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ON THE ZETA FUNCTION OF A PROJECTIVE COMPLETE
INTERSECTION

ALAN ADOLPHSON AND STEVEN SPERBER

ABSTRACT. We compute a basis for the p-adic Dwork cohomology
of a smooth complete intersection in projective space over a finite
field and use it to give p-adic estimates for the action of Frobenius
on this cohomology. In particular, we prove that the Newton
polygon of the characteristic polynomial of Frobenius lies on or
above the associated Hodge polygon. This result was first proved
by B. Mazur using crystalline cohomology.

1. Introduction

Let X CP"™ be a smooth complete intersection of codimension r over a
finite field F, of characteristic p. The zeta function of X may be written in
the form

p@-v
1=t)(1—qt)---(1—qt)’
where P(t) € 1+ tZ[t]. The reciprocal roots of P(t) are units at all primes
except the archimedian primes and those primes lying over p. At any archi-
median prime, they have absolute value ¢("~")/2 by Deligne [7]; the p-adic
Newton polygon of P(t) lies over its Hodge polygon by Mazur [10, 11]. (The
Hodge polygon is determined by the multidegree of the complete intersection.)

The hypersurface case of Mazur’s result was originally proved by Dwork [9].
Adolphson—Sperber [2], using a toric approach, extended Dwork’s method to
(among other cases) the case where X is the intersection of smooth hypersur-
faces of degrees prime to p that meet transversally and which also meet all
coordinate varieties transversally (this latter condition can be ensured by a
coordinate change if ¢ is sufficiently large), but technical difficulties prevented
the extension of Dwork’s method to general complete intersections until now.

Z(X/Fy,t) =
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390 A. ADOLPHSON AND S. SPERBER

Recently, we gave an algebraic description of the Jacobian ring of a complete
intersection (see [4]). This provides the algebraic basis for a proof of Mazur’s
theorem by a generalization of Dwork’s work.

We describe our results. Suppose that X is defined by nonconstant ho-
mogeneous polynomials fi,..., f, € Fy[ro,21,...,2,] of degrees dy,...,d,, re-
spectively. Put

-
F:Zyzfz S Fq[x07-~-7xn7y17“-7yr]-
i=1
We consider the complex (Q;“q[z,y]/Fq7dF/\)v where dF € Q%q[z,y]/Fq denotes
the exterior derivative of F' and the boundary map sends w € Q’If,q[z JI/F,
to dF ANw € Qﬁﬁ /F, This complex has a bigrading defined by taking
(Qf‘q[z y}/Fq)(el’”) to be the Fg-span of those differential forms
xg’o e J;;LL”' ylljl “e yfT dxil “en dxil dy]l e dyjnz

with [ +m =k,

61:ZGi+l—ijdj—djl —"'—djm,
=0 j=1

and
ea=b1+---+b.-+m
i.e., we are defining the bidegrees of x; and dx; to be (1,0) and the bidegrees
of y; and dy; to be (—d;,1). Since the boundary map w — dF Aw is bihomo-
geneous of bidegree (0, 1), there is an induced bigrading on cohomology that
we denote by
H (D, 1w, AF 1) .

Note that as Fy[z,y]-module, H"*"+1(Qg dFAN) =F,[z,y]/I, where

qlz.yl/Fq’
I is the ideal
s T
of,; of;
1= e fr Nt B —2 .
<f1a 7fazyjax07 ’Zyja$n>
j=1 Jj=1
When f; =--- = f, =0 defines a smooth complete intersection X in P", we

proved in [4, Theorem 1.6] that
H"”H(Q;‘q[x,y]mq, dFN)%®) =0 fore<r ore>n.
For r <e <n, put
: n+r+1 . (0,e)
he = d]}IquH Tt (QFq[m,y]/Fq’dF/\)
{1 ifpldy---dp,n+risodd, and e=(n+r+1)/2,

0 otherwise.
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We gave an explicit formula for the polynomial > " het¢ in [4, Section 5].
In particular, it depends only on n, r, and the multidegree (dy,...,d,) of X
(see [4, Corollary 1.14] for additional properties of the h.).
By a monomial form we mean an (n + r + 1)-form of the type
:I;SO . .xznygl .. y?"‘ dxo “ee d‘rn dyl “en dyr.

In the exceptional case where p|dy---d,, n+ 7 is odd, and e= (n+7r+1)/2,
let 556), l=1,...,h. be monomial forms such that

{91 1=1,...,he} U {Tmiriny 2}

is a basis for H" " +1(Qs 1/, dFN)©€) | where T(ntr+41)/2 is defined in the

Fylz,y
proof of Lemma 4.2 below. In the nonexceptional cases, for e=7,...,n, let
fl(e), l=1,...,he be a basis of monomial forms for

n+r . (0,e)
H" (O (o) e AEA)

Our main result is that the monomial forms {§l(e) le=r,...;,n, l=1,... he}
are a basis for the Dwork cohomology group H"'*‘T'*‘l(QE,O) of X. (The def-
inition of Dwork cohomology is recalled in Section 2; a formal statement of
this result is given in Theorem 5.7 below.) For (generic) smooth affine and
toric complete intersections, Bourgeois [5, 6] has given an explicit isomor-
phism between Dwork cohomology and rigid cohomology. It seems likely that
his results extend to the projective case, so that the image of our basis un-
der Bourgeois’s isomorphism is a basis for the rigid cohomology of smooth
projective complete intersections.

Let ord, denote the p-adic valuation normalized by the condition ordg ¢ = 1.
As an application of our work we prove the following, which is the main result
of Mazur ([10, 11]).

THEOREM 1.1. Suppose that fL =---= f, =0 defines a smooth complete
intersection X in P". Then the Newton polygon of P(t) with respect to ord,
lies on or above the Newton polygon with respect to ord, of the polynomial

n—r

TT- 0.

e=0

REMARK 1.2. The Newton polygon of [/ (1 — ¢°t) <+ is equal to the
middle-dimensional primitive Hodge polygon of X (see [4, Section 1]).

The outline of the paper is as follows. In Section 2, we review Dwork’s
p-adic cohomology theory. In Section 3, we define a p-adic filtration on the
Dwork complex and use it to compute some of the cohomology. We introduce
some auxiliary complexes in Section 4 and compute their cohomology. The
results of Section 4 are applied in Section 5 to finish the computation of the
cohomology of the Dwork complex (Theorem 5.7). In Section 6, we study the
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action of Frobenius on cohomology and prove Theorem 1.1. In the Appendix,
we have collected some general results relating the cohomology of a p-adic
complex to the cohomology of its reduction mod p. These results are used at
various points in the paper.

2. Dwork cohomology

We retain the notation of the previous section. Let X’ C A"t be the affine
variety defined by the equations f; =--- = f, =0. Let N, (resp. N/,) be the
number of F,m-rational points of X (resp. X’). Then

Z(X/Fgt) = exp(i Nm%>,

m=1
oo tm
Z(X'|F;t) = exp(Z_lN;nm>.
The obvious relation
N/ -1
N,, =
qm —-1
is equivalent to
Z(X/F,;

(1=1)Z(X/Fg;t)

If we write
P(t)(il)n—r—l

(I-t)(1—gqt)---(1—g"t)’

Z(X/Fq§t) =
then (2.1) implies
G
(2.2) 2(X'[Fgit)= qf}”“t (lf(gt)))

This zeta function is closely related to the L-function of a certain exponen-
tial sum. Let ¥: F, — C* be a nontrivial additive character and consider
the exponential sums

Su= S U(Tre,e, (F(oy).

