Remarks on Hall algebras
of triangulated categories

Jie Xiao and Fan Xu

Abstract In this paper, we introduce a motivic version of Toén’s derived Hall algebra.
Then we point out that the two kinds of Hall algebras in the sense of Toén and
Kontsevich-Soibelman, respectively, are Drinfeld dual pairs, not only in the classical
case (by counting over finite fields) but also in the motivic version. Consequently they
are canonically isomorphic. All proofs, including that for the most important associa-
tive property, are deduced in a self-contained way by analyzing the symmetry properties
around the octahedral axiom, a method we used previously.

1. Introduction

Let k be a finite field with ¢ elements, and let A be a finitary k-category, that
is, a (small) k-linear abelian category satisfying: (1) dimj Hom 4(M,N) < oo;
(2) dimy, Exty (M, N) < oo for any M, N € A. The Hall algebra H(A) associated
to a finitary category A was originally defined by Ringel [20] in order to realize a
quantum group. In the simplest version, it is an associative algebra, which, as a
Q-vector space, has a basis consisting of the isomorphism classes [X] for X € A
and has the multiplication [X]*[Y] =3, g&y[L], where X,Y,L € Aand gk =
{M C L| M ~ X and L/M ~Y}|. The structure constant g&- is called the Hall
number and the algebra H(A) now is called Ringel-Hall algebra. The Ringel-
Hall algebras have been developed into many variants (see [9]) as a framework
involving the categorification and the geometrization of Lie algebras and quantum
groups in the past two decades (e.g., see [18], [8], [9], [20], [13], [19], [14], [16],
[17]). If A=modA for a hereditary finitary k-algebra A, then there exists a
comultiplication § : H(A) — H(A) @ H(A) constructed by Green [5]. Burban
and Schiffmann in [3] and [2] also studied the (topological) comultiplication of
H(CohX) for some curves X. The comultiplication by Green naturally induces
a new multiplication on H(A). We call this new algebra structure the Drinfeld
dual of H(A) (see Section 2).

Toén [23] introduced derived Hall algebras associated to derived categories
(see [11] for lattice algebras associated to derived categories of heredity cate-
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gories). In [24], the notion was extended for triangulated categories with some
homological finiteness conditions, and a new proof for the associativity of derived
Hall algebras was given. From the viewpoint of associativity, derived Hall alge-
bras generalize Ringel-Hall algebras. The study of the theory of derived Hall
algebras is meaningful. It is applied to characterize refined Donaldson—Thomas
invariants via constructing an integration map from the derived Hall algebra of a
3-Calabi-Yau category to a quantum torus (see [10], [12]). Recently, Hernandez
and Leclerc [6] defined the monoidal categorification of a derived Hall algebra.
One may hope to construct an analogue of the comultiplication of Ringel-Hall
algebras. In Sections 2 and 3 of this article, we define a map over derived Hall
algebras analogous to comultiplications of Ringel-Hall algebras. In general, the
map does not provide an algebra homomorphism even for the derived category
of a hereditary algebra. However, it induces a new multiplication structure on a
derived Hall algebra. Then we can write down the Drinfeld dual of a derived Hall
algebra. The Drinfeld dual coincides with the finite-field version of the motivic
Hall algebras introduced by Kontsevich and Soibelman [12]. In Section 4, we point
out that the method of [24] provides two symmetries associated with the octahe-
dral axiom and they are equivalent. The first symmetry implies the associativity
of the derived Hall algebra in the sense of Toén; the second symmetry implies the
associativity of its Drinfeld dual. In Section 5, we construct the motivic version
of a derived Hall algebra and show that it is associative and isomorphic to the
Kontsevich—Soibelman motivic Hall algebra.

2. The Drinfeld dual of an algebra

Let A be an associative algebra over QQ such that, as a space, it has a basis
{ta}aep and the multiplication is given by

A
Uy - uﬂ = Z gaﬁu)\v
AEP

where g 5 € Q are the structure constants. We denote by A ® A the Q-space of all
formal (possibly infinite) linear combinations »_, scp Ca,pta ® ug With cq g € Q,
which can be viewed as the completion of A ® A. Assume that there exists a
linear map 6: A — A® A defined by

S(uy) = th\‘ﬁua ®ug
a,pB

satisfying that, for fixed a, 8 € P, there are only finitely many \’s such that
hP 0.
Consider a nondegenerate symmetric bilinear form (e,e): A x A — Q such
that
(uon ’LL5) = 504,5to¢

for some nonzero t, € Q. Then the bilinear form naturally induces the following
two bilinear forms:

f1:(A9A) x (ARA) -Q and  fp: (ARA) x (A®A) = Q.
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The first bilinear form is defined by
f1( Y capta®ug, Y dargitiar ® UB/) = Y capdastats:
a,BEP a’,B'eP a,BEP

Note that the sum of the right-hand side is induced by the first sum of the
left-hand side, which is a finite sum. The map f; is defined similarly.

PROPOSITION 2.1
For any a,b,c € A, the equality (a,bc) = (6(a),b® c) holds if and only if, for any
ug, Uy, and uq, we have hfﬂtﬁt.y =93 ta-

Proof
The proof is the same as [21, Proposition 7.1]. It is enough to consider the case in
which a, b, and c are three basis elements denoted by u,, ug, and u.,, respectively.
By definition,
(CL, bC) = (UOH uﬁu’)’) = (uOH Z ggyuk) = ggfyta
AEP
and
(6(a),b®c) = ( Z h&Tue @ ur,up ®u,y) =htst,.
£, TEP

The proposition follows. O

Let AP be a space over Q with the basis {v4 }aer. We define the multiplication
by setting

Vg ¥ Vg = Z hfﬂv)\.
AEP

THEOREM 2.2
Assume that (a,bc) = (§(a),b® c) for any a,b,c € A. Then there exists an iso-
morphism

d:APT 5 A

by sending vy to t7  ug.

