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LIPSCHITZ CELL DECOMPOSITION IN O-MINIMAL
STRUCTURES I

WIESLAW PAWLUCKI

ABSTRACT. A main tool in studying topological properties of sets
definable in o-minimal structures is the Cell Decomposition The-
orem. The present paper proposes its metric counterpart based
on the idea of a Lipschitz cell. In contrast to earlier results, we
give an algorithm of a Lipschitz cell decomposition involving only
permutations of variables as changes of coordinates.

1. Introduction

A main tool in studying topological properties of sets definable in o-minimal
structures is the Cell Decomposition Theorem (cf. [vdD]). The present paper
proposes its metric counterpart based on the idea of a Lipschitz cell, called
here an M-cell. Of course, in general, a decomposition into such cells re-
quires linear changes of coordinate systems (cf. [K], [P]). We will give an
algorithm showing that in fact permutations of coordinates suffice as changes
of coordinate systems.

The present article deals only with Lipschitz cell decomposition of open
sets. The case of general o-minimal sets, easily reducible to the previous one,
with some additional properties and applications will be treated in a separate
paper.

Fix any o-minimal structure on a real closed field R (for the definition
and fundamental properties of o-minimal structures the reader is referred to
[vdD]). Let n be a positive integer.

Received September 5, 2007; received in final form February 14, 2008.

Research partially supported by the grant of the Polish Ministry of Research and Ed-
ucation 1 PO3A 005 27 and the European Community ITHP-Network RAAG (HPNR-CT-
2001-00271)

2000 Mathematics Subject Classification. Primary 32B20, 14P10. Secondary 32S60,
51N20, 51F99.

(©2009 University of Illinois

1045


http://www.ams.org/msc/

1046 W. PAWLUCKI

DEFINITION 1. A subset S of R™ will be called an (open) cell in R™ if
(1.1) S={(a,z,) ER": 2’ € A,p1(2) <, < pa(z”)},

where ' = (21,...,7,_1), the set A is an open definable subset of R"~!,
every ; (i € {1,2}) is either a definable continuous function ¢p; : A — R or
;i = —00 or p; = +oo and, for each ' € A, ¢1(2") < pa2(z’).

DEFINITION 2. For any positive constant M € R, a definable continuous
function ¢ : A — R defined on an open subset A of R"~! will be called an
M -function if

99 (4)

(1.2) 5.

<M (je{l,...,n—1}),

at each point a € A in a neighborhood of which ¢ is of class C*.

DEFINITION 3. A cell S in R™ will be called an M -cell (a semi-M -cell) if,
for each i € {1,2} (for at least one ¢ € {1,2}), if ; is finite, it is an M-function.

DEFINITION 4. A cell S in R™ will be called a regular M -cell if it is any
open interval in the case n =1 and, in the case n > 1, for each i € {1,2}, if ¢,
is finite it is an M-function of class C! on A and the projection A of S into
R™1is a regular M-cell in R*1.

DEFINITION 5. An M-cell will be called an M -disc if it is any open interval
in the case n =1 and, in the case n > 1, both ¢; (i € {1,2}) are finite and
admit continuous extensions

(1.3) wi:A—R
onto the closure of A in R*~!, and

(1.4) Y1 =2 on JA.

For a,be€ R™, let |[a—bl = />"_,(a; —bj)%.

j=1

PRrROPOSITION 1. Let S be a reqular M-cell in R™ and let ¢ : S — R be
an L-function (L > 0) of class C*.
Then:
(1) for any two different points a,b € S, there is a definable continuous map-
ping
A=(A1,.. 0, ) [0, la—b|] — S
such that A(0) =a, A(Ja —b[) =b and |N;(t)] < (j — D)IMI=L for any
je€{l,...,n} and any t such that N(t) ewists;
(2) for any two points a,b€ S,

|o(a) = @(b)] <n!M™ " Lla —b|.
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Proof. (1) Let S be as in (1.1). Arguing by induction and assuming that
a' #V', one can find a mapping

w=(wi,...,wp—1): [0,]a = ¥|] — A

such that w(0) =a/, w(ja’ = b'|) =b" and |w(7)] < (j — 1)!M7~, for any j €
{1,...,n — 1} and any 7 such that w}(7) exists. Let € >0 be such that

o1(w(T)) +e < pa(w(r)) —e for any 7€ [0,|a’ —V']],
and
p1(ad)+e<a, <ps(a)—e and (V) +e<b, <pa(t)) —e.

