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1. Introduction

A structure theory is developed for a class of Banach algebras which we call
inner product algebras (IP-algebras). We were led to these algebras by the
algebra of almost periodic functions under convolution.

Let A = AP(@) be the set of all almost periodic functions on a topological
group G considered as a Banach algebra under the norm || f || = sup | f(¢) |,
pointwise addition, and convolution multiplication. This algebra is rich in
structure. Not only is it a Banach algebra in the norm || f || , but also it is a
pre-Hilbert space in the norm |f | = (f, f)*, where the inner product is given
by (f, 9) = M[f(t)g(?)] (here M is the mean-value functional of von Neu-
mann [8]). This pre-Hilbert space is, in general, not complete (even for @
the real numbers). Denote the convolution of f and g by f¢ where fg(s) =
M Jf(st)g(t)] 8, p. 456]. The two norms are connected [7], [8] by (1)
1f1=1flland (2) [fg | < |f]1g|forallf,geA. Also(3)Af = 0 implies
f = 0. Moreover the natural involution f — f* defined by f*(¢) = f(¢-!) satis-
fies (4) (fg, h) = (g, f*h) = (f, hg*) for allf, g, h e A. Also (5) f lies in the
closure of fA for each f ¢ A [8, Theorem 17]. Our interest in AP(G) from
the point of view of the general theory of Banach algebras began with the dis-
covery that any Banach algebra with an involution which is a pre-Hilbert
space satisfying conditions (1)-(5) (or even weaker conditions, see Theorem
4.9) is a semisimple dual Banach algebra.

A somewhat analogous situation was treated by Ambrose [1] who started
with the Le-algebra of a compact group as a model and abstracted to H*-alge-
bras. Likewise starting with AP(G) we abstract to what we call IP-algebras
and right IP-algebras.” As in [1] our main goal is a structure theory for the
algebras under consideration. We have, at the same time, been able to
manage with requirements substantially weaker than those numbered above.

Let A be a Banach algebra which is also a pre-Hilbert space (A4;) in terms
of the norm |f|. Suppose that, as in (1) and (3), convergence in the norm
[l 71l implies convergence in |f| and Af = 0 implies f = 0. We call 4 a
right TP-algebra if there exists a dense right ideal 2, such that each f ¢ 8, has a
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right adjoint f*, (gf, h) = (g, kf*) for all g, h, and right multiplication by f is a
continuous mapping of A, into A. By an IP-algebra we mean an algebra
which is both a left and right IP-algebra. An advantage of requiring what
is needed from (2) and (4) to hold only on a dense ideal rather than every-
where is that (unlike the H*-algebra case) certain types of infinite direct
sums of [right] IP-algebras are [right] IP-algebras. This admits a much larger
variety of examples (see §2).

For structure theorems see Theorems 3.5, 4.3, 4.7, and 4.8. It is shown
that any IP-algebra satisfying (5) is the direct topological sum of topologi-
cally simple TP-algebras each of which is continuously isomorphic to an alge-
bra of completely continuous operators on a Hilbert space including all the
finite-dimensional operators on that space.

2. Preliminaries and examples

Let A be an algebra over the complex field which is a Banach algebra under
anorm || « || and also a pre-Hilbert space in terms of a positive-definite inner
product (z, y). Unless otherwise specified the topology on A is taken to be
that provided by the norm || z || ; we use A to designate A as a topological
space under the norm |z | = (z, «)">. Furthermore we let H denote the
Hilbert space completion of A,. It is not assumed that A is a normed
algebra.

Let R.[L, denote the operation of right [left] multiplication by
z, R.(y) = yx. Let

W, = {y e A | R, is a continuous mapping of 4, into A},

and define W; analogously. Consider z ¢ B,z e¢ A. There exists a > 0 such
that || Ra.(y) | < alyl,y eA. Then |[Ru(y) || = (allzl)]y],y €4,
so that B, is a right ideal of 4.

We call an element «* [x'] a right [left] adjoint of x if (yx, 2) = (y, za*) for
ally, z e A [(2y, 2) = (y, «'2z) for all y, z ¢ A]. In general no such elements
need exist.

In these terms we formulate our basic definitions.

2.1. DerintTIONS. We call A a right IP-algebra [left IP-algebra] if it satis-
fies the following conditions:

(a) For each x ¢ A, the functional ¢g,(y) = (z, y) is continuous on A.

(b) Az = Oimpliesz = 0 [rA = 0 implies x = 0].

(e) W, [W;] contains a dense right [left] ideal B, [B:] of A where each
element of B, [LB;] has a right [left] adjoint in 4.

We call A an IP-algebra if it is both a right and a left IP-algebra (in terms
of the same Banach algebra norm and inner product). Obviously every H*-al-
gebra is an IP-algebra.

We make some elementary observations on the definition of a right IP-
algebra. It is trivial that the right adjoint of  is unique, if it exists. Suppose
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x* exists. Then xz* = 0 implies ¢ = 0. For if xz* = 0, then (yz, yz) = 0
for all y, so that Az = 0.

We consider next the significance of (a) from the point of view of linear
space theory. Here (b) and (c) are irrelevant as are the ring properties of
A, but the completeness of A in the norm || = || is essential.

2.2. LEmma. Let A be a Banach space and pre-Hilbert space as above. Then
(a) of Definition 2.1 holds if and only if there exists M > 0 such that
lz| S M| z|,forallzeA.

