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ABSTRACT. In this paper, we characterize the perturbations of the Moore—
Penrose metric generalized inverse of closed operator in Banach spaces. Under
the condition R(6T) C R(T), N(T') C N(0T), respectively, we get some new
results about upper-bound estimates of || 7| and | TM — TM]|.

1. INTRODUCTION

Throughout the present article, let X, Y be reflexive strictly convex Banach
spaces on real field R. Let L(X,Y), B(X,Y), and C(X,Y) be the set of linear
operators, the set of all bounded linear operators, and the set of all densely de-
fined closed linear operators from X to Y, respectively. For any T' € L(X,Y),
D(T), R(T), and N(T) denote the domain, the range and the kernel of T, re-
spectively.

A closed subset M C X is called topological-complemented if there is a closed
subset N C X such that X = M + N and M N N = {0}. In this case, we set

X = M@fN. As we know, forany T' € C(X,Y), if R(T) (the closure of R(T")) and
N(T) are topological-complemented, then there is a linearly generalized inverse
T+ such that

TT*T =T on D(T), T TTH=T" on D(TH).
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Furthermore, if R(T) is closed, then T € B(Y, X) is a bounded linear operator
(see [4], [15]).

The linear generalized inverse has been widely studied over the last decades
and has many important applications in numerical approximation, statistics, op-
timization, and more (see [2], [12]). However, linearly generalized inverse cannot
deal with the extremal solutions, the minimal norm solutions, and the best ap-
proximation solutions of an ill-posed linear operator equation in Banach spaces.
In order to solve the best approximation problems for an ill-posed linear opera-
tor equation in Banach spaces, Nashed and Votruba introduced the concept of
the (set-valued) metric generalized inverse of a linear operator in Banach spaces
(see [8]). In 2003, H. Wang and Y. Wang introduced the Moore-Penrose met-
ric generalized inverse for linear operator on Banach space in [14], which is a
homogeneous operator.

In recent years, some papers on the perturbation of Moore-Penrose metric
generalized inverse have appeared (see [3], [10], [13]). In [9], Ni characterized
the Moore—Penrose metric generalized inverse for an arbitrary linear operator in
Banach space. In [1], J. Cao and Y. Xue considered the simple expressions of
the Moore—Penrose metric generalized inverse and investigated the perturbations
for the Moore—Penrose metric generalized inverse of bounded linear operators.
Some results on the perturbation of the Moore-Penrose metric generalized inverse
similar to the linearly generalized inverse are obtained in [7] by H. Ma et al., under
the assumption that 7" is quasiadditive and that metric projection TN () 1s linear
and that R(0T) C R(T), N(T) C N(0T).

It is well known the metric projection is a homogeneous operator, and then
the Moore—Penrose metric generalized inverse is different from the linearly gen-
eralized inverse. In the present article, we characterize the Moore—Penrose metric
generalized inverse of closed operator with closed range in Banach spaces. Un-
der some conditions, we present the upper bounds of [|TM|| and ||T™ — TM||,
respectively.

2. PRELIMINARIES

Let M be a subset in X. If A\x € M whenever x € M and A € R, then we call
M a homogeneous subset. A nonlinear operator 7' : X — Y is called a bounded
homogeneous operator if T" maps every bounded set in X into a bounded set in
Y and T'(A\x) = ATz for all A € R. Let H(X,Y) denote the set of all bounded
homogeneous operators from X to Y. Equipped with the usual linear operations
on H(X,Y) and normon T' € H(X,Y') defined as ||T'|| = supy,—; [|Tz[|, H(X,Y)
become a Banach space (see [12]). Obviously, B(X,Y) C H(X,Y).

Recall that a nonlinear operator T is called quasi-additive on subspace M C X
if

Tx+z2)=T(x)+T(z), VreX,Vze M.
If a homogeneous operator T € H(X, X) is quasiadditive on R(T"), then we call
T a quasilinear operator.

Let M C X. Then the (set-valued) metric projection Py, defined on X is a

mapping from X to M,
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Py(z)={ze M| ||z —z| =d(z,M),Vz € X},

where d(z, M) = infy,en ||z — 9.

If Py # 0, then M is called a proziminal set. If Py is a singleton, then M
is said to be a Chebyshev set. In this case, we denote Py; by my,. Moreover, my,
satisfies the following properties.

