Examples of groups which are not
weakly amenable

Narutaka Ozawa

Abstract We prove that weak amenability of a locally compact group imposes a strong
condition on its amenable closed normal subgroups. This extends non—weak amenability
results of Haagerup (1988) and Ozawa and Popa (2010). A von Neumann algebra ana-
logue is also obtained.

1. Introduction

Let G be a group which is always assumed to be a locally compact topological
group. The group G is said to be weakly amenable if the Fourier algebra AG of
G has an approximate identity (¢,) which is uniformly bounded as Herz—Schur
multipliers. (If one requires (¢,) to be bounded as elements in AG, it becomes
one of the equivalent definitions of amenability; see Section 2 for the precise
definition.) Weak amenability is strictly weaker than amenability and passes to
closed subgroups. It was proved by De Canniére and Haagerup [dCH], Cowling
[Co], and Cowling and Haagerup [CH] that real simple Lie groups of real rank
one are weakly amenable (see also [Oz]) and by Haagerup [Ha] that real simple
Lie groups of real rank at least two are not weakly amenable. For the latter fact,
Haagerup proves that SL(2,R) x R? is not weakly amenable (see also [Do]). More
recently, it was proved by Ozawa and Popa [OP] that the wreath product AT of
a nontrivial group A by a nonamenable discrete group I' is not “weakly amenable
with constant 1.” In this paper, we generalize these non—weak amenability results
as follows.

THEOREM A

Let G be a weakly amenable group, and let N be an amenable closed normal

subgroup of G. Then, there is a (G x N )-invariant state on L*(N), where the

semidirect product G x N acts on N by (g,a) -z = gaxrg™'.

In particular, the wreath product by a nonamenable group is never weakly
amenable. The theorem also gives a new proof of Haagerup’s result that SL(2,Z) x
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72 is not weakly amenable, without appealing to the lattice embedding into
SL(2,R) x R%. We note for the sake of completeness that there is an even weaker
variant of weak amenability called the approzimation property (see [HK]), and
SL(2,R) x R? has the approximation property, while SL(n > 3,R) does not (see
[LdS)).

As [OP, Theorem 3.5], there is an analogous result for von Neumann algebras.
We refer to [OP, Section 3] and Section 4 of this paper for the terminology used
in the following theorem.

THEOREM B

Let M be a finite von Neumann algebra with the weak™ completely bounded
approximation property. Then, every amenable von Neumann subalgebra P is
weakly compact in M.

It follows that a type II; factor having the weak* completely bounded approx-
imation property and property (T) (e.g., the group von Neumann algebra of a
torsion-free lattice in Sp(1,n)) is not isomorphic to a group-measure-space von
Neumann algebra.

2. Preliminary on Herz-Schur multipliers

Let G be a group. We denote by A the left regular representation of G on L?(G),
by C;G the reduced group C*-algebra, and by LG the group von Neumann
algebra of G. The Fourier algebra AG of G consists of all functions ¢ on G
such that there are vectors &,m € L?(G) satisfying ¢(z) = (A(z)&,n) for every
x € G. (In other words, AG = L?(G) » L?(G).) It is a Banach algebra with the
norm ||| = inf{||€[|||n||}, where the infimum is taken over all £,n € L?(G) as
above. The Fourier algebra AG is naturally identified with the predual of LG
under the duality pairing (o, A\(f)) = [, ¢f for ¢ € AG and A(f) € LG. If H is a
closed subgroup of G, then |y € AH for every ¢ € AG. A continuous function
@ on G is called a Herz—Schur multiplier if there are a Hilbert space H and
bounded continuous functions &,m: G — H such that p(y~'z) = (¢(z),n(y)) for
every z,y € G. The Herz—Schur norm of ¢ is defined by

lplleb = inf {[1€]loc l17lloc }

where the infimum is taken over all £,n € C(G,H) as above. The Banach space
of Herz—Schur multipliers is denoted by Bs(G). Clearly, one has a contractive
embedding of AG into By(G). The Herz—Schur norm ||¢||c» coincides with the
cb-norm of the corresponding multipliers on LG or on C}G"

