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SHERMAN TYPE THEOREM ON C*-ALGEBRAS
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Communicated by T. Yamazaki

ABSTRACT. In this paper, a new definition of majorization for C*-algebras
is introduced. Sherman’s inequality is extended to self-adjoint operators and
positive linear maps by applying the method of premajorization used for com-
paring two tuples of objects. A general result in a matrix setting is established.
Special cases of the main theorem are studied. In particular, a HLPK-type
inequality is derived.

1. INTRODUCTION

We begin this expository section with some elements of majorization theory.
An m-tuple y = (y1,...,ym) € R™ is said to be majorized by m-tuple x =
(x1,...,%y) € R™ written as y < x if

k k m m
Zym§2xm fork=1,...,m, and Zyi:in,
i=1 i=1 i=1 i=1

where xy) > -+ > xpy, and yp) > -+ > yp are the entries of x and y, respec-
tively, stated in nonincreasing order (see [8, p. §]).

It is not hard to verify that the majorization relation < is a preorder on the
space R™. An m x n real matrix S = (s;;) is called column-stochastic if s;; > 0

fore =1,...,m, 7 = 1,...,n, and all column sums of S are equal to 1; that
is, Y " s = 1for j = 1,...,n. An m x n real matrix S = (s;;) is called
row-stochastic it s;; > 0 fori=1,...,m, j=1,...,n, and all row sums of S are
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equal to 1; that is, Z;”:l s;j=1fori=1,...,m. An m x m real matrix S = (s;;)
is called doubly stochastic if s;; > 0 for 4,7 = 1,...,m, and all column and row
sums of S are equal to 1; that is, Y i" ) sy = 1= """ s;; fori,j =1,...,m (see

8, pp. 29-30]).
It is well known (see [8, p. 33]) that, for x,y € R™,

y <X if and only if y = xS (1.1)

for some doubly stochastic m x m matrix S. A function F' : J” — R with an
interval J C R is said to be Schur-conver on J™ if, for x,y € J™,
y <x  implies that F(y) < F(x).

(See [8, pp. 79-154] for applications of Schur-convex functions.) The next result
is called the majorization theorem or the HLPK theorem (see [8, pp. 92-93)).

Theorem A ([6, Theorem 108] and Karamata [7, p. 148]). Let f : J — R be a real
convez function defined on an interval J C R. Then for x = (x1,22,...,%y) € J™

andy = (y17y2;---7ym) € Jm’

y <X implies that if(yl) < if(:cz) (1.2)
i=1 i=1

A generalization of Theorem A is as follows.

Theorem B ([13, pp. 826-827], [1, p. 93]). Let f be a real convex function defined
on an interval J C R. Leta = (a1, as, ..., ay) € RT, letb = (b1, ba, ..., b,) € RY,
let x = (x1,29,...,xy) € J™, and lety = (Y1,Y2, - -, Yn) € J™. If

y =xS and a=bS’ (1.3)

for some m x n column-stochastic matriz S = (s;5), then
ijf@j) < Zazf(%) (1.4)
J=1 i=1

If f is concave, then the inequality (1./) is reversed.

Statement (1.4) is referred to as Sherman’s inequality. (Some applications of
Theorem B can be found in [1], [10], and [11].)

As usual, we denote by B(H) the linear space of all bounded linear operators
on a Hilbert space H. For selfadjoint operators A, B € B(H), we write B < A if
A — B is positive; that is, (Bh, h) < (Ah, h) for all h € H. In particular, we write
0 < Aif A is positive; that is, 0 < (Ah, h) for all h € H.

A linear map ® : A — B between C*-algebras A and B is said to be positive
in symbol ® > 0 if for self-adjoint operators A € A,

0<A implies that 0 < ®(A).

A continuous function f : J — R defined on an interval J C R is said to be
operator-convex if f(AA + (1 = A\)B) < Af(A) 4+ (1 — N\)f(B) for any A € [0, 1]
and any self-adjoint operators A, B with spectra in J.
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Theorem C ([5, Theorem 2.1, pp. 63-64]). Let f : J — R be an operator-convex
function on interval J C R. Then the inequality

F(E o) <3 aurtay (15)

holds for self-adjoint operators A; € B(H) with spectra in J, i = 1,...,m, and
positive linear maps ®; : B(H) — B(K), i = 1,...,m, such that > " ®;(Ig) =
Iy, where Iy and Ik are the identity maps on Hilbert spaces H and K, respec-
tively.

In this article, we demonstrate a new definition of majorization for C*-algebras,
and we present some results related to Theorems A, B, and C with this new
definition. The paper is organized as follows. In Section 2, we collect definitions
of right and left premajorizations aimed for comparing two tuples of operators or
maps (see [11, pp. 197-198]). In Section 3, we prove operator inequalities similar
to (1.2), (1.4), and (1.5) by using the method of premajorization. In Theorem 3.1,
we show a general result of the Sherman type. Next, in Section 4, we derive an
HLPK result. Section 5 is devoted to recovering a result by Moslehlan et al. [9]
and the Choi-Davis inequality (see [2], [4]).

