Amenable absorption in amalgamated free
product von Neumann algebras

Rémi Boutonnet and Cyril Houdayer

Abstract We investigate the position of amenable subalgebras in arbitrary amalga-
mated free product von Neumann algebras M = Mj * g Mo. Our main result states that,
under natural analytic assumptions, any amenable subalgebra of M that has a large
intersection with Mj is actually contained in Mj. The proof does not rely on Popa’s
asymptotic orthogonality property but on the study of nonnormal conditional expecta-
tions.

Introduction

In his breakthrough article, Popa [13] introduced a powerful method based on
asymptotic orthogonality in the ultraproduct framework to prove maximal
amenability results in tracial von Neumann algebras. Notably, Popa [13] showed
that the generator masa in any free group factor is maximal amenable, thus
solving an open problem raised by Kadison.

The question of proving maximal amenability results in von Neumann alge-
bras has attracted a lot of interest over the last few years. Let us single out
two recent results related to the present work. Houdayer and Ueda [8] com-
pletely settled the question of the maximal amenability of the inclusion M} C M
in arbitrary free product von Neumann algebras (M, ) = (My,¢1) * (Mz,@2).
Using a method based on the study of central states, Boutonnet and Carderi [2]
proved maximal amenability results in (tracial) von Neumann algebras arising
from amalgamated free product groups, among other things. We refer the reader
to [2], [8], and the references therein for other recent maximal amenability results.

In this article, we use yet another method, inspired by [2], based on the study
of nonnormal conditional expectations to prove maximal amenability results in
arbitrary amalgamated free product von Neumann algebras. We say that an
inclusion P C N of von Neumann algebras is with expectation if there exists a
faithful normal conditional expectation Ep : N — P. We refer to Section 2 for
Popa’s intertwining-by-bimodules in arbitrary von Neumann algebras.
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MAIN THEOREM

For each i € {1,2}, let B C M; be any inclusion of arbitrary o-finite von Neu-
mann algebras with expectation. Denote by M = M xp My the corresponding
amalgamated free product von Neumann algebra. Let Q C M be any von Neu-
mann subalgebra with expectation satisfying the following two conditions:

(i) Q@ is amenable relative to My inside M (e.g., Q is amenable).
(i) QN My C My is with expectation and Q N My A, B.

Then Q C M;.

We point out that the idea of [2] was also adapted in [10] to prove the above
theorem in the context of tracial free products. Our strategy follows a different
path. It is valid in the nontracial setting and allows the presence of arbitrary
amalgams.

Our main theorem completely settles the question of the maximal amenabil-
ity of the inclusion My C M in arbitrary amalgamated free product von Neumann
algebras M = M; xg Ms. Our result strengthens and recovers [8, Corollary B|
(with a new and much simpler proof). It also generalizes a result obtained by
Leary [9] for certain tracial amalgamated free products. A corollary to our main
theorem is that if B is of type I and M; has no type I direct summand or if B is
semifinite and M, is of type III, then M; is maximal amenable (with expectation)
inside M whenever M; is amenable.

Let us give a few comments on the proof of our main theorem. If one tries to
use Popa’s [13] central sequence approach, a key fact one has to show is that Q-
central sequences in M have no mass on the closed subspace K C L? (M) spanned
by all the reduced words in M starting with a letter in My & B. In the setting
of free products, this fact is proven by making K almost orthogonal to u,Ku},
where u,, € U(Q N M) is a well-chosen sequence of unitaries witnessing that
@ N Mj is diffuse. In the presence of the nontrivial amalgam B, this is no longer
possible in general, even with the stronger assumption that Q N My Aar, B. So
Popa’s strategy via central sequences cannot work for arbitrary amalgamated
free products.

To overcome this difficulty, we employ the central state formalism from [2],
which is better suited for analytic arguments. In the tracial setting, our proof
boils down to showing that any Q-central state on B(L*(M)) vanishes on the
orthogonal projection Py : L*(M) — K (where K is as above). To do this, we
use a key vanishing-type result for central states due to Ozawa and Popa [12,
Lemma 3.3], whose proof relies on C*-algebraic techniques.

