On an invariance property of the space of
smooth vectors

Karl-Hermann Neeb, Hadi Salmasian, and Christoph Zellner

Abstract Let (7,H) be a continuous unitary representation of the (infinite-dimen-
sional) Lie group G, and let v: R — Aut(G) be a group homomorphism which defines
a continuous action of R on G by Lie group automorphisms. Let 7# (g,t) = 7(g)Uy be a
continuous unitary representation of the semidirect product group G x~ R on H. The
first main theorem of the present note provides criteria for the invariance of the space
> of smooth vectors of 7 under the operators Uy = [, f(t)Us dt for f € L*(R) and
f € S(R), respectively. When g is complete and the actions of R on G and g are con-
tinuous, we use the above theorem to show that, for suitably defined spectral subspaces
gc(E), E CR,in the complexified Lie algebra gc and H>° (F'), F C R, for U in H>°, we
have

dr(gc(B))H™(F) SH®(E+ F).

1. Introduction

For a complex Lie algebra g with a root decomposition g =bh® @, g and the
corresponding h-weight spaces Vg in a g-module, one has the elementary relation

9a-V3 € Vta,

which is of central importance in understanding the structure of the action of
g on V (see [Hu], [B1]). The main point of the present note is to provide a
generalization of this relation to unitary representations of infinite-dimensional
Lie groups. The results of this note are used in our forthcoming articles [NS2]
and [MN].

To make our results as flexible as possible, we consider the following setting.
Let G be a locally convex Lie group with Lie algebra g and a smooth exponential
map expq : g — G denoted by e” :=expq(z) (see [N2]). We denote the group of
smooth automorphisms of G by Aut(G). We further consider a one-parameter
group v: R — Aut(G), t — 7 defining a continuous action of R on G. Then
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the semidirect product G xR is a topological group whose continuous unitary
representations (77,H) can be written as 7% (g,t) = m(g)U;, where (m,H) is a
unitary representation of G and (U;)ier a continuous unitary one-parameter
group satisfying

Uin(g)U = W(Vt(g)) forteR,geq.

For f € L'(R), we then obtain a bounded operator Uy = [, f(¢)U; dt € B(H). We
call v € H smooth if the orbit map 7¥: G — H,g — m(g)v is smooth and write
H° for the subspace of smooth vectors. Then

d tx [e'e]
dr(z)v:= E‘t:oﬂ(e v, forveH™, xeqg,

defines by complex linear extension a representation dr: gc — End(H>°).

Let Aut(g) denote the group of continuous automorphisms of g. Our first
main result asserts that if (L(:))ter is equicontinuous in Aut(g), then H™ is
invariant under the operators Uy, f € L'(R). Under the weaker assumption that
(L(7¢))ter is polynomially bounded, we still have the invariance under Uy, f €
S(R), where S(R) denotes the space of Schwartz functions. The main point of
this result is that it permits us to localize the U-spectrum within the space of
smooth vectors because the U-spectrum of a vector of the form Uyv is contained
in supp(f) (see Theorem 2.3).

To turn this into an effective tool to analyze positive energy representations,
that is, representations where Spec(U) is bounded from below, we need to know
how the U-spectrum of an element v changes when we apply elements of gc.
This is clarified by Theorem 3.1, where we show that, when g is complete and
the action of R on g is continuous, for suitably defined spectral subspaces gc(FE),
ECR, and H>®(F):=H(F)NH>, F CR, corresponding to U in H, we have

dr (gc(E))H>®(F) CH™(E + F).

Note that all this applies, in particular, to the special case where v:(g) =
e*ge~t® for x € g, provided that the one-parameter group Ad(e'*) is equicon-
tinuous (resp., polynomially bounded). In this context the results of the present
paper are used in the forthcoming articles [NS2] and [MN].

2. Theinvariance theorem

We prepare the proof of Theorem 2.3 with the following lemma. For U C G open
and h: U — C a smooth map, we define the derivative of h along a left-invariant
vector field by

1 STy _
Loh:U—=C, Lyh(g) = lim —(h(ge™) = h(g))

for x € g,g € U. We refer to [N2] for the basic facts and definitions concerning
calculus in locally convex spaces and the corresponding manifold and Lie group
concepts (see also [Ha] and [N1]).
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LEMMA 2.1
Let K €N, let W C G be open, and let ®: W — g be a chart. Let F:Rx W — C
satisfy the following properties.

(a) The map Fy: W — C,Fy(g) := F(t,g) is in C°(W,C) for every fized
teR.

(b) For every go € W and every k € Ng =NU{0} satisfying k < K, there
exist an open go-neighborhood Uy, 1. CW and an open 0-neighborhood Vi, 1 C g
such that

(1) sup{’L,U1 ~--kaFt(g)| 9 €Uy, i1, .., Tk € Vg, it ER} < 00.