Proof. Suppose that |z | < M |z ||,z e A. By the Cauchy-Schwarz in-
equality, | (=, y) | < M |z | || y || so that (a) holds. Suppose that (a) holds,
and let H denote the completion of A in the norm |f|. Let |z, —w| —0
in A and |@, — y| — 0 where y ¢ H. For any v ¢ A we have, by (a), that
(v, w) = (v,y). Thusy = w. The closed graph theorem implies that, for
some M >0, |z| S M|z|,zeA.

2.3. Example. Let Gy be a compact topological group, and let C(Gp) be
the Banach space of all continuous complex-valued functions on Go. Consider
C(Gy) as an algebra under convolution (with respect to Haar measure) where
we set

G = [ a9 = [ 5050

and f*(t) = f(t?). Then C(G,) is a Banach algebra in the sup norm || f ||
and a pre-Hilbert space in the norm |f| = (f, f)'/* satisfying the relations
(1) through (5) of §1. In fact C(Go) is a dual algebra [5, p. 700] which is
also an IP-algebra. From (1) and (2) we see that |fg| = || foll = |f] ¢/,
so that C'(Gy) is a normed algebra in the norm |f| .

Now let G be any topological group, and consider AP(G) as described in
§1. If G is the Bohr compactification of G [10, p. 331], then AP(Q) is iso-
metrically isomorphic to C'(Gy) (with convolution multiplication) where the
isomorphism preserves the inner product. Conversely, since all continuous
functions on a compact group G, are almost periodic, C(G,) is the same as
AP(Gy).

Let A = C(Go) or AP(G). It is readily seen that ||f| = [ f*| and
|f| = |f*!forallfeA. An important property of A is that the mappings
L; and R; are completely continuous as transformations from either 4 or 4,
into either A or 4, (see [5, §8] and [9]). In particular both 4 and A; are CC
algebras [5, p. 698]. The algebra A is a concrete model for the development
of §5 below as well as for the notion of an IP-algebra. An interesting discus-
sion of AP(@), for G abelian, which proceeds in a direction unrelated to the
development here, was given by Helgason [3].

In general AP(G) as a pre-Hilbert space is not complete. Consider,
for example, @ the reals. If AP(G) were complete, the fact that |f| < || f ||
for all f would imply the existence of some K > 0 such that ||f|| < K |f|



308 BERTRAM YOOD

for all f ¢ AP(G). But consider the function
Fu(@) = €% 427" 4+ o 4 mTle™,
We have
[l = Zian™ and lfal = Tian™,

so that no such K can exist.

2.4. Example. Consider the Banach space I' of all sequences a = {ay}
such that ||a | = DX |a.| < » made into a Banach algebra by defining,
for b = {b,} the product by ab = {a. b.}. Let {u.} be any bounded sequence
of positive numbers, | u, | = K for all n. We obtain an IP-algebra if the
inner product is taken as (a, b)) = D, pa@.b.. Clearly |a|’° < K| a "
The elements with only a finite number of nonzero coordinates form a dense
set B, which, as can be seen by computation, lies in 28, . In general W, is
not the entire algebra as easy examples show.

2.5. DerintTioNs. Let {A4,} be a sequence of Banach algebras where we
denote the norm in 4, by || ||, . Consider the collection A of all sequences
o = {on}, om € Ay, such that || a || = X || an|ln < ©. Define, for 8 = {8,}
in A and a scalar u, pa = {pan}, @ + 8 = {an + B}, and af = {a, B:}. Then
A is a Banach algebra which we call the I"-sum of the Banach algebras A, .

Consider the collection A of all sequences {aw}, an € A4, , which “vanish at
infinity”, i.e., for each ¢ > 0 there exists N where || o ||» < ¢ forn = N.
Define, in A, the algebraic operations as above, and set || « || = sup || an ||n .
Then A is a Banach algebra which we call the B(« ) sum of the Banach alge-
bras A, (see [6, p. 411] and [10, p. 106]).

2.6. Lemma. Let {A,} be a sequence of right IP-algebras. Then, with
appropriate choices of inner products, their B( =) sum and U'-sum are right
IP-algebras.

Proof. Let || % |, denote the given Banach-algebra norm in 4,, (u, v),
the inner product there, and let |u |, = (u, u)¥?.  For each n there is,
by Lemma 2.2, a number M, > 0 such that |u|. £ M, ||wln, v € 4.
LetB{™ be the right ideal demanded of A, in (¢) of Definition 2.1.

Consider first 4, the B( « ) sum of the algebras 4, . Letz = {z,}, y = {ya}
be two elements of A where @, € Ayn, Yn € An, n = 1,2, -+« . We define
an inner product in 4 by the rule

(x7 y) = Z:=l (zn , yn)n/(nMn)Z.

Note that |(2, y)| <« ||« || ¥ /6 so that (a) of Definition 2.1 is fulfilled
(see Lemma 2.2).

Trivially Az = 0 implies « = 0. Define LB, to be the collection of all
{z.} where each @, ¢ B{™ and only a finite number of the x, are nonzero.
Clearly %, is a dense right ideal of A. Let x = {z,} be an element of %,
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where &, = 0,n > N. If we set 2* = {«}}, we can readily obtain (yx, z) =
(y, 2zz*) for all y, z e A. We must show then existence of a constant K > 0
such that ||yz || £ K|y, for all y e A. For each n there exists a number
t(n) > 0 such that |2z, [l S t(n)|2|n, 2 e 4n. Lety = {y.} ¢ A. We
have the following inequalities, where in each case Max is to be taken over
the set 1,2, -+, N.

