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ABSTRACT. Let v be a o-finite Banach-space-valued measure defined on a
0-ring. We find a wide class of measures v for which interpolation with a
parameter function of couples of Banach lattices of p-integrable and weakly
p-integrable functions with respect to v produces a Lorentz-type space. More-
over, we prove that if we interpolate between sums and intersections of them,
then they still yield another Lorentz-type space closely related with the first
one.

1. INTRODUCTION

Let m be a vector measure defined on a o-algebra ¥ of 2 with values in a
Banach space X, let p be a parameter function in the class Q(0, 1) of Persson, let
0 < q<o0,and let 1 < py # p; < co. We proved in [5, Corollary 4] that

(L2 (m), L7 (m)) = (L(m), L2 (m)) = AL(lmll), (L)
where p(t) = % In particular, for the classical real interpolation method,
which is obtauifl(et,d0 fo; )the parameter function p(t) = t? with 0 < 6 < 1, we have

(L (m), L7 (m)),,, = (L8(m), L (m)),, = L9(Iml),  (1:2)
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where % = 1]);09 + pil. This particular situation (1.2) was generalized in [6, Corol-
lary 3.11], replacing m by a o-finite, locally strongly additive vector measure v
defined on a weaker structure than a o-algebra, namely, on a J-ring R of €.
Therefore, a natural question is to find out if (1.1) keeps on verifying with m
replaced by v. The answer lies in the affirmative (even for 1 < py # p; < 00), and
Section 3 is devoted to sketch the reasons why that works (see Corollary 3.5).

Moreover, in the setting of vector measures on J-rings the LP-spaces are no
longer ordered by inclusion as it occurs in the case of measures on o-algebras,
and so it becomes interesting to investigate what happens when we interpolate
between sums and intersections of them. Recall that integration with respect to
vector measures defined on d-rings is the natural vector-valued generalization of
the case of integration with respect to positive o-finite measures p, which does
not fit into the frame of vector measures on o-algebras if x is nonfinite. When p
is a o-finite measure, it is known that

(L7 (p) + L2 (), LP () OV L (p)), = AL(ll]) (1.3)

p?q

=

with 3(t) = = and 7(t) = p(t)x0(t) + (" xi1oe)(t) (see [17, Example
P

7.1]). Therefore, in light of (1.1) and (1.3), one can expect that
(L (v) + L7 (v), L (v) N L7 (v)), = AG(IIvI]) (1.4)

—~
Sl
~

p?q

1
with @(t) = —4°+ (and p as above) for any o-finite locally strongly additive

o(tPo P1
vector measuf“(e v def)ined on a é-ring and 1 < pg # p; < 0.

Given an interpolation couple A = (Ag, A1), it has been studied that both the
relationship between its interpolation spaces and the interpolation spaces of the
couple (2(A), A(A)) are obtained by the interpolation method with a parameter
function (see [12, Proposition 3] or [17, Proposition 7.2]). Applying this to a
couple of LP-spaces with respect to v and using Corollary 3.5, we can obtain
(1.4) under the hypothesis that p € Q(0, %] U Q[%, 1). However, with the more
general and natural hypothesis p € Q(0, 1), it cannot be deduced in such a way.
Therefore, a deeper insight into the involved K-functionals is needed in order to
see that (1.4) can be achieved for any p € Q(0,1) (see Corollary 5.3). The cases
p1 = 00 or p; # oo in (1.4) must be treated separately. The former is done in
Section 4 and the latter in Section 5.

2. PRELIMINARIES

Let X be a real Banach space with dual X’ and unit ball B(X), and let v :
R — X be a (countably additive) vector measure defined on a é-ring R of subsets
of some nonempty set 2. We denote by R'°° the o-algebra of subsets A C  such
that AN B € R for each B € R. Measurability of functions f : 2 — R will be
considered with respect to the measurable space (€2, R°?). The semivariation of
v is the set function ||v|| : R — [0, 0o] defined by

|v][(A) := sup{|(u, )| (A) 2 € B(X')}, A e Rle,
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where [(v,2)| is the variation of the scalar measure (v,z’) : R — R given by
(v,2")(A) :== (v(A),2’) for all A € R. The measure v is said to be locally strongly
additive if, for every disjoint sequence (A,), € R with |[v||(U,~; 4n) < o0, we
have ||v(An)||x — 0. -

A set N € R is called v-null if ||v||(N) = 0, and a property holds v-almost
everywhere (v-a.e.) if it holds except on a r-null set. In what follows we will
always consider vector measures v which are o-finite; that is, there exist a pairwise
disjoint sequence (£2) in R and a v-null set N such that Q = ([J,>; Q) UN.