Now, it suffices to put

and

B |a’—b’|
An (%) —max{gol (w(t a0 +e,
min w t|a,_b/| —&,a +tbn_an
902 |a—b| 67 n |a—b‘ N

(2) follows from (1), by the Mean Value Theorem (see [vdD; Chapter 7, (2.3)]).
0

KURDYKA—PARUSINSKI THEOREM ([K], [P]). Any open definable subset G
of R™ has a finite decomposition

G=5U---US, UL,

where every S, is a regular M, -cell in some linear coordinate system in R™,
the subset ¥ is nowhere dense and M, is a constant depending only on n.

The aim of the present article is to give an algorithm showing that in fact
permutations of coordinates are sufficient in the above theorem. We will prove
simultaneously, by induction on n, the following three theorems.

THEOREM 1,, (2,,3,). Any open definable subset G of R™ has a finite
decomposition,

(1.5) G=5U-USUY,

where every S, is an My,-cell (Ma,-disc, a regular Ms,-cell) in R™ after a
permutation of coordinates, ¥ is nowhere dense and My, (May,, Ms,) is a
constant > 1 depending only on n.
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For simplicity, we will often skip the adjective definable, when considering
subsets of spaces R™ and mappings between such subsets. Also, we adopt
the following conventions. A local property (w) of a mapping f: A — R™,
where A C R", is said to be satisfied almost everywhere if there is a closed
subset E of A such that dim F < dim A and (w) is satisfied at each point of
A\ E. A finite sequence By, ..., By of subsets of a set A C R™ is said to be
an almost decomposition of A if B, (v=1,...,k) are pairwise disjoint and
dim(A\ (B1U---UBy)) <dim A. This will be denoted by writing

A~ByU---UBy.

Since Theorem 2,, together with 3,, _; easily imply both Theorems 1,, and
3., it suffices to derive first Theorem 1,, from Theorem 2, _ 1, and then The-
orem 2, from Theorems 1,,, 2,, _1 and 3,, _ ;. From now on, we will assume
that n > 2 is fixed.

2. A preparation
LEMMA 1. If G C R"~ ' is open and E C OG s closed of dimension <n —2
and Theorem 2, _1 is true, then G has an almost decomposition
GALU---UA,
where every A,, after a permutation of coordinates in R™ 1, is an May,_1-
disc:
A, ={(z",xpn_1) 2" €Qy,0,(x") <wp_1 < pu(2")},
where 2" = (x1,...,2n_2), such that both (graphs of)* o, and p, are disjoint
from E.
Proof. Take the projections
Tt RS (2, 1) e (21, o1, B, -, Ty ) € RPT
for je{1,...,n—1}, and set
Z = the closure of U7rj_1(7rj (E)).
J

Then dim Z <n — 2, and it suffices to use Theorem 2,, _1 to G\ Z. O

As a corollary, one easily gets (see [vdD; Chapter 4, (1.8) and (1.5)]) the
following lemma.

LEMMA 2. If G C R" ! is open and ¢ : G — R is continuous, then G has
an almost decomposition
GeAjU---UA,,
where every A, after a permutation of coordinates in R"~!, is an Mo, _,-disc

A, ={(",2n_1): 2" €Q,0,(2") <xp_1 < pu(z")}

L We will identify functions with their graphs.
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such that ¢|A, has a continuous extension

0, AyUo,Up, — R=RU{—00,+00}
such that v, (0,) C R or ¢,(0,) = {—00}, or ¢,(0,) = {+o0} and the same
for p,.

PROPOSITION 2. Let f: S — R be a definable C!-function defined on a
cell

S={(a',z,) ER": 2’ € A,p(a)) <z, <P(2')}
in R"™ such that ¢ : A — R is of class C'.
Assume that a_ has a finite limit value® at (almost) each point of ¢ (for

example, when 8 is bounded).
Then there is a closed nowhere dense subset Z of @ such that f extends to
a Ct-function
f:SU(p\Z2)—R
to SU(p\ Z) as a Ct-submanifold of R™ with boundary ¢ \ Z.