[y | = Max || yn @a [|ln = Max t(n)|yn |
< Max(nt(n)Ma)lly |.
Consider next A, the I"-sum of the algebras A, . Here we define

(x7 y) = Z:=1 (xn ) yn)n/Mi .

Then |(z, y)| = ||z ||y ] and |z| £ ||z |. We proceed as in the B( «)
case and define B, in the same way. Using the same notation, for
z = {@} ¢ B,, xn = 0,n > N, we have

lye |l = 20 lyn@nlln £ 2201 8(0)| Yn |n
= (ZZ=1 t(n)M.,)|y |

2.7. Example. We give an example of an IP-algebra A where x — z*
is everywhere defined but # — 2’ is not defined on all of A. The algebra 4
will be the B(« ) sum of algebras A4, which we now describe.

Let A, be the set of all infinite complex matrices a = a(,j),¢,7 =1, 2, ---,
such that D | a(4, j)|" < . We define the norm in 4, by

lall = [32 1 as, )P

Under the usual rules for matrix addition and multiplication we obtain a
Banach algebra [1, p. 367]. We define the inner product for 4, by the rule

(a} b)n = :'(:i=1 a(®).7>b<7'y.7) d’"(z)’

where ¢n(k) = kfork = 1, --- ,nand¢,(k) = 1 fork > n. Set|al}; =
(a, a)n. Here |alZ = n|al’, and |a|, £ |al., @ € A.. Routine
computations show that if one defines, for @ ¢ A, , the matrices ¢* and o
by the rules

a*(4,5) = aG,0),  d'(5,5) = alf, Dén(§)/da(D),
then (ba, ¢)» = (b, ca*), and (ab, ¢), = (b, a'c)nforalld, ced,.
Now let A be the B( %) sum of the algebras A, . This gives us an IP-
algebra, by Lemma 2.6, under a suitable choice of the inner product. Since
here we have, for @ = {a.} € 4, | @n | = 7’| @y ||» , we may choose the inner

product as
(a,b) = =t n_3(an s bn)n

For a = {a.} we set a* = {a}} and note that {a%} lies in the B( ) sum
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since || aklln = || @ |l.. It is easy to verify that a* is the right adjoint in
A of a.

It is readily seen that any a = {a.} ¢ A with only a finite number of non-
zero components has a left adjoint a’ = {a,}. Yet we show that not every
a ¢ A has a left adjoint. Suppose otherwise. It follows from Theorem 3.2
shown below that there exists a constant K > 0 such that ||’ || £ K| a ||
foralla e A. Now, foreach m = 1,2, - -, we consider an element f™ ¢ 4
all of whose components except the mt* are zero and whose mt* component is
the matrix a(¢, j) where a(m, 1) = 1 and all other entries are zero. Note
7 || = 1. Observe that (f™)" has all its components except the mth
zero and that the m* component is the matrix b(z, j) where b(1, m) = m and
all other b(i,j) = 0; observe that |[(f™)" | = m. Since m is an arbitrary
integer, this is a contradiction.

The phenomenon that x — 2* is discontinuous on A, may be observed
(in spite of the fact that the mapping is continuous and defined everywhere
on 4). For we have, in the above notation, | f™|/|(f")* = m.

2.8. Example. We give an example of an IP-algebra where neither of
x — a* and @ — 2’ is everywhere defined. Let A, be an IP-algebra, given
by 2.7, where @ — z* is everywhere defined and « — 2’ is not. By inter-
changing left and right in the development of Example 2.7, we can obtain
an IP-algebra A, in which @ — &’ is everywhere defined but # — z* is not.
As the desired example take the direct sum of A, and A..

We now list definitions for some items used in the analysis below. Let B
be a topological algebra. For any subset S of B we denote the left [right]
annihilator of S in B by 2(8) [R(S)]. As in [2] we call B an annthilator
algebra if R(B) = R(B) = (0) and if (L) = (0) [R(I) = (0)] for each
proper closed right [left] ideal I of B. As in [5] we call B a dual algebra if
RY(I) = I for every closed right ideal and QR(I) = I for every closed left
ideal.

3. Right IP-algebras

We begin with some minor details useful for the ensuing proofs. Given a
right TP-algebra A there exists, by Lemma 2.2, a constant M > 0 such that
|z| £ M|z, xeA. Consider the operator R., R.(x) = =z, for z ¢ B, .
There exists a constant a > 0 such that || R.(z)|| < a|x|, v ¢ A. Let
a(z) denote the least such constant. Since | R,(z)| = Ma(2)| x|, « € 4,
the operator R, is a bounded operator on A, , and its norm | R, | as an opera-
tor on A satisfies the relation

(3.1) |R.| = Ma(2), z2e W, .

Let H be the Hilbert space completion of 4,. Since A is complete, R,
can be extended, for z ¢ W, , by continuity to a bounded operator 8. of H
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into A where || S.(uw)|| = a(2)| u |, v ¢ H (see [14, p. 99]). Since | S.(u)| =
Ma(z)| w |, S. also defines a bounded linear operator of H into A4 .

For a subset S C A welet S* = {zr ¢ A |(x, S) = 0}. Let I be a right
idealof A. Foranyz el,y elI*, andz e, , we have (z, yz) = (2z* y) = 0.
Thus I8, < I*. Since B, is dense in A and I* is closed in A by (a) of
Definition 2.1, we see that I™* is a right ideal of A.

3.1. LemmA. Let I be a right ideal of a right IP-algebra A. Let K be a
closed right ideal of A, K < I, and let K* = I n K*. Then

I8, c K ® K.

