AN INFINITE PRODUCT OF ISOLS

BY
J. C. E. DEKKER!

1. Introduction

Let us denote the set of all numbers (i.e., nonnegative integers) by ¢, and
the class of all sets (i.e., subcollections of ¢) by V. If f(z) is a function
from a subset of ¢ into ¢, we write §f and pf for its domain and its range re-
spectively. The set « is recursively equivalent to the set 8 (written o ~ )
if there is a partial recursive one-to-one function p () such that o C ép and
p(a) = B. This ~ relation between sets is reflexive, symmetrie, and transi-
tive. The class of all sets ¢ such that ¢ ~ « is denoted by Req @. Using the
~ relation one can extend the system [e, +, -] consisting of the set ¢ and the
binary operations of ordinary addition and multiplication to the system
[A, 4+, -] of all isols. The method by which this extension can be obtained is
sketched in Section 1 of [4]; for a detailed exposition, see [2].

There is a subcollection of A, called the collection of all regressive isols,
which plays a special role in the present paper. We shall therefore recall
its definition and some of its properties. A function t, from ¢ into ¢ is re-
gressive if it is one-to-one and there is a partial recursive function p (z) such
that pt C 8p, p(l) = &, and p (fnya) = t., for every n. A set is regressive
if it is finite or the range of some regressive function. Every set which is
recursively equivalent to a regressive set is itself regressive; also, every re-
gressive set is recursively enumerable or immune. An ésol is regressive if it
contains at least one regressive set, or equivalently, if it contains only re-
gressive sets. The collection of all regressive isols is denoted by Ar. Both
A and Ap have cardinality ¢. Let ¢, and ¢; be one-to-one functions from
e into e. Then ¢, is recursively equivalent to ti (written t, >~ t5) if there is
a partial recursive one-to-one function p (x) such that pt C ép and p (t.) = tx
for every n. This ~ relation between one-to-one functions from ¢ into ¢ is
also reflexive, symmetric, and transitive. The basic property of regressive
functions is as follows. Let ¢, and {5 be one-to-one functions from ¢ into &
with respective ranges r and 7*. If ¢, and ¢ are regressive functions,

* *
t,~t, © T>~71.

This enables us to associate with every infinite regressive isol 1" a denumerable
family of functions, namely the family of all regressive functions ranging over
setsin T. It can be shown that if T' is a regressive isol, so is 2”.

In [4] the sum of an infinite series of finite isols (i.e., ordinary numbers)
was defined, provided the summation is performed with respect to an infinite
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regressive isol. Let a, be a function from ¢ into ¢, and let T ¢ Ap. If T is
finite, say T = Fk,

ZT an, = Zn<k Qn (0 fork = 0),
and if 7' is infinite,
ZT an = Req Z:’=0](tn ) V(an))’
where vy = o0, vm = (0, ---, m — 1) form = 1, and ¢, is any regressive func-

tion ranging over any set in 7. It is proved in[4] that for T e Ar — ¢, = € ¢,
T =2,

2 .I?T —1
l+z+2"+ - = .
z—1
T
We shall see below (Theorem 1) that this can be generalized to
X" —1
2 —_—
L+ X+ X4 =
T
for T eAr — €&, XeA, X = 2.
2. Summary
Let fo(X), f1(X), .-+ be an infinite sequence of functions from A into

itself. For every number m = 1 we write

The subscript m indicates therefore the number of functions which are to be
added or multiplied. We clearly have

(1) for every number m = 1 and every number z = 2,

II. @ 42 = Xwma' = @ — 1)/z — 1).
It is the purpose of this paper to generalize (1) to
(2) for every regressive isol 7' = 1 and every isol X = 2,
I 0 +X) = 2o X'= X" — 1)/ (X~ D).
3. Notations
The well-known primitive recursive functions j, k, [ defined by
j@,y) = @+ye+y+1)/2+z2 jlkE),lk) =z
can also be denoted by j2, ka1 , koo respectively. We put
a) =,
Jurr @1y o0y Tagr) = J(n(@e, <00, Ta)y Tasa) (n = 2),

j"(knl(z)7 "':k"ﬂ(z>> =2 (n-_—' 101'%;3)

v
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The last relation holds therefore for all » = 1. It is often convenient to write
(al,~~-,an)*=jn(a1,~-,a,,,) (’ﬂgl).