Proof

It is clear that the map ® is an isomorphism of vector spaces. For any «, 8 € P,
P(va*v8) =D sep hiﬂtglux. Also, we have that ®(vy) - ®(vg) = t;ltglua ‘ug =
Y aper t;ltglgéﬁu,\. Proposition 2.1 concludes that ® is an algebra homomor-
phism, that is,

D(vy *xvg) = D(vy) - P(vg). O
As a corollary, the algebra AP" is also an associative algebra and is called the

Drinfeld dual of A. The first canonical example comes from Ringel-Hall algebra.
We recall its definition from [20] and [22].
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EXAMPLE 2.3

Let A be a small finitary abelian category and linear over some finite field &
with ¢ elements, and let P be the set of isomorphism classes of objects in A. For
a € P, we take a representative V,, € A. The Ringel-Hall algebra of A is a vector
space H(A) = QP = P, cp Quq with the multiplication

Ug - Up = Z ggﬁu)n
AP
where gg\yﬁ ={V CV\ |V =V,,V,/V =Vs}. Define the map (see [22, Scc-
tion 1.4])

§:H(A) = H(A)BH(A)

satisfying  d(ux) = >, 4 h?\‘ﬁua ® ug where hiﬁ = |Exty(Va, Va)wil/
| Homp (Viy, V)| (see [22]). For fixed a, 8 € P, dimy Ext*(V,,, V3) < oo. Then there
are finitely many \’s such that hi‘ﬁ # 0. The relation between hiﬁ and gp 5 is
given by the Riedtmann-Peng formula

| Extp (Va, Va)vi |

G =g o1
X T Homp (Vy, V)| Je#e%

where a, = | Aut(V,)].
Define a symmetric bilinear form on H(A):
1 1
o =007~ = Oap—
(u ’U,g) 5|Aut(Va)| 5a

(o3

It induces bilinear forms (H(A) @ H(A)) x (H(A)@H(A)) - Q and (H(A)®
H(A)) x (H(A) @ H(A)) — Q by setting

(a1 ® az, b1 ® ba) = (a1,b1)(az,bz).
Using Proposition 2.1 and the Riedtmann—Peng formula, we obtain
(a,bc) = (6(a),b®c)

for any a, b, and ¢ in H(A). The Drinfeld dual algebra of H(.A) is a vector space
HP™(A) =@, cp Quq with the multiplication

Vo * Vg :Zh?\‘ﬁw.
Iy

Theorem 2.2 concludes an isomorphism & : HP7(A) — H(A) by setting ®(v,) =
Ao Ug -

3. The derived Riedtmann-Peng formula

We recall some notations and results from [24]. Let k be a finite field with ¢
elements, and let C be a (left) homologically finite k-additive triangulated cat-
egory with the translation (or shift) functor 7' = [1], that is, a finite k-additive
triangulated category satisfying the following conditions (see [24]).
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(1) the homomorphism space Hom(X,Y") for any two objects X and Y in C
is a finite-dimensional k-space;

(2) the endomorphism ring End X for any indecomposable object X in C is
a finite-dimensional local k-algebra;

(3) C is (left) locally homological finite; that is, .., dim; Hom(X[i],Y) <
oo for any X and Y in C. -

Note that the first two conditions imply the validity of the Krull-Schmidt the-
orem in C, which means that any object in C can be uniquely decomposed into
the direct sum of finitely many indecomposable objects up to isomorphism. For
X €C, we denote by [X] the isomorphism class of X.

For any X, Y, and Z in C, we will use fg to denote the composition of
morphisms f: X —Y and g: Y — Z, and |S| to denote the cardinality of a finite
set S.

Given XY, L €C, put

W(X,Y;L)={(f,9,h) € Hom(X, L) x Hom(L,Y) x Hom(Y, X[1]) |
xLrsynh X[1] is a triangle}.

There is a natural action of Aut X x AutY on W (X,Y; L). The orbit of (f,g,h) €
W(X,Y; L) is denoted by

(f,g,h)" := {(af,gcfl,ch(a[l])fl) | (a,c) € Aut X x AutY}.

The orbit space is denoted by V(X,Y;L)={(f,q,h)"| (f,9,h) € W(X,Y;L)}.
The radical of Hom(X,Y") is denoted by radHom(X,Y"), which is the set

{f € Hom(X,Y) ‘ gfh is not an isomorphism for any ¢g: A — X and
h:Y - Awith AeC indecomposable}.

For any L % Z[1], there exist the decompositions L = L;(n) @ Ly(n), Z[1] =
Z1[1](n) @ Z3[1](n), and b€ Aut L, d € Aut Z such that bn(d[1])~t = ("¢ nzz)
and the induced map n1; : L1 (n) — Z1[1](n) is an isomorphism and nag : La(n) —
Z5[1](n) belongs to radHom(Lsa(n), Z3[1](n)). The above decomposition only
depends on the equivalence class of n up to an isomorphism. Let a = (I,m,n)" €
V(Z,L;M). If a=(l,m,n)" =(',;m/,n')", then Li(n) = Li(n'). We can substi-
tute L;(a) for Li(n). To emphasize that n is related to a, we write n(a) as a
substitute for n.