Then, for every go € W and every k € No with k < K, there exist an open go-
neighborhood Uy, . CW and an open 0-neighborhood Vg, i C g such that

sup{|dkﬁt(u)(x1, )| ue @(ﬁgo,k),xh...,xk € YN/go’k,t ER} < oo,

where ﬁt =F,o0d 1,

Proof

Let go € W, and set £, (g) := gog for every g € G. The operators L, satisfy the
relation L, (F;od, )= Ly(F;) o4, . Thus (after replacing F; by F;o/f, , W by
g5t (W), and ® by @ oly ) we may assume without loss of generality that g, = 1.
Moreover, we may assume that ®(1) =0. Let V := ®(W) C g. Replacing F; by
Fiod 1= ﬁt, we can assume that F; is defined on the open 0-neighborhood
V C g. We will consider V' as a local Lie group with the multiplication induced
from G.

Step 1. Choose U C V open such that U=U""', 0€ U, and UU C U. Our
goal is to prove (by induction on k) that, for every k € N with £ < K and every
u € U, there exist a u-neighborhood U,  C U and a 0-neighborhood V,, ;, C g
such that

sup{|dkFt(u')(x1,...,xk)| i €Uy, @1, T € Vi, t € R} < 00.

Then the special case u = 0 yields the assertion of the lemma for gg.
Step 2. Fix uw € U, and fix k € N with k¥ < K. By [NS1, Lemma 2.2.1], we
have
ak
(2)

F, et1$1+~~~+tk$k
Oty -+ Oty t(g

1
) et —0 “ Z Lo,y Ly Fi(9)
€Sk

‘ . : 1)
for every g € U. From (2) and (1) it follows that there exist opensetsu € U, ; CU

and 0 € V(k) C g such that

1
u7

u, u

(3) sup{‘ht(gwl,...,xk)’ : gEU(llz,xh...,xk EV(71,C)7t€R} < 00,

where
ak

F, et111+“'+tkwk
o 1 )

ht(gaxla' o ,’I’k) =

t1=---=t,=0
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Next we use [NS1, Lemma 2.1.3] on the left-hand side of (2) to write
ak
Oty --- Oty

= Z det(g)(leﬂ(gval)v"'7”\Am|(gvam))a
{A1,....,An}EPs

Ft(get1$1+'“+tkwk)

t1=---=t,=0

(4)

where Py, is the set of partitions of {1,...,k}, and for every set A= {a1,...,a,} C
{1,...,k}, we define x4 := (24,,...,%q,) and

P
vp:Uxgl =g, vp(g,24):= 5

(getall‘al+~~+tapl'ap)
tay " '6tap

tay = =ta, =0
The term on the right-hand side of (4) corresponding to the partition

{1}, {k}} is

(5) dkFt<g)(U1(g,.'IJ1),...,’U](Q,.Tk)),

and the remaining terms are partial derivatives of order strictly less than k. Let
us denote the sum of these remaining terms by A¢(g,x1,...,2x). Since the maps
vp(+,-) are smooth, we can assume (by the induction hypothesis) that there exist
open sets u € Uf,i C Uilll and 0 € Vu(Qk) C Vu(’lk) and a constant M > 0 (depending
only on F') such that

‘At(g,xl,...,xkﬂ <M for every g € Uf,z,xl,...,xk € Vu(?k), and t € R.

Thus, given the upper bound (3) and the expression (5) for the first term in
the summation, to complete the proof of the claim in Step 1, it suffices to prove
the following statement: there exist open sets u C U’ C Uf,z and 0 € V/ C g such
that, for every g € U’ and every y € V', the equation

(6) vi(g,7) =y

has a solution z € Vu(zk).

Next we prove the latter statement. First note that vi(g,z) = df,(0)(x),
where £4(h) = gh, and the chain rule implies that the solution to (6) is given by
x=dl,-1(g)(y). From the smoothness (in fact only continuity) of the map

0:Uxg—g,0(9,y) :=dlg-1(g)(y)

and the relation ¢(u,0) =0 it follows that there exist U’ and V' such that
p(U' x V') c V. O

DEFINITION 2.2
Let E be a locally convex space, and let a: R — GL(E), ¢t — a; be a group
homomorphism. Then « is called

(a) equicontinuous if the subset {ay : ¢ € R} C End(E) is equicontinuous (cf.
Definition A.1);

(b) polynomially bounded if for every continuous seminorm p on E there
exists an N € Ny such that {(1+ [t|V) !y : t € R} is an equicontinuous subset



Invariance property of space of smooth vectors 505

of Hom(F, (E,p)), where (E,p) denotes FE endowed with the topology defined by
the single seminorm p.