Proof. Letfel andd = inf |f — u |* as u ranges over K. There exists
a sequence {h,} in K such that d, | d where d, = |f — h, |[*. Reasoning
as in [7, pp. 57-58] we see that

(3.2) (0, f = ha)| S (du — d)"| 0|

for all v ¢ K and that {h,} is a Cauchy sequence in Ar. Let g e B,. Then
there exists h ¢ A such that |h — h,g || — 0. Clearly h ¢ K. We write
fg = h + (fg — h) and show that fg — h ¢« K*. Let u ¢ K. By (a) and
(e) of the definition of a right IP-algebra, we have

|(u, fg — B)| = lim |(u, fg — hng)| = Lim [(ug*, f — Ra)].

But ug* e K, and therefore, by (3.2), this limit is zero.
As in [10, p. 70] we say that a Banach algebra B has a unique norm topology
if any two Banach-algebra norms for B are equivalent.

3.2. TueoreEM. Let A be a right IP-algebra. Then

(a) A is semistmple.

(b) (M) = (0) for each modular maximal right ideal of A.

(¢) Each nonzero right [left] ideal of A contains a minimal right [left] ideal
of A.

(d) A has a unique norm topology.

Proof. Letze®W,. Since || 2’| £ ||az] || 2] for all ¢ A, we see that
(3.3) a(?) 2 a(2)| 2|, z2el,.

This is the case n = 0 of the following relation which can be shown, by an
easy induction using (3.3), to hold for all positive integers n.

(3:4) o) 2|12 | a(2) || 2|7, 2 e, .
For convenience set F(n) = | R; | where f = 2. Inview of (3.1) we have
(3.5) F(n) £ Ma(").

Next suppose that z ¢ B, satisfies the relation z = 2*. Then right multi-
plication by powers of z are bounded self-adjoint operators on A4, (or on



312 BERTRAM YOOD

the Hilbert space H). Therefore, for any such 2z, we obtain F(n + 1) =
[F(n)l’. Moreover F(n) = |(R.)”|. From (3.4) and (3.5) we then obtain

(36) |(R)" [T =P+ 1P < |2 IMa()] " | 2|47,

Suppose that, in addition z ¢ Rad(A), the radical of A. Since A is a Banach
algebra, || 2 | — 0, so that from (3.6) we see |(R.,)” """ —0. By the
theory of self-adjoint operators on a Hilbert space, R, = 0. But then z = 0.
In summary, if z = 2* and z ¢ W, n Rad(4), then z = 0.

Now consider any element 4 ¢ Rad(A4) and any » ¢ LB,. The preceding
guarantees that (vu)(vu)* = 0. But then vu = 0 or B,u = 0. Since
B, is dense, we have Au = 0 or u = 0. Therefore A is semisimple.

Let M be a modular maximal right ideal of A. We show that M* = (0).
For suppose otherwise. Then an application of Lemma 3.1 to the case
I = A and K = I gives AB, < M. This implies that B, is contained in
the primitive ideal (M:4). Since LB, is dense and since primitive ideals of
A are closed, this is impossible. Whereas It is maximal and IN™* is a right
ideal, we can now state

(3.7) A=Mae M.

Let j be a left identity for 4 modulo 9 where we write j = u + v in the
decomposition of (3.7). From (1 — j)A < IN we obtain (1 — v)A < IMN.
Forxz e M, (1 —v)x e MnM* = (0). Therefore vx = x for all x ¢ M*.
Consequently MM* = vA where o = v. We can rewrite (3.7) as 4 = M @ vA.
By the Peirce decomposition, A = (1 — v)4 @ 0vA4. Recall that
(1 —v)A c M. It follows that (1 — v)A = IN from which we deduce
that (M) = Av = (0).

It follows from (3.7) that M* = vA is a minimal right ideal of 4. If we
start with a minimal right ideal eA of A, ¢ = e, then from the Peirce de-
composition A = (1 — e)4 @ eA we see that (1 — ¢)A is a modular maximal
right ideal. Thus the modular maximal right ideals are precisely the ideals
of the form (1 — e)A where ¢ = e and eA is minimal. Let S be the socle
4, p. 64] of A. This two-sided ideal is the algebraic sum of the minimal
right [left] ideals of A. As A is semisimple, 2(S) = R(8) ([2, p. 159] or
[15, p. 354]). Suppose y € R(S). Then for each minimal left ideal Ae,
¢ = e, wehavey e (1 — e)A. From this and (a) we see that y = 0. That
(¢) holds follows from [15, Lemma 4.1]. That (d) holds follows from a
result of Rickart [10, Theorem 2.5.7].

3.3. CoroLLARY. Let A be a right IP-algebra where, for each x € A, x lies
in the closure of xA. Then any closed right ideal R of A is the closure of the
algebraic sum K of the minvmal right ideals of A contained in R.

Proof. If K* n R 5 (0), it contains, by Theorem 3.2, a minimal right
ideal of A which must then be also in K. This is impossible. Lemma 3.1
now asserts that R®, € K. The closure hypothesis then shows that R = K.
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We take a closer look at a minimal left ideal.

3.4. LemMa. Let I be a minimal left ideal in a right IP-algebra. The two
norms | x| and || x || are equivalent on I, and I is a Hilbert space in the norm
|z |.

Proof. LetI = Ae, ¢’ = e. By the Gelfand-Mazur theorem,
ede = {ue | u complex}.