Denote by Hom(X,Y") 7 the subset of Hom(X,Y") consisting of the morphisms

whose mapping cones are isomorphic to Z. For X,Y € C, we set
. (—1)¢
{X,Y}:= ][] Hom(X[i],Y)]" .
i>0
By checking the stable subgroups of automorphism groups, we have the following
proposition.
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PROPOSITION 3.1 ([24, PROPOSITION 2.5])
For any M, L, and Z in C, we have the following equalities:

|Hom(M, L) 714y . {M, L} _ Z |End Ly ()]
| Aut L| {Z,L}-{L,L} weviZ |Aut Ly ()|’
Hom(Z ML {ZM) < (Bl
| Aut 7| {Z,L} -{Z,7Z} eV (2 ) |Aut Ly (a)|”

Using this proposition, one can easily deduce the following corollary.

COROLLARY 3.2
For any X, Y, and L in C, we have that
|Hom(Y, X[1]) | {V,X[1]} _ [Hom(L,Y)xpj| {L,Y}
| Aut X | (X, X} | Aut L] {L,L}

and
| Hom(Y[-1], X) 1| . {Y[-1],X} _ | Hom(X, L)y| . {X,L}
|AutY| {Y,Y} | Aut L| {L, L}’

Let A be a finitary abelian category, and let XY, L € A. Define
E(X,Y;L)={(f,9) € Hom(X,L) x Hom(L,Y) |

0—-X i> LYY —0is an exact sequence}.

The group Aut X x AutY acts freely on E(X,Y;L) and the orbit of (f,g) €
E(X,Y;L) is denoted by (f,9)" :={(af,gc™') | (a,c) € Aut X x AutY}. If the
orbit space is denoted by O(X,Y; L) ={(f,9)" | (f,9) € E(X,Y;L)}, then the
Hall number gk, = |O(X,Y;L)|. It is easy to see that

L _ IMX Dy| _ ML Y)x|

8XY T T Aut X| [Auty|

where M (X, L)y is the subset of Hom(X, L) consisting of monomorphisms f :
X < L whose cokernels Coker(f) are isomorphic to Y and M(L,Y)x is dually
defined.

The equality in Corollary 3.2 can be considered as a generalization of the
Riedtmann—Peng formula in abelian categories to homologically finite triangu-
lated categories. Indeed, assume that C = D’(A) for a finitary abelian category
A and X, Y, and L € A. Then one can obtain

Hom (Y, X[1]),,, = Ext'(Y,X)z,  {Y,X[1]} = [Hom.a(Y,X)| ",

(1]

where Ext!(X,Y) is the set of equivalence classes of extensions of Y by X with

the middle term isomorphic to L and
L _ ‘ HOIH(L, Y)X[l] |

gXY_W’ {X7X}:{L,L}:{L,Y}:O
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Under the assumption, Corollary 3.2 is reduced to the Riedtmann—Peng formula
(see [19], [15])
|Ext' (Y, X) |
| Hom 4 (Y, X)|
For any X, Y, and L €C, set
Lo _ |Hom(L,Y)xy| {L,Y} _ |Hom(X,L)y| {X,L}
XY |AutY| {v,Y} | Aut X | (X, X}

:gf(y JAWX| - |Aut Y] - |AutL\_1.

THEOREM 3.3 ([23], [24])
Let H(C) be the vector space over Q with the basis {ux) | X € C}. Endowed with
the multiplication defined by

uix] - uy] = Y Fyup),
]

H(C) is an associative algebra with the unit u.

The algebra H(C) is called the derived Hall algebra when C is a derived category.
Here, we also use this name for a general left homologically finite triangulated
category.

Now we define the Drinfeld dual of H(C). Set

hi ¥ = |Home (Y, X[1]), | - {Y. X[1]}.
Define a map & : H(C) — H(C) @ H(C) by

5(U[L]) = Z hi(YU[X] XUy
(XL.[Y]

L|'

Define a symmetric bilinear form
1

(urx), wpy)) = O, 1v] TAut X[{X, X}

It induces bilinear forms
(H(©)BH(C)) x (H(C)
(H(C) @ H(C)) x (H(C)

©))
©))

Q and
Q

®@H —
QH —
by setting

(a1 ® ag,by ® ba) = (a1,b1)(az,bs).

Set tix) = 1/(|Aut X|{X, X}). Then the derived Riedtmann-Peng formula in
Corollary 3.2 can be written as

W )ty = Pyt
for any X, Y, and L in C. Using Proposition 2.1, we have
(a,bc) = (6(a),b®@c), Va,b,ceH(C).

The Drinfeld dual algebra is a Q-space HP"(C) with the basis {v[x) | X € C} and
the multiplication
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vy * vy = )b vy = {Y. X[} Y [Hom (Y, X (1)) fory
] ]

= {Y[-1], X} 3 _[Hom (Y[-1], X)  |ope).
]

Kontsevich and Soibelman [12] defined the motivic Hall algebra for an ind-
constructible triangulated A.-category. We can define the finite-field version of
a motivic Hall algebra for a homologically finite k-additive triangulated category,
which is just #P7(C). Following Theorem 2.2, we have the immediate result.

COROLLARY 3.4 ([12, PROPOSITION 6.12])
The map ® : HP™(C) — H(C) by ®(vy)) = |Aut X |- {X, X} -upy) for any X €C
is an algebraic isomorphism between HP"(C) and H(C).