We recall that for every n = 1 the function j, maps &" one-to-one onto &.
For any set «, the set «” with n = 0 is defined by

o’ = (0),

an={(x1, e ﬁn)*lxua, N xnea} (n

1Y

1).
Moreover,

Jla, B) = {j(, y)lz e« and y €4},

ila, B) = {ia, ¥y € B},

Jle, b) = {i(@, b)| = e of.

If several parentheses occur in some formula which involves the j-function,
we shall sometimes use square brackets. For instance,

j[m7 (al y T an)*] = ](m’ (al y Tt an)*)'
Also, association is to the right so that

pk(e) = pk(a)), foh(z) = flgh@))).
The words “regressive function’ will only be used in the sense of “one-to-
one regressive function from ¢ into ¢.”” The function ¢, is sometimes written
as t(n) without any warning concerning a change in notation. We write
“a >~ B by p”, if p(z) is a partial recursive one-to-one function such that
a C dp and p(a) = B.

4. Definitions

Let T be a nonzero regressive isol. If T is finite, say T = k,
X = DX

20 X' = Req 27-0j(t, £,

where ¢ ¢ X and ¢, is any regressive function ranging over any set in 7.

To prove that » ., X* is well-defined we need only consider the case that
T is infinite. Let s, and ¢, be two regressive functions, and let £ and n be
any two sets. It suffices to prove the two statements

(3) Sa ™ty = Dncoi(su, £ = Dnojlta, £,
(4) E>gp = Z:,'—*Oj(tn; gn) =~ Z‘;;Oj(tna n")-

Proof of (3). According to the hypothesis there exists a partial recursive
one-to-one function ¢ (x) such that

If T is infinite,

ps € 8¢ and (Vn)[q(s.) = tl.
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Let
@) = jlgk (2), 1(2)] for k(z) € dq;

then f(2) is a partial recursive one-to-one function such that
fi(sn,y) =30, y) for all » and y.
This not only implies the conclusion of (3), but also the stronger result
forevery £ eV, 2 7a0j(sa, ") > Xia0jlta, ") byl
The gain in strength lies in the fact that f does not depend on &.
Proof of (4). Let £~ 1nbygq. Put

gn (2) = Julghn1 (2), -+ -, qhonn (2)];

then g, (2) is a partial recursive function of n and 2z such that
(Yn)[t" ~ 1" by gl

Let p(z) be a regressing function of ¢,. We recall that p* (2) is a partial
recursive function with 6p as domain such that for every =, p*(t,) = n.
Writing ¢ (n, 2) for ¢, (z) we define

F@) = jlk(), 9@k @), L))

Then f(2) is a partial recursive function and

i, y) = Jlta, 9. )] for every n.

Tt follows that f maps D e—0j (t , ") onto D ucoj(ta,n"). Letz = j(x1, 1)
and 2, = j (22, y2) be two distinet elements of §f. Clearly,

A # Ly = k(zl) # k(ZZ) = f(21) #f(ZZ)

If, on the other hand, x; = x», theny; # .. Putm = a,, then g (p*(m), y)
is a one-to-one function of y, hence

g@* m), y) # g@ M), ) and fa) = f(z).

Thus f(2) is a one-to-one function. This completes the proof of (4).

In order to define the infinite product we use ultimately vanishing sequences
of numbers, i.e., infinite sequences of numbers which have only finitely many
nonzero elements. For each such sequence {z,}, we put

{xn}* = ®{xn} = Hn§k pfl‘ -1,

where po = 2, p, = n** odd prime number (forn = 1), and % is any number
such that z, = 0 for » > k. The mapping ® maps the collection of all
ultimately vanishing sequences effectively and one-to-one onto ¢. In particu-
lar it maps the sequence {0, 0, 0, - - -} which we also denote by {0} onto the
number 0. With every sequence {s,} of sets we associate the set

H:=otfn={{xn}*lxof=00, Ty €01, }
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For any one-to-one function ¢, from ¢ into ¢ and any set £ we define

II ¢ & = II7=0[0) + j(ta, 7))
Let T be any nonzero regressive isol. If T is finite, say T = k,
IT- @ + x*) = ITi= a + x*).
If T is infinite, .
IT- @ + X*) = Req [1 ¢4, ®),

where £ ¢ X and ¢, is any regressive function ranging over any set 7 ¢ ' such
that 0 ¢ 7. The purpose of the condition 0 ¢ 7 is to ensure that 0 ¢j (¢, , £)
for every n.