2. RIGHT AND LEFT PREMAJORIZATIONS FOR C*-ALGEBRAS

For a C*-algebra A the symbol Ay, (J) denotes the real space of self-adjoint
operators in A with spectra in a given interval J C R.

It is useful here to present some relevant definitions, as follow.

Let A and B be unital C*-algebras with unities /4 and Ig, respectively. Let
= (S;;) be an m X n matrix with linear maps S;; : A — B, i = 1,...,m,
= 1,...,n. We say that the m x n matrix S = (5;;) is column-stochastic if

SZ] > O for i=1,....m, j=1...,n,and > " S;({a) =Igfor j=1,....n
We say that the matrix S = (S;;) is row-stochastic if S;; > 0 for i = 1,...,m,
j=1,...,n,and 337, Sij(Ia) = Igfori=1,...,m

In the case A = B and m = n, we say that the m x m matrix S = (5;;)

is strongly row-stochastic it S;; > 0 for 7,5 = 1,...,m, and Z;”zl S;j = id 4 for

1=1,...,m, where id 4 is the identity map on A. In the case A = B and m = n,
we say that the m x m matrix S = (5;;) is called strongly doubly stochastic if S is
column-stochastic and strongly row-stochastic; that is, S;; > O fori,j =1,...,m,

and ") Sii(Ia) = Iafor j=1,...,m,and Y77 | Sy =ida fori =1,...,m.

An n-tuple B = (B4, By, ..., B,,) with operators B; € By,(J), j =1,...,n, is
said to be right-premajorized by an m-tuple A = (Ay, A, ..., A,,) with opera-
tors A, € Aw(J), i = 1,...,m, written as B <,, A, if there exists an m X n
column-stochastic matrix S = (5;;) such that

(B1,Ba,...,By) = (A1, Ay, ..., Ap)S, (2.1)
where the notation (2.1) means that

Bj = S1;(A1) + Sj(Ag) + -+ Spj(Ay) forj=1,...,n (2.2)
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with the right action of S;; on A; (see [L1], [3], [12]). Instead of (2.1), we also
write

(Bl,BQ,...,Bn) <rp (Al,AQ,...,Am) by S

Ezxample 2.1. Let A = Mg(R) be the unital C*-algebra of k x k real matrices,
and let B =R. Take m = n = 2. Let ¢;; € R¥, 4, = 1,2, be unit vectors; that is,
|cijlI? = {cij, cij) = 1. We define

S — 1 /S Sig
2\ 521 52/’
where S;; : M (R) — R is given by S;;(A) = (Acyj, ¢ij) for A € M(R), 7,5 = 1,2.

Clearly, S;; are unital positive maps, and therefore S is column-stochastic.
Let Ay, Ay € Mg(R) be symmetric matrices. Then

(B17 BZ) -<rp (AIJ AQ) by S’

that is,
(BbBZ) = (AI?AQ)S’
where
1 1 1 1
B, = 5511(141) + 5521(142) = §<A10117 c) + §<A2021’ C21)
and
1 1 1 1
By = 5512(141) + 5522(142) = §<A1C127012> + §<A2C227022>'

We return to definitions. Let A, B, and C be unital C*-algebras. We denote by
P(A,C) the set of all positive linear maps from A to C. We write P(.A) in place
of P(A,A).

An m-tuple ® = (&1, P,,...,d,,) with &; € P(A,C), i = 1,...,m, is said
to be left-premagorized by an n-tuple ¥ = (Uy, Uy, ..., ¥,) with ¥; € P(B,C),
Jj=1,...,n, written as ® <, ¥ if there exists an n X m row-stochastic matrix
R = (R;;) with positive linear maps R;; : A = Bfor j=1,...,n,i=1,...,m
such that

(@1, Do, ..., D) = (), U, ..., U,)R (2.3)
(see [11], [3], [12]). Here and in the remainder of this article, the notation (2.3)
means that

q)i == \Ileli -+ \IJQRQi + -4 \IjanZ for ¢ = 1, o, (24)

where W;R;; = U, o Rj; denotes the composition of the maps Rj and ¥; and is
the left action of R;; on W;. In place of (2.3), we also write

(q)l,(I)Q,...,q)m) _<1p (‘Pl,\pg,...,\pn) by R,

Ezample 2.2. Let A = B = C = M(R) be the unital C*-algebra of k x k real
matrices with even k = 2/. We put m =n = 2 and

_l(P @>
- 2\Q P)’

where P : M (R) — M (R) is the orthoprojector from My (R) onto M, (R)®M,(R)
and @ : Mg (R) — My (R) is the orthoprojector from My (R) onto the space Dy (R)
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of k x k real diagonal matrices. Clearly, P and () are unital positive linear maps,
and R is column-stochastic. Moreover, P? = P, Q?> = @, and PQ = Q = QP.
Therefore,

P
(F1%.0) = ror
which means that .
( ;Q,Q> <y (P,Q) by R.