Then Theorem 3.3 implies that the algebra HP"(C) is an associative algebra.
To introduce the extended twisted derived Hall algebra H.:(C) of H(C), we
need more assumptions. Assume that C is homologically finite; that is,

Z dimy, Hom (X[i],Y) < oo
i€z
for any X and Y in C. For example, the derived category C = D*(A) for a small

finitary abelian category A is homologically finite. Let K (C) be the Grothendieck
group of C. One can define a bilinear form (e, ) : K(C) x K(C) — Z by setting
(X1, [Y]) = (—1)" dimy Home (X, Y'[i])
i€z
for X,Y €C. It induces the symmetric bilinear form (e,e) on K(C) by defining
([X],[Y)) = ([X],[Y]) + ([Y],[X]). For convenience, for any object X € C, we use
the same notation [X] for the isomorphism class and its image in K (C). It is easy
to check that this bilinear form is well defined. Set v = ,/gq. Then H¢(C) is given
by the Q(v)-space with basis {Kqux]|a € K(C),X €C} and the multiplication
defined by
(Kaux)) o (Kgupy)) = v<[X]’[Y]>*(57[X])Ka+gu[x] Supy).

Note that Ko =wug=1.

PROPOSITION 3.5
The algebra Hi(C) is associative.

Proof
By definition, we have

[(KQU[X]) (¢] (KﬁU[y])] [e] (KWU[Z])

= D =BED K L guix - upy] o (Kyugz)

— XD+~ BXD-CED Ky g S FE gy g
(L]
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= oKLY DHIXIHYLZD =G D -0X D e, o () - ugyy) - gz
= oKLY THZD YLD =G+ XD=Y D R oy - (ugy - ugz))

= (Kaupx)) o [(Kpupy)] o (Kyugz))]. -

Dually, one can define H_,(C) with the basis {Kau[;q |ae K(C),X €C} and the
multiplication

(Kau[_x]) o (Kgu[_y]) - v“X]’[Y]”(B’[X])Ka+5u[_X] Uy,

where
Uiy Uy = D Fyupy)-
(L]
There exist a map § : Het (C) = Het (C) @ Het (C) by setting
O(Kyuyg) = Y v IR K Ky @ K upyy
[X].[Y]
and a bilinear form on H¢(C) x H_,(C) defined by

1

Koy, Kaum,) = v (@B =GIXDH@ Y] 5 S
(Kaupx), Kpugy) =v XL T At X (X, X

(v]
It naturally induces a bilinear form
(et (C) 8 Het(C)) x (Hat(C) @ Hey(C)) — Q).
PROPOSITION 3.6
For any a € Het(C) and b,c € H_,(C), we have
(a,bc) = (6(a),b®@c).
Proof

It is enough to consider the case when a = K uz}, b= Kau[_x], and c= Kgu[_y].
By definition,

(Krupny, (Kaugx) o (Kpugy))

= /U<[X]7[Y]>+(5’[X])(Kfyu[L],Ka+ﬁu§(] u[}])

= U<[X]’[Y]>+(’B’[X])F)%y(KVU[L], Ka+5u[_L])

- v([X]7[Y]>+(B»[X])—(%a+6)—(a+ﬁ,L)+(%[L])F)L(Y 1)
= (LD =t B=[X]- VD= ( X+ VD=(B. YD L t)-
Similarly, by definition, we have

(8(Kyuir)), (Kaupy) ® (Kgug,))

= hy o P (K Kiyp) @ (Kyupy), (Kaugy) @ (Ksug))



486 Jie Xiao and Fan Xu

= RXY XD XLYD (R g, Kaugy) - (Kyugyy, Kpug))

— 1Y XL D= (XY D= (o Y] e) = (@ XD+ (Y LX) = (08) = (B Y D+ YD)
XXty

= oL DHEIXD = (ot ) =@+ BL+HCED XY g gy

This completes the proof. O

PROPOSITION 3.7
Let HE" be the Q(v)-space with the basis {K,0(x) | o« € K(C),X €C} and the
multiplication given by

Ko * Ky = v BED=20) S XU g g
(L]

Then the map ® : HO" — M, defined by ®(Ka0(x)) = v(a’a)t[_xl]Kau[_X] is an
isomorphism of algebras.

By this proposition, we can view HZL" as the Drinfeld double of H_,.

4. Two symmetries

Consider the following commutative diagram in C, which is a pushout and a
pullback in the same time:

X —— L

Applying the octahedral axiom, one can obtain the following commutative dia-
gram:

z Z
4 l
v ’ ’ ,
r—r o m oy "o
(41) m’ m \Lm'[l]
x Lo oy " xqu
\
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with rows and columns being distinguished triangles, and a distinguished triangle

(7)

[ 0
(4.2) T vex

The above triangle induces two sets

v, Z[1]
L'[1]

= { (73}) € Hom(M & X, L) ‘

Hom(M @ X, L)

Cone(f) ~ Y, Cone(m) ~ Z[1], and Cone @) ~ L'm}

and
Y, Z[1
Hom(L', M & X)) #!
= {(f',—m') € Hom(L', M & X)) |
Cone(f") ~ Y, Cone(m') ~ Z[1], and Cone(f’,—m') ~ L}.
SYMMETRY |

The orbit space of Hom(M & X, L))L/}[Zlgll under the action of Aut L and the orbit
space of Hom (L', M @X)X’Zm under the action of Aut L' coincide. More explic-
itly, the symmetry implies the identity:
Y,Z[1
|H0m(M€9X,L)L,[1E J {Ma&X,L}
| Aut L| {L',L}{L,L}

 |Hom(L',M & X)}”M| {L/,M & X}
N | Aut L/| {L, LI, L'}

Proof
The equality is a direct application of Proposition 3.1 to the triangle (4.2). O

Roughly speaking, Symmetry | compares

, 7m/ (77L)
- T yex  ad Mex 4L
in the triangle (4.2).
The diagram (4.1) induces a new symmetry which compares

vt ad e x Lo
Using the derived Riedtmann—Peng formula (see Corollary 3.2), we have