Proof. Tt is left to the reader as an exercise (cf. [vdD; Chapter 4, (1.8) and
(1.5)]). O

LEMMA 3. Let L,M,N,P € R be positive and let

G={(a',20): 7' € A1 (&) < 2 < a(a')}

be a semi-M-cell in R™ such that A is an N-cell in R"~', ¢; : A — R, for
each i € {1,2},and the following conditions are satisfied almost everywhere in
A:

0
(2.1) P < m for each je{l,...,n—1}
(%v]
9p1 )
2.2 <L< ;
( ) ‘8In 1 ’aﬁn—l
B
(2.3) | 6@ = <P foreach je{l,. — 1}
Oy,
&Pz
24 = t.
(2.4) sgn 92, cons

Then G admits an almost decomposition
G~SU---USg,
where every S, is an M-cell, possibly after transposition (Tp—1, x,), where

M is a positive constant depending only on L, M, N and P.

2 An element a € R is a limit value of a function g:S— Rat acS if and only if there
is an arc v : (0,1) — S such that lim;—0vy(¢) = a and lim¢—q g(y(¢)) = .
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Proof. Put
A={(@" xp_1): 2" €Qo(2") <zp_1<p(x")}.
One can assume that

D2

(2.5) 92,

> 0;

the other case will follow by a modification. Because of (2.2) and (2.5), it
is clear that o : ) — R. By a subdivision of 2, one can assume that o is
of class C! and that (2.2) is satisfied almost everywhere on every segment
{(&",zp—1) : 0(2") <xp_1 < p(x”)}, where 2" € Q and that ¢; admit contin-
uous extensions

vi: AUc— R (i=1,2)
and

w2 : AUp— RU{4o0}
such that @2(p) C R or @a(p) = {+00}.

By Proposition 2, ¢, is of class C' almost everywhere on o. Put

V(" xn-1) = p1(a",0(2")) + L(xp-1 — o(2")) for (2", x,-1) € A.

Then ¢ is an max(M + M N + LN, L)-function and ¢ < ¢ < @a.
Now G ~ S U Sy, where S; = {(2/,z,) : p1(2) <z, <¢(z')} and Sy =
{(@" xp_1,2n) : 2" € Q,P1(2",2p) < xp_1 < Po(z”,2,,)}, where

Y@, 2n) = L7 (20 — g1 (a0 (2 ))) +o(z"),
Dy(2”,wn) = if 1 (2", 0(2")) <an <P(2”, p(z")),
p(a”), i (", p(z")) <an < @a(a”, p(a”)),

and
1 f n < , 1 ,
By ) = U(_wl )7// if o1 (2", 0(2")) <an < oz U(xﬂ))
P2 (JJ axn)v if @2@7 U( ))<xn<@2( ,p(x ))’
where 1! and ¢, ' stand for inversions with respect to z,,_;. O

LEMMA 4. Let a subset A C R"~1 be open and let M be a positive constant.
Let fo: A— R (€ {1,....,k+1}) be M-functions on A each of which has
a continuous extension to A

fo:A—R.

Assume that for each a € OA there are o <k and 8 >k such that fz(a) <
fala).
Then the set

S:{(x,xn)EAxR: 1r§n3%(kfa( )<xn<k %gkﬂfﬁ(x)}

is an M-disc in R™.



LIPSCHITZ CELL DECOMPOSITION 1051

Proof. Indeed,
S = { 17 n B R . o ! n i ! },
(2',x,) € B x 1213%(1@‘]( () <zp < k<%l%%+l fa(z")
where B is the natural projection of S to A. It is clear that maxj<o<k fo =
ming<g<k+1 fs on 0B and the lemma follows. O

LEMMA 5. Let aj,as € R, ay < ap and let f,g,h: (a1,a3) — R be three
continuous definable functions such that

(2.6) g<f on (o, a2);
(2.7 for each i€ {1,2}, if a; € R, then tlim» g(t) = tlim_ h(t) € R;
(2.8) sgn f'(t) = const almost everywhere in (a1,as),

and there is € > 0 such that
(2.9) 1f' O =g )+ and |f(t)]>|W(t)|
almost everywhere in (o, as).
Then h < f on (a1,a2).

Proof. One can assume that f/(t) > 0. Then «; € R, since otherwise by
(2.9), lim;—, o (f(t) — g(t)) = —o0, a contradiction with (2.6). By (2.9), f—h
is strictly increasing and, by (2.6) and (2.7),

Jim (£() = h()) = Jim (g(t) = h(£)) = 0.
Hence, f —h >0 on (aq,as2). O

3. Reduction of Theorem 1, to a special case of semi-)M-cells

By the standard cell decomposition theorem (see [vdD; Chapter 3, (2.11)])
and since

n
R" = U{(xl,...,xn) € R": |xg| <|z,|,for any k # j},
j=1

it suffices to derive Theorem 1,, for any cell G in R™ such that
(3.1) G={(2",2,): 2" € A p1(2) <, < pa(2))},
where ¢; : A — R (i=1,2) are continuous.

