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ABSTRACT. In this article, we prove the weak bound for an n-dimensional
Hardy operator on a central Morrey space. Meanwhile, we obtain the precise
operator norm, and we give the weak bounds for the conjugate Hardy operator
on Lebesgue space with power weights. The corresponding operator norms
are also computed. As an application, we obtain an estimate for the gamma
function.

1. INTRODUCTION

Let h and h* be the Hardy averaging operator and its conjugate Hardy operator,

hf(x)zi/oxf(t)dt, h*f(x):/m@dt, v >0,

respectively. The classical Hardy inequalities are
p
1R fllr@e) < FHfHLP(Rﬂ, 1 <p< oo,

and

17" fll oy < pllflliee), 1 <p <o
In addition, Hardy proved that the constants p and p%l above are the best pos-
sible; hence,

D
12| o @ty Lp @) = p—1 I <p< oo,
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and
12| Lr ety oty =Py 1 < p < o0,
In [3], Bliss computed the best possible constant C,, in the inequality

||hf||L‘1(x“) < Cpq”fHLp(R*)
to be

NESTE) i
Chpq = (%) [F(q%z)ri%)] )

where 1 < p< g <ooand a = % — 1. There is a continuity in the sharp constant
Cpq as ¢ — p; that is,

p
Cpg — p— as ¢ —p
(see [16] for details). If we define the 1-dimensional fractional Hardy operator as

hgf t, 0<p<1l,

then the above Bliss result can be written by

hsfllzae+) < Cpgll fllLr @+

for 1 < p < q < oo and 117 — E = [3. Here (), is the best possible constant.

The Hardy inequality and its generalizations play important roles in various
branches of analysis. Some developments and their applications are given in [8],
[9], and [14]. In 1995, Christ and Grafakos [4] studied the n-dimensional Hardy

operator
1
gL ——— / oL
(@) 1B, [2)] S5, )

and obtained the following Hardy inequality:

p

and here the constant p% is the best option possible. The conjugate operator H*

of H is '
) B f(y)
Hf(@) ‘/ oy 1BO. D]

| H* | zo@ny < Pl fllzo@n)

By duality, we obtain

and
HH*”LP(R")HLP(R") = HHHLP’(Rn)—wP’(Rn) =P
for 1 < p < co. Recently, Zhao, Fu, and Lu in [17] proved the sharp weak estimates

for the n-dimensional Hardy operator H with operator norm

||H||LP(R”)—>LP,OO(Rn) =1
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for 1 < p < co. In [5], Fu et al. considered the sharp bound for n-dimensional
Hardy operator H on central Morrey space BP*(R"). They proved that

1

||H||BPvA(Rn)—>BP»A(]Rn) 1 A

for1<p<ooand—11—7§)\§0.
In [6], Fu et al. defined a fractional Hardy operator Hg

1 n
Hafl) = oy / R AU

for 0 < 8 < n. Then its conjugate operator reads as
] fly
w0
B(0,Jz) | B(0, [y])|
If 5 =0, we denote Hy and H by H and H*, respectively. In [10], Lu, Yan, and
Zhao obtained the boundedness of H} from L'(R") to L7 (R") with

HH/BuLl RM)—L7 Z,B(Rn) = 1.

In [18], Zhao and Lu extended Bliss’s result to Hg and proved that
[ HpllLaeny < All o n)

with
/o1 B

PNarn n N\l =
A= () 157 7))
q/ Lgf \ab ¢'p
being sharp. Here 0 < f <n, 1 < p < ¢ < oo, and % = % — g By duality, we will

calculate the sharp norm of Hj on the Lebesgue space in Section 3.
Recently, Persson and Samko in [16] proved the estimate

|Hx‘anHLq (|z|®) < CpanfHLP(|:p\5)7

where 1 <p < g < oo, f<n(p—1), % = ’3% —n, and the sharp constant

/ 1 q=p
7

i mlp—1) 13 EEL(EL) i
Cpqn:’/’y p(%) [nz(fli)ﬁ] [F(q%?p)r(q]%)] |

They also obtained the corresponding boundedness for H*. Similar weighted es-
timates also hold for h and h* (see [16]). Gao and Zhao in [7] obtained the sharp
weak bound for H on L'(|z|*) to be 1, which is independent of the dimension n
and the index a. But for H*, they obtained