To prove that this infinite product is well-defined we may restrict our
attention to the case that 7' is infinite. Let s, and ¢, be two regressive func-
tions, and let £ and 5 be any two sets. It suffices to prove the two statements

) sa>t, and Ogps+pot = J[ @8 ~]] G, 9,
6) ~q and Oept = JI 8 =11 @n.

Proof of (5). It follows from the hypothesis that there exists a partial
recursive one-to-one function ¢ (z) such that

0¢dq + pg, ps C oq, and (Vn)lq(s.) = t.].
Let the partial recursive functions a (x) and b (z) be defined by
da = 8¢ + (0), a(0) =0, xedg = a(x) =q(x),
8b =ja,¢), b, y) =jlak),yl

The function b (z) is one-to-one, b (x) = 0 if and only if z = 0, and for every
ultimately va,nishing sequence {x,},

() ¥ e]l 5,6 o (b@))* Il ¢ 9.
We claim that there exists a partial recursive function f(x) such that
®) o = {{z* | (Vow)lzaedbll,  {oa™ edf = f(lad®) = {blza)}"
For there exist recursive functions ¢ (n) and d (n, z) such that

c({0}*) = ¢(0) =0,
©) cwo, ~++,2,0,0, - }*) =k+1 for a = 0,

d(k, {z}*) = 2 for every & = 0.
Thus the function

f@) =TS pa™? — 1 forwe{{za)™ | (Vaa)lwa e 301},

satisfies (8). The function f(x) is one-to-one in view of (7), (8), and the
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fact that b(x) = 0 if and only if x = 0. This does not only imply the con-
clusion of (5), but the stronger statement

forevery £, [I @, &) ~1] (5,8 by

Proof of (6). Let ¢~ by p. There exists a partial recursive function
pi () of k and z such that for every &

opr = jle — (0), (6p)*1 + (0),  p(0) =0,
pegle, (i, ooy ¥l =gz, @), -+, p@e)*] fora # 0.

This implies that for every k, the function py(x) is a partial recursive one-
to-one function of & which for every a 0 maps j (a, £&) onto j(a, 1*). Put
plk,z) = pr(x). Let q be a regressing function of ¢, . We use the partial
recursive function ¢* with 8¢ as domain and the property that ¢* (z) = ¢ (z)
for x e pt. Consider the partial recursive function w (2) defined by

w(0) =0,
w(z) =jlk(2), p@*?,1(2))] fork(z) #0 and k(2) edg".
It follows that

(10) for every number n, w(z) maps (0) + j(t.,£") one-to-one onto
©) +j(tn, n™).

Let z; = j(x1,y1) and 22 = j(z2, y2) be two distinet elements of dw. Note
that z = 0if and only if w(2) = 0. Thus, if exactly one of z; and z, equals 0,
we have w(z;) ¥ w(z:). Consider the case that z; and 2, are both different
from 0. Clearly,

T FE L = k() #£k(z) = w) = w(z).

Now assume 2; = &5 ; then y; # y,. Putting m = 2°“Y we know that
p (m, y) is a one-to-one function of y. Hence

nEYy = pm,y) =pm,y) = we) # wz).
Thus [T @, &) ~ 11 ¢ 7) by w(z).

5. Theorems

In order to establish (2) we have to evaluate an infinite series and to expand
an infinite product in an infinite series.

TeEOREM 1. For every regressive isol T = 1 and every isol X = 2,
) 20 X'= (X"-1)/X - 1).
Proof. If T is finite, say T = k, we can deduce (11) from the relation
X -1)8 =X -1, where S, = Y 54 X",
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which can be proved as in elementary algebra. Henceforth we assume that
T is infinite. Let 7 ¢ T, and let ¢, be a regressive function ranging over r.
For the notion of a finite function and the definitions of r, (z) and o, see
[2, pp. 181, 182]. LetO0efeX. Put & =¢— (0),

a= D0 0jlta,E), F={r|nef — (0)}.

Thus & — (0) is the set of all indices with which the functions in ¥ occur in
the infinite sequence 7y (x), 1 (x), - - - of finite functions. We have

feX—1, aeX X,
F—0)eX"—1, j,a)eX—1)2,X"
Hence it suffices to prove
(12) ko, @) =& — (0).
With every f ¢ § we associate the number
d(f) = max{n|f () # O}.