DEFINITION 6. For given positive L, P € R, a cell G of the form (3.1) will be
called an (L, P)-cell (with respect to the variable x.,.), where r € {1,...,n—1},
if

d; |gsai
4 Tj
(3.2) oz, >L and \gfi <P,

almost everywhere on A, for i € {1,2},5€{1,...,n—1}.
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PROPOSITION 3.
(1) Any open cell G C R™ has an almost decomposition

(33) G~S1U---USg,

where every S, is either a semi-M,,-cell or an (Ly,, Py,)-cell after a permu-
tation of coordinates, where the positive constants M, L, and P, depend
only on n.

(2) IfacellGis an (L, P)-cell, then G has an almost decomposition (3.3) with
only semi-M -cells, where the constant M depends only on n,L and P.

To prove Proposition 3, we first have the following lemma.

LEMMA 6. Let H be an open subset of R and let E be a closed subset of
OH such that dimE <n—1. Let r; € {1,...,n—1} (i€ {1,2}). Assume that
L, P € R are positive, and such that for each a € 0H \ E:

(3.4-1) there exists a neighborhood U of a in R™ such that 0H N
U is (the graph of ) a C*-function v : V. — R defined on
an open V. .C R"~! and such that

o 2|
‘81‘” >L and ﬁSP onV forje{l,...,n—1},
fori=1 ori=2. /
Then:
(1) H admits an almost decomposition
(3.5) H~SU---USy,

where every S, after transposition (x,,,x,) is either a semi-max(L~!, P)-
cell or a (P~Y, max(L~, P))-cell in R™ with respect to w,,.

(2) If 1 =ro =7, H has such an almost decomposition of the form (3.5),
where every S, is a max(L~t, P)-cell after transposition (z,,z,).

Proof. After transposition (z,,,2,), take a Cl-cell decomposition compat-

ible with each of the sets
A;={a€0H\ E : a satisfies (3.4-i)}
(i=1,2) and with E. This gives an almost decomposition
H~S5U---USy,
where every cell S, is of the following form
Sy ={o1 (@1, Ty ey n) < Ty < P20 (T1y ooy Tpyyeny Tn) by

such that, for i € {1,2}, either ¢;, C A1 or ¢;, C Ag, or ¢;, = —00, or @, =
+0o0.

One can assume that for each i either ¢;, C Ay or ¢;, C Ag, since otherwise
S, is trivially a semi-max(L~!, P)-cell.
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If ¢;, C Aq, for at least one i, then S, is a semi-max (L1, P)-cell.
If p;, C Ao, for each i € {1,2}, and r1 # 79, then it is easy to check that S,
is an (P,max(L~1, P))-cell with respect to x,,. O

Proof of Proposition 3. One can assume that G is as in (3.1). The proof
will be by descending induction on the number

<G>Z§Zu{j: ‘

If (G) =2(n—1), then G is a (1+2Ma,,—1)-cell, so assume that (G) <2(n—1).
Observe that if A C A is open, then for G =GN (A x R),(G) > (G). Hence,
one can assume that every ¢; is C' and

i
ox;

J

<1+ 2Ms,,_1 almost everywhere on A}.

0p;
(3.6)  foreach je{l,...,n—1}, sgni =const on A;

8xj
. . 0p;
(3.7) for each j€{1,...,n—1}, either £ <1+2Ms,_1 or
J
O >1+42Ms, 1, or O =1+4+2Ms,—1 on A
8Ij 83?]‘
and there is an r; € {1,...,n — 1} such that
(3.8) for each j € {1,...,n—1}, gj; < ‘% on A.
Moreover, one can assume that for ¢ € {1,2}
i
(39) O > 4M2n71(1 + 2M2n71) on Av

since otherwise G is a semi-4Ms,,_1(1 + 2Ms,,_1)-cell. Besides, by Lemma 2,
one can assume that
A={(@" xp_1): 2" €Qo(z") <zp_1<p(x")}
is an My, _1-disc and every ; has a continuous extension
vi: AUocUp— R
such that
wi(0) C R or @;(0) ={—o0} or p;(0) = {+00},and the same for p.