Proposition 2.1 ([12]). Let M C X be a subspace of X. Then
(1) 72,(z) = mpr(x), Vo € X (i.e., mpr is idempotent);
2) |le = mu(@)[| < [l and so |[mar ()] < 2[|, Vo € X;
) Tu(Ax) = Ar(z), Vo € X, VA € R (i.e., mar is homogenous);
) (x4 2) = my(x) + () = () + 2 for any z € M (i.e., mpy is
quasiadditive on M );
(5) mar is a closed operator if M is a Chebyshev subspace.

Lemma 2.2 ([12]). Let M C X be a Chebyshev subspace. Then 7y} (0) is a linear
subspace if and only if mar is a linear operator.

Lemma 2.3 ([6]). Let X be a reflezive Banach space. Then X is strictly convex
if and only if every nonempty closed convex subset M C X is a Chebyshev set.

Let X* be the dual space of X and let M+ = {z* € X* | (x,2*) = 0,2 € M}.
Now, we recall the notation from “dual-mapping.”

Definition 2.4. The set-valued mapping Fx : X — X* defined as
Fx(z) = {a" € X* | (v,2") = |lz|* = [|2"]*}, VzeX.
is called the dual-mapping of X, where (x,z*) = x*(z).

Lemma 2.5 (Generalized Orthogonal Decomposition Theorem; see [12]). Let X
be a Banach space and let M C X be a proximinal subspace. Then for any x € X,
we have

(1) = 21 + z9 with x; € M and z9 € F'(M?1);
(2) if M C X is a Chebyshev subspace, then the decomposition in (1) is unique
such that x = wy () + o, and in this case, we write X = M + F'(M™).
Where Fi'(M*) = {z € X | Fx(x) N M+ # 0}.
Definition 2.6 ([12], [14]). Let T € L(X,Y). Assume that R(T) and N(T') are
Chebyshev subspaces. If there is a homogeneous operator T™ : D(T™) — D(T)
such that
(1) TTYT =T, on D(T); 2) T™™T1T™ =T, on D(T™);
(3) TT™ = mgery, on D(TY); (4) TMT =1 —7na), on D(T),
then T™ is called the Moore-Penrose metric generalized inverse of T. Here,
D(TY) = R(T) + Fy ' (R(T)*).
By Definition 2.6 and Lemma 2.5, if T™ exists, then the spaces X, Y have the
following unique decompositions:

X =N(T)+F(N(T)Y), Y =R(T)+F/"(RT)").
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Lemma 2.7 ([12]). Let T € L(X,Y) be a linear operator with R(T), N(T) as
Chebyshev subspaces. Then there exists unique Moore—Penrose metric generalized
inverse T of T such that

T (y) = (Tlewy) ' Trm (y)
for any y € D(TM). Here, C(T) = D(T) N Fx'(N(T)™4).

Lemma 2.8. Let T € L(X,Y) be a linear operator with R(T), N(T) as Cheby-
shev subspaces. Then TM = (I — WN(T))T_WR(T) is independence of the choice of
T- € L(Y, X) which satisfied TT-T =T.

Proof. Since N(T), R(T) are Chebyshev subspaces, we have that T™ exists and
TTM = 7TR(T)7 TMT =1 7TN(T)- Let B = (I — WN(T))T_TFR(T). Then

B=I—7nm)T mrery =TYTT TTY = npery = T. O

From Lemma 2.8, we know that, if 7'~ is a bounded linear operator, then 7™
is a bounded homogeneous operator and ||TM| < 2|7

Lemma 2.9 ([11, IV.5, Theorem 5.8]). Let X, Y be Banach spaces and let T
be a closed linear operator with D(T) C X, R(T) C Y. Suppose that T~ exists.
Then T~ is continuous if and only if R(T) is closed in'Y .

Lemma 2.10. Let X, Y be reflexive strictly conver Banach spaces, T € C(X,Y’)
with R(T') closed. If my(ry is a linear metric projection, then TM s a closed
homogeneous operator that is quasiadditive on R(T).

Proof. Since X, Y are reflexive strictly convex Banach spaces and R(T"), N(T)
are Chebyshev subspaces, T™ exists. By Lemma 2.7, we have

TV (y) = (T‘C’(T))ilﬂ'R(T)QU), Yy € D(TM).

