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COMPACT LIE GROUPS ACTING ON PSEUDOMANIFOLDS

RAIMUND POPPER

ABSTRACT. In this paper we introduce the concept of a G-pseudomanifold, which is an equivariant version
of the stratified spaces defined by Goresky and Mac Pherson for compact Lie group actions.

Let G be a compact Lie group acting on a topological manifold M. Then the orbit
space M /G is a topological pseudomanifold, if the action is locally linear. Recall
that a topological pseudomanifold is a space that admits a filtration

X=X,DXs1D--DXoDX_1 =0,

such that X,, — X,,_; is a dense n-manifold, X; — X;_; fori < n — 1 is an i-manifold
(or empty), and along which the normal structure of X is locally trivial. Moreover if
G acts smoothly on M, the above is valid in the context of Thom-Mather stratified
spaces [2], [10]. For topological actions on manifolds no such structure exists in
general, however progress has recently been made using homotopically stratified
sets, developed by Quinn [8].

The objective of this work is to give an answer to the following problem: find a
class of compact Lie group actions on topological pseudomanifolds X such that the
corresponding orbit space X/G is also a pseudomanifold. A solution is obtained by
considering stratified G-spaces having a conical slice at a point in each orbit, which
we call G-pseudomanifolds. These spaces extend the notion of locally linear actions
to topological pseudomanifolds, and were first introduced by the author in [7], using
links without fixed points. In the present work we remove this restriction, obtaining
a significant generalization. An example is given by compact Lie group actions on
orbit spaces.

The content of this paper is the following.

In Section 1 we define conical slices and G-pseudomanifolds. In particular, given
a locally linear G-manifold M, and a closed normal subgroup K of G, we show that
M/K is a G/ K -pseudomanifold.

Section 2 deals with the orbit type refinement of a G-pseudomanifold. We also
prove the existence of principal orbits, observing that their union need not necessarily
coincide with the highest dimensional stratum in the orbit type refinement.

In Section 3 we study the corresponding orbit space, showing that it is a topological
pseudomanifold.

Smooth G-pseudomanifolds are defined in Section 4, where we prove a gene-
ralization of Mostow’s equivariant embedding theorem [6].
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1. Conical slices and G-pseudomanifolds

In this section we define G-pseudomanifolds and give some examples.

Let G be a compact Lie group.

By a G-space we mean a Hausdorff topological space X, with a continuous action
®: G x X — X, such that the orbit space X/G is connected. Let ®(g, x) = g - x.
We denote by G - x the orbit containing the point x, and by G, = {g € G: g-x = x}
the stabilizer or isotropy subgroup at x. Also we denote by X gy the union of all
orbits of type(G/H) in X, see [3, p. 42], and by X¢ = X ) the fixed point set of the
action.

Recall the definition of a slice; see [3, 11.4.1].

Given a G-space X, we say that a subspace Sy is a slice at a point x, if x € Sy,
Sy is invariant by H = G, and the canonical map ®: G xy S; — X, given by
[g,x] — g - x,is a G-equivalence onto an open neighborhood I'" of G - x, called a
tubular neighborhood.

Now let Y be a non empty topological space; then its open cone, denoted cY,
is defined as follows: cY = Y x [0,1)/(y,0) ~ (y/,0). Let [y, r] denote the
corresponding equivalence class and * the vertex [y, 0]. For Y = @ we let cY = {x}.

Given a G-space X there is a canonical G-action on cX, which is the following
g-[x,r] =[g-x,r] where g € G,x € X,r € [0,1). Notice that the vertex * is
a fixed point. Furthermore any invariant open neighborhood of the vertex is a slice
incX.

Aslice S, at x is said to be linear if it is G-equivalent to a Euclidean space with
an orthogonal action. We say that X is locally linear if it admits a linear slice at a
point in each orbit. Since each tubular neighborhood of an orbit P in X is a vector
bundle over P, see [3], it follows that X is a topological manifold. We also call such a
space a locally linear G-manifold. For example a smooth (C*°) G-manifold is locally
linear [3, VI1.2.4].

Definition 1.1. A G-space X is said to be stratified, if it admits a filtration
X=Xx">Xx"'>...0x°>x'=¢

by closed invariant subsets, such that the subspace X* — X*~! is a topological k-
manifold (if non empty), fork = 0, ..., m. (Assume that X" # X™1),

We now define the concept of a conical slice.

Definition 1.2. Let X be a stratified G-space. Given an orbit P in X¥ — X*-1,
forsome k =0, ..., m, we say that a slice S, at a point x in P, is a conical slice of P
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at x, if the following holds: There is a compact H-space L, where H = G,, called a
link of P, together with an H-equivalence ¢: S, — % x cL, for an integer iy > 0,
and the trivial H-action on Buclidean space %, such that

X = XNy N S, = 857 = ¢7 (R x {*)).
We also allow L to be empty. (Notice in particular that x € S%).

Let I be the tubular neighborhood corresponding to a conical slice S, ~ R x cL
of P. Then since (X* — X* 1) NT ~®"' G xy 89 ~ G/H x R, the integer
ip is independent of the choice of a conical slice for P. We shall write sd(P) =
ip + dim(G/H).

Moreoverif each orbitin X admits a conical slice, we have shown that the connected
components of the subspaces (X* — X*~1)  are topological manifolds, since on such
a subspace the function y — sd(G - y) is continuous.

Notice that for each conical slice S¥ =~ %' x ¢(LH). Therefore the fixed points
of S, can be divided into two classes, one Euclidean and the other conical. The
separation of these classes is accomplished by the condition (X* — X*~1)n SH = §9,
which is equivalent to the one given in 1.2. In other words, the fixed points of conical
slices behave nicely relative to the stratification of X.

Now we define the concept of a G-pseudomanifold.