Observe that if
dp1 ) 2
63771—1 axn—l
then clearly G is a semi-Ma,,_1-cell after transposition (z,—1,,), so without
any loss of generality, one can assume that
i
8wn,1

<0,

>0 on A, forie{1,2}.
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We will first show how to reduce our proposition to the case of any (L, P)-
cell with respect to any variable x,., so assume that Proposition 3 is true for
any (L, P)-cell.

By (3.7), one can distinguish the following three cases:

(3.10) 02| <14 oMy 1, foric{1,2):
61‘71—1

(3.11) O >1+42My,_,, forie{1,2};
8:Enfl
i1

3.12 1+ 2Ma,_ d

(3.12) oz, 1 <1+2Mgp—1 an
d
Tz >1+42Ms,—1 (or vice-versa).
35En—1

Case (3.10). In fact, we will be using only that every ¢; : AUcUp— R
is continuous and there is a closed nowhere dense Z C A such that ¢; is C!
on A\ Z and

(3.13) 9% | 14 oMy 1, on A\ Z;
Tp—1
i i :
14 — | <3| =— A\NZ (j7=1,...,n—1
(3.14) | <olg | Az =1
and
(3.15) gf" > 2Map_1(1+2Map_1) on A\ Z.
Put
H={(z",an-1,22) € G : 2(2",0(a")) <an <1(2”, p(z"))}
={(2',2,) ER": 2’ € D,®1(2') < z,, < Po(2")},
where
D ={(a",2n-1) €A1 g2(a”,0(z")) <p1(a”, p(z"))},
D1 (2", xn-1) = max(p2(z”,0(2")), o1(2", 2n-1))
and

Po(2", wn—1) = min(p2(z”, 2n-1), p1 (2", p(2"))).
Observe that @1 = P2 on (ID)N(AUao Up), so $; = Py almost everywhere
on dD. Besides, by Proposition 2, @o(z”,0(2")) # —oo and

i 7 AN % " 7z D2 7 " 8_0 "
Mjw(% yo(z")) = or, (2", o (")) + (2", oz ))(%j (")

8x’n—l
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almost everywhere on £, for j € {1,...,n —2}. Hence, by (3.13) and (3.15)
0 " " 71002, 4 7

N < —
o eale e < § FE " ole")

and
0 " 7 1 6902 7 "
> = > My, 1(1+2Ms,_1).
oa(a o) 2 5| S22 006" 2 Mo a1+ 2002,)
Consequently,

5% el o)

| g2 (@, o (z"))]

<7, for any j€{1,...,n—1}.

T2

In the same way, @1 (2", p(2")) # 400 and almost everywhere on D

o7 o1(2", p(z"))| > Map—1(1+ 2Msp,_1)
T1

and
21 (a” pla”)
P pr(@ ("))
By Lemma 6(1), H admits an almost decomposition

(3.16) He~ S8 U---USy,

<7, for any j€{1,...,n—1}.

where every S, is either a semi-7-cell or a (%, 7)-cell in R™ after transposition
(Trys@n).

Since G'\ H easily almost decomposes into a finite union of semi-Ma,,_1-
cells after transposition (z,—1,2,), (3.16) extends to a similar decomposition
of G.

Case (3.11). Let (pi_l denote the inversion of ; with respect to x,_1
(ie€{1,2}).

Observe that if |%| <14 2Msyy,_1, then
J

8@._1 |gil
81 = aSDJ' <1<142Msy—q
Zj |(91'n11 ‘
and, moreover,
;!
’85; :6—%<1<1+2M2n_1'
n |3In71

Hence,
. | 9p; o
ﬁ{] ' '8933‘

< 1+2M2n1} <ﬁ{l/: ‘880—1
ox,

<1+2M2n1} fOfiG{].,2}.
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Again it suffices to decompose the cell H defined as in case (3.10). Observe
that after transposition (z,—_1,z,), the set H is the following cell

H=A{(",2p,xpn_1): 2" €Qp1(a",0(z")) <zn < p2(a”, p(z")),
902_1(17/,79371) <Tp-1< wfl(x”,zn)}.