Thus eB, e = ede, and there exists w ¢ Ty, such that ewe = e. Set f = we.
Clearly f* = f and Ae = Af where f ¢ 8, (a right ideal). By Lemma 2.2,
there exists M > O such that |2 | < M ||z |,z eA. Lety = yf eI. Then
lyl = M|y| £ Ma(f)|y|. Thus the two norms are equivalent on I.
Now I is closed in the topology of the norm | z | and is a Banach space in
that topology. Therefore it is complete in the topology of A, .

For the notions of direct sum and topological direct sum of ideals in a
Banach algebra see [10, p. 46).

3.5. THEOREM. Let A be a right 1P-algebra where A® is dense in A. Then
the socle of A is dense in A, and A s the direct topological sum of its minimal
closed two-sided ideals.

Proof. Let I denote the closure of the socle S of A. For a modular maxi-
mal right ideal ¢ we can, by the proof of Theorem 3.2, write A = M @ v4
where v© = v, M = (1 — v)A and v4 = M*. Since M is a maximal right
ideal, (vA)* = M. Therefore M D I*, and, as A is semisimple, I* = (0).
1t follows from Lemma 3.1 that A> < I. Our hypothesis on A® makes S
dense in 4.

Let @ be the right ideal of A which is the algebraic sum of the ideals v4
where v is any idempotent as described in the preceding paragraph. The
argument using these shows that @ is dense in A. We shall show that each
element of @ possesses a left adjoint. First we consider ». For any z, y ¢ A
we can write © = x; + X2, ¥ = ¥ + y: where &1, y1 ¢ M* and x5, yo ¢ M.
A computation® in [11, p. 50] gives (vx, y) = (@1, 11) = (x, vy). Therefore
v is its own left adjoint. Next let @ e vA. The argument here is a modifica-
tion of that of Saworotnow in [12, Theorem 1]. Clearly va = a. To see
that o’ exists we may assume that av # 0, for otherwise we consider b = a -+ v
where bv # 0. Now since vA is minimal and A is semisimple, vAv is a di-
vision algebra. By the Gelfand-Mazur theorem, there is a scalar u such that
av = vav = w. Note u # 0. But @’ = vava = pa. Then p™'a = fis an
idempotent. Since vA is minimal, vA = fA. The Peirce decomposition
A= (1—-A @ fA makes it = (1 — f)A a modular maximal right ideal
of A. As in the proof of Theorem 3.2, A = N @ N*, and we can write
f=24v,2eN, v eN* obtaining v} = v, withM* = v, A. By the above,

3Since vA = M*, (1 — »)A = M and vz, = 0, we have vx = vz, = z, and (vz, y) =
(371» y) = (xl, yl) = (x, yl) = (Z, l}y).
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v1 = v,. We may argue® as in [12, p. 57] to see that f is a nonzero scalar
multiple of vv; . Therefore f, and consequently a, possesses a left adjoint.

We now show that K* is a left ideal for any left ideal K of A. Tor let
veK,yeK* andzeQ. ThenO0 = (Zz,y) = (x,2y). Therefore QK* C K*.
Since @ is dense in A and K™ is closed, we see that K™ is a left ideal.

Now let A, be the topological sum of the minimal closed two-sided ideals
of A. We now can assert that Ay is a two-sided ideal of A and wish to
show A3y = (0). Suppose otherwise. Then by Theorem 3.2, Ay contains
a minimal right ideal I of A. The arguments of [2, Theorem 5] show that
Ay contains a minimal closed two-sided ideal of A, which is impossible as
Ay n Ay = (0). From this, Lemma 3.1 yields A*> © A4,, so that we have
Ay = A. From the semisimplicity of A and the fact that the two-sided
ideals in question are minimal closed ideals it is readily shown that we have
a direct toplogical sum [10, Theorem 2.8.15], [2, Theorem 6].

4. On IP-algebras

We relate here IP-algebras to the more familiar annihilator algebras and
dual algebras. Our key hypothesis is (as in Theorem 3.5) that A® is dense
in A. Any IP-algebra with this property is an annihilator algebra (Theorem
4.4).

4.1. TagoreM. Let A be an IP-algebra where A* is dense in A. Then
there exists a dense two-sided ideal I such that each x € I possesses both a left
and right adjoint.

Proof. 1In the course of the proof of Theorem 3.5, it was shown that there
exists a dense right ideal @ such that each z e @ possesses a left adjoint.
Consider the two-sided ideal I; = B, Q. Clearly I, is dense in A4, and each
element of I; possesses a left adjoint. Likewise there exists a dense two-
sided ideal I, such that each element of I, possesses a right adjoint. Set
I = I, I, to obtain the desired ideal.

4.2. LEmMA. Let A be a right I P-algebra where ALY is dense in A, . Then
(1) z lies in the closure of A in Ay for each © ¢ A, and (2) the closure in A
of any right ideal I 1s I**.

Proof. For a given x ¢ A let M be the closure of ¢4 in the Hilbert space
completion H of A, and let N be the orthogonal complement of M in H.
We write * = u + v where u ¢ M and v ¢ N. To establish (1) we must
show that v = 0.

Let z e B,. Now R.(xA) C x4, and, as noted above, S, is a continuous
mapping of H into A,. Therefore S,(M) < M. Let {v,} be a sequence in

4 Since va = a then of = f. Also 0 = (2,11 A) = (v12,4),s0 vz =0and v, f =

v1. Then 0 # v, = v f = v 0f, so that v; » % 0. Thus o, = (v, v)’ # 0. Also
w1 = o1 f = v of = Nf where N # 0.
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A where |v — v, | — 0. For each w € 4,
(2w, S,(v)) = lim (aw, v, 2) = lim (2wz*, v,) = (awz*, v) = 0.