n
n 4y

[ L2 apy s Lo () =
for v > —n. They also obtained

15| =1

LL(R™) L7 B> (Rn)
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and

1
I

. q
[1H 5 o @) Laos (gm) = (17>

forl <p<qg<oo,0<f<n,and 1:%—§

Weighted weak-type inequalities for the Hardy-type operators play important
roles in the research of Hilbert transforms, maximal functions, and singular inte-
gral operators. (We refer the reader to [2], [11]-[13], and [15].) In those articles,
the authors only gave weighted weak-type estimates and did not give the sharp
constants in these estimates. In the present paper, we will obtain the sharp weak
bound for the n-dimensional Hardy operator on a central Morrey space. Then we
will work on the sharp weak bounds for the conjugate Hardy operator on Lebesgue
space with power weights. As an application, we will obtain an estimate for the
gamma function.

In what follows, we introduce some definitions and notation. Throughout this
article, the set B(0, |z|) is the ball in R™ centered at the origin with radius |z|.
Let |B(0,|z|)| and |S™!| denote the volume of the ball B(0,|z|) and the measure
of the unit sphere S"~!, respectively, and let (B(0,7))¢ = R"\B(0, |z|). For 1 <
p < 0o, we denote by p’ the conjugate index of p; that is, Il? + ]% = 1. Let w(xz)
be a nonnegative measurable function on R". A measurable function f belongs

to LP(w) if
1l = ([ |@)Pu)dr)” <o

A measurable function f belongs to LP*(w) if
1
| f Nl Lose ) = sup Aw({z € R : |f(z)| > A})? < o0,
>

where
w({z e R": |f(z)] > A}) :/ w(x) dx.
{zeRm:|f(2)|>A}

Let z; and 25 be complex numbers with positive real parts, with the beta function
B(z1, z2) defined by B(z1,2) = fol 1711 — t)» 'dt and with the Gamma
function T'(z1) = [ t* ‘e *di. When z; and z have positive real parts,
B(z1, 22)[(21 + 22) = I'(21)['(22). We denote
T2
n=(B(0,1)] = ——-.
= 15O = Famy

In [1, p. 5], Alvarez, Guzmén-Partida, and Lakey defined the central Morrey
space.

Definition 1.1. Let 1 < p < oo and let —X < X\ < 0. A function f € Lj (R")
belongs to the central Morrey space BPA (R”) if

1 p, \»
11l sy = SUP(w/(OR)‘f@?)\ d:c) < 0.
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When \ = —]l), then BPA(R™) = LP(R™). It is easy to check that BPM(R")
spaces reduce to {0} when A < —%.

Definition 1.2. Let 1 < p < oo and —% < A < 0. The weak central Morrey space
W BPA(R™) is defined by

WBPAR™) = {f - £l oy < 0},
where
W
£l oa@ny = ;1;%\3(0, R)| 7 fllw o (so.R))

and where || f{|wrr(B(0,r)) is the local weak LP-norm of f(z) restricted to the ball
B(0, R); that is,

| fllweeso.R) = ili%))\‘{x € B(0,R) : |f(:c)‘ > )\}‘p

Obviously, if A = —%, then WBpﬁ%(]R") = LP>°(R") is the weak LP space. It
is also clear that BP*(R™) C WBPA(R™) for 1 < p < oo and -2 <A<

2. MAIN RESULTS
Theorem 2.1. Let 1 < p < oo and let —% <\ <0. If f € BPMR™), then

||Hf||WBm(Rn) <1 Hf”Bp,A(Rn),
and the constant 1 is optimal.