Definition 1.3. The definition is by induction.

A (—1)-dimensional G-pseudomanifold is the empty set.

An n-dimensional G-pseudomanifold (n > 0) is a stratified G-space X, which
satisfies the following conditions:
(C1) Each orbit P in X has a conical slice Sy 2% R x cL at x, such that L is an
(n — i — 1)-dimensional H-pseudomanifold, where H = G, and i = sd(P).
(C2) For each point y € S, — Sf with ¢ (y) = (¢, [I, r]), we have the relation

sd(G-y)=sd(G -x)+sd(H- 1)+ 1.

We shall prove in §2 that n is the topological dimension of X. Condition (C2) is
necessary in order to obtain local normal triviality.

Here are some examples.

Examples 1.4.

1. Locally linear actions. Let M be an n-dimensional locally linear G-manifold.
For n = —1 we define M to be the empty set. Claim that M with the trivial stratifi-
cation, is an n-dimensional G-pseudomanifold.

The proof is by induction on the dimension of M. Assume that n > 0. Given an
orbit P in M, let S, be a linear slice at x, with x € P and G, = H. Then S, is
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H-equivalent to a Euclidean space E with an orthogonal H-action. Thus there is an
H-equivalence ¢, given by

S, ~ Ef @ (EM)L ~ R x ¢(59),

where L denotes the orthogonal complement with respect to an H-invariant Rieman-
nian metricon E, i = dim(E"), g+ 1 = dim(E¥)*, and §7 is the standard g-sphere
in Euclidean space. (For g = —1 we put $7 = @.)

Now if g > 0, then H acts locally linearly on S9, since H acts orthogonally on
R9+! and S9 is a smoothly embedded (C*) submanifold. Then we have My N S, =
Sf’ = SB, since (§9)# = @. Therefore S, is a conical slice of P at x. By the inductive
hypothesis, since ¢ < n, §7 with the trivial stratification is an (n — i — 1)-dimensional
H-pseudomanifold, where i = iy + dim(G/H). The case g = —1 is trivial.

Now giveny € S, — Sg with ¢ () = (¢, [I, r]), let §; =" Rk x c(SP) be a linear
(conical) K-slice of H -1 in S7, where K = G, = H, = H;. Using an equivariant
retraction, see [3, 11.4.2], it follows that

Sy =? R0 x (0, 1) x 8§ X7 giothotl e o(5P)

is a linear (conical) K -slice of H -y in the H-manifold S,. Thus by [3,11.4.6], S, isa
linear (conical) K-slice of G - y in M. It follows that sd(G - y) = sd(G - x) +sd(H -
) + 1, and M with the trivial stratification is an n-dimensional G-pseudomanifold.

2. Actions on orbit spaces. Let M be an n-dimensional locally linear G-manifold
(n = 0), and K a closed normal subgroup of G such that M/K is connected. Then,
with the restricted K-action, M is also a locally linear K-manifold (see argument
below). Now G x M — M induces an action G/K x M/K — M/K, such that
the canonical projection 7: M — M/K is (G, G/K)-equivariant. Claim that M /K,
with the K -orbit type stratification, (see [7])

M/K = (M/K)" > (M/K)" 1> ...5 (M/K)* > (M/K)™! =0,

is an m-dimensional G/ K -pseudomanifold, where m = n — k and k is the dimension
of the principal K-orbits in M.

The proof is by induction on the length of the G-orbit type filtration of M, i.e., the
difference between the highest and lowest dimension of the non empty strata in M.
For len(M) = 0 it is trivial (see below). Assume that len(M) > O.

Given an orbit P in M we shall prove as in [3], that each linear H-slice S, at a
point x in P, for H = G,, is contained in a linear J-slice U, at x, for J = K N H.
In particular, since Ug., = g - Uy is a linear gJ g~ -slice at g - x,this shows that M is
also a locally linear K-manifold.

Consider the smooth (C*) action (K x H) x G — G, where we have (k, h) -
k', k') = (kk’, W'h) and (k, h) - g = kgh. Then clearly

(KxH)e={(,jYeKxH: jeKNH}~KNH=J.
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Let W be a linear J-slice at e in G; i.e., the canonical map (K x H) x; W — G is
a (K x H)-equivalence onto an open neighborhood of K H in G. Since

Kx;(WxH)~(KxH)yx; W

is a canonical K-equivalence (with j - w = jwj~!), we obtain a K-equivalence
6: K x; (W x H) = G onto an open neighborhood of K H in G.

Now let S, be a linear H-slice at x in M. Then the following map 6 is a K-
equivalence onto an open neighborhood of X - x in M:

Kx;(WxS8,) ~Kx;(Wx(HxgS)~Kxy;(WxH)xygS,)
~ (K x5 (Wx H)) xg S >N G xyS, > M.

Since 0[k, (w, s)] = kw - s, it follows that U, = 6(J x; (W x S;)) =W - S, isa
linear J-slice at x in M, which contains the linear H-slice Sy.

We now determine conical slices in M /K.

First we notice that the K -orbit type stratification of M/K is G/ K -invariant, since
Ugx =8 Uxis alinear gJg~!-sliceat g-x in M, and Ly Uy > Ugyisa(J, gJg™h-
equivalence. In particular, any principal G-orbit in M decomposes into a union of
principal K -orbits.

Clearly (G/K)x) = HK/K ~ H/J, which is a Lie group isomorphism. Also
Uf =n(K-Uy) >~ U,/J by[3,11.4.7], hence we have a (HK /K, H/J)-equivalence
Sy =n(K - S;) = S;/J. Then the following diagram commutes:

GxS, = G xy S, 25 G.s,

Lpxai Lipxmn K

2

G/K x S > G/K xuxx ¢ —> G/K-S*.
Since [p x 7|] and 7 are open maps, ¢ a G-equivalence, and ® a bijection, it
follows that ¢ is a G/ K -equivalence. Also G/K - S} is openin M /K. Therefore by

[3,11.4.1], S} isa HK /K -slice at w(x) in M/K.
For jo = dim(U}/), we also have,

{((M/K)?® — (M/K)Y* Yk k) N S* = (U)* N (SHEKIK = (i),

since Gy = Gy <= G, D G,, G:NK =G,NK, G.K = G,K, and
*k-U)NU, #0 =k € J;see[3,1144].