THEOREM 2.3 (ZELLNER'S INVARIANCE THEOREM)

Let v : R — Aut(G) be a one-parameter group, and let o : R — Aut(gc) be defined
by a; :=L(y)c € Aut(ge) for t € R. Assume that v defines a continuous action
of R on G. Let 7# : G x, R — U(H), (g9,t) = m(9)U; be a continuous unitary
representation, and let H™ be the space of smooth vectors with respect to w. For
feL'R), let Uy = [, f(t)Uydt € B(H). Assume that at least one of the following

conditions hold:

(a) a is equicontinuous and f € L*(R), or
(b) « is polynomially bounded and f € S(R).

Then UpH™ CH™ and

(7) dr(y1) -~ dm(yn)Upv :/Rf(t)UtdW(Oé—t(yl)) -~-d7r(a,t(yn))vdt

foryi,...,yn €gc and v € H™.

Proof
Let v e H™, let w € H, and consider

F:RxG—C, (tg)— (r(g)Uw,w).

We set Fy(g) :== F(t,g). Since 7(g)U; = 77 (g,t) = Uy (y_1g) and v € H>™, we
conclude that UyH™ C H* and F;, € C*°(G). Note that

Ly, -+ Lo, Fy(g) = (n(g)dn(z1) - - drr(zp) Upv, w)
= (n(g)Udrm (a—s(z1)) - -dm(a—s(zp))v,w)
for x1,...,z € g. Since v € H°, the k-linear map
g = H, (1,...,21) = dr(xy)---dr(zg)v

is continuous. From Proposition A.3 we thus obtain for every k£ € N a continuous
seminorm pi on g such that

|dm(zy) - dm(ze)v|| < pelz1) - pr(ar) forall zi,... 2k €g.
We conclude that
(8) |La, -+ Lo, Fe(9)| < pr(a—e(@1)) -+ pr (ot (zn)) - wll.

(a) Now assume first that « is equicontinuous and f € L'(R). By Propo-
sition A.2 we find for every k£ € N a continuous seminorm ¢; on g such that
pr(a—+(x)) < qr(x) holds for all t e R, x € g. Let Uy :={z € g: qr(x) <1}. Then
we obtain from (8) that

(9) sup{|L,31 Ly Fi(9):9€Goa, ... xx EUk,tE]R} < Jwl|| < 0.

Let gg € G, and choose a chart ® : W — g with W C G an open neighborhood of
go- Now (9) implies that F|gxw satisfies the assumptions of Lemma 2.1. Thus, for
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every ug € ®(W) and k € N, there exist an open ug-neighborhood U, 1 C ®(W)
and an open 0-neighborhood V,,,  C g such that

sup{|dkﬁt(u)(a:1, . ,xk)‘ cU € Uy ks @15+ -, T € Vigg ks L € R} < 00,

where F, := F, 0 ®!. Since f € L(R,C), Lemma A 4 yields that the map
S(W)—=C, u— /Rf(t)ﬁt(u) dt = /f(t)<ﬂ'(<I>_1(u))Utv,w> dt
is smooth. We conclude that
G=C. g (rla)r(fvu) = [ e r(a)Vro.w) e

is smooth for every w € H. With w = 7(f)v we now obtain from [N3, Theorem 7.2]
that 7(f)v € H*. Finally, (7) follows from the corresponding relation for the
functions F;. This proves (a).

(b) Now assume that « is polynomially bounded, and assume that f € S(R).
Then there exists for every k € N a continuous seminorm ¢; on g and N € N
such that

pr(ae(z)) < (1+ [tV)qp(z) for all z € g,t €R.
From (8) we thus obtain that
k
(10) Loy Ly Fe(g)] < (1 1) gk (1) -~ g () - ]|

Let gg € G, and choose a chart ® : W — g with W C G an open neighborhood of
go- Now fix K € N, set Mg :=max{Ny,..., Ng}, and set

Uk ={zeg:qi(z) <1,...,qx(z) <1}.

Moreover, define H)(t,g) := (1 + [t|M=)"KF(t,g), and define Ht(K)(g) =
H)(t,g). From (10) we obtain that

sup{| L, ~--Lm,€Ht(K)(g)| 1g€G,xq,..., 2 €Uk, t eR} < [Jw] < o0

for all k < K. Thus Lemma 2.1, applied to H|g.yy, implies that for every
up € (W) there exist an open wup-neighborhood Uy, x C ®(W) and an open
0-neighborhood V,,, k C g such that

(11) sup{|dKI§t(K)(u)(a:1, ... ,QTK)‘ cw €Uy Ky T1s- -, T € Viyg Kt € R} < 00,
where H%) .= H) o &=1. Consider
FiRx®(W)—=C, (t,au)r f(OF (3 (u)),
and set ﬁt(u) := F(t,u). Then, for every K €N,
A5 F,(u)(ar,...,2x) = (1+ |t|MK)Kf(t) .dKﬁIt(K)(u)(xl,...wK).
Since f € S(R,C) we have (1 + [t|Mx)K f(t) € LY(R,C) for all K € N. Thus (11)
and Lemma A .4 show that the map