Noting that my(7) is a linear metric projection, by Lemma 2.2, W&%T)(O) =
F¢'(N(T)*) is a linear subspace, and so is C(T). Thus, T'|¢(r) is a linear operator
from C(T') onto R(T) and consequently (T'|c(r))~" is a linear operator from R(T)
onto C(T).

For any x, € D(TM), lim, 0 7, = , lim,, o T™ (x,,) = y, we have

y = lim T"(x,) = lim (Tleqr) ™ Taer) (2n)-

Since R(T) is closed, by Lemma 2.9, (T'|c(r))~" is a continuous linear operator.
Thus, lim, e Tr(r)(2n) = T|c(ryy. By Proposition 2.1(5), mg(r) is a closed oper-
ator and so mr(r)(x) = T|cryy- Thus, y = (T|cr)) ' mrer (z). Consequently, T
is a closed homogeneous operator.

Noting that mg(r) is quasiadditive on R(T) and that (T|c(r)) " is a linear
operator, it is easy to verify that T™ is quasiadditive on R(T). (]

Proposition 2.11. Let X, Y be reflexive strictly convex Banach spaces, T €
C(X,Y) with R(T) closed. Then mwnry is a linear metric projection if and only
if TM is quasiadditive on R(T).
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Proof. From the proof of Lemma 2.10, we know that if 7wy (7) is a linear metric
projection, then TM is quasiadditive on R(T"). On the contrary, suppose that T
is quasiadditive on R(T"). Then, for any z,y € D(T),
vy (@ +y) =T =TYT)(z +y)

= (z+y)—TY(Tx + Ty)

=z +y—TYTr —TYTy

= -TYT)x+ (I -TYT)y

= TN(T)T + TN(T)Y-

This shows that 77y is a linear metric projection. O

3. THE PERTURBATION ANALYSIS OF THE MOORE-PENROSE METRIC
GENERALIZED INVERSE

Let T € C(X,Y) and 6T be a linear operator with D(T) C D(6T). Recall
that 6T is relatively bounded with respect to T" or simply T-bounded if there are
constants a,b > 0 such that

|6Tz|| < al|z|| +b||Tz||, Va e D(T).

The constant b is called the T-bounded of 0T. From [5, Theorem 1.1], we know
that if b < 1, then T'=T + T is closed if and only if T is closed.
Let T be a linear operator. The reduced modulus (7T of T is defined as

Y(T) = inf{||Tz|| | dist(z, N(T)) = 1,V € D(T)}.
Here, dist(x, N(T')) = infyyen(r) [|[2 — yl|. Obviously, y(T) dist(z, N(T)) < [|Tz||.
Let M, N be the homogeneous subsets of Banach space X. Put
sup{dist(z, N) | = € M, o] =1}, M # {0},

N, N) = {0, M = {0}.

We define 7 = max{n(M, N),n(N, M)} the gap between M and N (see [3]).
Clearly, dist(z, N) < ||z|[n(M,N). If M and N are subspaces, then the gap
between M and N is denoted by 0 = max{d(M, N),0(N, M)} (see [5]).

Lemma 3.1. Let X, Y be reflexive strictly convex Banach spaces, T € C(X,Y)
with R(T) closed. If TM is a bounded homogenous operator, then

1 |77
<A(T) € "™
7] 7]

Proof. Since TM is a bounded homogenous operator, we have
dist(z, N(T)) = [|o = mygell = [T Tl < [T T2],

and so y(T') > HT_%”H
Noting that dist(xz, N(T)) = || T™Tx||, we have

YT TY || = ~(T) dist(z, N(T)) < |Tx||, Va e D(T).
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For any y € Y, TMy € D(T). Hence,

YDONTHTTY Y| < ITT My,

and consequently, y(T') < “” TMHH. -

Lemma 3.2 ([15, Lemma 1.3.6]). Let T, T € C(X,Y) with D(T) = D(T). As-
sume that there are constants A > 0 and p € R such that

|ITz|| > N[ T|| + pllzll, Vo€ D(T).
Then
Y(T) > M(T)(1 = 25(N(T),N(T))) + p

Lemma 3.3. Let X, Y be reflexive strictly convex Banach spaces, T € C(X,Y)
with R(T') closed, and let 6T be a T-bounded linear operator with D(T') C D(d6T),
T =T+ 0T. Assume that b < 1 and that

(1 =0(T)—a
SN NT)) < 505

Then T € C(X,Y) with R(T) closed.