(z,y)€ATIHT (Fgm )

The associated L-function is

n+1+r . _ 1
L(A 7\P,F,t)—exp<ZSmm>.

m=1

It is easily seen that

Z V(Trp,m/r, (F(2,9))) = {

yeEAT(Fq)

g if fi(z) == fr(z) =0,

0 otherwise,



ON THE ZETA FUNCTION OF A PROJECTIVE COMPLETE INTERSECTION 393

hence,
LA™ W Fit) = Z(X' /F4:47).
By (2.2), we thus have

O ()
P(qr+1t) ’

We recall the construction of the Dwork complex whose cohomology de-
scribes this L-function. Let Q, be the field of p-adic numbers, ¢, a primitive
pth root of unity, and Ay = Q,((p). The field A4 is a totally ramified extension
of Q, of degree p — 1. Write ¢ =p® and let K be the unramified extension
of Q, of degree a. Set Ag = K((p). The Frobenius automorphism z — 2P of
Gal(F,/F,) lifts to a generator 7 of Gal(Ag/A1)(~ Gal(K/Q,)) by requiring
T((p) = (p- Let A be the completion of an algebraic closure of Ag. Denote by
“ord” the additive valuation on A normalized by ord p =1 and by “ord,” the
additive valuation normalized by ord, ¢ = 1.

Let E(t) be the Artin—Hasse exponential series:

(2.3) LA™ @ Fy) D™ = (1 — gty

o

E(t)=exp <Z %)

i=0

Let v € Ay be a solution of Y172, 7' /p’ = 0 satisfying ordy = 1/(p — 1) and
consider

(2.4) 0(t) = E(vt) = 3 At € A [[t]
=0

The series 6(t) is a splitting function in Dwork’s terminology [8, Section 4a).
Its coeflicients satisfy

(2.5) ord\; >i/(p—1).

We consider the following spaces of p-adic functions. Let b be a positive
rational number and choose a positive integer M such that both Mb/(p(p—1))
and M/(p — 1) are integers. Let 7 be such that

(2.6) ™ =p

and put Ay = Ay (7), Ag = Ag(w). The element 7 is a uniformizing parameter
for the rings of integers of A; and Ay. We extend 7 € Gal(Ag/A;) to a gener-
ator of Gal(Ag/A1) by requiring 7(7) = . For v=(vy,...,v,) € R", we put
|[v|=v1 + -+ v.. Define

(2.7) C(b) = S Ay Mgty A, € Ay

,
(u,v)ENTHL+T

and Ay, — 0 as (u,v) — oo}.
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We construct a de Rham-type complex using C'(b). Let

%=H D C®du, - dudy;, - dy;,.
l+m=k 0<i1 <---<;1<n
1<j1 < <jm <7
Define an exterior derivative d: Q’lf — Q’g“ by linearity and the formula

d(§dxi, - - dy, dy;, - -~ dyj,,)

= 0¢ "¢

for ¢ € C(b). Let f; = Y u Guix™ € K[z] be the Teichmiiller lifting of f;, let
(2.8) F= Zyzfl(x) = Zdu,ix“yi € K[z,y]
i=1 wi

be the Teichmiiller lifting of F', and put v; = Zé:o AP’ /pt. From the definition
of v we have

141
(2.9) ord~y; > P T —1-1.
Set
e ~ L l 1 i r LAl !
(2.10) H=> yF" (@, 97)=>_ > o [ ().
=0 =0 =1

It follows from (2.9) that 0H/0xz;,0H/dy; € C(b), so dH € Q}. Define
D:QF — Q! by
D(w) =Mty (dw + dH Aw).

Mb~=1 will become apparent in Sec-

(The reason for the normalizing factor 7
tion 3.) We thus obtain a complex (2, D).

We define the Frobenius operator on this complex. Set (see (2.8))

(2.11) G(x) = H9(du,i$uyi),
a—1 )
(2.12) Go(z) = [ [T O0((@usz"y:)?").
7=0 u,i

The estimate (2.5) implies that G € C(b) for all b< 1/(p — 1) and Go € C(b)
for all b< p/q(p —1). Define an operator ¢ on formal power series by

(2.13) ¢( Z Auﬂ,x“y”) = Z Apu pozy”.

(u ) ENmHI+T (u,v)ENn+1+7
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It is clear that ¢(C(b)) C C(pb). For 0 <b<p/(p—1), let a =1%o Gy be the
composition
C(b) — C(b/q) 2 Cb/q) L C (),

where the middle arrow is multiplication by Gog. Then « is a completely
continuous Ag-linear endomorphism of C(b). We shall also consider § =
771 o4p o G, which is a completely continuous A;-linear (or Ag-semilinear)
endomorphism of C(b). Note that a = 5.

Define a map a, : Q) — €} by additivity and the formula (k=14+m)
(214)  ay(Eduy, - dy, dys, -+ dy;,)
n+14+r—k
q
Liy Ty Yj1 " Yjm
>< a(xll e xlly]l .. .y]mg) d‘rll ... d‘rll dy]l e dy]m.

Then «a, is a map of complexes (see, e.g., [3, equation (2.11)]). Similarly, we
define a map of complexes (see [3, equation (2.12)]) B, : ) — Q3 by additivity
and the formula

(215) ﬁk (6 dl’il cee dl‘il dyjl e dyjm,)
pn+1+r—k

xil o .xilyjl e yjrn
X B(@iy -+ @i Yjy  Yj €) diy - day dyj, - dy;,,,.
The Dwork trace formula, as formulated by Robba [12], then gives

n+r+1
(2.16) LA™ W Pty = J[ det(I —tay | QF)
k=0

(- 1k+1

So far, we have followed closely the description of Dwork’s theory as given,
for example, in [3]. However, since the f; are homogeneous polynomials, we
can replace €2} by a smaller complex that is more easily analyzed. For s € Z,
let Qf | be the subspace of Qf spanned by those k-forms (I +m = k)

ZAu’vablv‘x“y” dx;, -+ dx, dyj, -+ dyj,,
with

(217) Zui—l—l—ZUjdj—djl—~~~—djm:s
i=0 j=1

for all (u,v) with A, # 0. There is an obvious decomposition as Ag-vector

space
k _ k
0 =Py,
sEZ
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Note that every monomial z%y” that appears in any of F,F,G,Gy with
nonzero coefficient satisfies Y1, u; = Z;Zl v;d;. It then follows easily that

(2.18) D(y ) cpt!
and that
(2.19) O‘k(QlIf, ) Qb ,8/q°

In particular, if gt s, ay is zero on Q]g,s; so for fixed s # 0, akN is zero on Q]zf,s
for all N> 0. We thus see that a, is stable on the subcomplex (2 o, D) of
(Qp, D) while

det(I — tou | Q5 /95 ) = 1.