Let S, ~* R0 x ¢(S7) be an H-equivalence, as in 1.4.1, with iy = dim(S¥) and
q > 0. Then there is an H/J-equivalence S,/J =~ %o x ¢($9/J), and hence
an HK /K-equivalence S* ~#" %o x ¢(89/J), for the induced H K /K -action on
89/J. Therefore S} is a conical HK /K -slice (in M/K) of m(P) at w(x), because
S0 = (S

Then since len(S7) < len(M), (see [7]), it follows from the inductive hypothesis,
that S9/J with the J-orbit type stratification is a compact H/J-pseudomanifold.
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Hence S9/J is an H K / K -pseudomanifold with the required dimension, as can easily
be checked. The case ¢ = —1 is trivial.

Using the reiterated slice argument of example 1, and the determination of conical
slices in M /K given above, we can easily verify condition (C2) in 1.3. Therefore
M /K with the K -orbit type stratification, is an m-dimensional G / K -pseudomanifold.

2. The orbit type refinement

In this section we prove that a G-pseudomanifold is a topological pseudomanifold.
Moreover we also show the existence of principal orbits.
Recall the definition of a topological pseudomanifold; see [1], [5].

Definition 2.1. The definition is by induction.

A (—1)-dimensional topological pseudomanifold is the empty set.

An n-dimensional topological pseudomanifold (n > 0) is a (non empty) topolog-
ical space Y, which admits a filtration by closed subsets

Y=Y,DYm1D---DYDY_ =0,

satisfying the following conditions.

(C1) The subspace Y, — Y, isdensein Y.

(C2) Local normal triviality. For each point y € Y; — Y;_; there exists a distin-
guished neighborhood N of y in Y, a compact (n — i — 1)-dimensional topological
pseudomanifold

L=Lyi-1DLpi2D--+DLoDL =90,

and a homeomorphism z: N — %’ x cL which takes N N Y, j4+; homeomorphically
toR xcLjforj=-1,...,n—i—1.

Thus, the subspace ¥; — Y;_; is a topological i-manifold (if non empty), for
i=0,...,n.

If Y is a topological pseudomanifold then it is locally compact, and a CS space in
the sense of Siebenmann [9]. It can be shown that » is the topological dimension of Y,
and that every compact topological pseudomanifold can be embedded in Euclidean
space [5]. Notice that we allow i = n — 1 in the definition of Y, as in [1, p. 61].

The following types of spaces are topological pseudomanifolds: Whitney stratified
sets [4], [5], abstract (or Thom-Mather) stratified sets [2], [10], and piecewise linear
spaces [1], [4].

For the rest of this section let X be an n-dimensional G-pseudomanifold,

X=X">X"'>...0x>x'=0.
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We shall prove that X is an n-dimensional topological pseudomanifold. Hence n
is the topological dimension of X and m = n. Assume n > 0.

Recall thatin §1 we proved the following: given aclass (H) corresponding to orbits
in any X* — X*1, then the connected components of the subspaces (X* — X*~1)
are topological manifolds of dimension i = sd(P) for any orbit P intersecting such
a component. Therefore 0 < i < n, since P has a link L whichis an (n —i — 1)-
dimensional H-pseudomanifold. We shall call these manifolds the strata of X.

Then there is a canonical refinement of the filtration of X, called the orbit type
refinement of X,

X=XnDXn—lD"'DXODX—I=g,

where each X; is the union of the strata of X with dimension less than, or equal to i.
We shall prove that the connected components of each non empty subspace X; — X;_;
coincide with the i-dimensional strata of X fori =0, ..., n.

PROPOSITION 2.2.  Each orbit P = G - x in X has a tubular neighborhood which
is a bundle (I', v, Ty, cL), where T >~ G xy S, is the tubular neighborhood of P
in X corresponding to a conical slice at x, and Tg >~ G xy SO. Furthermore t is
equivariant, T\I'g = 1 and r“‘(Sg) = S;.

Proof. Let S, be aconical slice of P at x. Consider the homeomorphism g given
by the composition

. ~ N -1
Sy 2 Moxcl S @ox () xcL 3 s0xeL,

where we assume L # @. Then there is an equivariant map t: I' — Iy given by
-1
r % Gxus, =4 G xpy (89 x cL) (1xzl G xy S° 2L,

which is well defined since p and g are H-equivariant. Clearly 71 (Sg) = S.

There is a distinguished neighborhood N of x obtained as follows. Leto: ¥ — G
bealocal sectionof rg: G — G/H,with X achartof G/H,eH € Wando(eH) = e,
ie, 5 (X) = o(D)H.

LetU = n;(Z)-S%and N = 11 (U) = 75 (D) - S;.

Consider the associated bundle G x y S, with projection map ;. Then a trivial-
ization ¢; of this bundle is given by the composition [3, I1.2.4]

AN E) 2 N(E) xu Sx = (T x H) xp Sy = T x (H xp S) = T x Sy,

where ¢1[g,s] = (gH,0(gH) g -s) forg € ny (L), s € S,.
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Hence a trivialization ¢ of the bundle t over U is given by the following commu-
tative diagram:

WU S5 ()-8 S 7 H(E) xu S 5 xS,

le lixa

Uxcl 3 Uxcl 3 @'(®)xusYxcl 5 Ex8xcL

1r IREY)

u S 5im-80 S 7y H(T) xpy 80 L

It can easily be shown that ¢|S, = q. Moreover we have

PLp ™ (x (), 1, r]) = (g - T(s), [0 (eH)'g -1, 7])

for g € my ' (2), s € Sy, [I,r] € cL.

