The continuity of commutators
on Herz-type Hardy spaces with
variable exponent

Hongbin Wang

Abstract In this article, we study the continuity of some commutators generated by
the Calderén-Zygmund singular integral operator, the fractional integral operator, the
Marcinkiewicz integral operator, and Lipschitz functions on Herz-type Hardy spaces
with variable exponent.

1. Introduction

The theory of function spaces with variable exponent has been extensively studied
by researchers since the work of Kovac¢ik and Rékosnik [4]. Capone, Cruz-Uribe,
and Fiorenza [1] and Wang, Fu, and Liu [8] studied the continuity of some inte-
gral operators on variable LP-spaces. In addition, Wang and Liu [9] defined the
Herz-type Hardy spaces with variable exponent and gave their atomic character-
izations.

Motivated by [5] and [6], we will study the continuity of some commutators
generated by the Calderén—Zygmund singular integral operator, the fractional
integral operator, the Marcinkiewicz integral operator and Lipschitz functions
on Herz-type Hardy spaces with variable exponent.

Given an open set @ C R" and a measurable function p(-) : @ — [1, 00),
LPO)(Q) denotes the set of measurable functions f on € such that, for some

A>0,
/Q(@y(m) dx < 00.

This set becomes a Banach function space when equipped with the Luxemburg—

Nakano norm
. |f(z)[\P@)
(- = : < .
£l Leer () 1nf{)\>0 /Q( 3 ) dx_l}
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These spaces are referred to as variable LP-spaces, since they generalize the stan-
dard LP-spaces: if p(x) = p is constant, then LP()(Q) is isometrically isomorphic
to LP(Q).

For all compact subsets E C (2, the space Lp(')(Q) is defined by Lp(')(Q) =

loc loc

{f: feLPO)(E)}. Define P(Q) to be a set of p(-) : @ — [1,00) such that
p- = essinf{p(x) tx € Q} >1, pt = esssup{p(x) tx € Q} < 00.

Denote p'(z) = p(z)/(p(z) — 1). Let B(2) be the set of p(-) € P(Q) such that the
Hardy-Littlewood maximal operator M is bounded on LP()(Q).
In variable LP-spaces there are some important lemmas as follows.

LEMMA 1.1 ([4])
Let p(-) € P(Q). If f € LPO(Q) and g € LF'O)(Q2), then fg is integrable on Q and

/Q 1F@)9(@)] dz < ol Fll o oy o e
where

rp,=1+1/p~ —1/p*.

This inequality is called the generalized Hélder inequality with respect to the
variable LP-spaces.

LEMMA 1.2 ([2])
Let p(-) € B(R™). Then there exists a positive constant C' such that, for all balls
B in R™ and all measurable subsets S C B,

x5l Lre) &n) .

<clBl ngc(ﬂ)“,
HXSHLP(-)(]R") S| ||XB||LP<'>(R")

|B|
Ixsll Lo @) < C<@)62’
IxBllLe o @ny |B|

where §1,02 are constants with 0 < d1, 02 <1 and xs, xB are the characteristic
functions of S, B, respectively.

Throughout this article d5 is as it is in Lemma 1.2.

LEMMA 1.3 ([2])
Suppose p(-) € B(R™). Then there exists a constant C >0 such that, for all balls
B in R",

1
E”XB”LP(‘)(]R")”XBHLP'(')(]R") <C.

For 0 < 3 <1, the Lipschitz space Lipg(R") is defined as

Lipg®) = {£: [ fllup, = sup LD ZIWI oy

z,yER"; x4y |:E - y|5
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Next we recall the definition of the Herz-type spaces with variable exponent.
Let By, = {x € R":|z| < 2%}, and let Ay = By, \ By_1 for k € Z. Denote Z and N
as the sets of all positive and nonnegative integers, respectively, denote x, = x4,
for k € Z, denote X, = xi if k € Z,, and denote Xo = x5, -