B(W) > C, uH/Rﬁ(t,u)dt:/Rf(t)@r(qu(u))(]tv,@dt
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is smooth. We conclude that
G=C. g (mla)m( o) = [ FO(o)Viv.w) e

is smooth for all w € H. As above we obtain with [N3, Theorem 7.2] that
7(f)v € H*> and that (7) holds. O

REMARK 2.4

In the situation of Theorem 2.3, assume that « has the infinitesimal generator
A:D(A) — g. Then growth bounds of a can often be determined in terms of
the generator A. In particular, if g is finite-dimensional, then « is polynomially
bounded if and only if the spectrum of A is purely imaginary. However, for an
infinite-dimensional Hilbert space H there is a one-parameter group «:R —
B(H) with [Jay|| = el whose generator has purely imaginary spectrum (cf. [vN,
Example 1.2.4]).

REMARK 2.5

In the situation of Theorem 2.3, let B denote the self-adjoint generator of Us.
Assume that f € S(R), and define f(s):= Je f(®)etdt. Then [, f(t)Upvdt =
F(B)v, where f(B) is defined by the functional calculus of B. Since the map
S(R) = S(R), f + f is a bijection, we see that h(B)v € H>® for all v € H>,

heSR).

DEFINITION 2.6

An element z € g is called elliptic if the subgroup Ad(e®*) C End(g) is equicon-
tinuous.

COROLLARY 2.7

Let m: G — U(H) be a continuous unitary representation, let x € g, and set
oy := Ad(e'®). Assume either that x is elliptic and f € L*(R) or that a: R —
Aut(gc), as defined in Theorem 2.3, is polynomially bounded and f € S(R). Then
UsH>™ CH™.

Proof

Define v: R x G — G, (t,9) = e'*ge™'*. Then 7% (g,t) := 7(ge’*) is a continu-
ous unitary representation. As a; = L(v;) = Ad(e!®), the assertion follows from
Theorem 2.3. 0

3. The spectral translation formula

Let v and a be as in Theorem 2.3. We assume, in addition, that g is complete
and that v defines continuous actions of R on G and g. If a is equicontinuous,
then we define the spectrum Spec, (z) of an element = € gc and the Arveson
spectral subspace gc(F) for E C R as in Definition A.5(b). A continuous uni-
tary one-parameter group (U;)ier on H is clearly equicontinuous. Therefore we
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can consider Spec;(v) for v € H and the Arveson spectral subspaces H(E) and
H®(E) :=H® NH(E). If a is only polynomially bounded, then we likewise
define the spectrum Spec, (z;S) of an element = € g¢ and the Arveson spectral
subspace gc(E;S) for E CR (see Definition A.5(a)). By Lemma A.9 we have
that Spec, (z) = Spec, (z;S) and gc(F) = gc(E;S) if « is equicontinuous.

THEOREM 3.1 (SPECTRAL TRANSLATION FORMULA)

Assume that g is a complete locally convexr Lie algebra, that ~v:R — Aut(G)
defines a continuous action of R on G, and that a: R — Aut(gc), as defined in
Theorem 2.5, defines a continuous action of R on gc. Let 77 (g,t) = n(g9)Us be a
continuous unitary representation of G X, R on H, and let H> be the space of
smooth vectors with respect to m.

(a) Assume that « is equicontinuous. Then, for any subsets E,F C R, we
have that

dm(gc(E))H>®(F) S H®(E + F).

(b) Assume that « is polynomially bounded. Then, for any subsets E,F CR,
we have that

dr (g (1:8)) M (F) C H®(E + F).

Proof
(a) Assume that « is equicontinuous. From (7) we recall for v € H> and f €
L'(R) the relation

(12) dr(y)Usv = / f(O)Udm (a—¢(y))vdt.
R
Fix v € H*°, and consider the bilinear map
B:rgex L'R)—=H, (y,f)—dr(y)Uyo.

Since the map gc — H,y — dn(y)v is continuous and ag C End(gc) is equicon-
tinuous, there is a continuous seminorm ¢ on ge with ||d7(a:(y))v]| < q(y) for
all y € gc, t € R. Now let = € gc, and let f € L*(R). Then by (12) we obtain
1B(z, f)Il < | fller®yq(x), so that 3 is continuous by Proposition A.3. Since the
integrated representation U of L!(R) on H is continuous, the annihilator ideal

L'(R), :={feL'(R): Upv=0}

is closed and therefore translation invariant. Note that it is a two-sided ideal
because L!(R) is commutative. It follows that the left regular representation of
R on L'(R) defined by A\ f(t') := f(t' —t), for t,#' € R and f € L'(R), factors to
a continuous and equicontinuous representation of R on the Banach space A :=
LY(R)/L'(R),. Write f for the image of f € L'(R) in A. Then the corresponding
integrated representation of L'(R) on A is Ash:= f x h, where f,h € L*(R). For
every h € A, we consider Spec, (h) (see Definition A.5(b)).
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Set F := Spec(v). For f € LY(R) and h € L'(R),, the commutativity of
L'(R) implies that f+h=hx f € L*(R),, so that A\, f = h * f = 0. It follows that
Spec, (f) C F for every f € A.