By the continuity of the inner product in H we have S,(v) e N. But S.(v) =
xz — S,(w). Thus S,(v) e M n N = (0). Consequently im (v, 2, w) = 0
for all w ¢ A which shows that (v, wz*) = 0. Therefore v is orthogonal to
ALY . By hypothesis the latter set is dense in H so that v = 0.

We now show (2). Let K denote the closure in A, of the right ideal
I. Clearly K is closed in 4 by Lemma 22, and I D K. Since
K* n I = (0) we learn from Lemma 3.1 that K D I**®%,. For each
x e I, 2%, is dense in x4 in the topology of 4, by Lemma 2.2. Therefore
Ko I

4.3. TaEorEM. Let A be an IP-algebra where A® is dense in A. Then
the closure in Ay of any right or left ideal I is I™*.

Proof. In order to utilize Lemma 4.2 we examine AB¥ . TFirst we show
that (ABF)* = (0). Forif (z,aw) = Oforallz e A, w e B, then (20, 4) = 0
for all v € B, , so that 2B, = (0), and therefore z = 0. Now AR is a left
ideal of 4; let K denote its closure in A. By Lemma 3.1, 8,4 < K ® K*.
Inasmuch as K* = (0) and A” is dense, we see that K = A. It follows from
Lemma 2.2 that AR is dense in A, . Therefore, by Lemma 4.2, the closure
in Ay of any right ideal I is I**. By the interchange of left and right, the
conclusion is also true for left ideals.

4.4. THEOREM. Let A be an IP-algebra. Then A is an annthilator algebra
if and only if A® is dense in A.

Proof. Tt is readily seen that the condition on A’ is necessary for 4 to
be an annihilator algebra. Assume A® dense.

We use the one-sided ideals 8B; and B, of Definition 2.1; each z ¢ B, [Li]
has a right [left] adjoint «* [z']. Let K be a closed right ideal, K = A. We
observe that K* ¢ (0); for otherwise K D A%, by Lemma 3.1 which would
make K = A by our density hypothesis. Next we show that K* n 8; &= (0).
For otherwise, as K" is a right ideal, K*8; = (0) which, since ¥; is dense,
implies that K* = (0). Let 2 %2 0, * ¢ ¥; n K*. Consider an arbitrary
zeKandanyy eB,. Note that (zy,2) = (z,2y*) = 0. Thus0 = (y, z'2).
Since B, is dense, we see that 2’K = (0). Then (K) # (0). Likewise
R(I) # (0) for a closed right ideal I ¢ A. Inasmuch as A is semisimple
(Theorem 3.2), (A4) = R(4) = (0).

We know no example of an IP-algebra where A” is not dense in 4 and have
been unable to show A’ is dense.” In that direction we offer the following.

6 It is readily shown that A2 is dense if A, is complete. For then A and A, are equiva-
lent topologically, and (42, w) = 0 implies that (4, wQB,) = 0 and w = 0.
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4.5. LemMA. In any right I1P-algebra, A® is dense in A”.

Proof. Let B, denote the closure of A in the Hilbert space completion
H of A;. Let By be the orthogonal complement of By in H. Take any
ze B,. Weshow first that S.(By) = (0). Forletv e By where |v — w, | —0
with each w, ¢ A. For any z ¢ A we have

(2, S.(v)) = im (2, w,2) = lim (22* w,) = (a2%,0) =0

as 22* € By. By the continuity of the inner product in H, S.(v) = 0.

For any x ¢ A write x = u -+ v where u ¢ Boandv ¢ By . By the preceding
paragraph, 2z = S,(u) for each z ¢ B,. Let {u,} be a sequence in A* where
|w — .| — 0. As noted in §3, S, is a continuous mapping of H into A.
Therefore || 2z — u, 2| — 0. Since B, is dense and u, ¢ A®, any element
of A” is the limit of elements in A°.

4.6. TuporeM. Let A be a right IP-algebra, and B the closure of A®. Then
B is a right IP-algebra, and B’ is dense in B. If A is an IP-algebra, then B
1s an annthilator algebra.

Proof. By Lemma 4.5, A® is dense in A* from which one can deduce that
A" is dense in A”. This implies that B’ is dense in B. We wish to show that
B is a right IP-algebra. Let z ¢ B. If Bz = 0, then A’z = 0 and, conse-
quently, @ = 0. Clearly % is a dense right ideal of B. Moreover, for each
y € B2, R, is a continuous mapping of B (in the norm |z |) into B (in the
norm || # ||). Furthermore each y « B has a right adjoint clearly in 4*> < B.
The last sentence now follows from Theorem 4.4.

As in [10, p. 101] we call A topologically simple if the only closed two-sided
ideals of A are A and (0). The above shows that any topologically simple
IP-algebra is an annihilator algebra.

4.7. TuroreEM. Let A be an IP-algebra where, for each x € A, x lies in the
closure of A and in the closure of Ax. Then any closed two-sided ideal of A
1s an annihilator IP-algebra, and A s the topological direct sum of topologically
simple annihilator IP-algebras.

Proof. Let I be a closed right ideal of A. Suppose that |z, — 2| — 0
where each @, e I. For each y ¢ B, we have || 2, y — zy || — 0, so that D z%,.
Our hypotheses show that « e I so that I is also closed in 4. Therefore
the closed left and right ideals in A are identical with those in 4, . In particu-
lar, by Theorem 4.3, I = I"** for any such ideal I.