DEFINITION 1.1 ([2])

Let a € R, let 0 < p < oo, and let ¢(-) € P(R™). The homogeneous Herz space

with variable exponent K a(,;)) (R™) is defined by

R (®") = {f € LI (R {0}) - 11 e oy < 00},

where

> 1/p
I hgeren ={ D2 2100 @ )

k=—o00

The nonhomogeneous Herz space with variable exponent KZ(’_’)’ (R™) is defined by

Ky ®") = {f € LE)R™) - | fll ey en <0},

where

oo

5 1/p

k=0

Wang and Liu [9] gave the definition of Herz-type Hardy space with variable expo-
nent HK ;(’.’; (R™) and the atomic decomposition characterizations. Here, S(R™)

denotes the space of Schwartz functions, and S’(R™) denotes the dual space of
S(R™). Let Gn(f)(x) be the grand maximal function of f(z) defined by

Gr(f)(@) = iy v()(@)

where Ay = {¢ € S(R") : sup|, | 5<n |z*DP¢(z)| <1}, N >n+1, and ¢% is the
nontangential maximal operator defined by

o (f) (@)= sup ¢ * f(y)]

ly—z|<t

)

with ¢ (x) =t "¢ (z/t).

DEFINITION 1.2 ([9])
Let « € R, let 0 <p < oo, let ¢() € P(R™), and let N >n + 1.

(i) The homogeneous Herz-type Hardy space with variable exponent
HK;(’_’)’(R”) is defined by

HEGHRY) = {] € 8'(R"): On(f)(x) € Kyh(R"))

and [|fll g geoor @ny = 1GN () oor ny-
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The nonhomogeneous Herz-type Hardy space with variable exponent

(i)
K% ’)’(R”) is defined by

HEK

HES(®) = {f € S'®): Gu(f) () € KR}

and Hf”HK"‘ TR = |G (f )HK;"(,’;(RW
For x € R we denote by [z] the largest integer less than or equal to .

DEFINITION 1.3 ([9])
Let nds < a < 00, let ¢(+) € P(R™), and let nonnegative integer s > [a — nds].
)

(i) A function a(x) on R™ is said to be a central (a, ¢(+))-atom if it satisfies:

(1) suppa C B(0,r) ={z e R™: |z| <r};

(2) HG'HL‘J()(]R") <|B(0,r)|~*/;

(3) fgna(z)zPdz=0,|8] <s.

(i) A functlon a(x) on R™ is said to be a central («, g(-))-atom of restricted
type if it satisfies conditions (2) and (3) above and

(1) suppa C B(0,r), r > 1.

If r = 2% for some k € Z in Definition 1.3, then the corresponding central (a, q(-))-
atom is called a dyadic central («,¢(-))-atom.

LEMMA 1.4 ([9])
Let nde < a <00, let 0 <p < oo, and let g(-) € B(R™). Then f € HKO‘(’Z;(]R") (or
HK:;("’;(R")) if and only if

f= Z ALQg (or Z)\kak) in the sense of S'(R™),

k=—0o0

where each ay, is a central (a,q())-atom (or central (c,q(+))-atom of restricted
type) with support contained in By, and >y _ | Ak|P < oo (or Y oo o [ AP < o0).
Moreover,

Hf||HK§“(1’;(Rn)%inf< i |/\k|p)1/P (07” ||fHHKap(Rn)~1nf(Z|,\k|p) p)
k=—o00 k=0

where the infimum is taken over all the above decompositions of f.

2. Commutator of the Calderon-Zygmund singular integral operator

Let b € Lipg(R"), and let T' be a Calderén-Zygmund singular integral operator;
that is,

ri@=px. [ T s)ay

p.v. or (principal value integrals) where Q € C?(S™~1) is homogeneous of degree
zero and has mean value zero on the unit sphere. The commutator [b, T'] generated
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by b and T is defined by

[0, T]f(x) = b(x)T f(z) = T(bf) ().