Proof. T € C(X,Y) is evident since b < 1.
Noting that 07" is a T-bounded linear operator, we have

| T|| = |Tx - [|6T x|
> |IT|| = [allz]l + blIT]]]
= (1= 0)||IT[| - all=[.

By Lemma 3.2, we have
AT) > (1— b)fy(T)(l — 2(5(N(T), N(T))) —a.
Thus, if

then v(T) > 0 (i.e., R(T) is closed). O

Proposition 3.4. Let X, Y be reflexive strictly convexr Banach spaces, T &
C(X,Y) with R(T) closed, and let T be a T-bounded linear operator with b < 1
and D(T) C D(0T), T =T + 6T. Then

(1) v = mven) T | < t5lmnell

(2) V(D) = AT < llmwery — mveny V(D) + 0v(T) +

) YD (D[(mxer) = vyl < {AT) + (1 +0)y(T )}HTIHJFCW(T)H%H for
any v € D(T), B

@) l(mxery = mven)ll < 2=y +n(Fx (N(D)H), F (N (T))}-
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Proof. Obviously, T € C(X,Y) and TN(T)> Tn(T) exist by the assumption.
(1) Since R(T) is closed, we have «(7") > 0. Thus, for any = € X, we have

H — TN(T))TN T)ZL‘H =~(T) dist(wN(T)x,N(T))
<\ Trn@yall = [[(T = 6T)myeyz|| = 10T 7y (|-
Noting that 67" is a T-bounded linear operator with b < 1, we have
16T 7 ey < allmneryzll + Ol T ezl
= a||Tn | + bH(T - 5T)7TN(T)SBH
= almyeryzl + blI6Tmn )z

So, we have ||5T7TN(T)ZL'|| < 57Nl Consequently, we get

DI = mxe)mvyel| < 7= lmvael

1—

(2) Since N(T') is a Chebyshev subspace, by Lemma 2.5 (generalized orthogonal
decomposition theorem), we have

X = N(T)+ F¢' (N(T)"Y).
For any x € F'(N(T)%), ||z|| = 1, we have
dist(z, N(T)) = ||z — mnyz|| = [|z] =1
and
a+b||Tz|| > [|6Tz| > | T=|| — || Tx]
> ~(T) dist(z, N(T)) — || Tz
=y(D)llz — mneryzll — | T
> (D) {llz = mvenyell = Imnmyz — mveell } = [Tz
=(T) = v(D)llmnery — el = 1Tz
This easily implies that
a+by(T) = Y(T) = 1T) = Imnery — wven) [9(T)-
Interchanging 7' and T, we get
£(V(T) = 9(TD)) < llmnery = anven 1V(T) + by(T) +
(3) For any « € D(T'), we have
|Tx|| + ||0Tz| > || Tz|| > ~(T) dist(z, N(T))

=Dz — 7wyl

> (T mnrye — wyeyzl| — (1)l — mneyzl|

=y(D)|mnerye — wyeryz| — () dist (z, N(T))
— Tz

> y(D)|lmnryz — mneryl| — y(T)

Y (T)"
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Thus,

NV D)llmwmye — mnenyzll < (V(T) + (T))HTJCH +y(T)[|0T ]|
< {V(T) + @+ )y HT]| + ay(T) ]
(4) By Lemma 2.5, W&}T)(O) = Fy'(N(T)4). Thus, for any y € Fxy'(N(T)*) N
D(T), mneryy = 0 and for any « € D(T'), we have
[y (v = Dl = [lmx [(Tvery = D = 9|
< e[ (mvery = Dz =y

< |7ne |l yeF);}I(l]\f/(T)J-)”(WN(T) -z — ?JH

S ”7TN(T)|| diSt((ﬂ'N(’) — ])ZL‘ F_l (N(T L))
< mne) || (ner) — ||77( HIN(T)F), FH(N(T)))
< H7TN(T)”||I||77(FX ( ) (N T)L))

Associated with item (1), we have

[y = mveny)|
||7TN )IE—WN(T) NTT + TN TN(T )$—7TN )z
= (I = 7veny))mneny® + Ty (T — D]
< |t —”N(T>)7TN<T>9C|| + HWN(T)(WN(T) — I)z||