Now fix E CR. As 3 is continuous, [N4, Proposition A.14] implies that, for
every y € ge(FE), we have

Specy (dr(y)Usv) CE+F  for f € L'(R).

Next we observe that (12) implies that, for any d-sequence §,, in L!(R), we have

dn(y)Us, v — dm(y)v.

Since H(E + F) is a closed subspace of H, we obtain Spec; (dn(y)v) C E + F for
every y € gc(E).

(b) Now assume that « is polynomially bounded. Let v € H*. Then the
bilinear map

B:ge xS(R)=H, (y,f)—dn(y)Usv

is continuous, which follows from an argument similar to that used in (a). From
the continuity of the inclusion S(R) < L*(R) and the closedness of L'(R),, it
follows that the annihilator ideal S(R), :={f € S(R) : Usv = 0} is closed in S(R).
Now let A be the left regular representation of R on S(R) defined by A:f(t') :=
f(t'—t) for t,t’ € R and f € S(R). From the relation U;Uyv = Uy, sv for t € R and
f € S(R), it follows that S(R), is translation invariant. The argument given in (a)
for the case of L'(R) can be adapted to show that Spec, (f,S) C Specy; (v;S) =
Spec; (v) for every f:= f + S(R),, where f € S(R) (cf. Lemma A.9). Since j
is continuous, we can now apply Proposition A.10 and complete the proof as
in (a). O

PROPOSITION 3.2

Let v and « be as in Theorem 2.3, let 7% (g,t) = 7(g)U; be a continuous unitary
representation of G X, R on H, and let H* be the space of smooth vectors with
respect to w. Let B denote the self-adjoint generator of Uy, and let Pp be its
spectral measure. We have Pp(EYH = H(E) for every closed subset E C R. If
a is polynomially bounded and w is smooth, then H> N Pg(E)H is dense in
Pg(E)H for every open subset E C R.

Proof

It is easy to verify that Pg(E)H = H(FE) holds for every closed subset E C R. Now
let £ C R be open. Choose compact subsets K,, C E, n € N, with K,, C K41
and £ =J,, K. Let ve Pg(E)H, and let € > 0. By the smooth Urysohn lemma
we may choose compactly supported smooth functions f,, with supp(f,) C E,
[ fnlloo <1, and f, =1 on K,. By [RS, Theorem VIIL.5(d)] we have f,(B)v—

v = Pg(E)v. Choose v' € H> with ||v' —v|| <e. Then
1Fn (B = o] < |[fa(B)" = fu(B)o]| + || fa(B)v = v]]
<" =] + an(B)v — vH <e
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for n large enough. As f,(B)v' € H* N Pg(E)H by Remark 2.5, the assertion
follows. 0

Appendix

A.1 Continuous mappings between locally convex spaces

DEFINITION A.1

Let E and F be locally convex spaces. We denote by Hom(FE, F') the space of
continuous linear maps from E to F' and write End(E) := Hom(E, E). A subset
Y C Hom(E, F) is called equicontinuous if for every open 0-neighborhood U in
F there exists a 0-neighborhood W in E such that T(W) C U holds for every
TeY.

PROPOSITION A.2 ([B2, I.1.4, PROPOSITION 4])
For Y CHom(E, F) the following conditions are equivalent.

(a) Y is equicontinuous.
(b) For every continuous seminorm p on F there erists a continuous semi-
norm q on E such that p(Tx) < q(x) holds for all T€Y and x € E.

PROPOSITION A.3 ([B2, I.1.4, PROPOSITION 4])
Let m: E™ — F be an n-linear map. Then m is continuous if and only if for

every continuous seminorm p on F there exists a continuous seminorm q on E
such that

p(m(z1,...,2,)) <q(21) - q(zy)
holds for all x1,...,x, € E.

A.2 Differentiation under the integral sign

LEMMA A.4

Let (Q,%, 1) be a measure space, let E be a locally convex space, and let W C E
be an open subset. Let f: Qx W — C be a map such that fy := f(t,-) € C°(W,C)
for allt € Q and f(-,x) € L*(Q, i) for all x € W. Assume that, for every xo € W
and k € N, there exist open subsets Uy, of W and Vg, i, of E with x¢ € Uy, i
and 0 € Vy, 1 and a function gu, x € L*(Q, p) such that

(13) sup{‘dkft(x)( 3,...,h;€)| 12 €Upy i, Ry . Ry, € Vzo’k} < Ga k(1)
for all t € Q. Then F(-):= [, f(t,-)du(t) defines a smooth function on W with

derivatives given by

d’“F(x)(hl,...,hk):/Qd’“ft(x)(hl,...,hk)du(t).