Noting that |[b, T]f(z)| < C|[bl|Lip, Is(| f[)(x), where I is the fractional inte-
gral operator with 0 < < n. Capone, Cruz-Uribe, and Fiorenza [1] proved that
I5 is bounded from L9()(R™) to L%2C)(R™) for 1/qy(x) — 1/g2(x) = B/n and
q1(-) € B(R™) with ¢ < n/B. Izuki [3] generalized the result to the case of Herz—
Morrey spaces with variable exponent. So we can easily obtain the following
theorem.

THEOREM 2.1
Suppose that b € Lipg(R"), 0 < 8 < 1. If q1(-) € B(R™) with " <n/B, 1/q(z) -
1/qa(x) = 8/n, 0 <p1 <ps < o0, and 0 < o < nda, then [b,T| maps K;"pl(R")

1()
(or K00 (R™)) continuously into Ko"fi (R™) (or K_-05(R™)).

Furthermore, we can obtain the following theorem when « > nds.

THEOREM 2.2

Suppose that b € Lips(R"), 0 < B < 1. If q1(-) € B(R™) with q <n/B, 1/q(x) —
1/q2( )=08/n, 0 <p; <py<oo, and niy < a < ndy + B, then [b,T] maps
HKo"g’1 (R™) (or HKo"p1 (R™)) continuously into Ka’fz (R™) (or Ka’fz) (R™)).
Proof

We only prove the homogeneous case. The nonhomogeneous case can be proved in

the same way. Let f € HKO‘ % (R™), and let b € Lipg(R™). By Lemma 1.4, we get
f= ijioo Ajaj, where HfHHK"‘ 1 (&) N 1nf(2 o |Aj[P1)Y/Pr (the infimum is

taken over the above decomp051t10ns of f), and a; is a dyadic central (o, q1(-))-
atom with support Bj;. Note that p; < py. We have

p1/p
0TI = D0 2 0TIl )

as (- ) ke oo

oo
S Z zkamH[b’T XkHquoR")

k=—o0
k—2 .
(2.1) <C Z Qkam( Z |/\ ||| b T a] XkHqu()(]Rn))
k=—oc0 j=—o00
kapi P1
oY 2 ( S T o @)
k=—o0 j=k—1

= E1 + EQ.
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Now we estimate E;. For each k € Z, j <k — 2, and almost every x € Ay, by
the vanishing moments of a; and the generalized Holder inequality, we have

1B, T)(a;)(@)] g‘(b(x)—b(o))/.(ﬂ(w—y) ~ D)

ey Tl

‘/ o=y y|n b(y) — b(0))a; (y) dy’

< Clttu, (1o | pecloslars [ o] )

< Cllbllip, (121727l a; | Lo o> gny

XB; ||Lq/1(')(]Rn)
+ |$|7n2jﬁ||a’j HL‘Zl(‘>(R") ||XBj ||Lq/1(')(]Rn))

iB—k
< OV bl g as oy 108, a0 gy

Since
d
(2.2) I(xp) (@) > | —2 g, (2) > C2*yp, (x),
B, |z —y|" P

by Lemmas 1.2 and 1.3 we have
||[b, T](aj)XkHng(-)(Rn)
< CZjﬁ_anbHLipﬁ||aj||L<n<->(Rn)||XBj||Lq5<->(Rn)||XBk||qu<->(Rn)
< CQjﬂ_k(nJrB)”b”LipgHajHLﬂM(Rn)HXBj ||Lq’1(->(Rn)HIB(XB;C)HLM»)(RTL)
< COPHEDNbl|Lip, gl por o oy 1B, |t (gony IX BN O ey

HXB ||L<1 ) R™)
< €208 1Bl|ip, Nt a0 oy T o)

|| XBy ||L‘11( J(Rm)
< 02— Jat(i—k)(B+nd2) 0] Lip
= 1 B’