Every function f e with d(f) = d is completely characterized by the finite
sequence %o, - - - , Ya, where y; = f(t;) for 0 = ¢ = d. With every number
u of the form

U = ][.’E,](tn ) (yO y T yn-l)*)]

we associate the function f, such that
Jut) =y; for 0<i=n—1,
Ju(tn) =z,
fu(w) =0 for we (to, -, ta).

Thus we see that
uejlt,a) = feb.

We claim that the mapping u — f, maps the set j (£ , @) onto the family &.
Torlet f eF. Ifd(f) = 0, we put &y = f(t). Then

fu=f fOI‘ u=J[x0’](t070)] ej(Eo,a).
Ifd(f) =n>0, weput z; = f(t;) for0 £ ¢ = n. Then z, # 0, and
fu =.f for wu =.7[xn 7j(t7b, (ny e ,xn—l)*)] Ej(Eo,Ol).

For every number u €7 (% , ) we denote the unique number m such that
fu=rnby g(). It follows that

13) g(w) maps j(%,a) onto & — (0).

We wish to show that g (u) has an extension go(w) which is partial recursive
and one-to-one. Let p(x) be a regressing function of ¢,, let & = ¢ — (0)
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and oy = j(5p*, ). We take the recursively enumerable set j (e, o) as the
domain of go(u). Assume

U = J[x)](y) Z)] éj(&) ) 0(0).

Let n = p*(y). Then z determines a unique ordered n-tuple (2o, - - - , Zu1)
such that z = (20, - - , 2s—1)*. Hence
U = j[x7.7(y7 (Zo y T zn—l)*)]'

We define g, (u) as the unique number m such that
@) =2, Twp@) =21, TmD W) =2z, -, ") =2,
rm(w) =0 for we @y, p®), - ,p" ).

It is readily seen that go(u) is a partial recursive function which is an ex-
tension of g(u). We proceed to prove that the function go (1) is one-to-one.
Assume

w =gl , i, @, -, 0a1))] €f (&0, an),

up = jlws, 5 (e, Wo, -+, wea)™)] €5 (20, ).

Let m(1) = go(w1), m(2) = go(ue), f1 = Tm , fo = Tme . Suppose f1 = fo.
We shall show that u; = u,. We have

fily) = 21, a= p* (1),
fp) =vea, HD W) =var, -+, AP @) =,
fitw) =0 for we (,pn), -+, 0" (W),
fly:) =2,  b=p"(),
o) =wo1, L @) =ws, -, L0 () =w,
f2w) =0 for we (Y2, pa), -, 0" W)

Since fi = f», we have f2(y1) = fi(y1); however, f;(y1) = x1, where z; & 0.
Thus f»(y1) 5% 0, and this implies

Y€ (y2 ) Z’(y2), Tty pb(y2)),
(14) 1= () for some ¢ with 0 £ 7 = b.

Applying p"* to both sides of (14) yields p"*(y1) = p’(y2); however,
b = p*(y2); hence p" () = p"(y2). We conclude
(15) 2 () = p" (1) for some s with 0 < ¢ £ b.

Now suppose b were less than a. Then b — ¢ < a, and (15) would be false.
Thus b = a. Similarly we can prove @ = b. Hence a = b, and (15) implies

P () = p**(yy) for some ¢ with 0 < ¢ < a.

The last equality is false for 0 < ¢ < a; also, it implies a = 0, in case ¢

a.
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Thus < = 0 and y; = y» in view of (14). Froma =0, y1=ys, fi=fo, it
readily follows that w; = us. Since the function ¢(u) mentioned in (13)
has a partial recursive one-to-one function as extension, namely go(u), the
proof of (12) is complete.

TuroreM 2. For every regressive tsol T = 1 and every isol X,
(16) Il @ +X%) = X X
Proof. If T is finite, say T = k, the relation (16) reduces to
A+X)A+XHQ+XH - @+ X"
=14+X+X+X+ -+ X7

which can be verified by expressing the left side as a polynomial in X. If
X = 0, both sides of (16) equal 1. We therefore restrict our attention to
the case: T infinite, X =2 1. Lety= (1,2, ---). Put

Yo = (0) +35(0,n), &% =[7(0,0)] = (0),
vi= ) +51 7)), ao=7(@,n),
v = (0) +5@,12%, 8 =j(2,1),
r=0)+iG ), &=35Bn1),

Yn

©) +i@ 2", =i,

y = IT0n, 5 = 2 7m0
We proceed to prove

(17) there exists a partial recursive one-to-one function with v as domain
and é as range.