< AUD)HOTmn eyl +n(Fx' (N(T)7), Fx (N(T)5)) lmwen |

WHWN(T):CH +(FH(N(T)), Fx (N(T)) e 1]

(1
Q{W + U(F)Zl(N(T)L%F)?l(N(T)L))}HZUH-

IN

IN

Hence,

| (7 er) — )| < 2{#’37@) + n(Fgl(N(T)L),F);l(N(T)L))}. -
)

Corollary 3.5. Let X, Y be reflexive strictly conver Banach spaces, T € C(X,Y
with R(T) closed, and let 0T € B(X,Y), T =T + 6T. Then

(W) AN =7 v mneny | < 16T ([ lmnen
2) [AT) = (D) < Nmwery — avey V(@) + 16T,

3) VTV D) (7n(r) — Tvery) || < A(T)||T| +17( )T f071’ any x € D(T),
4) (mnery = ave)ll < 2{y (D) HIOT|| +n(Fx (N(T)*), Fx (N(T)5))}-
Theorem 3.6. Let X, Y be reflexive strictly convex Banach spaces, T € C(X,Y)
with R(T) closed, and let 8T be a T-bounded linear operator with D(T") C D(T).
(1) If mneryis a linear metric projection and R(0T) C R(T), then TM6T is a

linear operator. Furthermore, if R(T) is topological-complemented in Y,
then TMGST is a T-bounded linear operator.



248 F. DU and J. CHEN

(2) If TM is a bounded homogenous operator, then STTM is bounded homo-
geneous operator and ||§TTM|| < (a||T™|| + 20b).

Proof. (1) Since R(0T) C R(T), by Lemma 2.7, we have
TM5T = (T|C(T))_17TR(T)5T = (T|C(T))_1(5T.

Noting that my(pis a linear metric projection, we have that (T'|c(ry) ™" is a linear

operator form R(T) onto C(T) by Lemma 2.2. Thus, TM§T is a linear operator.

Since 7y () is a linear metric projection, by Lemma 2.2, w]:,%T) (0) = F{Y(N(T)4)

is a closed linear subspace. This shows that N(T') is topological-complemented
in X. Note that R(7T) is topological-complemented in Y, too. Therefore, there
is a bounded linear operator T~ € B(Y,X) such that TT-T = T. Thus, by
Lemma 2.8, TM = (I —7n(r)) T~ TRy is a bounded homogeneous operator. Then,
for any € D(T'), we have

T 6T || = ||(I — 7ner) T TRy T ||
= ||(I = 7n(r) T~ 6T x|
< |7 16T ]|
< al T[] + [T [ 7]].

So, TM§T is a T-bounded linear operator.
(2) For any y € D(TM),

I6TT™y|| < al|T™y|l + b TT™y|
< a||T"[[{ly]l + bl rer 1yl
< (allT™ +20) [lyll.

This indicates that 677™ is a bounded homogeneous operator and that
6T < (al T +20). 0

Proposition 3.7. Let X, Y be reflexive strictly conver Banach spaces, T &
C(X,Y) with R(T) closed, and let 6T : D(6T) — D(T™) be a linear operator
such that D(T) € D(6T), R(0T) € R(T), T =T 4 0T. Assume that wn(ry is a
linear metric projection. Then the following are equivalent:

(1) I+6TT™ : D(TY) — D(T™) is bijective,

(2) TMT|gerary = (I +TYO0T) | perary : R(TM) — R(T™M) is bijective,

(3) D(TM) = TR(T™) + N(TM) and N(T)N R(TM) = {0}.
Proof. Since my(7) is a linear metric projection, we have that T M is quasiadditive
on R(T) by Lemma 2.10. Since N(T™) = F;,'(R(T)*), we have R(T)NN(TM) =
{0}.

(1) = (2). Assume that W = I +§TTM is bijective. For any £ € R(T™), there
is a z € D(TM) such that ¢ = TM2z. Thus,
TMTE = (TMT +TY5T)TM 2 = (I +TY6T)TM 2 = (I +TM6T)E.

This shows that TYT|grary = (I + TM6T)| gerary.
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Let £ € R(TM) and let TMT¢ = 0. Then (I + TMST)E = 0. Since W is

invertible, we have
(I —TMW=sT)(I +TY8T)¢ =0,

(i.e., € =0). So TMT|gerary is injective.
For any y € R(T™), there is a z € D(T™) such that y = TM2. Since I +§TTY
is bijective, there is a £ € D(T™) such that z = (I + §TT™)¢. Thus,

y=TY(I +6TT")¢ =TMTTME € R(TMT | perary).