Notice in particular, that if T is the stratum of X containing x, then U is a chart of
T at x. For L = @ we have T = 1 and the above proof is trivial.

A distinguished neighborhood of g - x for g € G is givenby g - N =t~ (g - U),
with a trivialization ¢ = (£, x )L, O

It can easily be shown that a basis for the neighborhood system of x is given
by the family (N, = 5 (Z,) - S;(r): 0 < r < 1} for S,(r) ~* D, (%) x ¢, L
and ¥, ~ D,(R'~%), where D, denotes the standard r-disk in Euclidean space,
i =sd(G-x)andc,L =L x[0,r)/(,0) ~ (I,0) for L # @. Clearly, using an
equivariant retraction [3, I1.4.2], S, (r) is also a conical slice of P at x.

We shall now examine the orbit type refinement locally, using the same notation
asin2.2.

PROPOSITION 2.3. Let N be a distinguished neighborhood (in X) of the point x.
Then the map ¢: N = t=Y(U) —> U x cL, for L # @, satisfies

o if 0<j<i,
MUY N (X — Xj—1) = {U x {*} if j=i,
Ux (Lj-i-1 = Lj—i2) x 0, 1) if i<j=<n,

where L=L, ;1 D L,_j—2 D --+- D LoD L_; = @ is the orbit type refinement of
the H-pseudomanifold L, and i = sd(G - x).

Proof. Puton t~!(U) the relative filtration induced by the orbit type refinement
of X, and on U x cL the canonical filtration induced by the orbit type refinement
of L.

Then for each y € S, — S with ¢(y) = (z(»), [, r]), by 2.2 we have

G-NNtHU) =751(D) -y =¥ o(T) - T(y) x (H - 1) x {r}.
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However, sd(G - y) = sd(G - x) + sd(H - 1) 4+ 1 using 1.3 (C2), and the proof is
complete. O

A similar result also holds for the map ¢: T~ !(g-U) — (g-U) xcL.ForL = @
we have i = n with T = 1, and the result is trivial.

COROLLARY 2.4. The subspace X; — X;_ is a topological i-manifold (if non
empty), whose connected components coincide with the i-strataof X, fori =0, ..., n.
Furthermore X, — X, is non empty.

Proof. Let T be an i-stratum in X. Then T is open in X; — X;_; and thus
a component, since for a distinguished neighborhood N of any point x in T, we
have x € U = N N (X; — X;-1) C T, using 2.3. Hence, since U is a chart of T
(see 2.2), X; — X;_, is an i-manifold. Furthermore, if X; — X;_; is non empty for
0 < j=1i<n,andempty fori < j < n, then givenx € X; — X;_1, G - x has anon
empty link L, since the dimension of L isn —i — 1 > 0. Hence, using 2.3 again, we
obtain a contradiction. Therefore X, — X,—; is non empty. 0O

Using 2.2, 2.3 and 2.4, we have the following.

COROLLARY 2.5. Themap ¢: N = t=}(U) — U x cL is a stratum-preserving
homeomorphism, and hence len(L) < len(X).

COROLLARY 2.6. If X is compact, then it has a finite number of orbit types.
COROLLARY 2.7. The subsets X; in the orbit type refinement of X are closed.

Proof. Assume X is an n-dimensional G-pseudomanifold. Given a stratum T
of X withy e T C X; — X;_1, let N be a distinguished neighborhood of y in X.
Then by 2.3, N does not intersect strata of dimension strictly smaller than i. Hence
yeNNX; C X; — X;_;and X;_; is closed in X; fori =0, ..., n. Therefore each
X;isclosedin X. 0O

By 2.3 and 2.7, X is an n-dimensional G-pseudomanifold, with the orbit type
refinement.

COROLLARY 2.8. Let X be an n-dimensional G-pseudomanifold with the orbit
type refinement, and Y an open invariant subspace such that Y / G is connected. Then
Y is also an n-dimensional G-pseudomanifold, with the relative stratification.

Proof. Letm: X — X* be the canonical projection onto the orbit space of X.
Given an orbit P in X, let S, ~ 9% x cL be a conical slice of P at x, where H = G,
and L # @. Then (see [3, I11.4.7]) we have

I = 7(T,) = (G xg S:(r)* = S(r) = D,(®°) x ¢, (L*)
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for the tube I', corresponding to the conical slice S,(r) of P. Hence the family
{T'}: 0 < r < 1} is aneighborhood basis for x* in X*, since 7 is open. Therefore, for
any orbit P in Y, it is possible to find a tubular neighborhood I', of P, corresponding
to some conical slice S, (r) of P, such that I, is contained in the open subspace Y.
Thus S, (r) is a conical slice of P in Y. For L = @ we have a similar result. [

We now prove the existence of principal orbits in a G-pseudomanifold.

THEOREM 2.9. There exists a conjugacy class (Hy) corresponding to certain
orbits in X, called principal orbits, with type(G/Hy) > type(P) for all orbits P in
X. Furthermore X n,) is open, has a connected orbit space, and contains X — X,_1,
the latter being dense in X.

Proof. We use induction on the length of the orbit type refinement of X. For
len(X) = O it trivially holds locally, since by 2.4 all orbits have an empty link.
Therefore it holds globally, using the argument given below.

Now let X be an n-dimensional G-pseudomanifold, with len(X) > 0. Given an
orbit P in X, let S, ~% S,‘,’ X c¢L be a conical slice of P at x, where L is a link
of P. Assume i = sd(G - x) # n. Then L is a compact (n — i — 1)-dimensional
H -pseudomanifold for H = G, with len(L) < len(X) by 2.5.