Proof. By Holder’s inequality, we obtain

1 - L
H _ Pdy)” / dy)”
‘ fla ‘ — |[B(0, |z[)] (/B(0,|m|)‘f(y>‘ y) ( B(0,|z]) y)
< e s -

Let A = (| f|l gor(ny- Since A < 0, we have

1H fllw goa@ny < supsupt!B (0, R) | H:B € B(0,R) : Alz|™ > t}‘%
0 t>0

FIT

Wi < Rl < ()7

#{lel < R Jal < (%)} 1

<y rsup sup tR™™
t>0 0<R§(%)1/M

—supsupt‘B (0, R) ’ -
R>0 t>0

If 0 < R < (%)#x, then, for A < 0, we get

p

sup  sup t‘B(O, R) ! N
t>0 O<R<( )y1/nA

= 17 rr ey
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If R > (4)7x, then, for A > —1 we have

#{lal < R Jal < (%)}

ey [\
< v, sup sup tR n(,\+11))<z>m
t>0 R>( y1/nA

—A— P

sup  sup t‘B(O,R)‘

t>0 R>(%)1/”A

= [[fll oy
Therefore, we obtain
HHfHWBPA(Rn) < ||f||Bm(Rn)-
It remains to prove that the constant 1 is optimal. Choosing fo(x) = x[0,1(|]),

then, for —1 < \ < 0, we obtain f; € BP*(R") and 1 foll gor@ny = v In fact,
when 0 < R <1,

/ | foy)|” dy = v, R™.
B(0,R)
When R > 1,

/ | fo)[" dy = vy
B(0,R)
Let £ = fB(O R | fo(y)|P dy. Since —% < X <0, we have

3=

Il (o (o) () )
pARn) = MAXy SUP | 57— ) SUP| s
oll rr (mm) oo 1B(0, R)[1+> P |B(0, R)|+
= max{ sup (v, k") Sup v, ARty )}
R>

0<R<1

_ A
=vu,".

Moreover,

Obviously, |H fo(z)| < 1. On the other hand, when 0 < R < 1, we obtain
||Hf0||WLP(B(0,R)) = sup t}{x S B(O,R) 1> t}| I/an)5
0<t<1
When R > 1, we have

| H follwrrso,r) = Osgglt‘{x € B(0,1):1> t} U {1 <l|z| < R:lz|™" > t}’%
<t<

If1 < R<t w,then

S
|
RS

| H follwrrso,r) = sup t(vn + vy R" — vy)» = sup (v, R")7.
0<t<1 0<t<1

If 1 <t = < R, then

1 _1
HHfOHWLP B(0,R)) = Sup t(yn + vpt b Vn)p = Sup Vrl/ptl P
0<t<1 0<t<1
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It follows from 1 < p < oo and —% < A <0 that

HHfOHWBm(Rn)

_ _ 1-1 —nO+1L
:Vn’\max{ supt sup R ™, supt'"» sup R n( +p)}
0<tL1 1<R§(%)% 0<t<L1 1<(%)%<R
= y;)‘ max{ sup tl_A, sup tl_)‘}

0<t<1 0<t<1
I N .
=V = HfOHBPa/\(]R")‘

Therefore,
||HHBP,>\(R7L)_>WBP,)\(RW,) = 1. O
Remark 2.2. If A = —Il), then BW(R") = LP(R") and WBp,/\(Rn> — [P(R™).

Therefore, we extend the result in [17].

Theorem 2.3. Let 0 < f < n, let 1 < ¢ < oo, let min{a,y} > —n, and let
T — o +n—B. If fe LY|z]|), then

q

* n % 1(a
| H5f | Laoo ey < <—> ||f||L1 (l2])

n-+-y

1 ;(a*% . .
and the constant (=) avn is optimal.
Proof. Because of VJ;T” =a+n— [, we get

. «@ - B84 iy N
i = [ JWBERE / I £yl dy.
B(o,z))c |B(0, |y|)| B(0,]z|)°

When v > —n and y € B(0, |z])¢, we have |y|~ ¢ < |z|~ @« . Therefore,

|Hf(2)] < yn HfHL1 (2]%) ]a;\_i
Let Cf = Vn HfHLl (|z])- Then, for any A > 0,
* n C n—4-~y
{xER”:‘Hﬁf(x)|>)\}C{xER ]a:|<<)\f)+}