Proof
We first show that F is C'. Let 29 € W, let hy € E, and let Uso.1, Vo1 have
the stated properties, where we assume without loss of generality that Uy, is
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convex. Since df;(z)(h) is linear in h we may (by scaling of V;, 1) further assume
that hy € V1. Let ¢, = 0 with xg +t,hy € Uy, 1 for all n. Then we estimate

F(xo +tnfnl> —Flao) _ / Afi(w0) (1) du(t)| < / P (t) dia(t),

where

fe(xo +tnhi) — fi(zo)

hn(t) := T

The relation from (13) yields that

—dft(xo)(hl)].

1
t) = (/ dfs (0 + stah)(h1) — dft(xo)(hl)ds’ < 2g00 1 (1)
0

As hn(t) —> O for all t € €, the dominated convergence theorem entails
Jo bn ) — 0. Thus F is differentiable and dF(z = Jodfe(z)(h)du(t).
Now let o 6 W, let hy € E, and let Uy, .1,Uzq 2, Va1, Vwo,g have the stated prop-
erties, where we assume without loss of generality that U := Uy 1 N Ug 2 is
convex and V :=V, 1 NV, o is balanced. By scaling of V,, 1 and V,, 2, we may
again assume that hy € V. Let € > 0, and set

€

1+ngmo,1 d/t +ngxo,2dﬂ( ))
ForxeUN(xzg+3d-V)and h € hy +6 -V we then have that

|AF (2)(h) — dF (o) (h1)]

S/Q‘dft(x)(h—hﬂ‘du(t)
Jr/|dflt($)(hl)*dft(=’ﬂo)(h1)|du(t)
+5/Q/0 |d% £, (o + s(a — 20)) (61 (z — o)) (h1) | ds dpu(t)

<6 [ 0raaOdut) 43 [ gepa()aut) <

Since U N (zg + d - V) is an open zg-neighborhood and hy +d -V is an open
hi-neighborhood, we conclude that dF' is continuous. Hence F' is continuously
differentiable and therefore C.

We now argue by induction on k and assume that F is C*, k> 1, with
derivatives as stated. We must show that d*F is C' with the appropriate deriv-
ative. Applying the C'-case to d*F(-)(hy,...,h) for fixed hy,...,h) yields that
d*F(-)(hy,...,hs) is differentiable with derivative

A" (2) (hay .y higr) = (AP F () (hay - b)) (@) (hasr)

:/Qdk“ft(a:)(hl,...,hk+1)du(t).
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This map is continuous in (z, hy, ..., hgt1), which may be shown by an analogous
argument as for the C'-case using (13). From here we conclude that d*F is C1.
O

A.3 Arveson spectral theory for polynomially bounded actions

Let V be a complete complex locally convex space, and let a.: R — GL(V), t —
be a strongly continuous representation. Assume that « is polynomially bounded
(see Definition 2.2(b)).

DEFINITION A.5
(a) We define

(14) ar(v) ::/f(t)at(v)dt forveV, feS(R).
R
Then oy € End(V), and this yields a representation of the convolution algebra
(S(R), *) on V. We define the spectrum of an element v € V' by
Spec, (v;S) :=={y eR: (Vf € SR))ajv=0= J?(y) =0},

which is the hull of the annihilator ideal of v. For a subset £ C R, we now define
the corresponding Arveson spectral subspace

V(E;S):={veV: Spec,(v;S) CE}.

(b) If « is equicontinuous, then (14) exists for all f € L'(R) and we can
define Spec,, (v) and V(E) as above with S(R) replaced by L!(R) (see [N4, Def-
inition A.5(b)]).

We now want to transfer some results of [N4, Appendix A.2] to the case when «
is polynomially bounded. We first need a technical lemma.

DEFINITION A.6
For an ideal I C S(R) we define its hull by

hI):={zeR: f(z)=0 for all fel},
and for a subset £ C R we define

Io(E) = {f € S(R) : supp(f) N E =0},
which is an ideal in S(R).

LEMMA A.7
(a) h(Ip(E))=FE for ECR closed.
(b) Io(h(I)) C 1 for every closed ideal I C S(R).

Proof
(a) We obviously have E C h(Iy(F)). For y € R\E we find a compactly sup-
ported smooth function f which is nonzero at y and supported in a compact
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neighborhood of y intersecting E trivially. Then f = h with h € Iy(E) shows
that y ¢ h(Io(E)), and thus h(Iy(E)) = E.
(b) For F CR closed, set

I(F):={feSR): supp(f) is compact and supp(f) NF=0}.