[elleb = [lmy: LG5 A(f) = Mef) € LGlleb = [molozallen-

Indeed, [[¢|lch > [[mylleb is easy to see: Given a factorization ¢(z~ty) = (£(x),
n(y)) with &n € C(G,H), we define Vg: L*(G) — L*(G,H) by (Vef)(z) =
f(@)é(z™1), and likewise for V;. Then, A(pf) = V¥ (A(f) ® 13¢)Ve and [|my||en <
[1€lloo 17]] oo - We will give a proof of the converse inequality in Lemma 1, but we
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sketch it here in the case of amenable groups. Let N be an amenable group,
and let ¢ € Bo(IV). Since the unit character 7y is continuous on Ci N, the linear
functional w, = 79 0 my, is bounded on C{N and satisfies ||w,|| < ||my||cb. Let
(m,H) be the GNS representation for |w,|, and view 7 as a continuous unitary
N-representation. Then, there are vectors £,n € H such that [|£]|[|n]| = ||w,| and
o(z) = (m(z)&,n) for every z € N. (Hence, |lwy|| = [/¢]cb-)

DEFINITION
Let G be a group. By an approzimate identity on G, we mean a net (¢,,) in AG
which converges to 1 uniformly on compacta. It is completely bounded if

1(@n)llen == sup|@n en < +-o0.
n

A group G is said to be weakly amenable if there is a completely bounded approx-
imate identity on G. The Cowling—Haagerup constant A¢,(G) is defined to be

A (G) = inf{||(<pn)||cb : (pn) a c.b.a.i. on G}.

Note that the above infimum is attained (see [CH], [BO] for more information).

It is easy to see that if H <G is a closed subgroup, then Acy(H) < Acp(G). On
this occasion, we record that the same inequality holds also for a “random” or
“measure equivalence” subgroup in the sense of [Mo] and [Sa] (cf. [CZ]). For this,
we consider only countable discrete groups A and I'. Recall that A is an ME
subgroup of I' if there is a standard measure space € on which A x T" acts by
measure-preserving transformations in such a way that each of the of A- and I'-
actions admits a fundamental domain and the measure of Qr := Q/T is finite. The
action A ~ Q gives rise to a measure-preserving action A ~ Qr and a measurable
cocycle a: A x Qp — T such that the action A ~ Q is isomorphic (up to null sets)
to the twisted action A ~ Qp xT', given by a(t, g) = (at,a(a,t)g) fora € A, t € Qr,
and g € I'. The map « satisfies the cocycle identity «(ab,t) = a(a,bt)a(b,t) for
every a,b € A and almost every t € Qp. For ¢ € B3(T'), we denote the “induced”
function on A by ¢4:

pala) = / o(ala,0)) dr.

Here, we normalized the measure so that |Qr| =1. Since

<poé(b_1a):/Q c,o(a(b,b_lat)_loz(a,t))clt:/Q o(alb,b™ ') ala,a”t)) dt,

one has ¢, € Ba(A) and [|¢q|leb < ||¢]leb- Suppose now that ¢ € AT'. Then, ¢, is
a coefficient of the unitary A-representation o on L?() induced by the measure-
preserving action A ~ Q; that is, there are &, € L?(Q) such that ¢, (a) =
(o(a)&,n). Since Q admits a A-fundamental domain, o is a multiple of the regular
representation and ¢, € AA. By inducing an approximate identity on I', one sees
that if T is weakly amenable, then so is A and Ac,(A) < A (T).
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3. Proof of Theorem A

LEMMA 1
Let N be an amenable closed normal subgroup of G, and let ¢ € Bo(G). Then,
there are a Hilbert space H, functions §,m € C(G,H), and a continuous unitary
representation m of N on 'H such that
1/2
< NElloe = lImllse = Iellch s

- p(y~ta) = (§(x),n(y)) for every z,y € G;

- m(a)é(x) =&(ax) and w(a)n(y) =n(ay) for every a € N and z,y € G.

Proof

We follow Jolissaint’s [Jo] simple proof of the inequality ||¢/ch < ||mpllob. Since
N is amenable, the quotient map ¢: G — G/N extends to a *-homomorphism
q: C3G — C{(G/N) between the reduced group C*-algebras. Since q o m,, is
completely bounded on C5G, a Stinespring-type factorization theorem (see [BO,
Theorem B.7]) yields a s-representation 7: C{G — B(H) and operators V,W &
B(L2(G/N), H) such that [|[V] = [ W] < llgo mull1f? and (g0 m,)(X) = W* x
m(X)V for X € C;G. We view 7 as a continuous unitary representation of G.
Then, for a fixed unit vector ¢ € L*(G/N), the maps &(z) = 7(z)V Ag/n(q(z™1))C
and 1(y) = 7(y)WAcv(a(y™)¢ are contimous, (€] [1]loc < g gp?, and
o(y~tz) = (&(z),n(y)) for every z,y € G. Moreover, 7(a)é(x) = &(ax) for a € N,
because Ag/n(a) = 1. O

We denote by 9 the right translation of a function ¢ by g € Gj; that is, p9(z) =
p(xg™).