Thus, we obtain
o) k—2

Fi < C||b| Lip, Z 2kap1< Z |/\j|2*j0‘+(j*k)(ﬂ+n52))pl
k=—oo y Sl
c- = i pP1
=i, S (X yl2u R,
k=—00 j=—00

For 1 < p; < oo, take 1/p; + 1/p} = 1. Since 8+ nds — « > 0, by the Holder
inequality we have
00 k—2
B <O, 32 (30 g0 2)
k=—o0 j=—00
k=2 p1/P}
% ( 3 2<J—k><ﬁ+n52—a>pa/2)

j=—c0
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e’} k—2

(2.3) <clplin,, (Z |)\j|p12(j*k)(ﬁ+n627a)p1/2>

k=—oc0 j=—o00

o0 oo

= ClbliEs,, Do (D 207 Enhan/2)

j=—00 k=j+2

< C||b| Llp Z P‘j‘pl'

j=—00
If 0 < p; <1, then we have

'S k—2

Ey < O|pf,, 3 (Z |)\j|p12(jfk¢)(ﬂ+n627a)pl)

k=—o0 j=—o00

o oo

(2.0 = O, 32 Pl (30 207Riemmen)

j=—o0 k=j+2

< C||b| Lipg Z |)\j|pl'

j=—00
Let us now estimate Es. By [[b,T]f(x)] < C|b|lLip,Ls(|f])(x) and the
(L©C)(R™), L92() (R™))-boundedness of I3 we have

e e p1
By <O, S 2 (3 lllagllpuc g )
j=k—1

kffoo
o0 o0 . p1
<clpity,, Yo (X et
k=—o0 j=k-—1

If 0 < p; <1, then we have

(e’ 7j+1
By <Clbl, D I Y 2t
j=—00 k=—o00

(2.5)
<ClbllEL,, Yo P
j=—o00

If 1 < p; < 00, then by the Holder inequality we have

FEy <C||b||L1p i ( i ‘)\j|p12(k7j)o¢p1/2>< i 2(k7j)ap,1/2)p1/p'1
j=k

k=—oc0 j=k-—1 —1
(2.6) ! ’

o0

<Clbls,, > 1A

]——OO

Therefore, by (2.1) and (2.3)—(2.6) we complete the proof of Theorem 2.2. O
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3. Commutator of the fractional integral operator

Let b € Lipg(R™), and let I, denote the fractional integral operator with 0 < o <
n. The commutator of fractional integral operator [b, I,;] is defined by

1ot = [ G20 p)ay

Wang, Fu, and Liu [8] proved that the commutator [b,,] is bounded from
L O (R™) to L2 (R™) for 1/q1(2) —1/qz(x) = (0 + ) /n and ¢, (-) € B(R™) with
q” <n/(o+ B). In this section, we will give the corresponding result about the
commutator [b,I,] on Herz-type Hardy spaces with variable exponent.

THEOREM 3.1
Suppose that b € Lipg(R™) with 0 < B <1 and 0 <o <n—B. If q:(-) € B(R")

with g7 <n/(c+8), 1/q(z ) —1/q2(z) = (0 +B)/n, 0 <p1 < ps <00, and nd <
a < ndy + B3, then [b,I,] maps HKO"I71 (R™) (or HK“% (R™)) continuously into

1(+)
K:;zgjﬁ (R™) (or Ka’g’ﬁ (R™) ).