[Hom(Y[-1),L')ar| {Y[-1,L'} _|Hom(L',M)y| {I',M}
|AutY| (Y,Yy  |AutM| (MM}
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| Hom(L, Z[1)arpy| {L,Z[1)}  |Hom(M.L)zy| {M,L}

| Aut Z| (z,z}y ~— |[AwtM|  {M,M}’
|Hom(X, Z[1)) oyl {X,Z[1]} _ [Hom(L', X)zpy| {L', X}
|Aut Z| (2,2}~ [AutL/] (', 'y’

and
|Hom (Y [-1],X) | ' {Y[-1],X} _ |Hom (X, L)y | . {X,L}
|Aut Y| {Y,Y} | Aut L| {L, L}’

Hence, one can convert to compare

Yy Mooy, Lz and X - Z[1), Y M- X[
in (4.1). To describe the second symmetry, we need to introduce some notations.
Fix X, Y, Z, M, L, and L', define

D, = {(m, f,h,n) € Hom(M, L) x Hom(X, L)
x Hom (Y, X [1]) x Hom(L, Z[1]) |
(m, f,h,n) induces a diagram with the form of (4.'1)},
and define
Dpp={(f',m,h,n’) € Hom(L', X) x Hom(L', M)
x Hom (Y, L'[1]) x Hom(X, Z[1]) |
(m/, f',h',n’) induces a diagram with the form of (4.1)}.

Here, “(m, f,h,n) induces a diagram with the form of (4.1)” means that there
exist morphisms m/, f/, h', n’, g, ¢’, I, I’ such that all morphisms constitute a
diagram as in (4.1). The crucial point is that the following diagram

L’L>M

X *f> L
is both a pushout and a pullback and rows and columns in (4.1) are distinguished
triangles. Note that the pair (f’,m’) is uniquely determined by (m, f, h,n) up to

isomorphisms as required, so the above notation is well defined.
There exist natural projections

p: Dy — Hom(Y, X[1]) x Hom(L, Z[1]),
i1 : Hom(Y, X[1]) x Hom(L, Z[1]) — Hom(Y, X[1]),
and

19 : Hom(Y7 X[l]) X Hom(L,Z[l]) — Hom(L,Z[l]).
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The image of iy op is denoted by Hom(Y, X[l])g[l]7 and given h € Hom(Y,
X1 ])L[1]> define Hom(L, Z[1 ])M[ll to be iy op~toi; ! (h). It is clear that

Hom (Y, X[1]) = |_|Hom(Y, X[1])7,,.
]

Similarly, there exist projections
q:Drr,p — Hom(Y, L'[1]) x Hom(X, Z[1]),
j1:Hom(Y, L'[1]) x Hom(X, Z[1]) — Hom(Y, L'[1]),
and
j2 : Hom(Y, L'[1]) x Hom(X, Z[1]) — Hom (X, Z[1]).
The image of ji o ¢ is denoted by Hom(X, Z[1])¥ > and for any n’ € Hom(X,

Z[1 ])L/[l], we denote jy o p~? oj; ( ") by Hom(Y, L'[1])} ,[f].

SYMMETRY II
- Fiz h € Hom(Y, X[l]) ; then there exists a surjective map

h,L’

M Hom (X, Z[l])L

fx :Hom(L,Z[l]) L]

such that the cardinality of any fiber is
[(f)7 = [Hom(Y, Z[1]))| - {X @Y, Z[1]} - {L, Z[1]} .

- Fizn’ € Hom(X, Z[1 ])L/[l]; then there exists a surjective map

(m'). : Hom(Y, L'[1 ]) L]

M[1] — Hom (Y, X1 ])
such that the cardinality of any fiber is
|(m/)~! == |Hom (Y, Z[1])| - {Y. X[1] ® Z[1]} - {Y, L'[1]}

AF)THAY XA AL Z[A]} = [(m)) - A{X, 2[00} A{Y L 1]}

1

Proof
Given h € Hom(Y, X[l])fl[l], there exists a triangle

a: X LSy xn.

Applying the functor Hom(e, Z[1]) on the triangle, one can obtain a long exact
sequence

- — Hom(Y, Z[1]) — Hom(L,Z[1]) — Hom(X,Z[1]) — ---

Then the cardinality of Im(u) is | Hom(Y, Z[1 })| {X@Y Z[1]}-{L,Z[1]} 1. The
map f, is the restriction of v to Hom(L, Z[1 ])M[I] By definition, f, is epic and
the fiber is isomorphic to Ker(v) = Im(u). Thus the first statement is obtained.
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The second statement can be proved in the same way. The third statement is a
direct confirmation. |

Note that there also exist projections

P12 :DL,L’ — HOHI(M@X, L)

Y, Z[1]

with the image Hom(M & X, L), 7);

and

qi2: DL’,L — HOHI(LI7M D X)
with the image Hom(L',M & X )}L/’Z[l]. Symmetry [ characterizes the relation
between Impi2 and Im¢qyo. Meanwhile, Symmetry I characterizes the relation
between Imp and Imgq. The relation between Imp;s and Imp (Im g2 and Imgq)
is implicitly shown by the derived Riedtmann—Peng formula (see Corollary 3.2).
More explicitly, consider the projections

t; : Hom(M @ X, L) — Hom(X, L),
to : Hom(M @ X, L) — Hom(M, L),
s1:Hom(L', M & X) — Hom(L', X),
and
sy :Hom(L', M & X) — Hom(L', M).
Using Corollary 3.2, we obtain that

| Hom(Y, X[1) 7| {v,X[1]} _ [Imt;opi| {X,L}
AutY| .y} AwL| (LI}

Given a triangle o : X Loyl X[1] with h € Hom(KX[l])g[l], applying
Corollary 3.2 again, we have