To run the argument for arbitrary amalgamated free products, we work with
conditional expectations ® : B(L*(M)) — Q rather than Q-central states. We
prove a characterization of Popa’s (see [14], [15]) intertwining-by-bimodules for
arbitrary von Neumann algebras in terms of bimodular completely positive maps
(see Theorem 2 below, whose proof relies on a combination of results from [5]-[7],

11)).
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1. Preliminaries

For any von Neumann algebra M, we denote by (M,L*(M),J,L*(M), ) its stan-
dard form, by Z(M) its center, and by U(M) its group of unitaries. The standard
Hilbert space L?(M) has a natural structure of an M-M-bimodule, and we sim-
ply write €y := zJy*JE for all € € L*(M) and all z,y € M. For any faithful
state ¢ € M,, denote by £, € L? (M) the unique canonical vector implementing
¢ € M,.. Write ||z, = [[2€,l|L2(ar) for every x € M. For any projection p € M,
denote by zp(p) € Z(M) its central support in M.

Amalgamated free product von Neumann algebras

For each ¢ € {1,2}, let B C M; be any inclusion of o-finite von Neumann algebras
with faithful normal conditional expectation E; : M; — B. The amalgamated free
product (M,E) = (M7,Eq) *p (M2, Ez) is a pair of von Neumann algebras M gen-
erated by M; and Ms and a faithful normal conditional expectation E: M — B
such that M7, My are freely independent with respect to E:

E(z1---2,) =0 whenever z; € MZ and i1 #£ - Fip.

Here and in what follows, we denote by M :=ker(E;). We refer to the product
Xy Ty, where z; € ij and i1 # -+ # i, as a reduced word in My --- M7 of
length n > 1. The linear span of B and of all the reduced words in M --- M7 ,
where n > 1 and i1 # - - - # i, forms a unital o-strongly dense *-subalgebra of M.
We call the resulting M the amalgamated free product von Neumann algebra of
(Ml,El) and (MQ,EQ).

Let ¢ € B, be any faithful state. Then for all £ € R, we have of°F = 0¥°F x5
of°F2 (see [17, Theorem 2.6]). By [16, Theorem I1X.4.2], for every i € {1,2},
there exists a unique (¢ o E)-preserving conditional expectation Epy, : M — M;.
Moreover, we have Ep, (21 ---2,) =0 for all the reduced words x; ---z, that
contain at least one letter from M? for some j #i (see, e.g., [19, Lemma 2.1]).
We will denote by M © M, := ker(E, ). For more information on amalgamated
free product von Neumann algebras, we refer the reader to [17] and [20].

Relative amenability
Let M be any von Neumann algebra, and let P, C M be any von Neumann sub-
algebras with expectation. Denote by (M, Q) := (JQJ)' € B(L*(M)) the Jones
basic construction of the inclusion @ C M. Following [11, Theorem 2.1], we say
that P is amenable relative to Q) inside M if there exists a conditional expecta-
tion @ : (M, Q) — P such that ®|y; is faithful and normal.

Observe that if P C M is with expectation and amenable (and hence injec-
tive), then by Arveson’s extension theorem, P is amenable relative to any von
Neumann subalgebra with expectation Q C M inside M.
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2. Intertwining by bimodules for arbitrary von Neumann algebras

Popa introduced his powerful intertwining by bimodules in the case when the
ambient von Neumann algebra is tracial (see [14], [15]). This intertwining by
bimodules has recently been adapted to the type III setting by Houdayer and
Isono [7].

We will use the following notation throughout this section. Let M be any
o-finite von Neumann algebra, and let A C1,M14 and B C 1gM1p be any
von Neumann subalgebras with expectation. Let (M,L*(M), J,L*(M),) be the
standard form of M. Define B := B & leé7 and observe that B C M is with
expectation. Fix a faithful normal conditional expectation Eg: M — B. Regard
L?(B) C L}(M) as a closed subspace via the mapping L?(B); — L2(M), : £
§pon ;- The Jones projection e :L2(M) — L%(B) satisfies

JlBJeé = 1365 zeng ZEEJIBJ.

