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EQUIVALENT PROPERTIES OF A HILBERT-TYPE INTEGRAL
INEQUALITY WITH THE BEST CONSTANT FACTOR
RELATED TO THE HURWITZ ZETA FUNCTION
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Communicated by K. S. Berenhaut

ABSTRACT. By the use of methods of real analysis and weight functions, we
study the equivalent properties of a Hilbert-type integral inequality with the
nonhomogeneous kernel. The constant factor related to the Hurwitz zeta func-
tion is proved to be the best possible. As a corollary, a few equivalent conditions
of a Hilbert-type integral inequality with the homogeneous kernel are deduced.
We also consider their operator expressions.

1. INTRODUCTION

In 1925, by introducing one pair of conjugate exponents (p,q), Hardy in [2]
proved the following integral inequality. For
1 1

p>17 5+a:17 f($)7g(y)20?

O</ fP(z)dr < 0o and O</ g% (y) dy < oo,
0 0

we have the following Hardy—Hilbert inequality:

/Ow/om%g(yy)dwdy< ﬁ(/omfp(x)dxy’(/jg%y)dy)é, (1.1)
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T

where the constant factor CI) is the best possible. For p = ¢ = 2, (1.1)

reduces to the well-known Hilbert integral inequality. Inequality (1.1) as well as
the Hilbert integral inequality are important in mathematical analysis and its
applications (see [3], [10]).

In 1934, Hardy et al. presented an extension of (1.1) as follows. If k;(z,y) is a
nonnegative homogeneous function of degree —1,

k, = / k1 (u, 1)u_71 du € Ry = (0,00),
0

then we have the following Hardy—Hilbert-type integral inequality:

/0°° /0°° ky(z,y) f(x)g(y) do dy < kp</ooo 2 () dx)’l’(/ooo () dy)é, (12)

where the constant factor k, is the best possible (see [3, Theorem 319]). Addi-
tionally, the following Hilbert- type integral inequality with the nonhomogeneous
kernel was proved: if h(u) > 0,¢(c) = [;° h(u)u”' du € Ry, then

/ / (xy) f(x)g(y) dz dy
<¢( )(/0 x’” Qf”(x)dx>;</ooogq(y)dy>;7 (1.3)

where the constant factor qb(é) is the best possible (see [3, Theorem 350]). In

1998, by introducing an independent parameter A > 0, Yang [13], [14] extended
the Hilbert integral inequality, proving that

[ [ apwa
< B(%%) (/0 21712 (1) dx/o Y2 (y )dy) , (1.4)

where the constant factor B(3, %) is the best possible (B(u,v) is the beta func-
tion). In 2004, by introducing another pair of conjugate exponents (r, s), Yang in
[18] presented the following extension of (1.1): if A > 0,7 > 1, f(z),g(y) > 0,

1 1
T
ros
0 </ 2P 7L (1) dr < o0 and 0 </ yq“_%)_lgq(y) dy < oo,
0 0

then

[ [ e |

< 5| / a:P“—N—lfp(a:)dx}’l’[ [ rrgwals ws)
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where the constant factor m is the best possible. For A = 1,r = ¢, and

s =p, (1.5) reduces to (1.1); for A = 1,7 = p, and s = ¢, (1.5) reduces to the
dual form of (1.1); namely,

/ / fﬂ?+y d dy
<m</o T ( )de);(/Ooqu‘ng(y)dy);, (1.6)

where the constant factor ﬁ is still the best possible.
D)

In 2005, Yang et al. [19] proved an extension of (1.1) and (1.4) with the kernel
m and two pairs of conjugate exponents. Various authors (see [1], [4], [6],

[9], [12], [20]) provided some extensions and particular cases of (1.1), (1.2), and
(1.3) with parameters. In 2009, Yang [15], [16] gave an extension of (1.2), (1.4),
and (1.5) as follows. If Ay + A = A € R = (—00,00), ky(z,y), is a nonnegative
homogeneous function of degree —\ satisfying

k,\(u:c, uy) = u_)‘k:)\(x, y) (u7 T,y > O)
and

k(A1) = / Ex(u, Du™ "t du € Ry = (0,00),
0

then we have

/0°° /000 ka(z,y) f(2)g(y) dz dy
< /i?()\l) (/OOO :cp(l—)q)*lfp(x) dq;) > (/Ooo yq(lf/\z)flgq(y) dy) %, (1.7)

where the constant factor k(A;) is the best possible. For A = 1, \; = %, and
Ay = %, we have that (1.7) reduces to (1.2); for