Proof
Similar to Theorem 2.2, it suffices to prove the homogeneous case. Let f €

HK;‘I’%(R"), and let b € Lipg(R™). By Lemma 1.4 we get f =32 __ \a;,

where Hf||HKa,§n>(Rn) ~inf(Y 202 [A;[P1)Y/P (the infimum is taken over the
q1(

above decompositions of f), and a; is a dyadic central (o, ¢1(-))-atom with sup-
port B;. Note that p; < ps. We have

j*—OO

o0

p1/P2
b TN ey = {32 2720 TN o e )

k=—o00

> 25 L)Xk s (e

k=—o0
k=2 p1
(3.1) <C Z Qkapl( > il L) (e Xk”qu()(Rn))
k=—oc0 j=—0o0

p

+C Z 2’“’”( Z X1, Io) (a XkHqu()(Rn)) 1

k=—o0 j=k—1
=: F} + F5.

We first estimate Fy. For each k € Z, j < k — 2, and almost every = € Ay,
using the vanishing moments of a; and the generalized Holder inequality we have

HbI /|b |aj(y)||y|B d

[ —yfr=ot?

< CTk(nfaJrﬁ)Hﬁ/BWb(m) —b(y)||a;(y)| dy



Continuity of commutators on Herz-type Hardy spaces 567

< CQ—k(n—a+[3)+Jﬂ(|b($) —b(0))| /B‘\aj(y)’dy
+ /Bj |a; ()][b(y) — b(0)] dy)

< Co Kot o), (J2)? / a5 (y)] dy + / 1?5 (w)] dy)
B, B,

< O2‘k(”_”+6)+jﬂ||b||mpﬁ(|~”C|B||aj||Lq1<‘)(Rn)||XBjHLq1<«>(Rn)

+2j5||aj||Lq1(')(Rn)||XBj \|Lq’1<z>(Rn))
< C27 M= bl Nl l| o o (g | X B, Lot ) ny-
So by (2.2) and Lemmas 1.2 and 1.3 we have
H[b, Ia}(aj)XkHqu(-)(]Rn)
< C2_k(n_0)+jﬂ”b||mp5”aj”L‘?l(')(]R")”XBk||L‘12(‘)(R")HXB]‘ ||Lq’1<->(Rn)
< Ozikn+(jik)BHb||LipB||a’j||L’11(')(R")||XBj||Lq/1(')(Rn)HIﬁ“l‘O’(XBk)Hqu(-)(Rn)
SCQ_k"Hj_k)BHbHLipﬁ||aj||LQ1<->(Rn)||XBj||Lq’1<->(Rn)||XBk||L<11<->(Rn)

. ||XB7’||Z‘1/(') R
— B m ( n)
Pg kllpa (Rn)

< 2 Jat(i=k)(B+nd2) 16l Lip, -

So we have
oo k—2 . 4 m
FlSCHbHﬁpB Z 2kap1< Z |>\j|2—3a+(y—k)(ﬁ+n62))

k=—o0 j=—00

oo k—2 n

j—k nds—a
UL (Z |\; |26 k) (B+nd )) ,

k=—oc0 j=—o0

When 1 < p; < oo, take 1/p; +1/p}) = 1. Since 8+ ndy — a > 0, by the Holder
inequality we have

') k—2

F1§C||b|’ﬁpﬁ Z (Z |>\j|p12(j*k)(ﬁ+n627a)p1/2)

k=—o0 j=—00

k—2 ’
X ( > 2(j,k)(5+n52,a)p/1/2>171/1’1

j=—00

') k—2

(3.2) §c||b||ﬁpﬂ Z (Z |)\j|P12(j*k)(5+n527a)p1/2)

k=—oc0 j=—00
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1 i —k So— h
=ClollEy, S0 i (S0 26 M EEmean2)
j=—oe k=j+2
<Ol S P
j=—00
When 0 <p; <1, we have
oo k—2
Fy<ClbliL,, Z (Z |)\j|p12(]7k)(5+7l527a)p1)
[ee] 00 -
(3.3) :Cllb\lfﬁpﬁ Z |/\j|p1< Z 2(;%)(;3%52,&)1,1)
j==oo k=j+2
<oz, S .
j=—c0