We will denote by (M, B) := (JBJ)' c B(L*(M)) the Jones basic construction
and by T: (M ,§>+ — ]TL_ the canonical faithful normal semifinite operator-
valued weight which satisfies T(ez) = 1. We refer the reader to [5] and [6] for
more information on operator-valued weights.

DEFINITION 1 ([7, Definition 4.1])

We say that A embeds with expectation into B inside M and write A <j; B if
there exist projections e € A and f € B, a nonzero partial isometry v € eM f,
and a unital normal *-homomorphism 6 : eAe — fBf such that the inclusion
0(eAe) C fBf is with expectation and av =v6(a) for all a € eAe.

We now provide a criterion for A <ps B in terms of (normal) bimodular com-
pletely positive maps that generalizes part of [7, Theorem 4.3]. Note that there
is no restriction on the type of any of the algebras involved.

THEOREM 2
Keep the same notation as above. The following assertions are equivalent.

(i) A=y B.

(i) There exists a nonzero element d € A' N (14(M,B)14), such that
dlaJ1lpJ =d and T(d) € M.

(iii) There exists a normal A-A-bimodular completely positive map ® : (M,
B) — A such that ®(14J15.J) #0.

(iv) There exists an A-A-bimodular completely positive map U : (M, B) — A
such that W[y is normal and Wi, pepar, 70, where ep:=egJlpJ.

Proof
(i) = (ii) Let e, f,v,0 be as in Definition 1, witnessing that A <,; B. Define the
element c:=vezv* #0. Then c € (eAe)’ N (e(M,B)e)y, and T(c) =vT(eg)v* =
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vv* € M. Moreover, since v = vf = vlp, we have JlgJc = vJlgJegv* =
vlgegv* =c.

Next, choose a countable family of partial isometries (wy,)nen in A such that
whwy, <e for every n € N and ) . wnw), = za(e), where z4(e) denotes the
central support of e in A. We may assume without loss of generality that w; =e.
Put d:=) .nwhcw), =3 .y wavegviw;,. A simple calculation shows that
de AN(14(M,B)14)4,d>c#0, and T(d) = Y neN Wnvv*w;, € M, . Moreover,
dJ1gJ =d, since the same holds for ¢, and each w,, commutes with J1gJ.

(i) = (i) We may choose a suitable nonzero spectral projection p of d
such that pe A’ N 1A<M,§>1A, T(p) € M4, and pls J1gJ =p. By applying [7,
Lemma 2.2], there exists a nonzero projection g € Z(A)p such that the inclu-
sion Aq C (M, B)q is with expectation (see also [6, Theorem 6.6(iv)]). Put
ep:=egJlpJ and r:=qVep € <M,§> Since ¢ and ep are o-finite projec-
tions in (M, B), so is r in (M, B), and hence r(M, B)r is a o-finite von Neumann
algebra. We then obviously have ¢(M, é)q = (ML BYr r{M, §>r Since the central
support of eg in (M, §> is equal to J1gJ and since qJ1gJ = q, the central
support of ep in r{M, E)r is equal to r. Since ep (M, E) ep = Bep, we have
q{M, §>q = (M, Byr Bep by [7, Remark 4.5]. Since the inclusion Aq C ¢(M, §>q is
with expectation, we finally have Aq = (M, Byr Beg by [7, Lemma 4.8].

Then there exist projections e € A and f € B, a nonzero partial isometry
V € eq(M,B)fes, and a unital normal *-homomorphism 6 : eAe — fBf such
that the unital inclusion 6(eAe) C fBf is with expectation and aV = V(a)
for all a € A. (Observe that the *-homomorphism fBf — fBfeg:y+— yep is
injective.) Thus, we have 6(a)V* = V*a for all a € A. We now follow the lines
of the proof of [7, Theorem 4.3(6) = 4.3(1)] and use the same notation. Since
(V*)*V* <qand T(q) € M, we have V* € ny. Since egV* =V* and eg € nr, we
also have that V* € mp. We may apply T to the equation 6(a)V* = V*a, and we
obtain that §(a)T(V*) =T(V*)a for all a € A. Since V* =egV* =epT(epV*) =
egT(V*) by [7, Proposition 2.5] and since V* # 0, we have T(V*) # 0. Finally,
[7, Remark 4.2(1)] shows that A <)/ B.