Let K be a closed two-sided ideal of A. Note that K* is also a two-sided
ideal of A. Let x ¢ K, and suppose that x possesses a right adjoint «* in 4.
For each y ¢ K* we have yx = 0. Hence 0 = (yz, 2) = (y, 2z*) for all
zeA. Therefore Az* C K** = K, and consequently 2* ¢ K (this argument
is taken from [1, Lemma 2.5]).

We verify that K is a right IP-algebra. Observe that 8, K is a dense right
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ideal of K and can be used to satisfy (¢) of Definition 2.1. That K is a semi-
simple annihilator algebra follows from Theorem 4.4 and [10, Theorem 2.8.12].
The final conclusion is a consequence of the structure theory of [2].

It is natural to consider the topologically simple case next. Tor this we
adopt the following notation. Given a Hilbert space K let F(E) [R(E)] be
the algebra of all finite-dimensional [completely continuous] bounded linear
operations on E.

4.8. TuroreM. Let A be a topologically simple IP-algebra. Then there
exist a Hilbert space E and a continuous isomorphism T of A onfo a dense
subset of R(E) where T(A) D F(E), and, whenever z’ exists, T(x') is the
adjoint operator of T (x).

Proof. As already observed, A is an annihilator algebra. By Lemma 3.4
a minimal left ideal £ = Ae, ¢’ = ¢, of A is a Hilbert space in the norm |z I
A continuous isomorphism 7' of A onto a dense set of (Z) containing F(E)
is set up, according to [2, Theorems 9 and 10], by defining 7'(b)(ze) = bze.
Suppose that b’ exists. Then (T(b)(ze), ye) = (e, T(b')(ye)) in terms of
the inner product of Z.

Every semisimple dual Banach algebra is an annihilator algebra [2]. So
far as we know it is an open problem to decide whether or not the converse
holds for semisimple Banach algebras. In order to obtain 4 as a dual alge-
bra we have been compelled by our methods to assume that either the left
or right adjoint exists for all elements of A. In all the work to this point
the adjoint operations need only be defined for suitable dense sets. But all
the hypotheses here are fulfilled by AP(G), for example.

4.9. TaroreM. Let A be a right IP-algebra where, for each x € A, the closure
of A contains © and x has a left adjoint »'. Then A s a dual algebra.

Proof. Consider a left ideal K. We have (see [5, p. 697]) that
Kr=0 — (4,Kz) =0 < (K'A,z) =0,

while the last is equivalent to ( K', ) = 0 since K’ lies in the closure of K'A.
Therefore R(K) = (K')*. Now let I be a right ideal. Since I’ is a left
ideal, we have &(I) = [R(I")] = (I*)". But ) is itself a left ideal so
that MY(I) = I**. Suppose that I is closed. It follows readily from
Lemma 3.1 that I**®, < I. This implies here that I** = I, and so
I = R{(I).

1t follows from Theorem 3.2 (d) that # — &’ is bicontinuous on A. Let
K be a closed left ideal. Then K’ is a closed right ideal, so that RR(K) =
[ER(K")) = K, and 4 is a dual algebra.

5. On A, , a normed algebra

We shall assume that A, is a normed algebra and, under suitable conditions,
compare the ideals in A, with those of its completion H.
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The specific assumptions on a right IP-algebra A which will be assumed in
§5 (after the axiomatic investigation of Theorem 5.1) are

(1) A is a normed algebra in the norm |z |.

(2) Each element of 4 has a right adjoint.

(3) A’is dense in 4, .

(4) The mapping @ — x* is continuous on A .

5.1. THEOREM. Let A be a right IP-algebra satisfying (2) and (3). Sup-
pose that each & ¢ A® has a left adjoint and &' = x*. Then (4) is valid, and
& = a* forall @ € A.

Proof. Letx,y,w,veA’. Ttiseasy tosee that (zy, wn) = ((uv)*, (xy)*).
By linearity we see that (z, y) = (y* «*) for all z, y ¢ A*. Note that A*
is dense in A” by Lemma 4.5, and therefore A* is dense in 4s. On A* we
have, in particular, | | = | 2*|. We shall show that |z | = | 2*| for all .
If A, were complete, this would be immediately clear; since it is not, in
general, we must rely on a more complicated argument.

Let © ¢ A, and choose a sequence {z,} ¢ A* with | — @,| — 0. Then
{x,} is a Cauchy sequence in 4, , and

I(Z,x;l:) - (z,x;',‘,)l = lz||xm-—xn]—>0 as n,m-— o,

Therefore f(z) = lim (2, xy) exists, and |f(2)| < |z | | 2], so that f(z) is
continuous on A, . Also note that |f(z) — (2, an)| £ 2| |z — @ |.

Since |# — .| — 0, then |2y — 2,y | — 0 for all y ¢ W,. If we choose
y e W2, then we also know that | y*2* — y*2% | — 0 and that ¢’ exists and
is equal to y*. Then, for such y and any z € 4,

(y2, 23) = (2 y'en) = (2, y™0") = (y2, 2").

