converge
a.e. if and only if the set Q = {(ny, €x)} satisfies the cone condition. The following
theorem is contained in [4]. However, the proof given below is new.
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THEOREM 2.9. Assume that the set Q = {(ny, £x)} fails to satisfy the cone con-

dition. Then the moving averages Ay f (x) = é 75__",;? f(zix) are strong sweeping
out.

Proof. We first show that we can extract a subsequence {(n}, £;)} of {(n, £)}
which has the property that {rn;} is lacunary, and {(n,, £;)} fails to satisfy the cone
condition. The result will then follow from Theorem 2.6 if we can show that given
L > 0, we have liminfy_, o £, ; /n; = 0. To see that this holds, assume not. Then
there would be a constant b such that £, , > bn;. From this it would follow that the
cone condition holds, and we know this is not the case.

To see that we can extract the desired subsequence, we argue by induction. Fix
o =1, and let n} = ny. If n}, nj, ..., n; have been selected, let n;, denote the
first n; > n; such that |Q;(x)| > 2k for some A > 0. It is possible to find such
any,, since if not, the remaining (n;, £;) (that is the points with n; > n;) will all
be contained in the cone with vertex at (n}, £;) and & = 2*. This will allow us to
conclude that the cone condition is satisfied, which we know is false. O

We now show that the averages along certain block sequences have the strong
sweeping out property. This generalizes some results of Bellow and Losert [5], who
show that the averages diverge for some f € L'.

THEOREM 2.10. Let 1 < p < A. Assume (ny) form a lacunary sequence, with
”ﬁ—‘ > A, and let (£;) be a sequence such that £; = [p*] for each k. Let (w;) be the
integers in the set U32 | [ng, ni + £i). Then the Cesaro averages along the sequence
(wj) have the strong sweeping out property.

Proof. Define S, = Ul_,[n;, n; + ¢;]. Then we see that

k . ok —
#(S) =) o1~ p——rp.
i=1 P

(Note that we only get an approximation because we are using the sum up to [0/]
and p is not necessarily an integer.) Given € > 0, we will select L + 1 integers,
No, Ny, N3, ..., N, such that

#(SNk_|)

— <e

#(Sn,)

fork=1,2,...,L. We have

No o
#(Sny) = D ']~ FPM’-
Jj=1
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Hence we need to select N so that #(Sy,) = #(SM,)GL, and in general select Ny so that
#(Sn,) ~ #(Sn,)(1)¥. From this we see that we have #(Sy,) ~ #(Sy,) (). Since

P
#(Sy,) ~ ——p™
p—1

Pt mwism) (o) ~ L=t (<)
p—1 € p—1 €

Consequently, p- ~ pM (1)L, Definethesets J;, j = 1,2,..., L,by J; = S;\S;_i.
By construction these sets have the property that vy, (J;) > 1 — €. We just need to
check that the other property of the B(«) condition is satisfied. As before, if we can
be sure 6 is so small that §r < « for |r| less than the length of the last block, then we
will be done. Since 6 € [—1/ny,, 1/ny,], we need to be able to take Ny so large that

] 1\t
———pN" (—) <a.
ny, €
Since ny, > AN it is enough to have
o (N
—_— (U
L (Y) <

Since p < A, and both L and € are fixed, we see that by taking Ny large enough, we
can make the left hand side as small as desired, and in particular, less than . O

we now have

With almost the same argument, we can also prove the following result.

THEOREM 2.11. Let! < A,andletd > 0. Assume (v;) forma lacunary sequence,
with ”ﬂ— > A, and let (¢;) be a sequence such that £; = [i9] for each i. Let (wy)
denote 'the sequence formed by the integers in the union of these blocks. Then the
Cesaro averages along the sequence (wy) have the strong sweeping out property.

Remark 2.12. To make the argument work, we need to know how many terms
are in each block. That is why we need to give the length £, as we do above. If some
£, are allowed to be much shorter, then we do not have control of the number of terms
needed, consequently, we will not be able to control N, . If we take an extreme case,
by allowing ¢; = 0 for many k, that is, we have mostly empty blocks, we can obtain
the “good universal” block sequences considered by Bellow and Losert [5], that is
with n, =22 and ¢ = «/Nik. Since these are known to be good, strong sweeping out
cannot occur.
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Remark 2.13. In Theorems 2.11 and 2.10 it was important that we considered
Cesaro averages, or at least very specific averages. In [7] it is shown that for any
sequence of moving averages, where the lengths of the blocks increase to infinity,
the Cesaro averages of the moving averages have asymptotically trivial transforms.
Consequently, applying a result in [3] we have convergence of some subsequence of
the Cesaro averages of the moving averages forall fin L”, p > 1. (Indeed, by taking
the right choice of a dissipative sequence of measures, we can obtain a subsequence of
the moving averages which will even converge for f € L'.) In particular we cannot

have strong sweeping out for all dissipative sequences of probability measures on the
sequence (w;).

In [6] (Corollary 2.5) it is shown that if we take the Cesaro averages of moving
averages (with the lengths of the moving averages going to infinity) it is possible to
construct a sequence of moving averages so that the Cesaro averages of the moving
averages have the strong sweeping out property. With an argument similar to that
used above, we can prove the following generalization of the result in that paper.

THEOREM 2.14. Let1 < A,andletd > 0. Assume (n;) forma lacunary sequence,
with "’*' > A, and let (¢;) be a sequence such that £; < i? for eachi. Then the Cesaro
averages of the moving averages associated with the blocks [nk, nx + £x) have the
strong sweeping out property.

Proof. The proof is very similar to the proof of Theorem 2.10, above. If A f (x)
denotes the moving average & Zf.i__f,' f(z™+Jx) then we want to show that the aver-

ages ,:, Z,'(V | Ak f (x) have the strong sweeping out property. If Ny is selected, then
as before, we need to select Ny ~ No( Lk k=1,2,...,L. Since N, ~ No(%)’“
is the index of the last average we use, we need to make certain that the length of
the associated block, £y, satisfies ;,—"VT‘K ~, < a. This means, since n; > Ak, that we

will be able to achieve our goal if x;'v(;(No(%)L)" < a. Since the bottom is growing
geometrically, and the top is growing only like a polynomial, we see we can achieve
ourgoal. O

Remark 2.15. If in the above example we were to take £; = p* where 1 < p < A,
then to make the above argument work we would need

L
Mol < .

1
o £
This cannot be achieved in general if € is small enough, or L is large enough, since

L ey . .
we can have p'/¢" > A. Hence it is now natural to ask the question: do we have
strong sweeping out (or even divergence) in the case of Cesaro averages of moving

averages where both the starting points of the blocks, and the lengths are lacunary?
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