Let L°(v) denote the space of all measurable functions f : Q — R. Two func-
tions f,g € L°(v) will be identified if they are equal v-a.e. A measurable function
f € L°(v) is said to be weakly integrable (with respect to v) if f € L*(|(v, 2')|) for
all 2 € X’. In this case, for each A € R'°, there exists an element [ G fdve X"
(called the weak integral of f over A) such that ([, fdv,a') = [, fd(v,a’) for all
x' € X'. The space L. (v) of all (v-a.e. equivalence classes of) weakly integrable
functions becomes a Banach lattice when it is endowed with the natural order
v-a.e. and the norm

I = supf [ 171dwal o € B 1 e L)

A weakly integrable function f is called integrable (with respect to v) if the vector
[y fdv € X for all A € R"“. The space L'(r) of all (v-a.e. equivalence classes
of ) integrable functions becomes an order-continuous closed ideal of L. (v), and
in general L'(v) G L} (v).

If 1 < p < oo, then a function f € L°(v) is said to be weakly p-integrable (with
respect to v) if |f|P € LL(v), and it is said to be p-integrable (with respect to
v) if |f|P € L'(v). We denote by L? (v) the space of (v-a.e. equivalence classes
of) weakly p-integrable functions and by LP(v) the space of (v-a.e. equivalence
classes of) p-integrable functions. Obviously, we have that LP(v) C LP (v). The
natural norm for both spaces is given by

Il s=suo{ ([ 157 dltwa)l) s’ € BOOY, 7€ o)

The Banach lattices LP(v) and LP (v) were initially studied in [8] for vector mea-
sures on a o-algebra (see [15]), and its basic properties can be extended and
remain true for vector measures on d-rings (see [3], [4]). The space L*°(v) consists
of all (v-a.e. equivalence classes of) essentially bounded functions equipped with
the essential supremum norm || - ||oo.

Given f € L°(v), we shall consider its distribution function (with respect to
the semivariation ||v||) ||v| s : [0,00) — [0, 0o] defined by

IWlls(s) = )l ({w € Q¢ | fw)] > s}), s >0.

This distribution function has similar properties as in the scalar case (see [7]). For
instance, ||v||; is nonincreasing and right-continuous. The decreasing rearrange-
ment of f (with respect to the semivariation ||v||) is the function f, : (0,00) —
0,00) given by fi(t) :=inf{s > 0: ||| s(s) <t} for all £ > 0. In particular, f, is
nonincreasing and right-continuous.
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For 0 < ¢ < oo and a nonnegative measurable function ¢ defined on (0, o),
we denote by A%(||v||) the set of all f € LO(v) such that the quantity

_UEe@Rmy ), i#0<q <o,
A F O AT

Q=

is finite.

When ¢(t) = tr with 1 < p < oo, we obtain the Lorentz space LPI(||v|)
introduced in [7] for vector measures on o-algebras. We also note that LP4(]|v||)
is a quasi-Banach lattice with the Fatou property. For the special case p = ¢,
we denote the space LPP(||v||) simply by LP(||v||). As was pointed out in [7], in
general, the spaces LP(||lv||) and LP(r) do not coincide if 1 < p < oo. If the
measure v is defined on a o-algebra, then it holds that

P (|lwl) € L(llvl) € LP(v) € L, (v) € LP(lvID), (2.1)

and all these inclusions are continuous (see [7, Proposition 7]). If the vector mea-
sure v is defined on a d-ring, then the (continuous) inclusions that remain true
are

L (|lvl) € LP(|lvll) € Li(v) € LP([lv])- (2.2)

However, if v is locally strongly additive, then we recover the chain of inclusions
(2.1) (see [6, Proposition 2.2, Remark 3.3] for the details).