Equation (2.16) and Serre [13, Proposition 9] now imply

n+r+1
LA™, Fit)= [ det(I —tax | Qfo) D",
k=0
and passing to cohomology gives
n+r+1 (_1)k+1
(2.20) LA™ 0, Fit)y= ] det(I —tay | H* (2, D)) .
k=0

3. The w-adic filtration on (2}, D)

The p-adic Banach space C'(b) has a decreasing filtration {F*C(b)}S2_
defined by setting

FC(b) = Z Ay oMUty € C(b) | Ay € 703, for all u,v},

(u,v)ENnP+1+r

where Of = denotes the ring of integers of Ay. We extend this to a filtration
on P by defining

ot = P B AEC®)da, - do, dy;, - dy;,.
l+m=k 0<i1<---<41<n
1<j1 < <jm<r

We assume from now on that 1/(p —1) <b<p/(p—1). A calculation shows
that under this condition, D(F*QF) C F*Qit! (this is the reason for introduc-
ing the normalizing factor 7%y~1 in Section 2) hence, (Qf, D) is a filtered
complex. We shall use this filtration to compute the cohomology of (Qz,m D)

and then use (2.20) and (2.3) to estimate the Newton polygon of P(t).
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Consider the map FQy — QF, J]/Fy defined by additivity and the for-
mula

Z Ay MM g qo o day, dy;, - - dy;,,

(u,v)ENn+1+r

— Z Au Ul,uyv dl‘il s dl‘il dyj1 te dyjm,

(u,v)ENntH1+7

where [lu,v denotes the reduction of A, , modulo the maximal ideal of Ao.
(Since A, — 0 as (u,v) — oo, the sum on the right-hand side is finite.)
It is clear that this map is surjective with kernel F 1(2’5, hence we get an
isomorphism

(3.1) FOQE/FOE 20k 1 e
For w € F°QF, we have

D(w) = 7Mby=1dH A w(modFleH)
wa< —dxﬂrz )Aw(modFlg’g+1)

= Mb dF/\w(modFlQ’;H).

It follows that under the isomorphism (3.1), D is identified with dF'A, i.e.,
there is an isomorphism of complexes

(FOQs /F1Qp, D) = (Qp Syl /Fy LdFN).
Since multiplication by 7° defines an isomorphism of complexes,
(3.2) (F003, D) = (F*03, D),
we have in fact isomorphisms for all s € Z
(3.3) (FQp /F*H1Q5, D) = (U (4417, AFA).

Referring to the bigrading defined in the Introduction, we set

o | )
(U wr,) = U pgr) " S oy,
e=0

Since dF € (Q%q[r’y]/Fq)(O), it follows that ((Q%q[z’y]/Fq)(O),dFA) is a subcom-
plex of (Q;ﬂq[w’yl/Fq, dF A). The isomorphism (3.1) induces

FOQF o /JFQF o = (0% )

)

Fqlz,y]/Fq

so as above we get isomorphisms for all s

(34) ( (]/FS+IQb 0 ) = ((Q;‘q[m,y]/Fq)(O)adF/\)~
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Our general approach will be as follows. The results of [4] describe the
cohomology of (2 |, y]/Fq)(0)7dF/\). We shall use the isomorphism (3.4) to

infer a description of the cohomology of (F**(}} ;, D), and from that we shall
calculate the cohomology of (2 o, D). This explicit description will lead to
the desired p-adic estimates for the action of Frobenius on the cohomology
of 3 5.

For example, by [4, Theorem 1.6], we have
(3.5) Hk((Q;ﬂq[Ly]/Fq)(o), dF/\) =0 fork#2rn+rn+r+1.
An application of Proposition A.1 then gives the following result.

PROPOSITION 3.1. If the equations f1 =---= f. =0 define a smooth com-
plete intersection X in P", then for all s€Z

HY(F® D0, D)=0 fork#2r,n+rn+r+1

We next compute HQT(FSQEO,D). Define
> Al l L
(3.6) & =n" 1Zd1 -d, (Z%d(f} (@) Ad(y? ))
MbW_lzdl'“CZ (Z%y] d(f7 (a” ))dyj> € D o-
j=1

For 1 < k <r, we define inductively

( 1)k 1
37 &= T 51 NEr—1
. ( )k(k 1)/2
= Wfl A---N& (K factors).
Put

> L ATL l
oy =Yyl “ld(f] (7).
1=0
Then we have explicitly

(3.8) &=y > ( 11 dj>
Jk}

1<j1< < <r \j¢{j1,..., e
X o4 N Noj, Ndyj, N ANdyj, .

If £ € 0> then d(§ Am) =d§ An+ (—1)%¢ Adn. Since dod =0, it follows
from (3.6) and (3.7) that d¢, =0 for all k. From (2.10), we have

dH:i<ij] (Z“ﬂp G ))dyj>-

j=1
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It now follows immediately from (3.8) that dH A &, =0, hence

(3.9) D(&) =0.
It is straightforward to check that & € F OQi ; and that under the isomorphism
(3.4) (with s =0), & is mapped to

&= > ( 11 dj)dfjlA--~AdfjkAdyj1A-~-Adyjk.

1<ji<-<g<r “j&{ji,..-.Jr}
By [4, Theorem 1.6], if r <n, then
T ° (0) e
(3.10) H (% foyiyr,) - AFEN) =Fg-[&].
ProPOSITION 3.2. If r <n and the equations f1 =---= f. =0 define a

smooth complete intersection X in P™, then H2T(FSQZ7O,D) is a free Of
module with basis [m°¢,].

Proof. The isomorphism (3.4) is equivalent to the exactness of
° ™ . . (0)
(3.11) 0— (F*Q 0, D) = (F°Q5 4, D) — ((QFq[z,y]/Fq) 7dF/\) -0,

where the second arrow is multiplication by 7. By (3.5), the associated long
exact sequence gives an exact sequence

OHHWWmeHHWWbWMHHW@w

(0)
Fq z,y]/Fq) ’dF/\)
S HFY(F*Q3 D) & HL(F*Q} o, D).
Since &, € (Q2F o o.0]/F, )@ is the image of 7°¢, € F*Q% under the isomor-

phism (3.4), we have 6([§,]) = [D(7%¢,)] =0 by (3.9). By (3.10), the con-
necting homomorphism ¢ is the zero map. It follows that multiplication by
7 is injective on H*"(F*Q} (, D) and H> T (F*Q} , D). The assertion of the
proposition now follows immediately from Proposition A.2. O

Propositions 3.1 and 3.2 compute H’“(FSQ;O,D) for 0<k<n+r. To
get information about this cohomology when k =n+r,n+r+ 1, we need to
introduce some related complexes.

4. The 6-map
Define 6 : QF — QF~! by C(b)-linearity and the formula

dxll e dxis e dwil dyjl e dy]m

Jt y]t) dl‘“ : 'd‘ril dyjl tU dyjt te dyjm'

l
2
+m l+t1
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One has 6% =0, 0(QF ) C Q" and 9(F*Qf) C F*Qp~".
PROPOSITION 4.1. The sequence

0 0 %
0 —s FSQ’II;L-("]-T‘"F]. o, FSQZL—J]_T AN F‘SQg70 — 7'('801'&0 —0

is exact for all s € Z (where the map F*Q) , — 703  sends a power series
i 0
to its constant term).