Since (H) > (G), the induction hypothesis implies the desired decomposition.
Case (3.12). Then ¢1(0) C R and define

w(:r’”?'r"—l) = @1(1‘/,70(:6”)) + (1 + 2M2n—1)(xn—1 - O'(l'")),
for (", 2,-1) € A. Now G splits into two cells:
S1={(",x,): ' € Aypr1(2)) <z, <Y(a)}

and
So ={(2',2,) : 2’ € A,p(2) < < pa(2’)}.
Observe that

o 9o 91 do
- = ——— — (14 2Msp_1)| =—,
Pz, Bwy | Bwns LT M) | 5
for j €{1,...,n— 2}, almost everywhere on A.
Hence, by (3.8), (3.12), and (3.9),
o ) 3| 9¢1
<1228 oMy, (14 2My, 1) < =
Ox; _‘3%1 +20Mon—1(1+ 2Mzn—1) 2|0z,
and
o 1 1] 0p1
IS |22 oMy, (14 2My, 1) > = > 92 M1 (1 +2May_1).
oz, |~ | 9w, on—1(1+2Map, 1) 2| 9z on—1(1+2Map, 1)
Therefore,
o
5_¢j| <3
0xyy

for any j € {1,...,n — 2}. Thus, S satisfies the conditions (3.13)—(3.15) and
the case (3.10) applies.
On the other hand, if j € {1,...,n —2} and

0
oe <1+42Msy, 1,
8(13j
then
oYt |§T¢j| <|g—ﬁ|+2M2n—1(1+2M2n—1) Lo
e < n— ’
8xj | 99 |_ 14+ 2Ms,—1 an—1
OTp 1
hence,
0 oYt
lj{j: 7o <1+2M2n1}<1j{1/: L <1+2M2n1},
oz ox,
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while

ﬁ{j 992\ 14 ont,, 1}<ﬁ{ ‘8‘02
63:] o0z,

and we finish by the induction hypothesis as in case (3.11).

In the case of any (L, P)-cell with respect to z,, it is enough to repeat all
the argument with suitable changes; in particular, one should put ry =ro =7
and a coefficient P instead of 3 in (3.15). Moreover, one can assume that

<1+ 2M2n1}

i dpi
Gscr 8xn_1
for each i € {1,2}, since otherwise we could assume the opposite inequality,

which easily gives a representation of G as a semi-2Ms,,_; max(L~!, P)-cell.
O

>2May,_y

)

4. Theorem 1, for a semi-M-cell

PROPOSITION 4. Any semi-M-cell G in R™ (where M > 0) admits an al-
most decomposition

(4.1) G~S U---USk,

where every S, is an M'-cell after a permutation of coordinates and M’ > 1
is a constant depending only on M and n.

Proof. One can assume that G is in the form (3.1), where ¢, : A — R
(i=1,2) are continuous and

0
(4.2) PL - M almost everywhere on A, for j € {1,...,n—1}.
Zj
Indeed, the cases @1 = —o0 or ¢ = +oo reduce to the above by assuming first

that A is an My, _1-disc and applying next transposition (z,—_1, ).
The proof will be by descending induction on the number

61=4s: |52

J
If [G] =n —1, then G is a max(M, Ma,,_1)-cell, so assume that [G] <n — 1.
Notice that if A C A, then for G =GN (A x R), we have [G] > [G].

Fix any L > max(M, Moy, —1) and any M* > M + (L + M)Ms,,_1. Dividing
A, one can assume that every ¢; is C! on A and

< Ms,,—1 almost everywhere on A}

0p;
(4.3) for each j€{1,...,n—1}, sgn i _ const;
8Ij
0
(4.4) for each j€{1,...,n—1}, 922150 onA or
dz;
8802

<L onA

oz
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and
(4.5)  there exists r € {1,...,n — 1} such that |8"°2| > |g‘f°2| for each
jed{l,..., 1},andelther|3¢2|>M*or|a‘p2|<M* on A.
Clearly, one can assume that
2
4.6 > M A.
(46) | o

Finally, by Theorem 2,, _ 1 and Lemma 2, one can assume that
A={(a" xp_1): 2" €Qo(z") <zp_1<p("”)}
is an Ma,_1-disc in R*~! and every ; admits a continuous extension
wi: AUocUp— R

such that @;(c) C R or ¢;(c) = {—o0}, or p;(0) = {400}, and the same for
p. Because of (4.2), o1 : AUocUp — R.

Case I:
0
‘ 22 S L onA.
0Ty 1
Assume that (9(,02 > L; the case a - < —L will follow by a modification.