Throughout the paper, we will use parameter functions that belong to the class
Q(0,1) considered by Persson [17]. Let us review the definition of the class Q(0, 1)
and some other related classes. Given two real numbers ag < a1, the class Q[ag, a4]
denotes all nonnegative functions p on (0, c0) such that p(t)t~ is nondecreasing
and p(t)t~* is nonincreasing. We write p € Q(ag, a1) if p € Q[ag + €,a; — €] for
some ¢ > 0. Moreover, p € Q(ag, —) (resp., p € Q(—,ay)) means that p € Q(ap,b)
(resp., p € Q(b,ay)) for a certain real number b. Observe that p € Q(0,1) if and
only if p(t)t~* is nondecreasing and p(t)t~? is nonincreasing for some 0 < a <
g <1

Let us recall briefly the construction of the real interpolation method with a
parameter function. Let A := (A, A1) be a quasi-Banach couple, that is, two
quasi-Banach spaces Ay, A; which are continuously embedded in some Hausdorff
topological vector space. The Peetre’s K-functional is defined for f € Ay + A;
and t > 0 by

K(t, f) = K(t, f; Ao, A1) = inf{[| fol[ 4 + tl[ f1lla, - f = fo+ f1, fi € Ai}.

For p € Q(0,1) and 0 < ¢ < oo, the space (Ao, A1), is formed by all those
elements f € Ay + A; such that the quasinorm

oo K(t,f;A0,A 1 .
1 F g = (fo (%)q%)qv if 0 < ¢ < oo,
g K(t,f;A0,41) : _
R e DI it ¢ = o0,
is finite. In the particular case when p(t) = t*,0 < 6 < 1, the space (A, A1),
coincides with the interpolation space (Ao, A1)g,, obtained by the classical real
method (see [2]).
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The interpolation space (Ag, A1),, can be also defined by using a parameter
function p belonging to other similar function classes such as the class P™~ or
By, (see [10], [9], [L7]). We refer to [16], [10], [9], [L1], [14], and [17], among others,
for complete information about the real interpolation method with a parameter
function.

Given a quasinormed function space A in L°(v), the r-convexification of A is
the space A" defined by A" = {f € L°(v) : |f|" € A} and equipped with the

1

quasinorm || f{| 4o = ||| f]"]|4- It is not difficult to check the following result using
the definitions of the function spaces that we have introduced.

Proposition 2.1. Let 1 <r < oo, and let 0 < g < oco. Then
(1) (AL = A" ([[v])-
SDT
In particular, for ¢(t) =t, we have

(i) (LY(|lv[)" = Lr(|[]) for q = 1.
(iii) (LE<(|lv])" = Lr(|lvl]) for g = oo

As usual, the equivalence a =~ b (resp., a < b) means that %a < b < ca (resp.,
a < ¢b) for some positive constant ¢ independent of the appropriate parameters.
Two quasinormed spaces, A and B, are considered as equal, and we write A = B
whenever they coincide as sets and their quasinorms are equivalent.

3. INTERPOLATION OF COUPLES OF LP-SPACES

In this section, we provide a description of the interpolation spaces for couples
of LP-spaces associated to a o-finite vector measure v. We start studying when
AZ(|Jv]) is intermediate for the couples (L'([|v|)), L>(v)) and (L>*(||v]]), L®(v)).

Lemma 3.1. Let 0 < ¢ < o0, let p € Q(0,1), and let ¢(t) = Then

p(t

L(llvl) nL=(v) € Ag(llvll) € (vl + L= ().
Proof. Assume that ¢ < oo (the case ¢ = oo is similar). Given f € AZL(||v]),
f >0, let M :=1+ f(ty) for some to > 0, g :== fxpy>m), b := fXxy<m, and
Wi(t) = %, and take 0 < a < 1 such that p(¢)t~® is nondecreasing. It is not
difficult to check that

W (t 1-— "
1) 4 < O‘/ W(t)dt, r>0.

ar?  Jo

Since g.(t) < fi(t), for all ¢ > 0, the weighted Hardy inequality for the nonin-
creasing function (see [1, Theorem 1.7], and see also [18, Theorem 3] for the case
0<qg<1) gives

(/Om[%/otg*(wdur t)dt %S / /f du ()dt)
/O £ (1) dt)q
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([ 0] )’
= ||f||Ag(||u||) < Q.