3. SHERMAN-TYPE INEQUALITIES
We begin our discussion of Sherman-type inequalities with the following result.

Theorem 3.1. Let f : J — R be an operator-convex function on interval J C R.
Let A, B, and C be unital C*-algebras. Suppose that A; and B; are self-adjoint
operators in Asx(J) and Bs(J), respectively, for i = 1,....m, j = 1,...,n.
Suppose that ®; : A — C and ¥; : B — C are positive linear maps for i =

1,....m, 7=1,...,n. Assume also that

(Bl,BQ,...,Bn) '<rp (Al,AQ,...,Am) by S, (31)
and that

(@1, Pg,..., Pp) <1p (U1, Wy, ..., 0,) by ST (3.2)

for some m x n column-stochastic matric S = (S;;) with positive linear maps
Sij + A — B. Then the following Sherman-type inequality holds:

Z U;(f(B;))) < Z ®; (f(Ai))- (3.3)

Proof. From (3.1) and (2.2), we have

Bj = Z Sl](Az) for j = 1, .o, n. (34)
i=1
Likewise, by virtue of (3.2) and (2.4), we get
j=1
Remember that f is operator-convex, and that S;; > 0 fori =1,...,m, j =
1,...,n,and Y7*, S;(Ia) = Ig for j = 1,...,n, where I4 and I are unities of

the C*-algebras A and B, respectively. Then it follows from (3.4) and Theorem C
(by Jensen’s operator inequality) that

J(By) = F(D2S(4)) < 3-8y (£(A) forj=1,....m.

Simultaneously, ¥;, j = 1,...,n, are positive linear maps. Therefore, we have

m

qjj (f(B])) S \I/j (Z Sij (f(AJ)) = Z \Ijjs’ij (f(AZ)) for ] = 1, e,

=1



430 M. NIEZGODA

For this reason, we obtain

S (FB) < 3O(D S (F(4)) = 2o (D Wi (£(4)))
Jj=1 Jj=1 =1 i=1 j=1
= Z(Z \IjjSi]) (f(Az>) = Z q)i(f(Ai))a
=1 j=1 i=1
the last equality being a consequence of (3.5). This completes the proof. O

Remark 3.2. For n =1 in Theorem 3.1, we get Theorem C.

Remark 3.3. Premajorization relations (3.1)-(3.2) in Theorem 3.1 are the oper-
ator-map counterpart of the weighted magjorization (1.3) adequate in the scalar
context (see Theorem B).

We demonstrate a specialization of Theorem 3.1 with B = C. Such a result gives
a motivation for the definition of a strongly row-stochastic (operator) matrix (see
the beginning of Section 2).

Corollary 3.4. Let f : J — R be an operator-convex function on interval J C R.
Let A and B be unital C*-algebras. Suppose that A; and B; are self-adjoint oper-
ators in Ax(J) and Bg(J), respectively, with spectra in J for i = 1,...,m,
j=1,....n. Assume that

(Bl,BQ,...,Bn) _<rp (AhAQ,...,Am) byS (36)

for some m X n column-stochastic matriz S = (S;;) with positive linear maps
Sij + A — B. Then the following Sherman-type inequality holds:

Y F(B) <D (f(A), (3.7)
j=1 i=1
where ®; = Z?Zl Sij 1s the ith row sum of the matriz S.

Proof. We define C = B. We introduce positive linear maps ®; : A — B and
V,:B—=Bfori=1,...,m,j=1,...,n such that

CI)Z‘ = Z Sij and \Ifj = ldB
j=1

Thus ®; is the ith row sum of S. It is easily seen that
(B1, @, ..., Pp) <ip (U1, Wy, ..., T,) by S”. (3.8)

On account of (3.6) and (3.8), we are allowed to use Theorem 3.1. Therefore,
inequality (3.7) is a direct consequence of (3.3). This finishes the proof. O
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4. HLPK-TYPE INEQUALITY

In the case A = B = C and m = n, where A is an unital C*-algebra with unity
I 4, we now give definitions. We say that an operator m-tuple B = (By, Ba, ..., By,)
with B; € Aw(J), j = 1,...,m, is strongly majorized by an operator m-tuple
A = (A, Ag,. .. Ay) with A; € A(J), @ = 1,...,m, written as B <, A if
there exists an m x m strongly doubly stochastic matrix S = (.5;;) such that