By the inductive hypothesis, L has principal orbits of type(H /Kp) such that L g,
is open, has a connected orbit space, and contains L — L,_;_, the latter being dense
in L.

LetT" ~® G x g S, be the tubular neighborhood of P corresponding to the conical
slice S,. Then for any non principal orbit type H/K ocurring in L, we may suppose
by conjugating that Ko C K C H with Ko # K. Then Kj and K differ either
in dimension or number of components and thus cannot be conjugate in G. Since
subgroups of H which are conjugate in H are, a fortiori, conjugate in G, it follows
that

Tko) 2® (G X1 Sx)(ky = G X (Sx) (ko)
which is open in I, because

SO x Lgy x (0,1) if Ko# H
~9 I x (Ko) ’ 0 ’
Sk = {sg x cL if Ko=H,

since for Ko = H we have L(x,, = L” = L. Therefore, we obtain

FZKo) = (C(ky) = (G Xy Sx)?[(o) = (Sx):xo),

and this is connected, and open in I'* since 7 : X — X* is open.

Now S, has a canonical filtration induced by the H-orbit type refinement of L.
Hence by 2.3, for ip = dim(S%) and j = —1,...,n —i — 1, we have Sy N X441 =
(Sx)ig+j+1 =° S2 x cLj, and therefore

Pivjr1 =N Xigjy1 = G X (Sodig+j+1-
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Clearly F(Ko) > T —-T,-, since (Sx)ke) D Sy — (Sx)n—i+io—l’ hence I' — I',—; is
dense in T', and the theorem is valid locally in X. In particular, it follows that I'fy |
is dense in I'*.

If sd(G - x) = n we have S, = S¥ = S0, and the above statements are trivial.

We now extend the theorem globally, using the following argument given in [3].

By above, for all x* € X* = X/G we have a neighborhood U} of x* which
contains an open, connected, dense set W, such that all orbits in W} have the same
type, and all other orbits in U} have type strictly smaller.

Let H be any closed subgroup of G and C(yy = int(X ?H))' Then x* € Cyy &=
W consists of orbits of type(G/H) and, in this case, C(yy D U;. Thus Cyy is both
open and closed in X*. Hence C(y, = X for some (Hp) (now fixed), since X* is
connected. Also C(xy = @ if K is not conjugate to Hp.

Then X (*Ho) is open, since X?Ho) N Uy = W, and is also dense. All other orbits
have type strictly smaller than that of G/Ho. If D is a component of X{y, then,
since W is connected for each x*, we see that D~ is open (and closed) in X*. Hence
Xtn,y = D is connected.

Therefore X (x,) is open, and has a connected orbit space. Also since X () is dense
in X, it follows that X (g, contains X — X,,_, the latter being dense in X. O

'We now prove the result stated at the beginning of this section.

THEOREM 2.10. Let X be an n-dimensional G-pseudomanifold. Then X is an
n-dimensional topological pseudomanifold.

Proof. Use induction on the dimension of X. For n = —1, X is empty and both
concepts coincide.

Let X be an n-dimensional G-pseudomanifold (» > 0) and P a given orbit in
X; — X;_y forsomei = 0,...,n. If N is a distinguished neighborhood of a point
x in P (see 2.2), then for a given trivialization N = t~1(U) ~* U x cL, by 2.3 we
have

NNXipjp1>?UxcLlj~®R xcLj for j=-1,...,n—i—1,

since U is a chart of the i-manifold X; — X;_; (see 2.4).

However n — i — 1 < n, hence by the inductive hypothesis L is an (n — i — 1)-
dimensional, compact topological pseudomanifold. Then using 2.7 and 2.9, X is an
n-dimensional topological pseudomanifold. O

COROLLARY 2.11.  The union of all principal orbits X, is an n-dimensional
topological pseudomanifold embedded in X .

COROLLARY 2.12. Let T be a stratum of X with dim(T') # n, intersecting orbits
of dimension t. Then dim(T) < n — h +t — 1, where h is the dimension of the



12 RAIMUND POPPER

principal orbits in X. Equality holds, if and only if there is an orbit P intersecting
T, and a conical slice S, ~ R x cL of P at x, such that H = G acts transitively
onL.

Proof. Let P be an orbit in X intersecting T and S, a conical slice of P at x.
There is no loss in generality in assuming x € T.

Then T ~® G xy S, is a tubular neighborhood of P and by 2.9, there is a point
y € S, with sd(G - y) = n. Let T’ be the stratum of X which contains y. Then for
Hy = G, using 1.3 (C2) we have

n=dim(T") =dim(T)+ (ko+dim(H/Hp))+1>dim(T) + (h —1)+1. O

3. Stratification of the orbit space

In this section we study the orbit space of a G-pseudomanifold.

Let B = X/ G be the orbit space of an n-dimensional G-pseudomanifold X, with
the orbit type refinement, for n > 0. Denote by w: X — B the canonical projection,
and let w(A) = A*for A C X.

Given an orbit P in X; — X;;, fori = 0,...,n,thenif ' ~ G xy Sy is the
tubular neighborhood corresponding to a conical slice S, =~ % x cL of P at x, where
H = G,, we have

(Xi = X))y NT* 2 (G x g S9)* = R,

Therefore the connected components of the subspaces (X; — X ,-_1)’{”) are topological
manifolds, called the strata of B. Clearly each stratum T in X projects onto a stratum
T* of B with dim(T*) = dim(T) — ¢, where ¢ is the dimension of the orbits in X
intersecting T'.

This leads to the canonical filtration of B, induced by the orbit type refinement
of X,

BD>---DByDBi_1D-+DB_1 =0,

where each By is the union of the strata of B with dimension less than, or equal to k.
We shall prove that the connected components of each non empty subspace By — By—1,
coincide with the k-dimensional strata of B, for all k.