Proof. Define 6 : (Q’qu[z,y]/Fq)(o) — (Q’Pi;[;’y]/Fq)(o) by Fg[z,y]-linearity

and the formula (4.1). As in (3.4), one has isomorphisms of complexes
S L] S L] ~Y L] (0)

(4.2) (FQ o/ F*T08 0,0) = (%, (4g1/7,) +0)

for all s. By [4, Proposition 4.6], we have

. 0) 0 ifk>0,
Hy ((2 0) =
(e, m,)-0) {Fq if k= 0.

It now follows from Propositions A.1 and A.2 that

0 if k>0
Hy(F°Q3 ,0) = ’
k( b,0 ) {WSOAO if b= 0,
which is the assertion of the proposition. O

For k>0, put
(4.3)  FUQF,=0(FQ")  (=ker(0: F*Qf o — F*Q5 ") if k>0).
It is straightforward to check that
(4.4) foD+Dof=0
on €7 5, hence D(Fsﬁlg,o) C Fsﬁ’;fgl. We thus obtain a complex (Fsﬁgyo, D).
We define a related complex F*Q} , as follows. Let
Fsﬁg,o =05,
and let FoQf | = FoQf 3! for k> 1. We define the boundary map FoQf ) —
FQFtt tobe 0 if k=0 and —D if k> 1. Thus,

(4.5) HY(F*Qp ) =7° 05,
and
(4.6) HY(F3Q ) = HFL(F*Qp ) for k> 1.

Define maps FSQI]iO — Fsﬁﬁo as follows. For k =0, take the map FSQRO —
m*Oj,, that sends a power series to its constant term. By Proposition 4.1, this
map defines an isomorphism Fng7O/0(FsQé7O) =70g, . For k> 1, take the
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map 0 : F*Qf  — F*QF ;. It follows from Proposition 4.1 that we have a short
exact sequence of complexes

(4.7) 0— F*Qp o — F*Qf  — F*Qf y — 0,

and this gives rise to an exact cohomology sequence

= HYN(F*Q3 ) — HY(F°Q3 o)

(4.8) k(msO O rrk+1 sy
— HA(F*Qp o) = HY T F Q5 ) — -+

Our goal in this section is to describe the cohomology groups H*(F 55370)
(= H’”l(FS@Z’O) by (4.6)) for k <n+r. We begin by describing some dif-
ferential forms 7y € FOQ% (= Foﬁgﬁfl for k> 0) that will play a key role in
what follows.

LEMMA 4.2. Setny=1¢ Foﬁg,o. For k> 1, there ewist differential forms
Nk € Foﬂiﬁfl such that

(a) [nk] =6([nk—1]), where § is the connecting homomorphism in (4.8), and

b) 7 € (21 (OK) where 7y, is the image of my, under the isomor-
N Fylz,y]/Fq
phism (3.4).

Proof. The proof is by induction on k. Define 71 = D(1). Then 7j; =dF €
(Q%q[z’y]/Fq)(O’l), so the result is true for £ = 1. Suppose the result true for
some k> 1. Now 0(n;) =0, so 6(7) =0. It follows from [4, Proposition
4.6] that there exists (i € (Q%’i [x,y]/Fq)(O”“) such that 6((x) = 7x. By Proposi-
tion A.1, we can choose 7 € Foﬂgff) such that 0(7) = ng and 7, = ;. Define

(4.9) Ne+1 = D(7%).

Then 6([ng]) = nk+1 by the definition of the connecting homomorphism. Fur-
thermore, by (4.9),

7 _— (0,k+1)
Tht1=dF A G € (@ [ y/w,)

and by induction the proof is complete. O

b

PROPOSITION 4.3. For 0 <k <2r, if k is even, then
H*(PQp ) = H* (F*Q} ) =0
and if k is odd, then
HY(F2Qf ) = B (F2QF0) = OF, - [1°41) 2]

(a free, rank-one Of -module with basis [T°nx11)/2])-
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Proof. By Proposition 3.1, Hk(FSQ;’O) =0 for k < 2r, so

(4.10) HO(F*Q4) =0
and the connecting homomorphism § in (4.8) gives isomorphisms
(4.11) H*(FQp ) = HEL(F*Qp ) for 0<k <2r— 1.

Equation (4.10) establishes the proposition for k=0, and (4.5) and (4.11)
establish it for k = 1. Using (4.6), we may regard (4.11) as isomorphisms

(4.12) HNFQp o) = HAY2(F*Qp ) for 0 <k < 2r —2.
Using (4.12) and Lemma 4.2, the proposition follows by induction from the
cases k=0 and k=1. O

LEMMA 4.4. Fork=2,...,r, 0(&) = (—=1)*"1D(&_1).
Proof. A straightforward calculation shows that
(4.13) 0(¢1) =nMy"Y(dy---d.)dH = D(d; - - - d,.).

It is convenient to set £y =dj - --d,, so that (4.13) establishes the case k =1
of the lemma and we can proceed by induction on k. Let k& > 2 and suppose
the assertion of the lemma is true for 1,...,k — 1. If wy is an [-form, then

9((4)1 /\wg) = 9((4)1) N wo + (—1)lw1 A\ 6(0.)2),

so by (3.7) and induction, we have

_1\k—1
(4.14)  0(&) = %(0(&) A1+ & A1)
_1\k—1
- %(D(&)) ANéh1 +& A (-1 2D(&,_0)).

We observed earlier that d¢; =0, hence D(&) = (7™Mby=1)dH A & for all [.
Substituting this into (4.14) and using (3.7) gives

(=D
0(&k) = m(ﬁ v (kdy - dr)dH/\gkfl)
= (-1)"'D(&-1),
which proves the lemma. O

The following result is key to describing the cohomology groups H* (F SQZ,O)
for k> 2r.

PROPOSITION 4.5. Let 7 <n. Relative to the bases [r°¢,] for H*"(F*Q3 )
and [m°n,] for HQT(FS(AZ;,O), the map

0 HY (P07 ) — H¥(F*8 )
is multiplication by (—1)""=D/2d, ...d,.
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Proof. 1t suffices to prove the assertion when s =0. We prove inductively
that for k=1,...,r,

(4.15) 0(&x) = (—1)"* V2 (dy - d,)n + D(0(o%))
for some oy € F' 095%71. The assertion of the proposition then follows by

taking k =r in (4.15). By (4.13),
0(¢1) = (dy---d,)D(1) = (dy -~ dy)m1,

so the assertion is true for k =1. Assume inductively that (4.15) holds for
some k, 1 <k <r. Choose 7 € FOQ%, as in the proof of Lemma 4.10, so
that 6(7g) = ny. Substitution into (4.15) then gives (since Do =—600 D)

9(§k — (—1)k(k_1)/2(d1 e dr)Tk + D(Uk)) = 0.

By Proposition 4.1, there exists ox41 € FOQ?BH such that

(4.16) &, = (—1)P*=D/2(d, .. d,) 1y, — D(og) + 0((—1)*0pt1).
From Lemma 4.4, we have
(4.17) 0(&kt1) = (1) D(&).

Substituting (4.16) into (4.17) now gives

0(¢s1) = (~D)MF2(d; - d,)D(mi) + D(0(o141)).