[Hom(Z, Z[)yify| (L, Z[1]} _ |t2opp ot (A {M.L}
|Aut Z| (7,7} | Aut M| {M, M}

In the same way, we have

[Hom(X, Z[1)) Loyl {X,Z[1]}  |Tms;oqus| {L/,X}
A Z] 7.7y~ JAwl| {(I,D)

and
n',L _ _
| Hom(Y, L'[1])jpy| {v, L'[1]} _Is2oqntost () {E, M}
|AutY| {Y,Y} | Aut M| {M, M}
The above four identities induce the equivalence of Symmetry I and Symmetry I1.
Here, we sketch the proof of Theorem 3.3. Proving uz) * (upx) * ujy) = (u[z) *
u[x]) * u[y] is equivalent to proving that

ZF)I?YF% = ZFZLXF%Y'
(L] (L]
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We can check directly that the left-hand side equals the following:
1
| Hom(M & X, L) Lh 5 }| {M®X,L}

|AutX\ {X, X}ZZ | Aut L] - {L,L}
and that the right-hand side equals
1 ZZ|chmL,MEBX)§Z“]| (L', M & X}
|[Aut X|-{X, X} T | Aut I'| {L',L'}

Symmetry I naturally gives that the left-hand and right-hand sides are equal,
and then the proof of Theorem 3.3 is obtained immediately.
By using Symmetry 11, we can provide a direct proof of the associativity of

HP7(C).

THEOREM 4.1 ([12, PROPOSITION 6.10])
The algebra HP"(C) is associative.

Proof
For any X, Y, and Z in C, we need to prove that

viz) * (Vx) *vpv)) = (V2] * vpx)) * Opy)-
By the definition of the multiplication, it is equivalent to proving that

SV XL 2000} [Hom(Y, X[1)), | - [Hom(L, Z[1]
(L]

M) ’

= SO ZU Y.L} Hom (X, Z[1) |- [Hom(V: 1)
(L]

arinl

Following the first statement of Symmetry II, the left-hand side is equal to

S (VX[ L. Z[1]} [Hom (Y, X[1])7 | - [Hom (X, Z[1])
(1)

vl

[Hom (v, Z[1))| - {x @Y, Z[1]} - {L,Z[1]} .
Following the second statement of Symmetry II, the right-hand side is equal to

> {XvZ[l]}{Y’L/[l]HHom(X’Z[l])Zm‘ ' ’Hom(Y’X[lDi[u‘
[L'],[L]

[Hom(Y, Z[1])| - {v, X[1] @ Z[1]} - {y, L'[1]} .
The equality of the left-hand and right-hand sides is just the third statement of
Symmetry I1. ]
5. Motivic Hall algebras

Let K be an algebraically closed field. An ind-constructible set is a countable
union of nonintersecting constructible sets.
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EXAMPLE 5.1 ([7], [25])
Let C be the complex field, and let A be a finite-dimensional algebra CQ/I with

indecomposable projective modules P;, i =1,...,[. Given a projective complex
P* = (P%,0;)iez with P' = @221 e Pj. We denote by e’ the vector (ef,eb, ..., €}).

The sequence denoted by e = e(P*®) = (¢');ez is called the projective dimension
sequence of P®. We assume that only finitely many e’ in e are nonzero. Define
P(A,e) to be the subset of

1 1
HHomA(Pi,P”l) = HHomA (@eé—Pj,@e§+le),
€L i€Z j=1 j=1

which consists of elements (9; : P! — Pi*1),cz such that 9;,10; =0 for all i €
Z. 1t is an affine variety with a natural action of the algebraic group Ge =
[Ticz Auta(P?). Let Ko(D’(A)), or simply Ko, be the Grothendieck group of
the derived category D’(A), and let dim : D°(A) — Ko(D’(A)) be the canonical
surjection. It induces a canonical surjection from the abelian group of dimension
vector sequences to Kj; we still denote it by dim. Given d € K, the set

P(Ad)= || Pe

ecdim—'(d)

is an ind-constructible set.

We recall the notion of motivic invariants of quasiprojective varieties in [9] (see
also [1]). Suppose that A is a commutative Q-algebra with identity 1. Let T :
{isomorphism classes [X] of quasiprojective K-varieties X} — A satisfy that

(1) Y([X])=7([Z]) + T ([U)) for a closed subvariety Z C X and U = X \ Z;

(2) T(X xY]) ="T(XDT(Y]);

(3) if we write Y([K]) =L, then L and L* — 1 for k=1,2,... are invertible
in A.