LEMMA 3.1. The above filtration has the following properties.

(@) B =B, form =n—h,whereh isthe dimension of the principal orbits
in the n-dimensional G-pseudomanifold X .

(b) B — B,,— isadensein B.

Proof. For an n-dimensional stratum 7 of X, it follows from 2.9 that T* is an
m-dimensional stratum of B. If T is a stratum of X with dim(T) # n, then by 2.12,
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dim(T*) =dim(T) —t <n—h —1 =m — 1, where ¢ is the dimension of the orbits
in X intersecting 7. This proves (a).
For (b) note that

B=n(X)=n(X-X,-1)) Cn(X —X,-1)=B—-B,-;. O

Now given an an orbit P in X, let (I', 7, I'g, cL) be a tubular neighborhood of P
corresponding to a conical slice Sy > S0 x cL of P at x, as in 2.2. Then there is a
map p: I'™* — T'§, given by p(z*) = 7(2)* for z € T, which is well defined since t
is equivariant.

Let N = t~!}(U) be a distinguished neighborhood of a point y in P, with V =
w(U). Clearly [3,11.4.7], n(N) =T* =~ §,/H and n (U) =T§ =~ S, for H = G,.
Then 7 (N) = p~!(V) is a distinguished neighborhood of y* in B.

Now assume L # @. Puton p~!(V) the relative filtrationin B, andon V x ¢(L/H)
the canonical filtration induced by the projection n’: L — L/H.

PROPOSITION 3.2. There is a map ¥: p~ (V) — V x c¢(L/H), which is a
stratum-preserving homeomorphism, commuting with the projection to V.

Proof. Given a trivialization ¢ over U, let = & o [p|] o 87! in the following
diagram, which commutes by 2.2:

[23a4

i) S o1 (V) = Sy/H

le lv Len
nxen' B~

UxcL — Vx¢L/H) — S°xc(L/H).
Clearly ¥ is a stratum-preserving homeomorphism; see proof of 2.3. O
For L =@ we have p~!(V) =V C B — B,,_1.
COROLLARY 3.3. The subset By in the filtration of B is closed, and the subspace
By — By_, is a topological k-manifold (if non empty), whose connected components

coincide with the k-strata of B fork =0, ..., m.

‘We now state our main result, which shows that both X and X/G belong to the
same class of spaces, namely topological pseudomanifolds.

THEOREM 3.4. Let X be an n-dimensional G-pseudomanifold. Then the orbit
space X /G is an m-dimensional topological pseudomanifold.

Proof. By induction on length of the orbit type refinement of X. Forlen(X) =0
we have B = B — B,,—; using 2.9 and 3.1, and the proof is trivial.
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Now let X be an n-dimensional G-pseudomanifold with len(X) > 0. If y* €
By — By_1 for some k # m, we consider the neighborhood p~!(V) of y*, as given
in‘3.2.

Then we have

p ' (V)N Biyjy1 =¥ V x c(L/H); ~ Rt x c(L/H);,

for j =—1,...,m —k — 1, since V is a chart of By — By—;.
However since len(L) < len(X), it follows by the inductive hypothesis that L/H
is an (m — k — 1)-dimensional, compact topological pseudomanifold. For k = m,
the proof is trivial.
Therefore, by 3.1 and 3.3, B is an m-dimensional topological pseudomanifold.
O

4. The embedding theorem

In this section we define smooth G-pseudomanifolds. Moreover we prove a gen-
eralization of Mostow’s smooth equivariant embedding theorem, see [6], for compact
smooth G-pseudomanifolds.

Definition 4.1. A Hausdorff topological space is said to be smoothly stratified if
it admits a filtration

X=X,2X,.1D--D2XoDX_1=0

by closed subsets such that X; — X;_; is a smooth (C*) i-manifold (if non empty) for
i =0,...,n. Inthis case we say that X is a smooth stratified space. In addition, if X is
also a G-space, and each non empty X; — X;_; is invariant, with a smooth restricted
G-action, we say that X is a smooth stratified G-space. We call the connected
components of each X; — X;_ the strata of X. (Assume that X,, # X,_1.)

Definition 4.2. Let X, Y be smooth stratified spaces and f: X — Y acontinuous
map.

(i) f is smooth if it is stratum-preserving (i.e., maps each stratum of X in a stratum
of Y), and smooth when restricted to the strata of X.

(ii) f is a smooth embedding if it is a topological embedding which is also stratum-
preserving, and a smooth embedding when restricted to the strata of X.

(iii) f is a submersion if it is open and surjective, a stratum-preserving projection
(i.e., maps each stratum of X onto a stratum of Y), and a smooth submersion when
restricted to the strata of X.

(iv) f is a diffeomorphism if it is a homeomorphism and f, f~! are smooth.

Now let H be a closed subgroup of G, and S a smooth stratified H-space. Then
we show that G x g S is canonically a smooth stratified G-space.
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Notice that the twisted product is the orbit space of a free action on the Cartesian
product. Then the projection p: G x § — G x g § induces a smooth structure on the
strata of G x g S such that p is an open submersion, since G x g (Sx — Sk—1) is the
orbit space of the smooth H-manifold G x (S — Sk—;) for any non empty Sx — Sg—;
in S. In particular, the left action of G on each manifold G x g (Sx — Si-1) is also
smooth, hence G x g S is a smooth stratified G-space.

Now leto: ¥ — G be alocal section ateH of mp: G — G/H witho(eH) = e.
Then the following diagram commutes:

(E)xS 5 (ExH)xS 5 IxHxS) 3 ITx(HxS)

1r 1 Lixp Lixoy
E) xS 5 (SxH)xyS > IxHxyS) >  IxS.