Since ng4+1 = D(7x) (see (4.9)), this is just (4.15) with & replaced by k + 1, so
by induction the proof is complete. O

PROPOSITION 4.6. Let 2r <k <n-+r.
(a) If (p,dy---dy) =1, then
HMFeQp o) = H* 1 (F*Q5 ) = 0.
(b) Ifpldi---d,, then
o if k is odd,

Hk(Fsﬁzo):HkJrl(Fsﬁgo)g O[\g/(dl"'dr)OAO . ‘
' ’ 0 if k is even.

Proof. If r =n there is nothing to prove, so suppose r < n. From (4.8) and
Proposition 4.3, we have an exact sequence

(4.18) 0— H (F*Q8 ) — HY (F*Q5,) & HY (F* Q3 ).
By Proposition 4.5, 8 is injective, so
(4.19) H> (F*Q3,) = H¥TY(F*Q} ) = 0.

If r =n — 1, there is nothing more to prove, so suppose r <n — 1. By Propo-
sition 3.1, we have H* "+ (F*Qp 1) =0, so (4.8) gives an exact sequence

(4.20) HY (Fog ) & H? (F*Qg ) & HP 41 (20 4) — 0.
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Proposition 4.5 then implies
(4.21) HE (A0 ) = H2 2 (F*0,0) 2 05 /(dy - d,)05,.
Assume first that (p,dy ---d,) =1, so that by (4.19) and (4.21) we have
HQT(FSQZ,O) _ H2r+1(Fs~;70) —0.
Suppose that for some k, 2r <k <n+r — 2, we have proved
Hk(Fsﬁz:,o) = HHI(FSQZ,O) =0.
Then by (4.6), we also have
HEN(FoQp ) = HF 2 (F*Qp ) = 0.
The exact sequence (4.8) then implies
(05 0) 2 H (03 ).
But H*2(F*Qp ;) = 0 by Proposition 3.1, so
HHQ(FSQ;’O) _ Hk+3(FSSA);’O) -0
Part (a) of the proposition now follows by induction on k.
Now assume that p|d; ---d,. Consider first the case of even k. The asser-
tion
(4.22) HY (P03 ) = HFF Y (F*Q3 ) = 0
holds for k = 2r by (4.19). Suppose it holds for some even k, 2r <k <n-+r—3.
By Proposition 3.1, we have
HkH(FSQE,O) = Hk+2(FSQg,0) =0,

so (4.8) gives an isomorphism

(4.23) H* Y (P55 ) = HM (R0 ).
Equation (4.22) then implies that
(4.24) H*2(F*Q3 ) = H*3(FQp ) = 0,

so part (b) of the proposition follows for even k by induction on k.
Now consider the case of odd k. The assertion

(4.25) HE(F*Qp ) = H* L (F*Qp ) 2 O3 /(d1 -+ d,) Of,

holds for k =2r +1 by (4.21). Suppose it holds for some odd k, 2r +1 <k <
n+ 7 — 3. The isomorphism (4.23) then gives

(426)  HMP(FQ] ) = HM(F0Q) ) = O3, /(dy -+ dr) O,
so part (b) of the proposition follows for odd & by induction on k also. O

We describe generators for the torsion modules of Proposition 4.6.
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PROPOSITION 4.7. Suppose p|dy---d,.. Fork odd, 2r+1<k<n+r, the
cohomology class [m°n,1y/2] generates the torsion module

HH(F*G3 ) = B (F03,0) 2 05 /(dy +-d,) O,
Proof. 1t suffices to prove the assertion for s =0. The proof is by induction
on k. Consider first k= 2r + 1. The exact sequence (4.20) shows that é([n,])
is a generator for H*"t1(F°Qp ). But &([n,]) = [n,41] by Lemma 4.2, so

the result is true for k = 2r + 1. Suppose inductively that for some odd k,
2r +1 <k <n+r, the proposition is true. By (4.23), 6([n(x+1)/2]) generates

Hk+2(FOS~2;’O). But by Lemma 4.2, §([(k+1/2]) = [(k+3)/2], so by induction
on k the proof is complete. O

5. Computation of H""(F*Qp ) and H" " T1(F*Qp )
LEMMA 5.1. H”*’"(FSQI;O) is a free, finitely-generated O -module.
Proof. The isomorphism (3.4) is equivalent to the exactness of the sequence

° ™ ° ° 0
(5.1) 0= (FQ80,D) " (F°Q3 0, D) = (% o yw,) " dFA) =0,

z,Y

where the second arrow is multiplication by 7. From the associated sequence
of cohomology groups we get the exact sequence

n4r— . 0)y ¢ n4r . ™ n+r .
(5.2) a"t 1(( Fq[:c,y]/Fq)( ))—>H * (FOQb,o)’)H * (FOQb,o)-

If r #n—1 (so that n+r —1# 2r), equation (3.5) implies that multiplication
by m is injective on H"*7(F°Qp ). If r =n — 1, then (5.2) becomes
r ° (0)y & n+r . 7“ n+r I
(53)  H"((U,mgyr,) ) = HT(EQ) ) = H"(FQ ).
But by (3.10), this connecting homomorphism 4 is the zero map:
§([&]) = [D(&)] =0
by (3.9). Thus, in all cases multiplication by 7 is injective on H™*"(F°Q} ;)
hence, H"*"(F OQ;O) is torsion-free. To show it is free, we are thus reduced
to showing that it is finitely generated.
Since FOQ{;O =0 for k >n+r, we get from (4.8) the exact sequence

H™ (PG5 ) — H™ T (F08 ) — H™7 (FO03 ) — 0
By Proposition 4.6, H"*"(F Oﬁg’o) is finitely generated, so it suffices to show
that H”“’(FOSNIE)O) is finitely generated. By (4.6), we have

Hn+r(FO§z70) — grtr+i (FOA;,O),

and from (4.8) we get H" " +1(F0Qp ) = H"+7"+1(F0§; o), so we are finally
reduced to showing that H"““(FOQI:’O) is finitely generated. But by [4,
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Theorem 1.6], H ”*T“((Q;q[x vl /Fq)(o)) is finitely generated. We can choose
a “monomial” basis for it consisting of (n + r + 1)-forms of the type

a

xOO . .xzny?l .. y£7 dwo e dmn dyl e dyr.

After multiplying by an appropriate power of 7, such a form may be regarded
as an element of F OQ%”H. These normalized forms span H" " +1(F 09370)
by Proposition A.3. This completes the proof of the lemma. O

ProPOSITION 5.2. If (p,di---d.) =1 or if n+ r is even, then
HY Y (F2Qp ) is a free Of -module.

Proof. Tt suffices to prove the assertion for s =0. From (4.8), we get the
exact sequence
(5.4)  HTTNEQG) S HYTHEOD ) — HUY (RO )

N HHJFT(FOQI:,O)'

If r =n, then H"*T’l(FOQ;’O) =0 by Proposition 4.3. If r =n — 1 and
(p,dy ---d,) =1, then the first arrow in (5.4) is surjective by Proposition 4.5.