This shows that R(T™) C R(T™T|giray). Hence, R(T™) = R(TMT|g(ray) and
consequently TMT|gpary is surjective.

(2) = (3). For any & € D(TM), there is an n € D(T™) such that TM¢ =
TMTTMn since TMT|gpary is surjective. Noting that R(67) € R(T) and T is
quasiadditive on R(T), we have TM (¢ — TTMn) = 0. Thus, ¢ = £ — TTMn €
N(TM) and so D(TM) C TR(TM) + N(TM) C D(T™). Hence, D(T™) =
TR(TM) + N(T™).

For any £ € N(T) N R(TM), there is n € D(T™) such that & = Ty and
T¢ = 0. So TMTTMn = 0. Since T T|girary is a injective, we have T%pn = 0
(i.e., € = 0). This proves that N(T) N R(T™) = {0}.

(3) = (1). For any & € D(TM), there are & € D(TM), & € N(T™) such that
E=TTME + & since D(TM) = TR(TM) + N(TM). Let n = TTM¢, + &. Then
(I +06TTM)n=¢, that is, [ +0TTM : D(TM) — D(TM) is surjective.

To prove I + 0TT™ is injective, let ¢ € D(T™) such that (I + 6TTM)¢ = 0.
Noting that TM is quasiadditive on R(6T) C R(T), we have

0=TM(I+6TTY)¢ =TYTTY(

and consequently TTM( € TR(T™) N N(T™). Since R(6T) C R(T), we have
TR(T™) C R(T). Noting that R(T) N N(T™) = {0}, we have TT"( = 0. Thus,
T™( € N(T)N R(TM) = {0} and finally,

0= (I+6TT")¢ = O

Corollary 3.8. Let X, Y be reflezive strictly convex Banach spaces, T € C(X,Y)
with R(T) closed, and let 5T : D(6T) — D(TM) be a linear operator such that
D(T) C D(6T), R(OT) C R(T), T = T + §T. Assume that wn(r) is a linear
metric projection. If

N(T) N R(TM) = {0}, D(T) = N(T) + R(T™) and

R
D(T") = R(T) + N(T*),
then I + 6TT™ : D(TM) — D(TM) is bijective.
Proof. Since D( ) = N(T)+R(TM), we have R(T) = TR(T ), and consequently

L)
D(TM) = TR(M) 4+ N(TM). Thus, I +§TT™ : D(TM) — D(T™) is bijective by
Proposition 3.7. O



250 F. DU and J. CHEN

Proposition 3.9. Let X, Y be reflexive strictly conver Banach spaces, T &
C(X,Y) with R(T) closed, and let §T be a T-bounded linear operator with D(T') C
D(8T). Assume that R(T) is topological-complemented in'Y and that TM is quasi-
additive on R(6T). If ||[0TTM| < 1, then I + §TT™ is invertible, and

1

My—1

Proof. By Theorem 3.6, we have that 7T is a bounded homogeneous operator.
If |0TTM| < 1, then the series

SOIETT | < ST ISTTM P = (1= [STTM ) < +oc.

This shows the series > 2 (—1)"(0TT™)" is convergent to A, say. Since T is
quasiadditive on R(dT), we have that
(I+0TT™)> (=1 (oTT™)’
i=0
converges to (I + 6TTM)A = A(I + 0TTM) and to I as n — +oo. That is
(I +6TTM)~1 = A and consequently ||(I + 6TTM)=1| < O

1
1—||6TTM]| -

Theorem 3.10. Let X, Y be reflexive strictly convex Banach spaces, T € C(X,Y)
with R(T) closed, and let 0T € L(X,Y) be a T-bounded linear operator with
b < 1 and D(T) C D(0T), R(6T) C R(T), T = T + 6T. Assume that mn(r)
is a linear metric projection and that R(T) is topological-complemented in'Y . If
|6TTM| < 1, then

s T
(2) [TM)| < 2%

( ) HTM TMH <_4{aHT I + ||5TT Il +51}1 H?TT‘MH
Here, 01 = n( il(N(T)L),F)?l(N(T)L))-

Proof. Since R(T) is topological-complemented in Y and R(0T) C R(T'), then
TM and TM are bounded homogeneous operator by Lemma 2.8.