Therefore f(w) = (w, a*) for all w ¢ W 4. But W: 4 is dense in A* and
therefore in A, . Since f(w) and (w, *) are both continuous functionals
on A, f(w) = (w, «*) for all w. Then

(& P = |2k )] = [f@@) — @& af)] + | f(2h) — (2%, «h)]

= (e*|+ 1z D(le —a|) —0.
Thus |2*| = lim | 2% | = lim |z, | = |2 ].
Now that we know (z, ) = (z*, a*) for all 2, we see easily that also

(z,y) = (y* «*) forallz,y e A. Then, for any z, y, z ¢ A we have (zy, z) =
(2*, y*a*) = (2*z, y*) = (y, *2). This shows that &’ exists for all # and is
equal to x*.

5.2. LEmMmA. H is a right H*-algebra.

Proof. For this notion see [13]. The given involution of assumption
(2) may, by (4), be extended to be an involution (which we also denote by
x — 2*) on H. The only verification which is at all necessary is to show
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that, for v e H, Hu = 0 implies v = 0. Suppose that Hu = 0, and let {u,}
be a sequence in 4, |u — u.| — 0. We have |u* — )| — 0. TFor all
g, heA, (ur g, h) — (u¥g, h) = 0. But then (u}, hg™) — 0 which makes
u* orthogonal to A°. Therefore, by (3), v = 0. From this it follows, in
particular, that H is semisimple.

5.3. TuEOREM. If A, is topologically simple, then so is H.

Proof. Let I be a closed two-sided ideal of H, I 5 (0). If we show that
InA s (0),thenInA = Aand I = H.

Suppose I n A = (0). Let x ¢ I and y ¢ B®W,. There exists a sequence
{x.} in A such that |# — .| — 0. The sequence x, y converges in both
norms, hence to an element of A. But |ay — . y| — 0. Therefore
zy e I n A = (0). This shows that I, = (0). Inasmuch as B, is dense
in A, we see that ITH = (0). Since H is a right H*-algebra, this yields
I = (0), which is impossible.

Now the nature of topologically simple right H*-algebras is described in
[13]. Thus 4 can be realized as a suitable matrix algebra.

5.4. TarorEM. Suppose that, for each x ¢ A, the operator R, s a completely
continuous operator on A, . Then the minimal right, left, and two-sided ideals
of A are the same as those of H.

Proof. Tt is not difficult to show that, for each z ¢ 4, the operator L,
is also completely continuous on A, . For let T denote the involution x — z*;
note that 7 is continuous on A, and that L, = TR.« T. For each x ¢ 4,
R, can be extended by continuity from A, to H. It is readily seen that,
so extended, it is completely continuous. Next let ¥ ¢ H. The operation
R, of right multiplication by y is completely continuous as an operator on H
being the uniform limit of such operators.

Recall that A is semisimple (Theorem 3.2). It follows from the Riesz
theory (see [5, p. 698]) that the minimal right and left ideals are finite-
dimensional. Let ed, ¢ = e, be a minimal right ideal of 4. Inasmuch as
eA is finite-dimensional, eA = eH. Moreover H is semisimple by Theorem
3.2 or [13]. Thus the minimal one-sided ideals of A are minimal one-sided
ideals of H. In this vein we mention that any right [left] ideal I of A which
is finite-dimensional is automatically a right [left] ideal of H.

Consider now any minimal right ideal I of A. Let [I] be the intersection
of all two-sided ideals of A containing I. By the reasoning of the proof of
[2, Theorem 5], [] is a minimal two-sided ideal of 4. Moreover, by Theorem
3.2, every two-sided ideal contains a minimal right ideal, so that all minimal
two-sided ideals of A are of this form. Given the minimal right ideal I = e4,
¢ = e, we note that Aed is [5, p. 698] a finite-dimensional two-sided ideal
containing I. It follows that all minimal two-sided ideals of A are finite-
dimensional and are minimal two-sided ideals of H.

Recall that H is semisimple. Then the reasoning which we have employed
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shows that the minimal right, left, and two-sided ideals of H are finite-di-
mensional. Our task is to show that these ideals are all already in A.

To this end we examine first the socle S of A (see the proof of Theorem
3.2). We show that S* = (0). Let y ¢ S*, and let I be a minimal right
ideal of A. Inasmuch as zz* = 0 implies # = 0, a lemma of Rickart [10,
Lemma 4.10.1] shows that we can write I = eA where & = ¢ = ¢*. Since
Ae C 8, we have (z, ye) = (zxe, y) = 0 for all z ¢ A. Thus yI = (0),
so that y € (S). But, as noted in the proof of Theorem 3.2, (S) = (0).

Here 2(S) is the left annihilator of S in A. We wish to consider also
the left annihilator Q(8) of Sin H. We show that Q(S8) = (0). It follows
from Theorem 3.2 (d) that # — a* is bicontinuous on A. Therefore B is
dense in A, so that AL} is dense in A® in the topology of the norm || z ||
and therefore a fortiori in A, . But by hypothesis, A”is densein 4. Lemma
4.2 then applies to show that the closure of S in 4, is S**. Since S* = (0),
S is dense in A, and therefore in H. Let w ¢ Q(S). The semisimplicity
of H now gives w = 0.

Let M be a minimal two-sided ideal of H. We know that M n A is a
finite-dimensional ideal of A, thus an ideal of H. Therefore M n A = M
or M n A = (0). We rule out the latter possibility. Suppose that
M nA = (0). Let Ae be a minimal left ideal of 4, ¢ = e. Since Ae is a
left ideal of H, MAe = (0). Then M < LQ(S) = (0), which is impossible.
Nowwehave M nA = Mor A D M.

Consider next a minimal right ideal I of H. We have shown that the
intersection K of all the two-sided ideals of H containing / is a minimal two-
sided ideal of H. As just established, K © A. Thus I C 4.
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