The case r =n — 1 cannot occur when n + r is even. Finally, if r <n —1,
then H"*"~1(F°Qp ;) = 0 by Proposition 4.6. It follows that in all cases, the

last arrow in (5.4) is injective, so H”+T(FOS~2;70) is free by Lemma 5.1. But
H™ 7 (FOQ4) = H™ L (F03 ) by (4.6), and from (4.8), H"™"F1(F*Q3 ) =
H" L (FOQp ). Thus HHHH(F*Qp ) is also free. O

PROPOSITION 5.3. Ifp|dy---d, and n+r is odd, then the torsion submod-
ule of H™ " H1(F*Qp ) is isomorphic to Oy /(dy---d,)Of and is generated
by the cohomology class [7TST(n+T+1)/2] (where T(n4r41)/2 is defined in the proof
of Lemma 4.2). Furthermore, there is an exact sequence

S n-+r S L] 0 n—+r S L]
0= ([T T(nirt1)2] ) = H" T HH(F Qp ) = H" T (F*Qp ) — 0,

where ([7°T(n4r41)/2]) denotes the submodule generated by [T°T(niry1)/2]-

Proof. Since n + r is odd, the case r = n is impossible so we have r < n.
From (4.8) and Proposition 4.6(b), we get the exact sequence
(5.5)  H'TTNEUQR,) S HYTTHEOO] ) S H(EOQ )

— H" " (F°Qp ) — 0.

By Proposition 4.3, if r =n — 1 and by Proposition 4.7 if r <n — 1, it follows
that H*"~1(FQp ) is generated by [1)(n4r—1)/2]. Hence, by Lemma 4.2, the
image of ¢ is generated by [1)(,4r11)/2]. By Proposition 4.5, if r =n — 1 and

by Propositions 3.1 and 4.6(b), if » < n — 1, it follows that the cokernel of 6 in
(5.5) is isomorphic to Of /(d1 -+~ d;)Of . Thus, (5.5) gives an exact sequence

(5:6) 0= ([Mnsrsnyl) = H'(FOQ] ) — H™ 7 (FOQ] ) — 0,
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where ([(ntrt1)2]) = Oz, /(dy -+ d,) Oz . By (4.6), we have H"+7(F0Q3 ) =
HH(FOQ3 ), and (4.8) shows that the map 6 gives an isomorphism

H™HH(EOQS ) & Y (FOQ) ).
Under this isomorphism, the cohomology class [T(,4,11)/2] € H" " T1(FOQ3 )
corresponds to [1(n4r4+1)/2) € H* T+ (Foﬁao). With these identifications, the
sequence (5.6) becomes
0= ([Fintriny2]) = BT HHEOQ] o) & HMT(FOQ) ) —
with ([T(nqri1)/2]) = Of, /(d1---d.)Of, . This proves the proposition. O

REMARK 5.4. The exact sequence (5.1) implies that there is an isomor-
phism

n-+rmr L] n-—r L] ~Y n-+rmr L] (O)
H"™ +1(FOQb,o)/WH * H(FOQI;,O):H * H((QF«;[MJ]/Fq) )

From Proposition 5.3, it then follows that the cohomology class [T(n4r+1)/2]

n+r+1 (0)
is not zero in H (% F o] /Fy ).
In Section 1, we defined h. to be the dimension of H"‘*‘T‘*‘l(Q}q[gj y]/Fq)(O’e)
for r < e <n except in the exceptional case p|dy---d,, n+ 1 odd, e=(n+
r+1)/2, where this dimension is h, + 1. Choose elements of (Q”J”Jrl )(0:e)

[ 7U]/Fq
of the form

(57) g7 = Hxaz‘f”n D Qg day dys - dy,

forl=1,...,he so that {{£]}", is a basis for HY"™ Y Q% or,

Tntr+1)/2]} is a basis

)(0:€) in the
nonexceptional cases and {[@“"”H)m]};L:(’i”“)/z U{[

in the exceptional case. As noted in Section 1,

tr . O 1 prndrtl oo (0.€)
H™ (% wye,) ) = U H (O gr,)

S0 {[él(e)] le=r,...,n,l=1,...,h} is a basis for H" "1 ((Qy )Py ©y if
either (p,d; ---d,) =1 or n+r is even, and {[_l(e)] le=r,...,n, 1=1,...,h}U

{[Ttnry1)/2]} is a basis if p|dy---d, and n + 7 is odd. Put
n r
(5~8) 1(6) = WMbe Hx?i(e;l) st (est) dxg--- dx, dy1 - dyr c FOQ;-&-T+1.
i=0 j=1

The image of 51(6) under the isomorphism (3.4) is El(e), so by Propositions 5.2
and A.2 we get the following result.
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COROLLARY 5.5. If (p,dy ---d,) =1 orif n+r is even, then the cohomology
classes {[ﬂsfl(e)} le=r,...,n, 1=1,...,he} form a basis for H" "1 (F*Qp ;).

The following result describes the situation in the exceptional case.
COROLLARY 5.6. Ifp|dy---d, and n+r is odd, then
H™ (P03 o) = Hy @ ([7" Tty 2] )
where Hy is a free submodule of H”*”l(FSQI;O) with basis the cohomology
classes {[wsfl(e)] le=r,...,n, 1=1,...,he}.

Proof. The fact that H**"*1(F*Qp ) is the sum of these two submodules
follows from Proposition A.3. Suppose there are c.; € O such that

(5.9) S eag?] =0
e,l
in P (FOQ o). Then in H™ (4, 1, e )Y), we have

(5.10) S ealg] =o.
e,l

If some ce; is a unit in Of , then the relation (5.10) is nontrivial, contra-

dicting the definition of the El(e). If all ¢.; are divisible by 7 but some c.; is
nonzero, we can choose w so that c.; = ch’e’l for all e, [, where c’e’l € (’);\0 and
some c; ; is a unit. Then (5.9) says that >__, ¢ [ l(e)] is a torsion element of

Hn+7‘+1(FOQg7O)7 so by Proposition 5.3 we have

(5.11) >89 = c[rmrin 2]

e,l

for some ¢ € O . But this implies the nontrivial relation

(5.12) Z Els,l [gl(E)] = E[?(n+r+1)/2]
e,l

in H* 1 ((Qs (@), again contradicting the definition of the fle). O

Fqlz,y]/Fq

The following result is the key to estimating the Newton polygon. It is an
immediate consequence of Corollaries 5.5 and 5.6 and Proposition A.4.

THEOREM 5.7. In all cases, the cohomology classes {[{l(e)] le=r,...,n, 1=
L,...,he} form a basis for H""H(Qp ).
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6. Frobenius action and Newton polygon
It follows from Proposition 4.1 that the sequence
(6.1) 0—opertt Lguir 8 8000~ Ko —0

is exact. Put
OF o =00 = F 5,
sEZ
and define

ﬁg,o = ]\07
O =0t = PO, fork>1.
s€Z
The boundary maps Fsﬁgo — Fsﬁle and Fsﬁlb“,o — Fsﬁlgfgl defined in Sec-
tion 4 give complexes (2 ; and €} ;. Asin (4.5) and (4.6), we have

(6.2) HO(034) = Ay
and
(6.3) HMQ3 ) = H1(Qp,) for k>1,
and as in (4.7) we have a short exact sequence of complexes
(6.4) 0050 —o— Qo — 0.