(i) = (iii) The mapping ® : (M, B); — Ay : @+ E4(T(d/22d*/?)) extends
to a well-defined normal A-A-bimodular completely positive map ® : (M, §> — A
such that ®(14J1pJ) =EA(T(d)) #0 (see [5, Lemma 4.5]).

(iii) = (ii) Define the nonzero normal bounded operator-valued weight S :
14(M,B)14 — A:T — ®(T J1pJ), and denote by p € A’N14(M, B)14 the sup-
port projection of S. Denote by z € Z(A) the unique central projection such
that Az =ker(A — Ap:a+r> ap). Observe that zp = p and the *-homomorphism
Az — Ap:az— azp is injective. The mapping S, : p(M, E)p — Ap:xz— S(z)p is
a faithful normal bounded operator-valued weight. Likewise, the mapping T, :
p(M,B)p — Ap: x> E4(T(z))p is a faithful normal semifinite operator-valued
weight. By [6, Theorem 6.6(ii)], T, is still semifinite on p(A’ N 14(M, B)14)p,
and hence there exists a nonzero element ¢ € p(A’ N 14(M,B)14)p such that
Ea(T(c))p = Tp(c) € (Ap)+. This implies that E4(T(c)) = Ea(T(cz)) =
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EA(T(c))z € AL. Thus, there exists a nonzero element d € A’ N (14(M, B)14)+
such that T(d) € M.

(iii) = (iv) This implication is obvious.

(iv) = (iii) Put ep:=ezJlpJ = ezlp. Denote by A the set of triplets
(e, F,G), where 0 <e <1, FC C*(MepM) is a nonempty finite subset such that
F=F" and G C M is a nonempty finite subset. Define the order relation < on
A by

(61,]'—1,91) < (52,]-"2,92) if and only if e < €1, JF1 C .7'—2, g1 C Go.

Then (A, <) is a directed set. Following the lines of the proof of [12, Lemma 3.3],
since M lies in the multiplier algebra of C*(MepM) inside B(L*(M)), and
using [3, Proposition 1.9.16], for every A = (¢,F,G) € A, we may choose gy €
C*(MepM) such that 0 < g\ <1, ||gaz — z|| <& for every z € F, and ||gay —
ygall < e for every y € G. Since span(MepM) is dense in C*(MegM), for every
A= (e,F,G) € A, we may find an element hy € span(MepM) such that ||hy —
gi/2|| < e and ||hy|| < 1. For every A = (¢, F,G) € A, the element fy := hihy
belongs to span(Mep M) and satisfies 0 < f) <1 and

155 = gall < ||h3hs — By [ + 10593/ % = ga]| < 2e.
In particular, we have that limy || faxz — x| =0 for every x € C*(MepM) and
limy || fay — yfa]| =0 for every y € M.

Define the completely positive map @) : (M, B) — A: T U(f\Tf\), and
denote by ® a pointwise o-weak limit of (®y)rea. Namely, fix a cofinal ultrafilter
U on the directed set A, and define ®(T') = o-weaklimy_y @5 (T) for every T €
(M, B). From the properties of (f), we see that ® o (MepM) = Y| (Mep ) and
® is an A-A-bimodular completely positive map. Moreover,

é‘lAJlBJlAMeBMlA = ¢|1AM€BM1A = qj'lAMeBMlA # O'

Using the multiplicative domain of ®, we have that ®(14J15J) # 0. Our task is
now to show that ® is normal.