A 1
p q ) 1 2 9 > 07 )\(Ivy) (ZL"f“y))\,
(1.7) reduces to (1.4); for
é A 1

A>0 A = Ay = = k - -
) 1 7’7 2 87 A(%Q) .17/\+y>"

(1.7) reduces to (1.5). Moreover, the following extension of (1.3) was proved (see

[17))
| [ rens@at) sy

<o(0)( / 1o 1f”(:v>dx)’l’( [Tvtrgaw)’ s

where the constant factor ¢(o) is the best possible. For o = %, (1.8) reduces to

(1.3). Some equivalent inequalities of (1.7) and (1.8) were established in [15]. In
2013, Yang [17] also studied the equivalency between (1.7) and (1.8) under the
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additional condition h(u) = ky(u, 1). In 2017, Hong [5] considered an equivalent
condition between (1.7) and a few parameters.

In the present paper, by the use of methods of real analysis and weight func-
tions, we study the equivalent properties of a Hilbert-type integral inequality with
the nonhomogeneous kernel

e*¥esch(ry) (a<1).

The constant factor related to the Hurwitz zeta function is proved to be the
best possible. As a corollary, a few equivalent conditions of a Hilbert-type inte-
gral inequality with the homogeneous kernel are deduced. We also consider their
operator expressions.

2. AN EXAMPLE AND A LEMMA

Example 2.1. For a < 1, we set

2 au
h(u) := e* csc h(u) = c (u>0),
eu — e—u
where
hw) = ———
csc h(u) =
e'LL _ e—u

is the hyperbolic cosecant function (see [21]). For ¢ > 1, by the Lebesgue term
by the term-integration theorem (see [8]), we derive that

k(o,a) := / e csc h(u)u’* du
0
00 9oty o1 00 901 (a—1)u
_ / 2T = / Y
g €ev—eu 0 1 —e2u
_ 2/ uo—l 6—(2k—a+1)u du = 2 / ua—le—(2k—a+1)u du.

Setting v = (2k — o + 1)u in the above integral, we obtain

o0

. > o—1 _—wv 1
k(a,a)—2/0 v e dvkzg—@k—a—i—l)”
- 21_‘T(J)C(0, Lo O‘) €R., (2.1)

where .
I'(n) = / v e dv (> 0)
0

is the gamma function and where

= — >0,0>1
(o) =3 e (@ 00> )
is the Hurwitz zeta function (in particular, ((0) = ((0,1) = Y ;2 7= is the

Riemann zeta function) (see [11]).
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For a = 0, we have

K(0,0) = 2T (o) (o %) —or()Y (%;

— + 1)
=21) [g % - :1 (2/1)0}
=200 (1~ 5 )<(o):

for a = —1, we get
k(o,—1) =2'"T(0)((0,1) = 27T (0)¢(0).

If p> 1,%—1—% =l,a<l,0> 1,00 € R, forn €e N={1,2,...}, then we
define the following two expressions:

oo 1
L = / (/ €2 csc h(zy)a o ! d:v)y”lf?n*l dy, (2.2)
1 0

1 o)
L = / </ e“™Y csc h(my)xo_l%”_l diU)yolJr‘%”_l dy. (2.3)
0o M1

Setting u = xy in (2.2) and (2.3), by Fubini’s theorem (see [8]), we obtain

oo : Yy
L= / ylor=o)mnt (/ e csc h(u)u”pin_1 du) dy
1 0

o0 1
:/ ylo1=o)=n =1 dy/ e csch(u)u"*z%nfl du
1 0

+ / [/ ylo1=o) =l dy] e™ csc h(u)u‘ﬂrﬁn_1 du; (2.4)

) 1 u . 1
I, :/ y(m”)*}rl(/ e csc h(u)u’ ! du) dy

0 Y

1 u N
:/ [/ ylor=orti-l dy} e csc h(u)u® ! du
o Yo
1 1 > 1
+/ ylor=o)ta dy/ e csc h(u)u® ! du. (2.5)
0 1