It is straightforward to check from (2.14) and (4.1) that
(6.5) foqgay=ar_100

fork=1,...,n+r+1. It follows that ay is stable on §~2’b“70 hence, the Frobenius
structure on (2 5 induces a Frobenius structure on (NZE)O and the inclusion
(NZ;,O < ; is a morphism of complexes with Frobenius structure. For the
Frobenius structure on (AZ;,O, we define &y : ﬁf,o — ﬁllf,o as follows. For k=0,
we have Qg,o = Ap, and we define Gg to be multiplication by ¢"+"*1. For
k >0 we have ng,o = 5551 and we define a&x to be ¢ lag_;. Then (6.5)
implies that the map 9370 — ?2370 is a morphism of complexes with Frobenius

structure. From (6.4), we then get an exact sequence of cohomology spaces
with Frobenius structure

~. L] A. 6 ~.
(6.6) T Hk(Qb,o) - Hk(Qb,o) - Hk(Qb,o) - HkH(Qb,o) oty

where 0 denotes the connecting homomorphism. Note in particular that the
identification (6.3) is not an isomorphism of Frobenius modules. One has
instead

(6.7) det (I — qtéve | H*(Q80)) = det (I — tay—1 | H*1(5,)).
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From Propositions 4.3 and A.4, we get the following result.

PROPOSITION 6.1. Let 0 < k < 2r. For k even, H*(Q ) = H*+1(Q3,) =0,
and for k odd, H* (Qz,o) = Hk"’l(ﬁao) 15 a one-dimensional vector space with
basis [N(k41)/2]-

By Lemma 4.2, we have 6([n;]) = [1i+1], so for k even, 0 < k < 2r — 2, the

connecting homomorphism ¢ of (6.6) is an isomorphism of one-dimensional
vector spaces with Frobenius and we get

(6.8) det (I —tay | H*(95)) = det(I — tay1 | H¥H(Q},)).
Combining this with the observation (6.7) gives for k even, 0 < k < 2r —4,
(6.9) det (I —tay | H*(925)) = det(I — qtayio | H*2(95 ).

From the definition of &y we have det(I — tay | HO(SAZ;’O)) = (1 — gty
hence for k even, 0 < k < 2r — 2, we have by (6.9) that

(6.10) det(I —tay | H*(95)) = (1 — g1 ®/2p).
From (6.8), we then get for these same k that

(6.11) det (I — tajyy | HEFH(Q ) = (1 — g7 1= 02y,
Finally, taking £k =2r — 2 in (6.11) and using (6.7) gives

(6.12) det(I — tan, | H (5 )) = (1 - ¢""'0).

By Propositions 3.2 and A.4, the cohomology class [¢.] is a basis for
HQT(Q;)O), and by Propositions 4.3 and A.4, the cohomology class [n,] is

a basis for Hz”(ﬁao).

PROPOSITION 6.2. Let v <n. Relative to the bases [¢,] for H*"(Q ) and
(0] for HQT((AZ;’O), the map

9:H2T( g,o)_’Hzr( g,o)

is multiplication by (—l)r(rfl)/le---dr. In particular, this map is an iso-
morphism of Frobenius modules hence,

det (I — tao, | H (95 9)) = (1 — ¢"1).

Proof. The first assertion is an immediate consequence of Proposition 4.5.
The second is an immediate consequence of the first and equation (6.12). O

From Propositions 4.6 and A.4, we get the following result.
PROPOSITION 6.3. For 2r <k <n+r, H*(Qp )= H"*'(Qf,) =0.

We can now state the main consequence of our cohomological computations.
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THEOREM 6.4.
LA™ @ F:t)

—-gn
Proof. From (2.20) and Proposition 3.1, if » < n then
LA™ W F:t)
= det(I —tas, | H¥(40)) " det(I — tany, | H™(25,0))

det(I —tQngri1 ‘ Hn+r+1(Qz70)) (—ntr
det(I — qtayqri | HMHH(QP ) }

(_1)n+7*+1

_ n+nr
x det(I — top e | H™H(050)) T

while if » =n (so that 2r =n+r), then
LA™ W F:t)
— det (I =t | H(Q80)) " det(I — tayris | H™HH(OL ).
If » < n, then by Proposition 6.2, Theorem 6.4 reduces to proving that
(6.13)  det(I — tamy, | H" () =det(I — qtaniryr | H'THHQE ).
If » = n, then Theorem 6.4 reduces to proving that
(6.14) det (I —toyir | H*F7 (25 )
=(1—¢" ") det (I — qtansri1 | HTHHQS ).
Note that since Q]lf,o =0 for k> n+r, the exact sequence (6.6) gives
(6.15) H™ T (0F o) = B0, 0).
Suppose r <n — 1. Then
H™ =4 (@ o) = H 7 (@5,0) =0
by Proposition 6.3. Using this in (6.6) gives
(6.16) H™ (0F,0) = H™ ().
Equation (6.13) now follows from (6.15), (6.16), and (6.7). If r =n — 1, then
HTH_T(QZ,O) =0 by Proposition 6.3, so (6.6) gives an exact sequence
H (@) & H™(050) = H™7(9,0) = 0.
By Proposition 6.2, the image of § is spanned by
5([0(&0)) = [D(&)] =0,

i.e., 0 is the zero map, so (6.16) holds in this case also. Equation (6.13) now
follows as in the case r <n — 1. Finally, suppose r =n. Then H”‘”_l(an) =
0 by Proposition 6.1, so (6.6) gives an exact sequence

n-+r/oye n+r/oye 0 n+r e
(6.17) 0— H"* (Qb,o)*H * (Qb,O) — H"* (Qb,O) — 0.
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By (6.7) and (6.15), we have
(6.18)  det(I —tayrr | H™ (o)) = det (I — gtansrr | H™H Q).

Equation (6.14) then follows from (6.17), (6.18), and (6.12). This completes
the proof of the theorem. O

COROLLARY 6.5. Let P(t) be as defined in Section 1. Then
P(q"t) =det(I — tanyrr | H"THHQ] ).

Proof. Let g(t) € 1+tAg[t] and define r(t) = g(t)/g(qt) € 1 +tAo[[t]]. Then
175" r(git) = g(t) /g(g™1). Tt follows that
m—1
_ 1 i
g(t) = lim_ 11 r(q't),
in the sense that the coefficients of the power series on the right-hand side
converge term-by-term to the coefficients of g(¢). In particular, g(t) is uniquely

determined by r(t). The assertion of the corollary now follows from (2.3) and
Theorem 6.4. g

By Corollary 6.5, Theorem 1.1 is equivalent to the following result.

THEOREM 6.6. Suppose that fi =--- = f,. =0 defines a smooth complete in-
tersection X in P™.  Then the Newton polygon of det(I — tapipri1 |
H™ () with respect to ordg lies on or above the Newton polygon with

respect to ord, of the polynomial []I_ (1 — q°t)"e.

We begin with a reduction step. In (2.15), we defined a Aj-linear endo-
morphism (4,41 of H"+H(Qp ) such that iyt = (Buyri1)®. Let ord
denote the p-adic valuation normalized by ord p=1. By [9, Lemma 7.1], we
have the following.