Thus,

1
. v !
[ HB | Lo (af) ST;EA(/ T e \x|<<7f> £ (@ )d“‘)

n+’Y
=sup A / da/ Pt 1dr> .
A>0 Sn—1

Noting that v > —n and % = a+n — 3, we obtain

n >; 1/n(a—

L

||fHL1 (J2|)
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1/n(a—2
Now we prove the constant (ni’y)%y”/ (@=3) is optimal. For 0 < 8 < n, we choose
‘x’—(ﬂ-l-n—i-a)/e’ ‘x’ > 1,
fe(x) =
0, x| <1,

where 0 < € < 1. Then f. € L'(]z|*) and

[FAIATS :/s 1 da/ prra—(f+nta)/e=1 ..
n- 1

Since a > —n and 0 < € < 1, we reach
nvy,
(B+n+a))e—n—a

I fell Lty =

On the other hand,
Hgfﬁ(:r) = yy(bﬂ/n)—l /|>| | |y|_(6+"+O‘)/E_"+Bx{\y|21}(y) dy.
Y|z |
When |z| > 1, noting that & > —n and 0 < € < 1, we have
Hyf (a) =ofpmt [y emsarensa gy
ly| =]
nyg/”|x|ﬁf(ﬂ+n+a)/e
(B+n+a)fe—p

by the spherical coordinates. Note also that 0 < e < 1,0 < 8 < n, and |z| > 1.
Therefore,

/™

(B+n+a)/e—p
If |z| < 1, again by the spherical coordinates, we similarly have

/™

(B+n+a)fe=p

Hyf(w) <

Hif(x) =

Therefore, we have obtained

{z e R": |Hjf(z)] > A}

{2l <1 o >apu{jzl>1 m@ﬂﬂBWMMk>A}
=1\1T : T : ]
B+n+a)/e—p Brnta)e—2

1 ] —m/g/n n . *
Obv1c;1/1$1y, if A > (EEmeyy then {x € R" : |Hﬁf€(x)] > A} = 0. Let C, =
Ty For 0 <e<land 0 < <n,

1
3y = swp A( [ ol da)”
0<A<Ce {zeR™:|H} fe(x)|>A}
1

— . 1
a 0<S>1\1<p(}6 A(/n ’33‘ X{‘x|(ﬂ+n+a)/e_g<%}($) daj) .
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Noting that v > —n, we get

L nv, 1 1— n+a—_
Hi fel| oo oy = CE 7 < . >q sup AT @Fnte)/B
Since a > —n and 0 < € < 1, we have
1
. nv, \ 7
13 fllinomiory = (5 fy) G
_ 1/n(a—g)( n )é(ﬁ+n+o¢)/ Hf” 1

" n+v/)  (B+n+a)e— LA
Letting € — 0%, we have

lim (B+nta)fe—n—a _ .

—0t (B+n+a)/e—p
In summary, we conclude that

. n N\ 1/n(a—2)
5121 jafe)—s Looe (o) = <n+7>qy” - 0
Theorem 2.4. Let 0 < B < n, let1 < p < MTQ’ and let % = "J;fa - B. If
f e LP(|z|v), then
1 1,1
qa\v no\yta 1/n(a )
o= (2 () .
5 ooy < (57 )" 5 )1 £l zoate
d th Y L Un(G=7) imal

and the constant (5)¥ (;35)7 " vn is optimal.
Proof. First, using the Holder inequality and 1 < p < ”J[ga, we have

1
7/

|[H3f(2)] < ([9(071|)C\f(y)|p!y|“ Oly);'</B(07m 1B(0. N a2 ay)’

np—n 7 B8/ pB n—a
< (—)” o "
n+a—pB || £ Il e ()
Noting that ”’”LT” = % — 3, we reach
1
qan I 5/” _niy
B3] < [T 17 a2 e
“ﬂ”—pW+w o ooy
1
Let Cy = [P v ||f||Lp (jz])- Then, for any A > 0,

{xER”:‘Hgf(x)|>)\}c{x€]1§"'|a:|<<C)\f> }

Consequently,

13 oy < sup ([
A>0

1

fy q
e X{xeRn:\xK(i—f)#}(x) dx)