Consider the follovgnng function

(4.7) U@ wn1) = p1(a”, 0(2")) + L(zn-1 — 0 (2")),

for (2", x,-1) € A.
Then ¢1 <Y < g and G >~ S U S, where

S1={(2",x,) : 2’ € A,p1(2)) <, <(2')}
is an M*-cell and
So={(2",2,) : ' € A, p(2)) <wp < p2(2)}
can be interpreted after transposition (x,_1,2,) as
So ={(z",xpn_1,20) : 2" €Q,01(2" ,0(2")) < 2y < pa(z”, p(z")),
Ox(2" 20) < Ty < 01(2",2)},
where
ho(a” ) — {““i")’ if g1 (2", 0(2")) < 0 < ea(a",0(2"),
py (@7 ), if pa(2”,0(2")) <zn <pa(a”, p(z”)),
and

01 (x”a x’ﬂ) =

G ), i @i (a0 (")) < on < o, pla")),
p(x”), if z/;(x”,p(m”)) <ZTp< 902(x/17p(x/,))7
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and where @5 (and ¢~') denotes the inversion of @ (and 1)) with respect
to p—1. Now, if j€{l,...,n—2} and

02
a— S M2n—17
Ly
then
_ Ip2
0vs ! |—an | Opa
oz | T 1 P 9z, < Mop—1
T |—LL3%_1 | Ly
and, moreover,
oyt 1 1
= < =< My, 1.
8 n
‘ Oxn | |22 L

Hence, [S2] > [G] and the induction hypothesis ends the proof in this case.
Case 1II:
Opa
8:Enfl

<L onA.

By (4.6) and (4.3), one can assume without any loss of generality that

Opo Opa D1
> M* >0 d
61‘7- o ’ 8Jjn—l a axn—l

>0

other possibilities will follow by simple modifications.
Since M* > L, r € {1,...,n—2}. By Proposition 2, we have almost every-
where on A:

0 " I\ 8@2 " "
ol o) = 522", 0(a") +

>M* — LMy,

3@2 (SC”, O’(I’H)) % (:L'”)

axnfl

while

‘ 0

3 wl(x/’,o(:zr”))‘ <M+ MMs,,_; and
z,

0
(e pla )| < M+ MM

Thus, by Lemma 5,
p2(a”,0(a")) > pr(a”, p(e")) on 0.
Hence,
G~S5,USy,US;3,

where

St ={(a" xpn_1,2n) : (", 2n_1) €A o1(2" 20 1) < xH < 01(2", p(2"))},

So ={(z",xpn_1,2n) : 2" €Q,01(2", p(2")) < Ty < a2(z", (")),

o(z") < zp_1 < p(z")}
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and
Sy ={(z",zn_1,2n) : (2", 2n1) € A, a(2", p(a")) <xp < p2(a”,2n-1)}.

The set S7 is an M*-cell, while Sy is an My, _1-cell after transposition (z,,_1,
xn). We will investigate S3. Put

A={(a",2,): 2" €Qpa(2",0(a")) <xn < pa(2”,p(z"))}.
Now,
Sy ={(z", xpn_1,2n) : (2", 20) €A, 05 (2" 20) < 2n_1 < p(z')},

where @5 ! denotes the inversion of ¢, with respect to ,_1.
We will use Lemma 3 to get a desired decomposition of S3. Observe first
that

_ 9 9
8@21: o >aif>M*>M+(L+M)M2n—1>M < Op
oz, 02 = L T L L = 0,
n—1
and
%l 152
X xr
Bw: :|8J£|§17 for je{l,...,n—2},
| Oz, Oz
and
Opy
Foa 1
= < < 1.
‘33051| |3992 | M+
oz, ox,.

Now, it suffices to check that A has an almost decomposition into N-cells with
respect to the variable x,., where the constant N depends only on M, L, M*
and Ms,,—1. We will check this using Lemma 6(2).