(Bl,BQ,...,Bm) - (Al,AQ,...,Am)S (41)
in the sense that

BJ:SM(Al)—I—SQJ(AQ)—I——f-Sm](Am) forjzl,...,m

with the right action of S;; on A; (see [11], [3], [12]).
Instead of (4.1), we also write
(Bl,BQ,...,Bm) —str (Al,A27...,Am> by S. (42)

It is interesting that (4.2) implies that

Indeed, we have

2. Bi=2 25 2 Sy(4
j=1 j=1

(i 5) () im ZA

]:1 =1 =

zms

T Mg ||'M§

We apply Corollary 3.4 to prove the following majorization theorem for C*-alge-
bras. An alternative proof of Theorem 4.1 can be done via the operator convexity
and the above definition of strong majorization.

Theorem 4.1. Let f : J — R be an operator-convex function on interval J C R.
Let A be a unital C*-algebra. Suppose that A; and B; are self-adjoint operators
in As.(J) with spectra in J fori,j =1,...,m. Assume that

(B1,Ba, ..., Bn) <str (A1, Ag, ... Ap). (4.3)
Then the following HLPK-type inequality holds:

Zf <Zf (4.4)

Proof. We define n =m and C = B = A. It follows from (4.3) that
(Bl,BQ,...,Bm) '<rp (Al,AQ,...,Am) byS

for some m x m strongly doubly stochastic matrix S = (.5;;).
We consider the special maps

d, =idy and V;=idy fore,j=1,...,m
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However, S is strongly doubly stochastic, and so

idA:ZSij fore=1,...,m.

j=1
In conclusion, we are permitted to utilize Corollary 3.4 with ®&; = idy, i =
1,...,m. Then, by (3.7), we obtain

Z f(Bj) < Z q)i(f(Ai)) - Z f(A),

j=1 i=1 i=1
as required. O

5. FURTHER APPLICATIONS

We continue to study special cases of Theorem 3.1. A specialization of The-
orem 3.1 for m = n = 2 and A = B = C corresponds in some sense to [9,
Theorem 2.1, due to Moslehian et al., as follows.

Corollary 5.1 (]9, Theorem 2.1]). Let f : J — R be an operator-convex function
on interval J C R. Let A be a unital C*-algebra. Suppose that A; and B; are
self-adjoint operators in As,(J) with spectra in J fori,j =1,2. If
(B1, Ba) <str (A1, A2), (5.1)
then
f(@(B1)) + f(®(Ba)) < @(f(Ar)) + P(f(A)), (5.2)
where ® : A — A is a unital positive linear map.

Proof. We set C = B = A and n = m = 2. By virtue of (5.1) there exists a 2 X 2
strongly doubly stochastic matrix S = (g; g;j) such that

(B1, By) = (A1, As)S. (5.3)
Denote
® 0
S, = ( ! q)) |
It follows from (5.3) that
(q)(Bl), q)(BQ)) == (Bl, BQ)SO == (A17 AQ)SSO7 (54)
where
_ (Su®, S
S50 = (52@, Szzcb)

is column-stochastic because ® is unital and S is strongly doubly (hence column-)
stochastic.
In consequence, by (5.4),

((I)(Bl), @(Bz)) <rp (Ab Ag) by SSO (55)
On the other hand, by defining
(CI)I, CI)Q) = (q), q)) and (\Ijl, \112) = (idA, idA), (56)
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we obtain
(®,®) <ip (ida,ida) by (SSo)". (5.7)
In fact,
S11P, 999
T _ (Su®, O
(SSo) "(Su¢, Smé)’

and, therefore, for j = 1,2,
idASj1(I) + idASjg(I) = Sjl(I) + Squ) = (Sjl + SJQ)(I) = ldACI) = (137

proving (5.7). By making use of (5.5), (5.6), (5.7), and of Theorem 3.1 for m =
n =2 and, A= B = C, we deduce from (3.3) that

F(®(By)) + f(®(B2)) < ®f(A1) + Pf(As),
as claimed. H

Corollary 5.2 (Choi-Davis inequality [2, Theorem 2.1], [4, p. 44]). Let f : J = R
be an operator-convex function on interval J C R. Let A be a unital C*-algebra.
Suppose that A is a self-adjoint operator in As,(J). Then

£(0(4)) < D(f(4). 55)
where ® : A — A is a unital positive linear map.
Proof. We define Ay = Ay = A, Bi=By=A,and S = (idOA ifA). Clearly,
(A, A) < (A, A) Dby S,

and S is strongly doubly stochastic. In other words, (5.1) is met. According to
Corollary 5.1, from (5.2), we infer that

F(2(A) + F(2(4) < &(f(A)) + (f(4)),
which gives (5.8), as desired. O
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