Let X be a constructible set over K, and let G be an affine algebraic group
acting on X. Then (X,G) = (X, G, «) is called a constructible stack (see [12, Sec-
tion 4.2]), where « is an action of G on X. In [12, Section 4.2], the authors defined
the 2-category of constructible stacks. Define Moty ((X,G)) = Mot ((X, G),
(T,A)) to be the A-module generated by equivalence classes of 1-morphisms
of constructible stacks [(Y, H) — (X, G)] with the following relations:

(1) [(Vi,G1) U (%,Ga) = (X,G)] = [(¥1,G1) = (X,G)] + [(Ya,Ga) —
(X,G);

(2) (V,H) = (X,G)]=[(Zx AL, H) = (X,G)]if Y — Z is an H-equivariant
constructible vector bundle of rank d;

(3) if we let (Y, H) be a constructible stack, let U be a quasiprojective K-
variety with trivial action of H, and let w: (Y, H) x U — (Y, H), then [p: (Y, H) x
U— (X,@))="0)pon:(Y,H)— (X,G)].
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Let us recall the definition of motivic Hall algebras from [12]. Let C be an
ind-constructible triangulated A..-category over K, and objects in C form an
ind-constructible set Obj(C) =| |;c; &; for countable constructible sets A; with
the action of an affine algebraic group G; on X;. For X,Y € Dbj(C), set

(X,Y}:= LY is0(=1)" dime Hom(X[i],Y)
For any ¢,j € I, consider the maps ®; : X; x &; — A sending (M, N) to
Y ([Home (M, N)]) = L4 Home (MN)
®y: X; X Xj — A mapping (M,N) to {M,N}, and ®3: X; — A sending M to
T([Aut(M)]) (see Proposition 5.3). In the following, we assume that all three

maps are constructible functions.
Consider the A-module

C) = @Motst(()\,’i, Gz)) .
iel
One can endow the module with the multiplication
[71: 81— DbJ(C)] * [ma: Sy = DbI(C)] = Y L7 [m: Wy, — Obj(C)],
ne”Z
where m1(S1) C &, m2(S2) C X for some 4,5 € I, and

Wy = {(31,52,(1)

Z( 1) dimc Hom(m(SQ)H 71'1(81)[1]) = —n},

>0

s; € S;,a € Home (m2(s2), ™1 (s1)[1]),

The map 7 sends (s1, 82, @) to Cone(a)[—1]. Here, for simplicity of notation, we
write [S — A;] instead of [(S,Gs) — (X;, G;)]. The algebra MH(C) is called the
motivic Hall algebra associated to C.

For convenience, we use the integral notation for the right-hand term in the
definition of the multiplication. Then the multiplication can be rewritten as

[71:S1 = Obi(C)] - [m2: S2 = Obj(C)]

- / o g Home(mo(sz).m(s1)[L) = DB(C)] - {ma(sa). m (1) 1]}

Z:/ {7T2 82 7T1 81 } 'U[E]y
51E€81,52€82 a€Home (m2(s2),m1(s1)[1])E

where wig) := [r : pt — Obj(C)] with 7(pt) = E. Note that Home(ma(s2),
m1(s1)[1]) e is a constructible set (see [4, Appendix]).

THEOREM 5.2 ([12, PROPOSITION 10])
With the above multiplication, MH(C) becomes an associative algebra.

Inspired by [12] and [24], the proof can be considered as a motivic version of
Symmetry II.
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Proof
By the reformulation of the definition of multiplication, the proof of the theorem
is easily reduced to the case when §; is just a point. Given X, Y, and Z € Obj(C),

vz * (vx] * vy]) is equal to

7'1::/ / {v: X[} {2, Z[1]} - v
a€Hom(Y, X [1]) 1y Y B€Hom (L, Z[1]) a1

and (v[z) * vx]) * v[y] is equal to

7= | / (X, 200} (Y.L} - op
o' €Hom(X,Z(1]) prpyy ¥ B’ €Hom(Y, L’ [1]) pr(y)

Using the notation in Section 3, we have

= ] v X0}
o’€Hom(X,Z[1)},, ,a€Hom(Y, X 1)) f,) / BeHom(L, Z[1]) 33

and

7= / (x.20}
B'€Hom(Y,L'[1])%,1 &

/aGHom(Y,X[l])f .o’ €Hom(X,Z[1])L i

']
: {Y, L/[I]} C UM
As in the proof of Theorem 4.1, fix a € Hom(Y, X[1 ])Ll[ ;3 by (4.1), there is a

constructible bundle Hom(L, Z[1 ])M[ll — Hom(X, Z[1])¥ L) With fiber dimension
dimHom (Y, Z[1]) + dim{X &Y, Z[1]} — dim{L, Z[1]}.
Fix o/ € Hom(X, Z[1 ])L,[l], by (4.1), there is a constructible bundle

L

Hom(Y, L’[l]) L

M[1] — Hom (Y, X[l})
with fiber dimension
dimHom(Y, Z[l]) + dim{KX[l] &) Z[l]} - dim{Y, L’[l}}.

Hence, we have T = 7Ts. O

Given an indecomposable object X € C, T([Endc(X)]) = LdimsEnde(X) "anq
T ([Aut X]) = Ldime radBnd X ( d(X) _ 1),
where d(X) = dimg(End X/ radEnd X). Given n € N, consider the morphism
Aut(nX) — GL,(End X/radEnd X);

the fiber is an affine space (consisting of matrices with elements belonging to
radEnd X) of dimension n? dimy(radEnd X). Hence, by [1, Lemma 2.6], we have

T([Aut(nX)]) n? dimy (radEnd X)+(1/2)n(n—1)d(X) ﬁ LFd(X) _
k=1
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Generally, an object X € C is isomorphic to n1 X7 & noXo & - -+ d ny Xy, where
X2 X;fori,j=1,...,t and 7 # j. Consider the natural morphism

Aut(X) — Aut(ny Xq) X - x Aut(ns X3).

It is a vector bundle of dimension }, ,; Hom(n;X;,n;X;). Hence, we have the
following result.

PROPOSITION 5.3
For X €C, Y([Aut X)) = L'T['_, [[L, (W9 — 1) for some t,1,51,...,51 €N
and then is invertible in A.