First, we claim that ®, is normal for every A € A. Indeed, put f\ =
Zle x;epy; for some z1,...,Tn,Y1,...,Yn € M. For every T € (1,4<M,§>1A)+7

since [Eg(x;‘ij)]f)jzl € My(B); commutes with diag(es,...,ep) =

diag(egJ1pJ,...,e5J1pJ), we have

k K
ITh=FHTHh=Y 4Bz T)epy; < > yiEs((2ilp) T (x;15))y;.
ij=1 ij—1

Since ¢ is completely positive, we have
k
PA(T) =V (faTfr) < V|um ( >y Ep((2ilp) T (z;18)) yj>~
i,j=1

Since ¥l is normal, this implies that @ is normal for every A € A.
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In order to deduce that ® is normal, take ¢ € (A.)+. Since ® and ¥ coincide
on C*(MepM) and since fy € span(MegM) and 0 < f) <1, we have

(po@)(1) = lim (9o ®)(f2) (po¥)(fr) = lim (po U)(fF) = (po@)(1).
The Cauchy—Schwarz inequality implies that

}1_13{||<P°¢’ —(po®)(fxr- fr)] < Ali_r)li[?|(<ﬂ°‘1’)((1 - 1))

= lim
A—=U
1/2

. 1/2
< lim 2 P)(1— =0.
< Jim 2| (po @)(1 - £)|* =0

For every A € A and every T € (M, §>, we have f\T f € span(MepM), and
hence ®(fy - fn) =T(fx - fr) = Dx. We get that limy_,y [[op o ® — o P, =0.
Since p o @ is normal for every A € A, it follows that ¢ o ® is normal. Since this
holds true for every ¢ € (Ay)4, we obtain that ® is normal. O

3. Proof of the main theorem

Throughout this section, we keep the same notation as in the statement of the
main theorem. Write (M,E) = (M1,E;) xp (M3, E3) for the amalgamated free
product von Neumann algebra. Fix a faithful state ¢ € M, such that p =poE.
Denote by K the closure in L*(M) of the linear span of all the elements of
the form z; ---z,€,, where n > 1 and z;---x, € M is a reduced word starting
with a letter x1 € MJ. By using [17, Section 2], K is naturally endowed with a
structure of a B-M;-bimodule, and as M;-M;-bimodules, we have the following
isomorphism:

L*(M)o L*(M,)=1L*(M,)®p K.

We will identify L?(M) © L*(M;) with L?(M;) @5 K and K with L*(B) @35 K,
and we will write P : L?(M) — K for the orthogonal projection. Observe that
Py € (M, M), because K is invariant under the right action of M; on L?(M).

LEMMA 3
Let © : (M, M) — QN My be any conditional expectation such that ©|yr is nor-
mal. Then O(uPxu*) =0 for every u € U(M).

Proof

Denote by (My,L*(M;), JM L*(M;),) the standard form of M. Since (M, B)
= (JM BJM1) NB(L?*(M,)), the Hilbert space L?(M;) is a (M, B)-B-bimodule.
Thus, the Hilbert space L*(M) & L?(M;) = L*(M;) ®p K is naturally endowed
with a structure of a (Mj, B)-M;-bimodule. We denote by mg : (My,B) —
B(L?(M) © L*(M,)) the unital faithful normal *-representation arising from the
left action of (M, B) on L*(M) © L?*(M;). Using the identification

B(L*(M) & L2(M,)) = exy, B(L*(M))etr,

and precomposing with 7y, we obtain a nonunital normal x-representation 7 :

(M, B) — B(L?(M)) such that:
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- the range of 7 is contained in (M, My),
m(eg) = Pk, and
- m(x) = wegy, for every x € My C M.

It follows that U :=©onw: (M, B) - QNM; is a (Q N M;p)-(Q N M;)-bimodular
completely positive map. We claim that ¥ is normal on M;. Indeed, let ¢ €
(Q N M), be any positive linear functional. Let (x;);e; be any net in M; such
that z; — x o-strongly as i — co. By the Cauchy—Schwarz inequality applied to
1) 0 O, we have

(o W) (z — )| =|(YoOom)(z ;)
= |( 0 O)(enr, (x — 1))

< |\ej‘41|\wo@ |z — zil|lyoo = 0 as i— oco.

This shows that 1) o ¥ is g-strongly continuous on M7, and hence, 1) o ¥ is normal
on Mj. Since this holds true for every positive linear functional ¢ € (Q N My ).,
we infer that ¥ is normal on M;.