(Shya/m 1
= sup )\(/ da/ prt—l dr) ‘.
A>0 Sn—1 0
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Noting that p < % and VJ“T" = O‘% — 3, we obtain

1
* qa\v n ’+ ]/" (2 7)
13 oo < ()" (n2)™ (T Py

1
I

1/n(2—2
Below we will prove that the constant (f) ( z

1.1 )
n \ort+3 q
q

n+’Y>p Un

is optimal. For

0 < B < n, we choose a function fy(z) = |z| e X{jz|>1}(2). Because 1 < p <
2ta e have fo € LP(|z|%) and

B
p(ﬁ n— a)
\mmmmz/lél bt gy gy

_ n 1
n+a —p5| :
Note that "TH = ”+a — f3; hence,
P _a _n
1ol ey = % n+,yVn
p(B n)—

% B/n—1
On the other hand, Hjfo(z) = va/" " [ 2. 1yl
1, we have

X{|y|>1}(y) dy. When |z| >

[y|>]=|
_ ,8/11 1’5” 1‘ 1 ‘:prﬁpila
n—i—a—pﬁ
ponty

When |z| < 1, we have

B (B=n)—a q
H*fow:yfl/” 1/ ypp—l dy = — -
sfo(z) |y\21H i

Therefore, we reach
{z e R": ‘H;fo(x)‘ > A}

:{mg1:2,~—u,§/">A}u{ya:\>1:2,
r n+vy P N+7

5/n|x| P(n+'v) < )\}
In fact, we see that
E:={z€R": |H§f0(x)| > A =0

if A> 4. —uff/" Let A=4%. " " Then, when 0 < \ < A, we obtain
p’ nty n+-y

/E|x|7dx: L;SH—J (%)5
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Therefore, we have

155 foll Lo (opy = sup A /|fﬂ|”dx

0<A<A

- s (B 4y

_Ayl/q< )2 :g_( n )”q,,f/”*?
n—+y P \n+vy

q n
,' EI;Vn.iFhUS,

1
o

Note that || foll7, (lz|*) —

o o N\wta a\w B
| ﬁfo!ILqm(|w>—<n+,y> (27) | foll o (jzf)

ACISURVA LS
= (17) (m) HfoHLP (J])-

1 1 1/n(&-2
Therefore, the constant (%) (;1=)" 7t yn/ Goa) i optimal. O

Remark 2.5. When p — 17, we have

1
v

<g)< n )#éyi/n(z;)_)( n )éy}l/n(ap.
p n+ -y n -+

S (L HG ] 2 age oo oy = IH5 ] 2 el 20 (al)-

Therefore,

Remark 2.6. Choosing o = v = 0 in Theorem 2.3 and Theorem 2.4, we have the
same results in [7].

Remark 2.7. Our theorems apply for the 1-dimensional Hardy operator A and h*.

3. APPLICATION
By duality and the boundedness of Hg from LP(R™) to LI(R"), we have
HH;HLQ'(R")HLP'(R") = ”Hﬁ“L”(R"HLq(R”)
(see [16] or [18]). Therefore,

| H5 | 2o @)= Lown) = || Hpll 1o ®n)— 10’ @)

- ()" 752G 35)

YTl ) 15
:(;%) [F(L))F(M)}

q—p q—p

3@

for % = % - g (please see [16] for more details).

On the other hand, we have

e

* q
E——y
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Since LI(R™) C L#*°(R") for 1 < g < oo, we have

| H5ll o (rry—s Lao@ny < || HEl Lo @n)—sLa(mn);

that is,

F<qu>r<q(5—_p1)> = Q(qp_—pl)r(qp—qp>’

and so we have the following.

Proposition 3.1. Let 1 < p < g < oo. Then

F(qﬁpﬁ(?[(j_—;)) = Q((i?_—pl)wq]i}p)'

Remark 3.2. Combined with Persson and Samko’s results in [16, Theorem 4.2]
and Theorem 2.4, we can obtain another inequality for the gamma function by a
similar argument.
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