Next we estimate Fy; by the (L9 () (R™), L%()(R"))-boundedness of the com-
mutator [b, I,] we have

o0 o0
p1
B <Clplg, Yo 27 (X Pallaslznon )
k=—oc0 j=k—1

(3.4) <clplt,, > (Z |)\j|2(k—j)a)P1

k=—o0 j=k-—1

<O, 3 NP

j=—o00

Thus, by (3.1)—(3.4) we complete the proof of Theorem 3.1. O

4. Commutator of the Marcinkiewicz integral operator

Suppose that S"~! denotes the unit sphere in R™ (n > 2) equipped with nor-
malized Lebesgue measure. Let Q € Lip,(S"™1) for 0 < v <1 be a homogeneous
function of degree zero and

/Sn,1 Q2" do(2') =0,

where 2’ = z/|x| for any x # 0. In 1958, Stein [7] introduced the Marcinkiewicz
integral operator, which is related to the Littlewood—Paley g-function on R™ as

un@=( [ 1En@rg) "

where

F(f)(x) = /| U =Y) ) ay,

T—y|<t |J? - y|n—1
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Let b € Lipg(R™). The commutator generated by the Marcinkiewicz integral
operator p and b is defined by

.11 / ‘/x yl<t |I* ™ )1 [b(@) = b}y dyrdt)lm'

Wang, Fu, and Liu [8] proved that the commutator [b,u] is bounded from
LaO)(R™) to L) (R™). In this section, we will generalize the result to the case
of Herz-type Hardy spaces with variable exponent.

THEOREM 4.1

Suppose that € € Lipy(S”’l) (0<v<1) and b€ Lipg(R"), 0 < B <v/2. If
q1(-) € BR™) with ¢ <n/o, 1/q(z) — 1/ga(x) = B/n, 0 < p; < pa < 00, and

n52 <a<ndy+ B, then [b, u] maps HK‘“’1 J(R™) (or HEK /) (R™)) continuously

1() 1()
into Kq 03 (R™) (or K005 (R™)).

Proof

Similar to Theorem 2.2, it suffices to prove the homogeneous case. Let f €

HK;’%(R"), and let b € Lipg(R™). By Lemma 1.4 we get f =32 __ \ja;,

where Hf”Hk”"fl)(Rn ~inf(32°2  [A;[P1)/Pr (the infimum is taken over the
q1 (-

j=—00

above decompositions of f), and a; is a dyadic central (e, ¢ (-))-atom with sup-
port Bj;. Note that p; < ps. We have

0 p1/p
106y = { 3 2P s}
k=—oc0

< 3 2R, (x| o oy

k=—o0
k—2 p1
(4.1) <C Z 2’“‘”’1( > Il ul(ay) xk\|Lq2<>(Rn)
k=—o0 j=—o00
ro Y 2o z Pl 1 @)X gy )
k=—oc0 j=k—1
=:G1+ Gs.

We first estimate G1. Note that

|[b, 1)(ay) () |

/l$|+2]+ ‘/Iw y|<t |33 - ZJ|” )1 [b(w) - b(y)] y‘th)l/Z

+ </|oo /| LD (o) — b))y o) | )

w4201 1 oy <t |7 =y

=: Il + IQ.
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When z € Ay, and |z —y| < t with ¢ < |x|+27F1 it follows from j < k—2 that |z —
y| ~|z| ~ |z| +27FL. Then by the Minkowski inequality, Lip, (S"~1) C L (S"~1),

and the generalized Holder inequality, we have

|z|429+1 ﬁ 1/21b(x) — b(y)||aj(y)|
Lh=c | (/ ) N

lz—y]| t3 ‘x_y|n—1

xﬁa-y y1/2

|x|n—1 |JI|3/2

< Olblluip, o] P12 /B la; ()| 1y dy

< ClIblluip, [P~ 7122072 | a5 oy ) ey 1 X B, Lot ey
= C|bllwip, |l a7V 2B | oy oy 65 1 ot 0 oy
< C27 9 bl|ip gl s o ey X3, 1t 0 gy