Lemma 2.2. If p > 1,% —i—% = 1l,a < 1,0 > 1,00 € R, and there exists a

constant M, such that for any nonnegative measurable functions f(x) and g(y)
(x,y € (0,00)), the inequality

I:= /000 /OOO e csc h(zy) f(z)g(y) dz dy
<ul[Tetoip@ad [ [Tt g gt o

holds true, then we have o1 = o. For o1 = o, we still have M > k(o, ).
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Proof. It o1 < o, then for

n > (n € N),
o — 01
we set the following two functions:
0 O<z<l ot
N ) ) —JY a ) <y < 17

Hence, we obtain

o] 1 [e’¢) 1
k:{/ ”“ﬂlﬁwwﬂﬂ/ Y=gl (y) dy |
0 0

— ([mx_i_ldxy(/olyi_ldy); =n.

By (2.5) and (2.6), we have

1 u
/ [/ y(al_UH%_l dy} e csc h(u)uo_p%_l du
o tJo

<= / / e csc h(zy) frn(x)gn(y) dedy < MJy = Mn.  (2.7)
o Jo

Since

1
— — <0
(01 0)+n ,

it follows that for any u € (0, 1),

/u y(ol—o)—l-%—l dy — 0.
0
By (2.7), in view of the fact that
e™ csc h(u)w’_fn_1 >0, wue(0,1),

we derive that oo < oo, which is a contradiction. If oy > o, then for

n > (n € N),
o1 — 0
we set
~ ot om 1 0 0<y<l1
_ e O0<ax <1, ~ : ) Y 5
R = 0= g L U

Hence, we find that

00 . 1 o] 1
o= [ [ ot Ry e [ [0 g )
0 0

= (/Olgci1al1:)119</1myrlz1dy>é =n.
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By (2.4) and (2.6), we have
oo N 1 )
/ ylor=o) =1 dy/ e csc h(u)u’ ! du
1 0
<hL= / / e csc h(xy) fo(2)gn(y) dudy < MJy = Mn.  (2.8)
o Jo
Since

1
—o)—=>0
(Ul U) n )

/ Y@= dy = oo,
1

By (2.8), in view of the fact that

it follows that

1
1
/ e™ csc h(u)u’ e Ydu > 0,
0

we have oo < 0o, which is a contradiction. Hence, we conclude that oy = o.
For 01 = o, we reduce (2.4) and then apply (2.8) as follows:

1 1 & —l—l ! O'-‘ri—]_
-1, = —[ y o dy [ e*™csch(u)u’ T du
n nL/, 0

+ / (/ y ! dy) e™ csc h(u)uﬁp%b_1 du
1 u
1 1 o0 1
= / e csc h(u)u e du + / e csc h(u)u’ = du
0 1
1.~
< EMJQ = M. (2.9)

Since

{e csch(u)u‘”z%?f1 Zozl ({eo‘”Csch(u)ufkq%f1 Zozl)

is nonnegative and increasing in (0,1) ((1,00)), by Levi’s theorem (see [8]) we
obtain

n—o0 n—o0

1 [e.e]
Hoa)= / lim ™ csc h<u)ua+p%_l du + / lim e*" csc h(U)uU_q%_l du
0 1

1 e
= lim [/ e™ csc h(u)u'ﬂrr%n_1 du + / e™ csc h(u)uo_qin_1 du
0 1

n—oo

< M. (2.10)

The lemma is proved. 0J
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3. MAIN RESULTS

Theorem 3.1. Ifp > 1, % + % =1l,a< 1,0 >1, and o1 € R, then the following
conditions are equivalent.

(i) There exists a constant M such that for any f(x) > 0 satisfying

0< / aPU=)=1 P (1) da < o0,
0

we have the following inequality:

1

J = [/000 yPo (/OOO e csc h(zy) f(x) dm)pdy] ’
< M[ /0 " =1 () dag} . (3.1)

(ii) There exists a constant M, such that for any f(x),g(y) > 0 satisfying

O</ 2P~ P (1) da < oo
0
and
0< / y o= gi (y) dy < oo,
0

we have the following Hilbert-type integral inequality:

/ / o csc h(zy) f(2)g(y) d dy

[/O 1= fp (g )dx} [/0 y10=oD =1 ga () dyr. (3.2)
(iii) 01 =0.