LEMMA 2
Let N be an amenable group, let ¢ € Bo(N), and let a € N. Then,

2 2
< .
<ol

2 1 a

1 a
H§(<P+SD )

Proof
There are a continuous unitary representation 7w of IV on a Hilbert space H and
vectors &,n € H such that ||€|| = ||| = ||<,0||i,é2 and o(z) = (r(x)€,n) for every

x € N. Since (p £ ¢%)(z) = (r(z)(€ £ 7(a"1)€),n), one has

llo + ¢l + llo = ¢lla, < 16 +m (@™l Inll* + 11§ — 7 (a™ &I [Inll* = 4lle S
O

For ¢ € By(G), we define p*(z) := ¢(xz~1) and say that ¢ is self-adjoint if ¢* = .
For any ¢ € By(G), the function (¢ + ¢*)/2 is self-adjoint and [|(¢ + ©*)/2||cb <
ll¢|lcb- Thus every approximate identity can be made self-adjoint without increas-
ing norm. We fix a closed subgroup N of G. A completely bounded approx-
imate identity (¢,) on G is said to be N-optimal if all ¢, are self-adjoint,
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[(#n)llcb = Ach(G) and
(@l n)lleb = f{[|(¥n] ) e : (1hn) a c.b.ai. such that [|(¥n)]en = Acn(G)}.

Note that an N-optimal approximate identity exists (if G is weakly amenable).

PROPOSITION 3

Let G be a weakly amenable group, and let N be an amenable closed normal
subgroup of G. Let (@) be an N-optimal approximate identity on G. Then, for
every g€ G and a € N,

liglu(wn_(pnoAdg”N”Cb:O and hran”(‘pn_@?L”N”cb:O

Proof

We apply Lemma 1 for each ¢, and find (7., Hn,&n,nn) satisfying the con-
ditions stated there. In particular, ||€]lco = ||7]loo < Acb(G)/? and @, (y~'z) =
(&n(z),mn(y)) for every z,y € G. Let g € G be given, and consider ¢, = (¢, +
©2)/2. Since (¢,,) is a completely bounded approximate identity, one must have
liminf, |, ||cb > Aeb(G). Meanwhile, since ¢, is self-adjoint,

Unly™) = 7 (60(2) + Ea(2g™) 1) + (102) + 1020 ™), € (0))).

and hence

En+&0 M tn3 H H 1
nijc S b nsy n
[¥nlen H\/ﬁ( 2 2 ) Lo° (G HOH) \/5(77 &)

Lo (G, HBH)
< A(G).
It follows that
g
tim|| (S T80 M T | = Aa(@)'?,
n /2 2 Lo (GHOH)
which means that there is a net z,, € G such that
lim gn(zn +€n Zng~ H 1/2

and

lim

n

M (2n) +727n(zng—1) H AW ()2

By the parallelogram identity, this implies that

11£n||£n(zn) —&u(zng™YII=0 and hTan”nn(Zn)_nn(zng_l)” =0.
The unitary N-representation 7/, =, 0 Ad,, satisfies /,(a)&,(7) = &n(2naz;, 12),
pn(a) = (m,(a)€n(2n), 10 (2n))

and

(¢no Adg)(a) = <7Tfm(a)§n(2ng_1)7Un(zng_1)>
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for a € N. It follows that ||(¢5, — ¢n 0 Adg)|n]leb — 0. That [[(pn —¢%)|N|lcb — 0
follows from N-optimality of (¢,) and Lemma 2. O