It is clear that ¥ and & are infinite recursively enumerable sets. Let
@ = {a* ey. If z =0, we define f(x) = 0. Assume z > 0, say

@ ={x, -+ ,,0,0, - -}, where z; # 0.
We then define
ei=sg(w) for 0<Si=<k m=e2"+ -+ 2"

Note that for every ¢« with 0 < ¢ < k, either x; = 0 or z; € (¢, n2i) and that
the value of e; tells us whether the first or second alternative is realized ; these
two alternatives exclude each other, since 0 ¢ " for every n = 1. We have

ife =1, m = 50, yu) for some 11 € 1,
ifeo =1, @ = jll, Wa,vy=)"] for some Yz , Yo €1,
if e =1, 2 = j[2, (yu, -~ ,944)*] for some yu , -, Yu €,

if e =1, @ = jlk, Qora, -+, ys2s)*] for some gy, « -+, Yavox €7,
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where the hypothesis of the last conditional is true. TForeachiwith0 < ¢ =<k
we have: e; = 1 implies that [ (z;) represents an ordered 2*-tuple of elements
of n. We define

f(x) =.7[m7 (21 y T yzm)*L

where 2, , -+ , 2n is the ordered m-tuple of elements of 5 obtained by con-
catenating the sequences represented by those I(z;)’s among
¢9) L(@o), -+, L(xw),

for which e; =1 (in the order in which they occur in (I)). Thus
f(x) ed, < 6. Hence f(x) is a partial recursive function from 4 into 6.
Let 21 and a, be two distinct elements of . If exactly one of x; and x, equals
0, exactly one of f(z;) and f(z.) equals 0; hence f (z1) # f(x2). Now assume
both z; and z, are different from 0, say

*
x1={x10,"‘,.’l?1p,0,0,"'}, Wherexl,,?éO,

*
Ty = {Tao, *** ,%eq,0,0, -}, where zz, = 0.
Then

kf @) = my = 2 0 osg(@u) 2,  kf(@:) =me= D tosg(ze) 2%

Hence m; # m, implies f(x1) # f(x2), and we may restrict our attention to
the case my = my, i.e., the case

p=q and (V)= p = sg@un) = sgxa)l
Writing m for m; (and m.) we have
f(xl) = J[my (211 y "0y zlm)*]r f(x2) = J[m; (221 y "ty ng)*].

Since z; # x», there exists a number v such that 0 < v < p, sg(rw) =
sg (x2,) = 1, while I(z1,) and I(xs,) represent distinet ordered 2°-tuples of
elements in 1. In view of the fact that the elements of these ordered 2°-tuples
occupy the same positions in 231, * -+, 21m @8 iN 251, -+ + , 22m We see that

(211 y T zlm)* # (221 y T Z21n)*;

hence f(z1) # f(z:). Thus f(x) maps vy one-to-one into 6. Finally, let
yed. Ify=0,theny = f(x) forx =0. Now assume y = 0, say

Y =.7[m’ (yl y " ;ym)*],
where m = €-2° + - -+ + €,-2°, with ¢, = 1.

We can effectively deconcatenate the ordered m-tuple y1, - -+ , y» into (read-
ing from the left to the right)

an ordered 1-tuple, in case ¢ = 1,

an ordered 2-tuple, in case ¢; = 1,
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an ordered 4-tuple, in case e; = 1,

f;Jn ordered 2°"-tuple, in case e,y = 1,
an ordered 2°-tuple (we know that ¢, = 1).
For0 <7 =<s,letincasee; =1,
Yain, =00, Yoil

be the ordered 2’-tuple arising in the deconcatenation of 3, , -+ , ¥ . Define
& = {a,}*, where 2, = 0 forn > s, and for 0 < 7 < s,

xz; =0, in case ¢; = 0,
x; = jli, asn, -+, Yeies) ], incasee; = L.

We then see that y = f(x), where z ey. Thus f is a partial recursive one-to-
one function with y as domain and é as range. This completes the proof of
).
With every strictly increasing function a (n) from ¢ into & we associate the
function
o' (n) = en-2°C 4+ o+ en 2%,

where e, , -+ + , éan is the sequence of zeros and ones such that
n=en2 + -+ ewm2"

This implies that if ¢ (n) denotes the identity function, so does s’ (n). We use
the well-known enumeration py, p1, - -+ without repetitions of the class @
of all finite sets defined by

Po = 0, Pz+1 = (yly""yk)’
where y;, - -+, yx are the distinet numbers such that
T4 1=2"4 ... 4 2%

It follows that
pon = (1|0 =i S e+ Land e = 1,

by = {6(3) |0 = 7= nand e, =1}
= qa{i|0 =7 =< nand e, =1} = alp.).