Therefore, since the action map ®p is also a submersion, it follows that the
trivialization 7y (Z)xyS~TxSisa diffeomorphism. In particular, the canonical
map § — G xy S given by s — [e, 5] is a smooth embedding.

We now define the concept of a smooth G-pseudomanifold.

Definition 4.3.  'We use induction.

A (—1)-dimensional smooth G-pseudomanifold is the empty set.

An n-dimensional G-pseudomanifold X, n > 0, is said to be smooth if it satisfies
the following conditions.
(C1) With the orbit type refinement, X is a smooth stratified G-space.
(C2) Each orbit P in X has a conical slice S, ~® % x cL atx, with L an (n —i — 1)-
dimensional smooth H-pseudomanifold, where H = G, and i = sd(P).
(C3) The canonical map ®: G xyg Sy — G - S, is a diffeomorphism.

Examples 4.4.

1. Smooth actions. Let M be an n-dimensional smooth G-manifold. Forn = —1
we define M to be the empty set. Claim that M is an n-dimensional smooth G-
pseudomanifold.

The proof is by induction on the dimension of M.

Assume that n > 0 and choose a G-invariant Riemannian metric on M. Given
an orbit P in M, choose a point x € P with H = G,. Then there is a Riemannian
normal coordinate system S, at x of radius » > 0, which is the union of all geodesic
segments of length less than r, starting from x in a direction orthogonal to P. Then
S, is H-equivalent to N, = T, (G - x)*, the orthogonal complement in T, (M), called
the normal space to P at x, which has an orthogonal H-action given by the slice
representation; see [3, p. 174]. It follows, see [3], that S, = S,(¢) is a linear slice at
x for some.t < r, and M is a locally linear G-manifold.

Therefore it follows from example 1.4 (1) that M is also an n-dimensional G-
pseudomanifold. Moreover since the canonical map ®: G xy Sy — G- Sy is a
diffeomorphism of smooth G-manifolds, see [3, p. 308], there is a natural smooth
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structure on each non empty manifold M; — M;_; such that the inclusion in M is a
smooth embedding. In particular, G acts smoothly on each M; — M;_,.
Using the same notation as in 1.4 (1), we have a conical slice of P at x,

Sy = Ny =~ NF @ (Nt ~ oo x ¢(89),

where iy = dim(N/) and g + 1 = dim(N)* = n — sd(P). If ¢ > 0, then since §7
is a smooth H-manifold and g < n, it follows from the inductive hypothesis that §¢
is an (n — i — 1)-dimensional smooth H-pseudomanifold for i = sd(P). Moreover
the map ®: G xp Sy — G - Sy is a stratum-preserving homeomorphism; see proof
of 2.9. Then it follows that & is a diffeomorphism of smoothly stratified G-spaces,
since the strata of S7 are (C*°) embedded submanifolds. The case g = —1 is trivial.

Therefore M is an n-dimensional smooth G-pseudomanifold.

2. Actions on orbit spaces (smooth case). Let M be an n-dimensional smooth G-
manifold, n > 0, and K a closed normal subgroup of G such that M/K is connected.
Since M is locally linear it follows from 1.4 (2) that M /K is a G/K pseudomanifold,
which we claim is also smooth.

The proof is by induction on the length of the G-orbit type refinement of M. For
len(M) = 0, it is trivial. Assume that len(M) > 0.

Since the invariant G-strata in M (i.e., G - S, for a stratum S in M) have a local
product structure, we can put a smooth structure on the invariant G/ K -strata in M /K
such that w: M — M/K is a submersion; see 2.4. For simplicity we call the map
7 a (G, G/K)-submersion. In particular, G/K acts smoothly on each non empty
(M/K); — (M/K);-1. .

Using the same notation as in 1.4 (2), let S, ~ R’ x ¢(S87) be a conical H-slice of
an orbit P (in M) at x, with g > 0, where H = G,. Then S} =~ Rio x c(S9/J)isa
conical HK /K -slice of w(P) atw(x), where J = KN H. Sincelen(S?) < len(M), it
follows from the inductive hypothesis that $7/J is a smooth H K / K -pseudomanifold.

Consider again the diagram given in 1.4 (2). Then clearly w|: S, — S} is
an (H, HK /K)-submersion, because n’: §9 — $9/J is a (H, H/J)-submersion.
Hence the map p x 7| is also a submersion. In addition, r; and 7, are submersions;
therefore the map [p x |] is also a submersion and since & is a diffeomorphism, see
4.4 (1), we conclude that & is a diffeomorphism. The case g = —1 is trivial.

Therefore M /K is a smooth G /K -pseudomanifold.

Moreover we can also define smooth pseudomanifolds similarly to 4.3, and prove
that the orbit space of a smooth G-pseudomanifold is a smooth pseudomanifold. In
particular, it can easily be shown that the canonical map (M/K)/(G/K) ~ M /G is
a diffeomorphism of smooth pseudomanifolds.

We shall now formulate the equivariant embedding theorem.

This theorem is a generalization of the classical smooth equivariant embedding
theorem of Mostow, see [6], which is valid for G-manifolds.

Our result is the following.
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THEOREM 4.5. Let X be a compact smooth G-pseudomanifold. Then there is
a Euclidean space R™ with an orthogonal G-action, together with an equivariant
smooth embedding 6: X — R™.

Proof. By induction on the length of the orbit type refinement of X. Forlen(X) =
0, the statement follows from the smooth equivariant embedding theorem of Mostow,
see [6], since by 2.4 all orbits in X have an empty link.

Let X be an n-dimensional smooth G-pseudomanifold with len(X) > 0. If P is
an orbit in X, let S, be a conical slice of P at x, as given by 4.3 (C2). Then, there is
an H-equivalence ¢: S, — D%, 1) x cL, with G, = H, where L is a compact
smooth H-pseudomanifold, and H acts trivially on D (%, 1) the open unit disk of
R0, Assume that L # @. Clearly S, with the canonical stratification induced by L,
is a smoothly stratified H-space.