(1) By Theorem 3.6(2), we know that 677 is a bounded homogenous opera-
tor. If [[0TTM| < 1, then I 4 0TT™ is invertible by Proposition 3.9. Noting that
R(6T) C R(T), we have TTM§T = 6T. Thus, TTM (I+6TT™)~'T = T by simple
computation. By Lemma 2.8, we have T" = (I — wy(7))TY (I 4+ 6TT™) ' wpry.

]\/I
(2) It is clear that |TM|| < %TLMHHWR 7|l since || —7yep || < 1 and [|(1 +
M
OTTM) ™M < s=psgpory-

(3) Since TM = (I — wn(1)) TM TR(r), We have

™ — 1M
= (I = )T (I + 6TTY) " wpry — (I = mnen)) TV mrery
={(I = an)T" — (I — wpe) T (I + 6TTY) } (I + 6TT) ' mpery
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= {(WN(T) — WN(T))TM — TM(STTM}(I + 5TTM)717TR(T)
= (i) — ) T (L4 0TTY) agery — TYOTTM (I 4 0TTY ) mpery.

For convenience, we set d; = n(Fx'(N(T)*), Fx'(N(T)*)) in the following. By
Proposition 3.4(4) and Lemma 3.1, we have

H(WN(T) - WN(T))TM(I + 5TTM)_17TR(T) H

a M My—1
gz{(l_bMT)m}HT (L +0TTM) g |
a el
<o{ - () i T
al|[ TM]] el
<" +61}1—|]5TTMH'

Thus,
||TM — TM” S H(WN(T) — FN(T))TM(I + 5TTM)_17TR(T) H
+ | TMTT™ (I + 0TT™)  7per ||
™ T™ 21TM ||| 6T TM

§4{M! Il+&} 17 17l I

1—0 1—[[oTTM|| 1—[|6TTM||

a|TM||  [oTT™M|| ||
—4{ T C A

+ T T 0

1—-0 2
Theorem 3.11. Let X, Y be reflexive strictly convex Banach spaces, T € C(X,Y)
with R(T) closed, and let 0T € L(X,Y) be a T-bounded linear operator with
D(T) C D(6T), N(T) C N(6T), T = T+6T. Assume that wn(r) is a linear metric
projection and that R(T) is topological-complemented in'Y . If T™ is quasiadditive
on R(6T) and a||T™|| + 2b < 1, then
(1) TM = ([ - WN(T))TM([ + (sTTM)_lﬂ'R(T),

— M

_ M
(3) ITM — T < Bl (1 + || T + 20).

Proof. By Theorem 3.6(2), we have that 7T is a bounded homogenous operator
and ||6TTM|| < a||TM|| + 2b.

(1) Since a||T™||+2b < 1, we have b < 1. Thus, let T' be a closed linear operator
with I+ §TTM invertible. Then N(T) C N(6T) shows that 67 = 6TTMT. So, it
is easy to check that TTM (I + §TT™)~'T = T. By Lemma 2.8, we have

™ = (I — 7ner)TY (I + 5TTM)_17TR(T).

(2) Obviously, T is a bounded homogenous operator and ||T*|| < 2%.

(3) For any & € D(T), wperé € R(T). Hence, there is an 2 € D(T') such that
Tr)§ = Tz. Thus,

(I +6TTY") g = (I +6TTY) 'Tx
= (I +0TT™Y (T + 6TTMT)x = Tz € R(T).
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Note that T™ is quasiadditive on R(T) and R(6T). So is I + §TT*. Hence,
(I +6TTM)~! is quasiadditive on R(T') and R(6T) since I + dTTM is invertible.
Thus,

T —TY = (I — 7ner))TM (I + 0TTM) wpery — (I — 7)) TV
= (I — mnery) TY{(I +6TTY) ' mpepy — 1}
= (I = mnery)TY (I + 6TTY) g — 1 — 6TT}.
Therefore,

1T =T < |(I +0TT*) 7 ITY N (I = mrery || + 10TTH]])

1] M
<— (14 ||6TT
—1- ||5TTM||< * )
1] M
— (1 +a|T 2b).
- 1—H5TTM||< +allT | +20) O
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