Note that I.(F) C Io(F) is dense with respect to the Fréchet topology of S(R).
Thus it suffices to show that I.(h(I)) C I for every ideal I C S(R). We consider
the Fourier-transformed ideal T:={f: f € I} in S(R) with pointwise multipli-
cation. Let f € S(R) be a compactly supported function which vanishes on a
neighborhood of h(I). We must show that f € T. Choose a compact neighbor-
hood K of supp(f) which is also disjoint from h(I). Since h(I) N K =0, for
every p € K thereis an f, € T with fp(p) #0. A standard compactness argument
yields fp,, ..., fpr € T such that the sets {teR: f,(t) #0}, 1 <j <k, cover K.
Set g:=|fp, |2+ -+ |fp|?, and note that g € I. Furthermore, g(t) > 0 for every
t € K. Now by the smooth Urysohn lemma we can choose a compactly supported
smooth function h: R — R such that supp(h) C int(K) and hlg,ppr) = 1. Then

~

g2 :=(h/g)g € I and 92lsupp(f) = 1. Thus f = fgo € 1. O

PROPOSITION A.8
For each subset E CR, we have that

~

(15) V(E;S)={veV: ap(v)=0 for all f € S(R) with supp(f)NE=10}.

Proof

Assume without loss of generality that £ C R is closed. For v € V' we denote
by S(R), = {f € S(R) : ay(v) =0} the annihilator ideal of v, which is closed in
S(R). Note that Spec,(v;S) = h(S(R),), and note that the right-hand side of
(15) equals

M:={veV:Iy(E)CS[R),}.

For v € V(E;S), we have h(S(R),) C E and therefore Iy(E) C Iy(h(S(R),)) C
S(R), by Lemma A.7(b), which implies that v € M. For v € M, we have
Spec,, (v;S) = h(S(R),) C h(Ip(E)) = E by Lemma A.7(a), so that v € V(E;S).
Hence V(E;S)= M. O

The preceding proposition shows, in particular, that V(E;S) is a closed subspace
of V. The following lemma shows that Spec,, (v;S) and V(E;S8) are natural gen-
eralizations of Spec, (v) and the Arveson spectral subspace V(E), respectively,
to the case when « is polynomially bounded.

LEMMA A.9
Assume that « is equicontinuous. Then V(E) =V (E;S) for all E CR and
Spec,, (v) = Spec,, (v;S) for allve V.
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Proof
Let £ C R, and assume without loss of generality that E is closed. We have that
V(E;S) CV(E) as Spec,(v) C Spec, (v;S) and

V(E)={veV: a(v)=0 for all fe L'(R) with supp(f) N E =0}

by [N4, Remark A.6]. With Proposition A.8 we thus obtain V(E) C V(E;S)
and conclude that V(E) =V (E;S). Let v € V, and let F := Spec, (v). Since F
is closed, this implies that v € V(F) =V (F;S), so that Spec,(v;S) C F yields
F = Spec, (v;S). O

The following proposition is a version of [N4, Proposition A.14] for polynomially
bounded representations of R.

PROPOSITION A.10

Assume that (o, V}), j=1,2,3, are continuous polynomially bounded represen-
tations of R on the complete complex locally convex spaces V;, and assume that
B: V1 x Vo = V3 is a continuous equivariant bilinear map. Then we have, for
closed subsets Eq, Ey CR, the relation

B(Vi(E1;S) x Va(E2;S)) C V(B + Ey; S).

Proof

By Proposition A.8 the assertion can be proved (with trivial changes) as in [N4,
Proposition A.14] once we know that [N4, Lemma A.13] (or equivalently [A,
Proposition 2.2]) holds also in the polynomially bounded case. With Proposi-
tion A.8 and Lemma A.7, the proof of [A, Proposition 2.2] carries over to the
polynomially bounded case. O

Acknowledgment. The authors thank the referees for the most careful reading of
the manuscript, which led to numerous improvements in the presentation of the
article.

References

[A] W. Arveson, On groups of automorphisms of operator algebras, J. Funct.
Anal. 15 (1974), 217-243. MR 0348518.

[B1] N. Bourbaki, Eléments de mathématique: Groupes et algébres de Lie,
chapitres 1, 4—6, 7-8, Masson, Paris, 1982.

, Topological Vector Spaces, Chapters 1-5, Springer, Berlin, 1987.
MR 0910295. DOI 10.1007/978-3-642-61715-7.