We have almost everywhere on ():

a0 () 2 922 4 (") (1 - %) > M~ LMy,

ox,
and
0 " " dpa Jpa 11\ Oa (.11
5z, 2", 0@ _ [523 (" 0(@) + 50,2 (", 0 @) 5 (@] M
(e (e @))] o (o) ) a

The same is true for p in place of 0. Moreover, by the assumption of case II,

lp2(a”,0(2")) = p2(a”, p(a”))] < o (") — p(z”)] on Q.
Hence,
m [pa(z”,0(2")) = pa(a”, p(z"))] = 0,

QU”—NL

for any a” € 99, so the assumptions of Lemma 6(2) are satisfied. O
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5. Proof of Theorem 2, for any M-cell
Let
G={(2 2,): 2 € Ap1(2") <2 < pa(z’)}
be any M-cell, where M € R,M > 1. Observe that all possible cases re-
duce to the case ¢; : A — R (i €{1,2}). Indeed, suppose for example that

¢1: A — R and ¢y = 4+00. Then one can assume first that ¢, is C! on A
and, for each j € {1,...,n—1},

0
sgn ﬁ = const on A,

Oz
and next that
A={(z",xp-1): 2" €Qo(z") <xp_1<p(z")}
is an Mo,,_1-disc in R"*~! such that (1 has a continuous extension
p1: AUocUp— R.
Then, assuming that 8—2% >0,
G~ S51US,,

where

S1={(2" xp_1,2n): (@, 2p_1) €A, p1(2 Tp—1) <xp < p1(z”, p(z"))}
is an M (1 + My, —1)-cell, while

S ={(2" xp_1,2n): 2" € Qp1(x", p(z")) < wp,0(x") <zp1 < p(2”)}

is an Ms,_1-cell after transposition (z,_1,2y).

Consequently, assume that ¢; : A — R (i € {1,2}) and that they are C!.
By Theorem 3,, _ 1, one can assume that A is a regular M3, _1-cell and then,
by Proposition 1, that every ¢; has a continuous extension

vit A— R (i€{1,2}).
Now, still keeping the last property, one can assume that
A={(2" xp-1): 2" €Qo(2") <xp_1<p(x")}
is an Mo, _1-disc. Put
M@ zno1) = p1(a”,0(2")) + 2M (2,1 — o (2")),
M@ 2n1) = pr(a", p(a")) — 2M (1 — ("),
As(z”, xp_1) = pa(a”, p(x")) + 2M (2, —1 — p(2)),

and

A2 xn_1) = @a(2”,0(a")) = 2M (zp—1 — 0(2")),
for any (2", x,_1) € Q x R. Every \; has a continuous extension to Q x R and
is an M (1 + 3Ms,,—1)-function. Its inversion /\i_1 with respect to z,_1 has a
continuous extension to 0 x R as well and is a %(1 + 3Mas,,—1)-function.
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For any subset I C {1,2,3,4}, set
Sr={(2",x,) € G: mp, < Ni(2'), ifi €I and \j(2') <z, if i & I}.
Then
G":US[.
I

It suffices to show that every Sy is an M (1 + 3Ms,,—1)-disc after perhaps
transposition (z,_1,2y).

Fix any I C {1,2,3,4}.

If {1,2} C I, then

Sr={(2',z,) EAXR: p1(2) <mp < pa(2'),xy, < Ni(2), ifi €1,
Ni(z') <z, ifi g I},

and \; = ¢ on o, while Ay =1 on p and Lemma 4 applies.

Similarly, when {3,4} NI = (.

If {1,2} ¢ I and {3,4}NI#0, wehave 1¢ T and 3€Tor 1¢ 1 and 4€ 1

(or, similarly, 2¢ I and 3€ T or 2¢ I and 4 € 1I).
Suppose first that 1 ¢ I and 3 € I. Then
(5.0) Sy ={(&" 2 1,2m) : 2" €0 pr(a”,0(a")) < 2n < ale, pla"),
o(2") <apo1 < p(a”), a1 <A@ @) i i €T,
M@ wy) <@y if i ¢ T},

(2

where I C {1,2,3,4} is defined by the formula: i € I if and only if i € I and i
is even or i ¢ I and ¢ is odd. Since

A" pr(a”, 0 (2")) = o(a”)
and
A3t (@ pa(a, pla”)) = p(a"),
for each 2’/ € Q and
o(@") = p(z"),

for each 2" € 912, we are done by Lemma 4.
Let now 1¢ I and 4 € I. Then (5.1) holds, and since

)\fl(x,l7901(x1/,0($//)) — U(fC”), )\Zl(m//7802($//,0'(x//)> — O’(:L‘”),

for each 2" € Q and o(z”) = p(x”), for each =" € 9S), we are again done due
to Lemma 4.

Acknowledgment. The author thanks the anonymous referee whose com-
ments improved the initial text.
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