Proof of Theorem A
Let (¢,,) be an N-optimal approximate identity on G, and consider linear func-
tionals w,, = 19 o m,,, on CiN, where 7y is the unit character on N (see Sec-
tion 2). Since ¢, € AG, the linear functionals w,, extend to ultraweakly continu-
ous linear functionals on the group von Neumann algebra LN. Indeed, they are
nothing but ¢,|ny € AN = (LN),. One has ||wy| <Awb(G), wn(len) =pn(1n),
and, by Proposition 3, ||w, —wpn 0 Adg || — 0 and |Jw, —wq|| — 0 for every g€ G
and a € N. We consider ¢, := |wy, |1/2 € L?(N) and ¢, == wy|w,| "2 € L?(N) so
that wy, (X) = (X(n, () for X € LN. Here the absolute value and the square
root are taken in the sense of the standard representation LN C B(L?(N)). (In
the case where N is abelian, the Fourier transform L?(N) = L2 (J/\7 ) implements
LN = LOO(JV) and (LN), = Ll(]/\\f), and the absolute value and square root
are computed as ordinary functions on the Pontrjagin dual N .) We note that
©on(1) < [|¢nll3 < Aeb(G). By continuity of the absolute value (see Proposition
[Ta, II1.4.10]) and the Powers-Stgrmer inequality, one has ||(;, — Adgy (nll2 — 0
for every g € G. Moreover, since

Cn + A o)

)

Gall2lihllz ~ |

one has ||, — AM(a=1)(y]|l2 — 0 for every a € N. Thus, any limit point of (¢?) in

w
Gz < flwn | — || <2522

L*°(N)* is a nonzero positive (G x N)-invariant linear functional on L>*(N). O

COROLLARY 4

Let T' and A be discrete groups with A nontrivial and I' nonamenable. Then the
wreath product AT is not weakly amenable. Also, the group SL(2,7Z) x Z? is not
weakly amenable.

Proof
The proof is the same as that of [OP, Corollary 2.12]. We note that the stabilizer
of a nonneutral element in Z? is an abelian (amenable) subgroup of SL(2,Z). O

4. Proof of Theorem B

We first fix notation. Throughout this section, M is a finite von Neumann algebra
with a distinguished faithful normal tracial state 7, and P is an amenable von
Neumann subalgebra of M. The normalizer N (P) of Pin M is

N(P) = {uecU(M): Ad,(P) = P},

where U(M) is the group of the unitary elements of M and Ad, (z) = uzu*. The
GNS Hilbert space with respect to the trace 7 is denoted by L?(M ), and the

vector in L?(M) associated with z € M is denoted by %, that is, (Z,9) = 7(y*z),
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for x,y € M. The complex conjugate M = {a:a € M} of M acts on L*(M)
from the right. Thus there is a *-representation ¢ of the algebraic tensor product
M ® M on L?(M) defined by s(a ® b)# = azb* for a,b,z € M. We also use the
bimodule notation ab* for ¢(a ®b)Z. Since P is amenable, the *-homomorphism
Slarep is continuous with respect to the minimal tensor norm.

DEFINITION

A von Neumann algebra M is said to have the weak* completely bounded approzi-
mation property, or W*CBAP in short, if there is a net of ultraweakly continuous
finite-rank maps (¢, ) on M such that ¢, — idps in the point-ultraweak topology
and sup [[¢n [|en < +o0.

Recall that a finite von Neumann algebra P is amenable (i.e., hyperfinite, injec-
tive, AFD, etc.) if the trace 7 on P extends to a P-central state w on B(L?(P)).
Here, a state w is said to be P-central if wo Ad, =w for every u € U(P) or,
equivalently, w(ax) = w(xa) for every a € P and x € B(L?*(P)).

DEFINITION

Let P be a finite von Neumann algebra, and let G be a group acting on P by
trace-preserving *x-automorphisms. We denote by o the corresponding unitary
representation of G on L2(P). The action G ~ P is said to be weakly compact
if there is a state w on B(L?(P)) such that w|p =7 and w o Ad, = w for every
u € o(G) UU(P). (This forces P to be amenable.) A von Neumann subalgebra
P of a finite von Neumann algebra M is said to be weakly compact in M if the
conjugate action by the normalizer N (P) is weakly compact (see [OP] for more
information).

If M admits a crossed product decomposition M = P x A such that the “core”
P is nonatomic and weakly compact in M, then M does not have property (T).
Indeed, the hypothesis implies that LA is coamenable in M (see [OP, Proposi-
tion 3.2]); that is, the M-M module L?(M,e,a) contains an approximately cen-
tral vector (see [OP, Theorem 2.1]). But since L2(M, ezp) = @, L*(P)® L*(P)
as a P-P module, it does not contain a nonzero central vector. This proves that
M does not have property (T).