LEMMA 6.7. The Newton polygon of det(I — taniry1 | H"T7HH(Q} ) with
respect to the valuation ord, is obtained from the Newton polygon of det(I —
tBryri | HMTHH Q) ) with respect to the valuation ord by shrinking ordi-
nates and abscissas by a factor of 1/a.

Theorem 6.6 is thus equivalent to the following result.

THEOREM 6.8. Suppose that fi =--- = f,. =0 defines a smooth complete in-
tersection X in P™.  Then the Newton polygon of det(I — tBniri1 |
H™ () with respect to ord lies on or above the Newton polygon with

respect to ord of the polynomial [[_ (1 — pet)ahe,

Proof. Let {ym}%,_; be an integral basis for Ao over A;. By Theorem 5.7
and the definition of an integral basis, the cohomology classes

(6.19) €], e=r...oni=1,....he;m=1,...,a,
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form a basis for H"*™+1(Qp ) as Aj-vector space. It is straightforward to
check from the definitions that

B(F*C(b/p)) € F*C(b)
for all s € Z. Using this, one checks that
(620) ﬁn-‘,—r-&-l (’mel(E)) € FMbe(pfl)/pQZL,'gT'f‘l'

By Corollary A.5, [Bn4rt1 (’ymfl(e))] is a A;-linear combination of the ['ymfgl(,el))]
with coefficients in W”lbe(p_l)/p(’);\l. This says that in the matrix of 8,441

relative to the basis (6.19), the column corresponding to [fymfl(e)] has all
entries divisible by 7Mb¢(®—1)/P  This implies that the Newton polygon of
det(I = tBnyri1 | HHH(Q} ) with respect to the valuation ord lies on or
above the Newton polygon with respect to the valuation ord of the polynomial
H (1- WMbe(Pfl)/pt)“he.
But det(I — t6, 4,41 | H*"1(Q} ) is independent of b by Corollary 6.5, so
we may take the limit as b — p/(p—1) to conclude (recall that 7 = p) that its
Newton polygon lies on or above the Newton polygon of []_ (1— pet)?he. 0O

Appendix

In this section, we collect (with references) some basic results on “lifting”
cohomology from characteristic p to characteristic zero. Let O be a complete
discrete valuation ring with uniformizer 7. Call an O-module M flat if multi-
plication by 7 is injective and call M separated if ﬂ;’il /M =0. A separated
O-module M has an obvious metric space structure with the {7/ M }52, form-
ing a fundamental system of neighborhoods of 0. Call M O-complete if it is
complete in this metric. Let

c*={0-c"%ct ..}
be a complex of flat, separated, O-complete O-modules with O-linear bound-
ary maps. Let .

C_":{O—>C_'Oic_'1—>--~}
be the complex obtained by reducing C* modulo 7, i.e., C* = C*/7C" and the
boundary maps of C® are those induced by the boundary maps of C*®.

The first assertion of the following result is [1, Theorem A.1(a)]. The second
assertion follows from the proof of [1, Theorem A.1(a)].

PROPOSITION A.1l. If H(C*) =0 for some i, then H'(C*) =0. More
precisely, if w € C* satisfies O(w) =0 and if o = d(n) for somen € C'=1 (where
@ denotes the image of w in C?), then there exists ¢ € O~ such that 9(€) = w
and & =m.
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The next result is [2, Lemma 4.1].

PROPOSITION A.2. If HY(C®) is of finite dimension d over O/(n) and
multiplication by 7 is injective on H'(C®) and H'1(C*®), then H'(C*®) is a
free O-module of rank d. Furthermore, if &1,...,6q4 € C* satisfy (a) 9(&;) =
for j=1,...,d and (b) the cohomology classes [£1],...,[£4] form a basis for
H(C*), then the cohomology classes [¢1],...,[€4] form a basis for H'(C®).

We shall also need some additional results.

PROPOSITION A.3. Let {@}N C C" satisfy (a) O(&;) =0 for all j and (b)
the cohomology classes {[&;]}}., span H'(C*®). Then the cohomology classes

{[&1}2 span H'(C*).

Proof. Let w € C* with d(w) =0. Then d(w) =0, so there exist ago) €0
and 19 € C*~! such that

N
(A1) WZZOZ§O)§]’ + 9(no) + mwo
Jj=1

for some wy € C*. Suppose that for some m > 0, we have

N
(A.2) w=al™e +0(m) + 7" w,

j=1
for some a( €0, nym €C!, and w,, € C* with

a§.m) — oz;"k )ex™O and T — N1 € T C1L

Equation (A.2) implies that d(wy,) =0, so as in (A.1), we have
N
(A.3) Wy = Z 58+ 0(n') 4 mwm

for some o, € O, 7' € Ci1, and w,, 11 € C*. Put

1
ol = g{m) 4 g miy

J a; and Mg =Mm + T

Substituting (A.3) into (A.2) gives

Z e + 0nsr) + 7

with

m+10i71

a§m+1) - a§m) er™MO and My —MmET



ON THE ZETA FUNCTION OF A PROJECTIVE COMPLETE INTERSECTION 415

It follows that each sequence {a;m)}ff;:o converges to an element a; € O and
{n;}520 converges to an element 7 € C'~1 satisfying

N
w=> a;&+0n),
j=1
which shows that the [¢;] span H(C®). O

Let A be the quotient field of O and suppose that D® = {0 — D° 2. p—
.-+ } is a complex of A-vector spaces containing C'* as a subcomplex such that

D* = U mC*.
SEZ
PROPOSITION A.4. Suppose that H'(C*) = H @ H', where H is a free
O-module with basis the cohomology classes [€1],...,[¢4] and H' is a torsion
O-module spanned by the cohomology classes [n1],...,[ne]. Then the cohomol-
ogy classes [£1],...,[E4] form a basis for H(D®) as A-vector space.

Proof. Since multiplication by 7° is an isomorphism from C*® to 7°C*, it
follows that H*(7*C*®) = Hy ® H/, where Hj is a free O-module with basis the
cohomology classes [7%¢1],...,[7%¢4] and H. is a torsion O-module spanned
by the cohomology classes [7°m1],...,[7°n]. Let £ € D' with 9(¢) =0. Since
&€ m5C" for some s, we have

d e
= &+ Y w4+ 0(C)
k=1 =1

for some cy, ¢; € O and some ¢ € m*C*~!. Since the [7*n;] are torsion elements,
it follows that there exists a positive integer ¢ such that

Tt =0(G)
for I=1,..., e, where (; € 7°C?~!. Substitution then gives

d e
E= Z R + 8(( + ZC;T(tCZ> ,
k=1 =1

which shows that the [¢] span H!(D®).
Suppose there are ¢ € A and ¢ € D! such that

d
Z cxér = 9(C).
=1

There exists an integer s such that m3¢;, € O for all k and ¢ € #~*C*~L. Thus,
we have

d
> (7o) (r7 ) = 0(0).-

k=1
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But if some ¢ # 0, this contradicts the fact that the [77°¢;] are a basis for
the free O-module H_,. This proves that the [{;] are linearly independent in
Hi(D*). O

The proof of Proposition A.4 shows that the following assertion holds.
COROLLARY A.5. Let £ € D' with 9(§) =0. If £ € n°C?, then

d
€] =" cxlé]
k=1

with ¢, € 0O for all k.
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