If condition (iii) follows, then M > k(o,«) and the constant factor

M = k(o,a) = 21*0P(a)§(a, ! 5 O‘)

in (3.1) and (5.2) is the best possible.
Proof. (i) = (ii). By Holder’s inequality (see [7]), we have

= [ [ e esehanse) ) (" o) dy

g[/omy“ tgi(y)dy] . (3.3)

Then by (3.1), we get (3.2).
(ii) = (iii). By Lemma 2.2, we have o1 = 0.
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(iii) = (i). Setting u = zy, we obtain the following weight function:

w(o,y) ==vy° / ™™ csc h(zy)x” ' dx
0

_ /O " e ese h(w)uV du = k(o,a) (g > 0). (3.4)

By Holder’s inequality with weight and (3.4), we have
(/ e csc h(zy) f(z) dx)p
0
o (e—1)/p (e-1)/q
vl @] o) o}
{/0 e csc h(zy) [m(g_l)/qf(x) e dx
00 o—1
azy y p
S/O e csc h(my)x(a_l)p/qf (x) dx

o0 201 p/a
azxry -
X [/0 e csc h(xy)y(o_l)q/p d:L}
o—1

= [w(o, y)yq“_")_l}pl/ e™™ csc h(xy) i/ o e () dx
0

o—1

= (k(a,cx))p*ly_p‘ﬂr1 /00 ™™ csc h(xy) f - p/qu( r)dx (3.5)
0

If (3.5) takes the form of an equality for some y € (0,00), then (see [7]) there
exist constants A and B, such that they are not all zero, and
o—1 o—1
Yy x
o—1) fp( ) o—1
x )p/q y( )a/p

We assume that A # 0 (otherwise, B = A = 0). Then it follows that

a.e. in Ry.

B
p(1—0)—1 ¢p — =) = 46 inR
x ffx) =y 1, e in Ry,
which contradicts the fact that
O</ 2P =1 P () da < oo.
0

Hence, (3.5) takes the form of strict inequality. For oy = o, by Fubini’s theorem,
we have

1

J<( [/ / e ese h{ay) —2 1)p/qu( )da;dy}’l’
~ (ko a))i{ /0 [ /O o csch(xy)x(a#)(;_l) dy) () dx}’l’
= (ko)) [ [l a)ar 0 o) ]
= k(o) /0 "0 () da]”

=
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Setting M > k(o,«), inequality (3.1) follows. Therefore, the conditions (i), (ii),
and (iii) are equivalent.

In the case when condition (iii) follows, if there exists a constant M < k(o, «),
such that (3.2) is valid, then by Lemma 2.2 we have M > k(o,«). From this
contradiction it follows that the constant factor M = k(o,«) in (3.2) is the
best possible. The constant factor M = k(o,«) in (3.1) is still the best possible.
Otherwise, by (3.3) (for o1 = o), we can conclude that the constant factor M =
k(o,a) in (3.2) is not the best possible. O

Setting y = 1+, G(Y) = 59(5) in Theorem 3.1, then replacing Y (G(Y)) by y
(9(y)), we obtain the following corollary.

Corollary 3.2. Ifp > 1, i —|—$ =1l,a<1l,0>1, and o1 € R, then the following
conditions are equivalent.

(i) There exists a constant M, such that for any f(x) > 0, satisfying

0< / aPU=) =1 P (1) da < o0,
0

we have the following inequality:

1

{/000 y Pt [/000 e/ csc h(x /y) f(z) dx}pdy}g
< M[ /0 T =1 g () dx] 3 (3.6)

(ii) There exists a constant M, such that for any f(x),g(y) > 0, satisfying

O</ 2P~ #P (1) da < oo
0
and
0< / y D=1 gd () dy < oo,
0

we have the following Hilbert-type integral inequality with the homogeneous
kernel:

// e esc h(/y) f(2)g(y) d dy

e¢] 1

[/O LP(1-0) 1fp( )dx}zo[/o Yl a(l+o1)—1 ( )dy ' (3‘7)

(iii) oy = 0.
In the case when condition (iii) holds, we get M > k(o,«), and the constant
M = k(o,«) in (3.0) and (3.7) is the best possible.