Notice that, from ¢ > |z| + 27! and y € By, it follows that ¢ > |z| + |y| > |z —
y|. By the vanishing moments of a; and the generalized Holder inequality we

have

B2 (] e
\/B Frvr: ) [b(@) - b)) as dy\(/lHW Kb
<C‘/Bj #[b(m) —b<y>]aj(y>dy\m
= C’ [b() = b(0)] /B(S(_xmny—)l - |S|sz>1> dy’ ||+ 2a+1
+C‘/B |x—y|” ) (y)—b(O)]aj(y)dy‘W
< Clttu, (1" ) W ays [ L 0y) ot

_ s [ 1yl"la;(y)] [y|°]a; (y)]
SO||b||Llp3(|:E| /BWCZ?H_ B-Wdy)

< Cllblluip, (2177727 + [ 7"27) laj| por ) ny

‘2dt>1/2

/R S Z9) 0y by)]ag(y) dy

n |z =yt

X Bj ||Lq1<> (R™)
< C27 M Bl|Lip, gl oo ey 1B, | ot ) gy
So by (2.2) and Lemmas 1.2 and 1.3 we have
||[b, M](aj)XkHLm(-)(Rn)

—k i
<C2 n+]5”bHLiPﬁ||a‘jHL‘11(')(]R")||XBk||L‘12(')(]R")”XBjHLqi(-)(Rn)
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<2 kntl )ﬁHb”LipﬁHaj”qu(.)(Rn)HXBj||Lq/1(.)(Rn)"I[;(XBk)||Lq2(_)(Rn)

< C27F U] i, s o oy 1, 1 ot oy XN 0 gy

HXB ||Lq ) (rn

< 20~ k)ﬁ”b”LlpBHaJ HL‘H() Rn)#
” X By ”qu( ) (R™)

S C2fja+(j*k)(6+n52) ||bHLipﬂ

So we have
e’} k—2
Gy < CJblIf; Lipg Z Qkam( Z |>\j|27ja+(j*k)(ﬁ+n52))p1
k=—o00 = —o0
e’} k—2
=Clplty,, > (Z |)\j|2(j—k)(ﬁ+n62—a))p1_
k=—o0c0 j=—o00

When 1 < p; < 00, take 1/p; +1/p} = 1. Since 8 + nds — a > 0, by the Holder
inequality we have

9] k—2
G1 < C|plITi Lips Z (Z |>\j|p12(j_k)(f3+"52—a)p1/2)
k=—o0o j=—00
k—2
X ( Z 9(i—k)(B+nd2— a)p1/2>p1/”1
j=—o0
oo k—2
(4.2) < CblIfs,,, 3 (Z |)\j|p12(j—k)(,6+n52_a)p1/2>
k=—co j=—o00
_C”b”Llp i |)\j‘p1< i 2(j’k)(5+”52*a)p1/2)
Jj=—o00 k=j-+2

<C||b||L1pﬁ Z |)‘j‘p1'

]_—OO
When 0 < p; <1, we have

) k—2

G <Clplgy, 30 (30 Iyrauetmen)

k=—o0 j=—o0

(4.3) =Clplits, D |)\j|p1( 3 2<j—k><ﬁ+msz—a>p1>
j=—o0 k=j+2

<C||b||L1p Z |>\j|pl-

j=—o0
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Next we estimate Go. By the (L%()(R™), L%()(R"))-boundedness of the
commutator [b, u] we have

oo oo

P1
G <CIl,, D2 2 (D lllaslzao en)

k=—o00 j=k—-1

oo [ee]

(4.4) < CllbllEs,, 3 (Z |/\j|2(kfj)a>171

k=—o0 j=k—1

o0

<CIblE,, Do AP

j=—o0

Thus, by (4.1)—(4.4) we complete the proof of Theorem 4.1. O
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