Since Q N My £ar, B, Theorem 2(iv) implies that W[z, e, 0, = 0. In particu-
lar, for every u € U(M7), we obtain that

O(uPru™) = @(ueﬁ1 Pr (uef/ll)*)

u’))

=0 (r(u)m(en
=O(n(

)m(
™ ueBu*))
U(uegu®)=0.

This finishes the proof of the lemma. O

Since @ is amenable relative to M7 inside M and since @ C M is with expectation,
there exists a conditional expectation ® : (M, M7) — @Q such that ®|, is faithful
and normal.

CLAIM
We have ®(z) = ®(Epy, (z)) for every x € M.

Indeed, fix a faithful normal conditional expectation F : M — Q N My, and put
©:=Fod:(M,M;)— QN M. Observe that O is a conditional expectation such
that ©| is normal. By Lemma 3, since QN My A, B, we have F(®(uPcu*)) =
O(uPxu*) =0 for every u € U(My). Since F is faithful, we obtain ®(uPcu*) =0
for every w € U(My). In particular, the projection 1 — uPxu* belongs to the
multiplicative domain of ® for every u € U(My).

It suffices to prove the claim for = being a word of the form x =ux;---z,v €
M o M, where p > 1, x; - - -, is a reduced word starting and ending with letters
x1,%p € M3, and u,v € U(M7). Indeed, first observe that ®(z) = ®(E, (z)) for
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every x € M;. Second, the linear span of such words as above is o-strongly dense
in M © My, and ®|p; and ® o Ejy, are both normal on M.

Fix such a word x =uxy---xp,v € M © M; as above. We will prove that
®(z) = 0. Observe that the subspace L?(M) S K is the closure of the linear span
of the elements y,§, with y; € M; and y1 - - yn&,, where n >2 and y; -- -y, is a
reduced word in M starting with a letter y; € M7. Since x; ---z, is a reduced
word starting and ending with letters x1,x, € M3, we obtain

1y (1= Pc)=Pcai---xp(1 — Pyx),
from which we infer the equality
(I—uPcu™)x(l—v"Pev)=u(l—Px)x1---2p (1 —Pc)v=0.

Applying ® to this equality and using the fact that 1 — uPcu* and 1 — v* Pxv
belong to the multiplicative domain of ®, we obtain

O(x) =P(1 — uPru™) @(z) P(1 —v* Pev) = <I>((1 —uPcu*)z (1 - v*P;Cv)) =0.

This finishes the proof of the claim.
Now fix a faithful state ¢ € M, such that 1) =1 o (®|ps). The above claim
shows that ¢ =1 o Epy, . For every x € @), we have

||£L'||w = H(I)(‘T)Hw = Hq)oEMl (m)Hw < HEMI (m)Hw < ||$||w

This shows that |En, (2)lly = [lz]ly, and hence, ||z — En, (2)[7, = |l2[7 —
[Eas, ()|, = 0. We conclude that z = Epy, (z) € M for every z € Q; that is,
Q C M. O

REMARK 4

Let us mention that our main theorem yields an analogous result for Higman—
Neumann—Neumann (HNN) extensions of von Neumann algebras. To avoid tech-
nicalities, we only formulate it in the tracial setting. Following [18, Section 2], for
any inclusion of tracial von Neumann algebras N C M and any trace-preserving
embedding 6 : N < M, denote by HNN(M, N, 0) the corresponding HNN exten-
sion. Using our main theorem and [18, Proposition 3.1], we can show that, for
any von Neumann subalgebra @@ C HNN(M, N, 6) which is amenable relative to
M inside HNN(M, N, ) and such that Q N M £ N, we have Q C M.

REMARK 5

Recall that, when a probability measure—preserving equivalence relation R
defined on a standard probability space (X,p) splits as an amalgamated free
product Ry *g, Re in the sense of [4, Définition IV.6], the associated von Neu-
mann algebra satisfies L(R) = L(R1) *1,(r,) L(R2). Hence, our main theorem
shows that any amenable subequivalence relation of R that has a sufficiently
large intersection with R must be contained in R;. In the case when the amal-
gam R is the trivial relation, such a result follows from [1, Théoréme 1]. However,
our result is more general as it applies to arbitrary amalgams R.
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