Remark 3.3. On the other hand, setting y = 5, G(Y) = $59(5), in Corollary 3.2,
then replacing Y (G(Y')) by v (¢(y)), we obtain Theorem 3.1. Hence, Theorem 3.1
and Corollary 3.2 are equivalent.
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4. OPERATOR EXPRESSIONS

We set the functions
o(z) = 2?11 P(y) =yt =)=L, oy) = ya+o)-1

wherefrom

VPy) =y o P(y) =y (zy € Ry,

and we define the following real normed linear spaces,

LysRy) = {f U lhei= ([ el ) < oo

wherefrom
1

Low(Be) = {9+ 9]0 g)|"dy)" < oo},

Lo R+ g: HQHq

{ostithe = (st

o tolloe = (00 !“’dy>1<°°}»

Lyyr(®y) = {h: uhupwz(/ PP dy)” < o0},
Lys—»(Ry) = {

In view of Theorem 3.1

haly) = / e csch(zy) f(z) dz (y € Ry),

by (3.1) we have

00 1
Inllsr = [ @@ 0] < Ml < .

(when oy = o), for f € L, ,(Ry), setting

blhers = ([ 6l )" < o<}

(4.1)

Definition 4.1. Define a Hilbert-type integral operator with the nonhomogeneous
kernel TW: L, ,(Ry) — L,4-»(Ry) as follows. For any f € L,,(R,), there
exists a unique representation TW f = hy € L, 1-»(Ry) satisfying TW f(y) =

hi(y) for any y € R,.
In view of (4.1), it follows that
17D Fllppr-r = [Pallppr-r < M| f
and then the operator T() is bounded satisfying

s _
||T(1)|| - sup I f||p,¢1 P < M.
F(#0)ELp,p(R+) ”pr,‘P

If we define the formal inner product of 7™ f and ¢ by

T0Lg)i= ([ e esentan ) gt

then we can rewrite Theorem 3.1 as follows.
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Theorem 4.2. Ifp > 1, %—I—% =1,a <1, ando > 1, then the following conditions
are equivalent.

(i) There exists a constant M, such that for any

f(z) >0, f € Lyo(Ry), [fllpe >0,
the following inequality holds true:
T Fllpgr-r < MI|fllpe- (4.2)
(ii) There exists a constant M, such that for any
f(x),9(y) >0, [ € Lpy(Ry), 9 € Loy(Ry), £ llpes 9l > 0,
the following inequality holds true:
(TYF, 9) < M| fllppllgllg- (4.3)

We still have |[TV|| = k(o,a) < M.

In view of Corollary 3.2 (when oy = o), for f € L, ,(R), setting

o) i= [ e eschlofe) e (e R,

by (3.6) we have

1

el = [ [ 6@t )" < MIflpp <00 (4

Definition 4.3. Define a Hilbert-type integral operator with the homogeneous
kernel T®): L, ,(Ry) — Ly, s-»(R4) as follows. For any f € L, ,(R), there exists
a unique representation T? f = hy € L, 51-»(R. ) satisfying T® f(y) = ha(y) for
any y € R,.

In view of (4.4), it follows that

1T fllps1-n = [z

v < M| fllpe,

and thus the operator T is bounded satisfying

(2) -
||T(2)|| _ sup ||T f”}h‘f)l L < M.

F(#0)ELp,o(R4) ”pr,‘P N

If we define the formal inner product of T7® f and ¢ by

T f.g) = ([ et esehtefy) ) do) (o) dy,
0 0
then we can rewrite Corollary 3.2 as follows:

Corollary 4.4. If p > 1,% +§ = lL,a < 1, and 0 > 1, then the following
conditions are equivalent.
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(i) There exists a constant M, such that for any

f(z) >0, [ € Lpe(Ry), 1/ llpe >0,
the following inequality holds true:

T fllpg1-r < M| fllpe- (4.5)
(ii) There exists a constant M, such that for any
f(x),9(y) >0, f € Lpy(Ry), 9 € Leo(Ry), 1 £llp.es 19llge > O,
the following inequality holds true:
(TP f,9) < M| fllppll9llq0- (4.6)

We still have |T®|| = k(o, o) < M.

Remark 4.5. Theorem 4.2 and Corollary 4.4 are equivalent.
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