LEMMA 5
Every P-central state w on B(L?(P)) decomposes uniquely as a sum w = wy, + wy
of P-central positive linear functionals such that wy|p is normal and ws|p is

singular. A trace-preserving action G ~ P is weakly compact if there is a positive
linear functional w on B(L?(P)) such that

- w(p) >0 for every nonzero central projection p in P,
- woAd, =w for every u € o(G) UU(P).
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Proof

We denote by Z the center of P. Recall that every tracial state 7/ on P sat-
isfies 7/ = 7'|z 0 Ez, where Ez: P — Z is the center-valued trace. In particu-
lar, 7/ is normal on P if and only if it is normal on Z. Let w be a P-central
state, and consider the normal/singular decomposition of the state w|z (see
[Ta, Definition I11.2.15]). There is an increasing sequence (p,) of projections
in Z such that p, /1 and (w|z)s(pn) =0 for all n (see [Ta, Theorem I11.3.8]).
We fix an ultralimit Lim on N and let w,(z) = Limw(p,x) and ws = w — wy.
Since w is P-central, these are P-central positive linear functionals on B(L?(P)),
and w|z = wy|z + ws|z is the normal/singular decomposition of w|z. Suppose
that w = w! + w. is another such decomposition. Then, since ws + W/ is singular
on Z, there is an increasing sequence (g, ) of projections in Z such that ¢, /1
and (ws + w})(gn) =0 for all n. It follows that w/(z) = limw(g,z) = wy(x) for
every x € B(L?(P)). This proves the first half of this lemma. For the second
half, we first observe that we may assume that w is normal on P by unique-
ness of the normal/singular decomposition. Thus, there is h € L*(Z) such that
w(z) = 7(hz) for z € Z. By assumption, h has full support and is G-invariant.
Thus, @(x) := Limw((h + n~!)"!z) defines a G-invariant P-central state on
B(L?(P)) such that 7|z = 7|z. O

LEMMA 6

Let ¢ be a completely bounded map on M. Then, there are a x-representation
of the minimal tensor product M ®umin P on a Hilbert space H and operators
V,W € B(L2(M),H) such that |V|| = ||W| < ||| 2* and

7(y*p(a)zb”) = (p(a)ib*,§) = (r(a @ b)VE, W)
for every a,x,y € M and be P.

Proof

Since the *-representation ¢: M @iy P — B(L?(M)) is continuous, a Stinespring-
type factorization theorem ([BO, Theorem B.7]), applied to the completely bound-
ed map ¢o (p®idp) yields a *-representation 7: M @i, P — B(H) and operators
V,W € B(L?*(M),H) such that ||[V]|[|W] < ||¢|lc» and

p(a)ib* =<((p®idp)(a®b))d =W*r(a @ b)Vi
for a,x € M and b € P. O

Since W*CBAP passes to a subalgebra (which is the range of a conditional expec-
tation), we assume from now on that P is regular in M; that is, N'(P) generates
M as a von Neumann algebra. We say that a linear map ¢ on M is P-cb if
there are a x-representation 7 of M ®min P on a Hilbert space H and functions
V,W € Lo (N(P), H) such that

(%) (pla)ib,g) = ((a @ b)V (), W (y))
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for every a € M, xz,y € N(P), and b € P. The P-cb norm of ¢ is defined as
ol p =nf{|V]lo||W|lo : (,H,V, W) satisfies (x)}.

It is indeed a norm, and the infimum is attained. (For the latter fact, use the
ultraproduct.) By the above lemma, ||¢||p < [|¢|leb. By an approzimate identity,
we mean a net (¢,) of ultraweakly continuous finite-rank maps such that ¢,, —
idps in the point-ultraweak topology and sup||¢n|lp < +00. It exists if M has
the W*CBAP. We define

Ap(M) = inf{sup lenllp : (¢n) an approximate identity}.
n

*

For a map ¢ on M, we define p*(a) = p(a*)* and say that ¢ is self-adjoint if
© = @*. We note that if (m, H,V, W) satisfies (x) for ¢, then (7, H, W, V) satisfies
(x) for ¢*. In particular, (¢ + ¢*)/2 is self-adjoint and ||(¢ + ¢*)/2||p < |l¢| p-
Thus, any approximate identity can be made self-adjoint without increasing the

norm. For a P-cb map ¢, we define a bounded linear functional u, on M ®yi, P
by

po(a® b):= T(gp(a)b*) = (cp(a)ib*, i) = (r(a®b)V (1), W(1)).