Now if T is the tubular neighborhood of P corresponding to the slice S, then
themap ®~1: ' = G- S, = G xy S, is a G-equivariant diffeomorphism, where
the domain has the relative stratification, and the range the canonical stratification
induced by Sy, using 4.3 (C3). In particular, it follows that Sy is smoothly embedded
in X.

Since len(L) < len(X), by the inductive hypothesis there is a Euclidean space
™o with an orthogonal H -action, together with an equivariant smooth embedding
6,: L — Rmo,

Therefore there is an H-equivariant smooth embedding 6,: S, — V, where 6, =
do(lxch)and V = R d R @ R™, which has an orthogonal H-action given
by the sum of these representations, with H acting trivially on $% and ®. Here
c1: cL — ch™ C R @ R,

Let D(V,r) ={veV: |v|| <r},and c(L,r) = L x [0,r)/({,0) ~ (', 0) for
0 < r < 1. Using asuitable homothety, we may assume that there is an H-equivariant
smooth embedding of S, into D(V, V3).

By symmetry there is an H-equivariant smooth embedding of S,(r) = ¢!
{D(SR‘", r) x ¢(L,r)} into D(V, r+/3). It can easily be shown using an equivari-
ant retraction, see [3, I11.4.2], that S, (r) is also a conical slice of P at the point x.

Hence the following composition is a G-equivariant smooth embedding:

¢! [1x8,] [1_><t>]

' = GxupS: — GxygDV,V/3) G xyV.

For L = @, the above is trivially satisfied.

To conclude the proof, we shall give an equivariant smooth embedding of G xp V
into Euclidean space.

Using [3, 0.5.2], it follows that there exists an orthogonal representation of G on
some Euclidean space Vp and a point vy € V, with G,, = H. Now by [3, 0.4.2],
the orthogonal representation of H on the Euclidean space V given above may be
extended to an orthogonal representation of G on some Euclidean space V’ O V such
that this inclusion is H-equivariant. Then, G acts orthogonally on W = V, @ V'’ via
the sum of these two representations (i.e., diagonally).
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Consider the subspace vg + V in W, then by a similar argument to the one given in
the proof of [3, I1.4.4], there is an equivariant map G - (vp+ V) — G/H, whose fiber
over eH is vy + V. Since H is closed, it follows from [3, I1.3.2] that the canonical
map « givenby G xyg V > G xg (vo+ V) = G - (vp + V), is a G-equivalence.

Clearly G x y V is a smooth G-manifold, see the remark after 4.2, and since the
canonical projection G x V — G x g V is a submersion, it follows that « is smooth
into W. Now let 0: ¥ — G be a local section of mg: G — G/H at eH, with
o (eH) = e. Consider the following trivialization &, (see proof of 2.2):

(3 —vo®1
py

-1
ExV 2 GxpV S Gxpw+V) > W w.

Then &(gH,0) = (g - vo — vp, 0) and &(eH, v) = (0, v) for gH € X, v € V. Thus
a, is injective at (eH, 0), and hence a, is injective at [e, 0].

Moreover given v € V with H, = K, let S; be a linear K-slice at vin V, i.e.,
81 = v + V) for some K -invariant linear subspace V; inside V.

Then the map

GxxVi = GxuyHxxS) = GxyH-S) =5 W,

coincides with the canonical map G xx Vi, >~ G xg (vo + S1) = G - (vo + S1).
Therefore, using an argument similar to the one given previously, «, is injective at
[e, v]. Hence by equivariance, «, is everywhere injective, and consequently « is a
smooth equivariant embedding of G x gy V into W.

Then the following map B is a G-equivariant smooth embedding:

-1 x .
r 2 G6xus. 2% oxubDv,v3 4 6xpv 5 w.

Now given 1 > s > ¢ > 0, let f: # — R be a smooth function such that

fry=1 for r<t,
fr)#0 for r<s,
fr)y=0 for r>s.

Let p: ' — [0, 1) be the smooth invariant function obtained from the radius r
of cL, which is well defined by 2.2, since H acts trivially on r. Then we can define
a smooth equivariant map ¥: I' - Wby y > f(p(»)) - B(y), for y € T'. Since
X /G is Hausdorff and (G x g S,(s))/G =~ S,(s)/H is compact, where the closure
is taken in S, it follows that p~!([0, s]) is closed in X. Therefore ¥ extends to a
smooth equivariant map on X.

Also the smooth invariant function y: I' — R, givenby y — f(p(y) - s/t) for
y € T, extends to a smooth invariant function on X.

Thus for each orbit P in X we have an orthogonal representation of G on an
Euclidean space W,, and a smooth equivariant map ¥,: X — W,, which is a smooth
embedding on the tubular neighborhood I'y corresponding to the conical slice Sy (¢)
of P atx.
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Additionally, we have a smooth invariant function y,: X — R, which is non zero
exactly on Iy.

Since X is compact, it can be covered by finitely many tubular neighborhoods
Taseoos Ty Let0: X > Wy, @ -+ @ Wy, & R* = R™ be given as follows:

G(X) = (‘ﬁxl (x)7 Tt ka(x)a J’xl (x), cecy )/xk(x)) for X € X'

This map is clearly smooth and equivariant.

Ifx,yelJ 'y, and 6(x) = 6(y), then for some p = 1, ..., k we have y,,(x) =
¥x,(») # 0, which implies that x, y € Iy, and hence that x = y, since Y, is
injective on I,,. Therefore 6 is injective and a topological embedding. Because ¥,
is a smooth embedding on T, for all p, it follows that 6 is a smooth equivariant
embedding. 0O
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