If n assumes successively the values 0, 1, - - -, then p, runs over the class @
of all finite sets, parmy = a(p,) over the class of all finite subsets of & = pa,
and o' (n) over the set

{x]p: C o € gRed@,

It follows from the definition of @’ (n) that a’ (r) is strictly increasing because
a(n) is. Using the three facts

’ (0) (n41)
a (n + 1) = €n+1,o'2a + -+ en+l.n+l'2an ,
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a/ (n) = en0,2a(0) 4+ enn.za(n)’
max {7 | e, = 1} < max {7 | eny1,s = 1},

we see that if a (n) is regressive, so is @’ (n). Let us now return to the proof
of (16) for X = 1, T infinite and regressive. Every regressive isol contains
some retraceable set which does not contain 0. Let £e¢X, O¢r, 7¢T, 7
retraceable, f, the (regressive) function which enumerates r according to
size. Put

v = (0)+j,b), 3 =1[jt,0)]=1[0,0)],

H=0+iw,8), d=it,0,
=0 +ik, &), =i,
A= O +i, ), =i, ),

= H‘:=o'¥§f ; =D % 0k,
The set v* belongs to the left side of (16). Also, ¢, is a strictly increasing

regressive function which ranges over the set {z | p, C 7} ¢2”. Hence &*
belongs to the right side of (16). It therefore suffices to prove

(18) ST L

We shall construet a mapping f* from v* into 6* using the particular partial
recursive one-to-one function f which we used in the proof of (17). Let
o = (a8  eq®. It =0, let F@*) = 0. If 2* %0, say

o =¥, -, 2f,0,0, 1% where z} 5 0,
the b -+ 2 numbers

emi = sg(a¥) for 0Z4i=0, m=en2" + - + em2",
can be computed from 2*. Let for every ¢ = 0,
;=0 it af =0,
o = gli, L@F)] if of #0;
then we have for every ¢ = 0,
either z; = af = 0,
or ¥ = j:,y) forsomey e EZi and z; = j (7, y).
Let p(z) be a regressing function of ¢, , then
;=0 if «f =0,
z: = jlp*k@}), 1)) if 2F =o.

Define z = {,}*; then & can be computed from z*.

f(x) = J[m) (21 y T Zm)*]

Now compute f(z), say



680 J. C. E. DEKKER

Then f* (*) is defined by
f# (.'l'#) = ][t:n ) (21 y T Zm)*].

Note that
(1, 2 =1l (), tn = €m0 2@+ -0 427,
where e, -+, ems can be computed from z* and £(0), ---,¢(b) from

t(0) = k(z}); here af is the exponent of the highest prime which divides
a® 4+ 1. Thus f* @*) can be computed from z¥. We leave it to the reader
to verify that f* maps v* one-to-one onto 6*. Using the fact that ¢, and ¢,
are strictly increasing regressive functions, one can also prove that both f*
and its inverse have partial recursive extensions. It then follows by [4,
Proposition 1] that v* ~ ¥ i.e., that (18) is correct. This completes the
proof of (16).

CorOLLARY. For every regressive 1sol T = 1 and every tsol X = 2,
II- ¢ + x*) = & - 1)/ (X - D).

Remark. Let Az denote the collection of all cosimple isols, i.e., of all isols
which contain a set with a recursively enumerable complement. We know
that

X s Ye Az = X Y ey y

X=Y and YeA; = XeA,,
by [2, Theorems 56, 140]. Clearly, for X = 2, T = 1,
X'"-1)/X-1)=Xx"-1.

It follows therefore from Theorem 1 that Y, X* is cosimple for every regres-
sive cosimple isol 7' = 1 and every cosimple isol X = 2. For X = 0 this
infinite series equals 1, and for X = 1 it equals T' (cf. [4, Theorem 2]). The
condition X = 2 may therefore be omitted. If T is regressive and cosimple,
so is 2. We conclude by Theorem 2 that []r (1 + X™) is cosimple for
every regressive cosimple isol 7' = 1 and every cosimple isol X.
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