Note that ||| < |l¢llp. If ¢ is ultraweakly continuous and finite-rank, then
t, extend to an ultraweakly continuous linear functional on the von Neumann
algebra M @ P.

PROPOSITION 7

Let M be a finite von Neumann algebra having the W* CBAP, and let (p,) be a
self-adjoint approximate identity such that sup,, ||¢nllp = Ap(M). Then, the net
Hn = e, |pep satisfies the following properties:

. Wy are self-adjoint and ultraweakly continuous for all n;

- sup ||pn|| < Ap(M) and pn(a® 1) — 7(a) for every a € P;

o |lpn — p2®%|| — 0 for every v € U(P), where p®®(a @ b) = pn((a @ b)(v®

5)");
o |lppn = pn 0 Aduga || — 0 for every u e N(P).

Proof

The first two conditions are easy to see. Let u € N'(P) be given, and define p¥ by
@l (a) = pn(au*)u for a € M. We note that pgu|pgp = pa®™ if u e U(P). Thus,
it suffices to show

limlpg, —pop| =0 and  lim|lug, = pe, © Aduga || =0
Take (7, Hp, Vi, W,,) satisfying (*) and lim ||V;,]|eo = im ||Wy, |lee = Ap(M)/2.
It follows that
(ion(a)2b", ) = (pn(aw")uzd", §) = (mp(a @ b)ma (u* @ 1)Vy(uz), Wa(y))

for every a € M, b€ P, and z,y € N(P). Hence with V*(z) = m, (uv* ® 1)V, (uz),
the quadruplet (7, H,, V', W,,) satisfies (x) for ¢¥. Note that ||V.*||cc = ||Val| co-
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We define W* similarly. Since ., is self-adjoint, (m,, Hy, Wy, V3,) (vesp., (7, Hn,
WY V,)) satisfies (%) for ¢, (resp., ¢¥), too. Thus, for ¢, = (¢, + ¢¥)/2, one
has
1 (Vo + V2 W, + W
lenllr < || ( : il
V2 2 2 Loo(N'(P),H®H)

WTH Vn)

’em(N(P),HeaH)'

1
<[ 75
Meanwhile, since (1,) is an approximate identity, one must have liminf ||¢,, || p >
Ap(M). It follows that

1 /V,+VE W, +WH
li L n n ’ n n H —Ap(M 1/2
E \/§< 2 2 ) Loo(N(P),HBH) r(M)
and hence there is a net (z,) in N(P) such that
1 n o n n o n
L (Bt U0e) W £ W)y s
n \/i 2 2 HOH

By the parallelogram identity, this implies that
liin (IVi(zn) — Vi (2,)|| =0 and liTILn IWe(2n) — W (zn)|| = 0.
Let ), = 7y, o (idys ® Ad;-1). Since
fp, (a @) = (pn(a)2n Ad -1 ()", £n) = (m),(a ® ) Vi (20), Wi (20)),
o (@) = (po(au™)iZn A1 (B)", Z0)
= (M (a @)V, (2n), Wa(2n)),

and

(1 © Aduon) (0 ®B) = (i (a5 Ad.+ ()7, 750)
=(rl (a@b)V,"(2,), W¥(zn)),

we conclude that [|p,, — ppul| — 0 and ||py, — pp, © Aduga || — 0. O
Proof of Theorem B

Since M has the W*CBAP, there is a net (p,,) satisfying the conclusion of Propo-
sition 7. We view 1, as an element in L'(P ® P) (see Section 2 in [OP]) and
let ¢, = |pn|Y/? € L2(P & P) and (), = pin|pn| =% € L>(P & P) so that u,(X) =
(X(n, () for X € P® P. By continuity of the absolute value (see [Ta, Proposi-
tion I11.4.10]) and the Powers—Stgrmer inequality, one has ||(, — Aduga Call2 — 0
for every uw € N'(P). Since

2]l 2 n + 107 | < 1Gn + (v @ D)Call2lIGall2 < 20IGall2[1G N2 = 21l ],

one also has ||¢, — (v®7)(,|| — 0 for every v € U(P). Now, fix an ultralimit Lim,
and define w on B(L?(P)) by w(x) = Lim((x ® 1)(,,(,). Then w is an N(P)-
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invariant P-central positive linear functional satisfying

w(p) = Limy, [pn|(p ® 1) > Limy, [, (p @ 1)| = 7(p)

for every central projection p in P. By Lemma 5, we are done. ([
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