[Ha R. S. Hamilton, The inverse function theorem of Nash and Moser, Bull.
Amer. Math. Soc. (N.S.) 7 (1982), 65-222. MR 0656198.
DOI 10.1090/S0273-0979-1982-15004-2.


http://www.ams.org/mathscinet-getitem?mr=0348518
http://www.ams.org/mathscinet-getitem?mr=0910295
http://dx.doi.org/10.1007/978-3-642-61715-7
http://dx.doi.org/10.1007/978-3-642-61715-7
http://www.ams.org/mathscinet-getitem?mr=0656198
http://dx.doi.org/10.1090/S0273-0979-1982-15004-2
http://dx.doi.org/10.1090/S0273-0979-1982-15004-2

(Hu]

[MN]

[N1]

[N2]

(N3]

[NS1]

[NS2]

Invariance property of space of smooth vectors 515

J. E. Humphreys, Introduction to Lie Algebras and Representation Theory,
Grad. Texts in Math. 9, Springer, Berlin, 1972. MR 0323842.

S. Merigon and K.-H. Neeb, Semibounded unitary representations of mapping
groups with values in infinite dimensional Hermitian groups, in preparation.

K.-H. Neeb, “Infinite dimensional groups and their representations” in
Infinite Dimensional Kihler Manifolds (Oberwolfach, 1995), DMV Sem. 31,
Birkhauser, Basel, 2001, 131-178. MR 1853240.

, Towards a Lie theory of locally convex groups, Jpn. J. Math. 1
(2006), 291-468. MR 2261066. DOT 10.1007/s11537-006-0606-y.

, On differentiable vectors for representations of infinite dimensional
Lie groups, J. Funct. Anal. 259 (2010), 2814-2855. MR 2719276.
DOI 10.1016/j.jfa.2010.07.020.

, “Holomorphic realization of unitary representations of Banach—Lie

groups” in Lie Groups: Structure, Actions, and Representations, Progr. Math.
306, Birkhauser, New York, 2013, 185-223. MR 3186693.
DOI 10.1007/978-1-4614-7193-6_10.

K.-H. Neeb and H. Salmasian, Positive definite superfunctions and unitary
representations of Lie supergroups, Transform. Groups 18 (2013), 803-844.
MR 3084335. DOI 10.1007/s00031-013-9228-7.

, Classification of positive energy representations of the Virasoro
group, Int. Math. Res. Not. IMRN, published electronically 8 November 2014.
DOI 10.1093/imrn/rnul97.

M. Reed and B. Simon, Methods of Modern Mathematical Physics, I:
Functional Analysis, Academic Press, New York, 1980. MR 0751959.

J. van Neerven, The Asymptotic Behaviour of Semigroups of Linear
Operators, Oper. Theory Adv. Appl. 88, Birkh&user, Basel, 1996.
MR 1409370. DOI 10.1007/978-3-0348-9206-3.

Neeb: Department Mathematik, Friedrich-Alexander-Universitat Erlangen-Niirnberg,

Erlangen, Germany; karl-hermann.neeb@math.uni-erlangen.de

Salmasian: Department of Mathematics and Statistics, University of Ottawa, Ottawa,

Ontario, Canada; hsalmasi@uottawa.ca

Zellner: Department Mathematik, Friedrich-Alexander-Universitat

Erlangen-Niirnberg, Erlangen, Germany; zellner@mi.uni-erlangen.de


http://www.ams.org/mathscinet-getitem?mr=0323842
http://www.ams.org/mathscinet-getitem?mr=1853240
http://www.ams.org/mathscinet-getitem?mr=2261066
http://dx.doi.org/10.1007/s11537-006-0606-y
http://dx.doi.org/10.1007/s11537-006-0606-y
http://www.ams.org/mathscinet-getitem?mr=2719276
http://dx.doi.org/10.1016/j.jfa.2010.07.020
http://dx.doi.org/10.1016/j.jfa.2010.07.020
http://www.ams.org/mathscinet-getitem?mr=3186693
http://dx.doi.org/10.1007/978-1-4614-7193-6_10
http://dx.doi.org/10.1007/978-1-4614-7193-6_10
http://www.ams.org/mathscinet-getitem?mr=3084335
http://dx.doi.org/10.1007/s00031-013-9228-7
http://dx.doi.org/10.1007/s00031-013-9228-7
http://dx.doi.org/10.1093/imrn/rnu197
http://dx.doi.org/10.1093/imrn/rnu197
http://www.ams.org/mathscinet-getitem?mr=0751959
http://www.ams.org/mathscinet-getitem?mr=1409370
http://dx.doi.org/10.1007/978-3-0348-9206-3
http://dx.doi.org/10.1007/978-3-0348-9206-3
mailto:karl-hermann.neeb@math.uni-erlangen.de
mailto:hsalmasi@uottawa.ca
mailto:zellner@mi.uni-erlangen.de

	Introduction
	The invariance theorem
	The spectral translation formula
	Appendix
	Continuous mappings between locally convex spaces
	Differentiation under the integral sign
	Arveson spectral theory for polynomially bounded actions

	Acknowledgment
	References
	Author's Addresses