We introduce some necessary notations. Let W = I—lnGZ W,. Then #: W —
Obj(C) (for simplicity, we use the same notation as m : W,, — Dbj(C)) induces that
m(W) CObj(C). For X € C,if T([Aut X]) = L* [, [[52, (L74X) —1), then write
do(X) = (t,51,82,...,5) and L% =1¢ Hi:l Hj":l(]Ljd(X) —1). For X,Y,LeC,
write
dixyy =Y _(—1)" dime Hom(X[i],Y)
>0

and d* = d(x,y,1) = (do(X),d{x 1y, d{x,x})- For a fixed triple d* = (dq, 1, m) with
dg = (t,51,52,...,s) and two pairs [m; : S; — Obj(C)] for i = 1,2, define

Var = {(s1,52,L,8) | L € ®(W), 8 € Hom(m1(s1), L) with Cone(8) = my(s2) and

da (Aut(71(51))) = da, i, (s,),Cone(a)} = b Ay (s1),m (1)} = M} -
Consider the A-module

MM (C) = @) Moty (X, G:))
il
endowed with the multiplication

[71: 81— Obi(C)] - [m2: S2 = Obj(C)]
= Y [¢: Ve = Obj(C)| L %L

dg,l,m

;:/ T([Aut(ﬂ'(sﬁ)])_l{m(sﬂ,771(81)}_1
$1€81,52€85

X / [Hom (71 (s1), L) — Obj(C)],
Len(W)

where 71(S1) C X, m2(S2) € X; for some i,j € I, and ¥(s1,s2,L,3) = L. Then
MHp(C) is an A-algebra.
Given Z,M €C and [ : Z — M, there is a unique distinguished triangle

Z -5 ML -2 7)),
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where L = Cone(l) and m=(10), n=(9). Set

nHom(Z[1],L) = {nt |t € Hom(Z[1],L)}
and

Hom(Z[1],L)n = {tn |t € Hom(Z[1],L)}.
It is easy to check that they are vector spaces.

LEMMA 5.4 ([24, LEMMA 2.4])
With the above notation, we have

T ([nHom (2[1], 1)]) = {M, L}{Z, L} {L.L}""
and

Y ([Hom(Z[1],L)n]) ={Z,M}{Z, L}y "{Z,Z} "

Now we give the motivic version of the derived Riedtmann—Peng formula.

PROPOSITION 5.5
For Z,L,M € C, we have
. {z, M}
Home (2,2 = OO ¥R Z) (2.1 (2.2}
{M, L}

= [HomeW L)y = 00O ¥z 1z Y AL 1y
Proof
Define the constructible set

S1 = {(aL,Ltn) | ar, € Aut L,l € Home(Z, M), t € HomC(Z[l],L)}
and
So = {(az,m,nt) ‘
az € Aut Z,m € Home (M, L) 711, g2 € Aut L,t € Home (Z[1], L) }.

Here, the projection S; — Aut L x Home(Z, M)y, is a constructible bundle of
dimension dimy Home (Z[1], L)n. (The choice of n is irrelevant.) In the same way,
Sy is a constructible bundle of dimension n dimy Home (Z[1], L). Note that, given
g1 € AutZ, g1 ol =1 means that g; =1+ g7 and ¢} ol =0. However, ¢gj ol =
0 is equivalent to saying that ¢} =t on for some ¢t € Hom(Z[1],L). Similarly,
g2 € Aut L satisfies mgs = m if and only if go € 1 + nHom(Z[1],L). For any
I € Home(Z, M), there exists a unique az € Aut Z such that azl =1'". There is
an isomorphism S; — S defined by sending (ayr,!,tn) to (az,arm,nt). Hence,
we have that [S; — Obj(C)] = [S2 — Obj(C)]. On the other hand, by the definition
of motivic Hall algebras and Lemma 5.4, we have
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[S1 — Obj(C)]
=Y ([Aut L)){Z, M}{Z,L} ' {Z, 2} - [Home(Z, M), — Obj(C)]
and
[S2 = Dbj(C)]
=T ([Aut Z]){M,L}{Z, L}y "{L,L}" - [Home(M, L) 711 — Obj(C)].

This concludes the proof of the proposition. O

THEOREM 5.6
With the above defined multiplication, MHr(C) becomes an associative algebra.

The proof can be considered to be the motivic version of the proof for [24,
Theorem 3.6].

Proof
Set ugg) := [7 : pt = Obj(C)] with n(pt) = E. Given three functions [r; : S; —
0bj(C)] for i =1,2,3, we need to prove

(3] - ([m1] - [m2]) = ([ws] - [m1]) - [a].

By the reformulation of the definition of multiplication, the proof of the theorem
is easily reduced to the case when &; is just a point. Let m3(pt) = Z, ma(pt) =Y,
and m(pt) = X. Set trx) = T ([Aut(X)]) - {X, X}. Then uz) * (upx) * upyy) is
equal to
/ [Hom(M & X, L) ;51" — 06i(C)] 1t {M & X, L},
Len(W),L'ex(W'’)

where (W) is the image of 7 : Ext'(Z, X) — Dbj(C) by sending « to its middle
term. Similarly, we have that (u[z] * u[x)) * ufy) is equal to

/ [Hom(Z/, M & X); 1 = 06i(C)] tpxto{ L', M & X }.
Len(W),L'en(W'’)

Following Proposition 5.5, we have that (ujz) *uix)) *ufy] = upz) * (upx *upyy). O

THEOREM 5.7
There exists an algebra isomorphism ® : MH(C) — MH 1 (C) defined by

P([r:S—Obj(C)]) :/ St[ﬁ(s)]uh(s)p

se

where tir o) =T ([Aut(n(s))]) - {m(s),7(s)}.

The proof is a direct application of Proposition 5.5.
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