In particular, the function % fot gx(u) du is finite almost everywhere. Moreover,
\v|[([f > M]) = ||v||f(M) < to, and we can assume that ||v||(2) = oo (the case
|7]|(©2) < oo is evident since L (v) C L*(||v|))); thus, ||v||([f < M]) = occand g =
0 in [f < M], which implies that g,(t) = 0 for all ¢t > t,. Hence [ g.(u) du < oo;
that is, g € L'(||v]]). This proves that f = g+h with g € L*(||v||) and h € L>(v),
and so f € L'(||v]]) + L>=(v).

Lt f € (W) 1 L2(0), let Ky o= [ fllomg) = £.(0), 1ot Ko = | Fllsn~ o,
and let M := p(1)~!, and take 0 < a < 8 < 1 such that p(¢)t~ is nondecreasing
and p(t)t~? is nonincreasing. Thus t°p(t)~! < M for all 0 < ¢t < 1 and t%p(t) ! <
M for all £ > 1 and so

7118 1oy :/01 [ﬁf*(t)r%Jr/lm [ﬁf*(ﬂ]q%

1 00
< (MKl)Q/ ta1=A)-1 dt+(MK2)‘1/ t71 7 dt < oo, B
0 1

The following result can be obtained using the estimates of [6, Proposition 3.5]
and following the lines of the proof of [5, Theorem 3] (with Lemma 3.1 in mind).

Theorem 3.2. Let 0 < q < oo, let p € Q(0,1), and let o(t) = -L~. It holds that

ION
(L (WD), L2W)),, = (E=(Iv). (), , = AL(lv]]):

The reiteration theorem [17, Proposition 4.3] allows us to calculate the inter-
polation spaces for different couples of LP-spaces from Theorem 3.2. We need first
this technical lemma, which can be easily deduced from [17, Lemma 1.1].

pPs9q

1

Lemma 3.3. Let p € Q(0,1), let 1 < py < py < 00, let po(t) :==t' 70, let py(t) :=
£ po(t) = /)0(75)0(238); let ps(t) = po(t)p( ), and let pa(t) = p(p:(t)). It
holds that
() palt) € QL—L,1— 1),
(i) ps(t) € Q(1 — 1),
(i) pa(t) € Q0,1 — -).
In particular, we have that ps, ps, ps € Q(0,1).

Corollary 3.4. Let 0 < ¢ < oo, let p € Q(0,1), let 1 < pg < p1 < 00, and let
1
o(t) = —°—. It holds that

p(tPo P1)

(v, L), = (Le=diviD, L><dv1)),,, = AL AvID.

Proof. Let pg, p1, p2, p3, and ps be as in Lemma 3.3. Observe that the extreme
case po = 1 and p; = oo is precisely Theorem 3.2. Otherwise, since Z—é € Q0,-),
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we have by [17, Corollary 4.4] that

(L. (), = (LD, 22w) . (3.1)
(Lo (). L), , = (L. 22W)), . (3.2)
(L ). 22 (), = (L), Z2w)),, . (3.3)

If 1 < po < p; < oo, then Lemma 3.3 guarantees that ps € Q(0,1). Therefore,
it follows from (3.1) and Theorem 3.2 that (LP([[v|]), LP'([[v]]),q = AL, ([[¥]]),

where @y(t) = 5 = 0 — (1)

p(tPo —tP1)
If 1 < pp < oo and p; = oo, then Lemma 3.3 implies that p3 € Q(0,1).
Hence (3.2) and Theorem 3.2 give (LP(||v|), LP*([[v[|))pq = AL, (llv]]), where

p?q

_ t _ t __ tPo _
903@) T ops(t) Po(t)P(ﬁ) N p(t%) a (p(t).

If pp =1 and 1 < p; < oo, then Lemma 3.3 ensures that py € Q(0,1). Thus,

it follows from (3.3) and Theorem 3.2 that (LP([[v|]), L7 ([[v]])),q = AZ,([[¥]]),

ot ot
where Q04(t) = p4_(t) = H = gO(t)

The result for the couple (LP>>=(||v|), LP»>°(||v||)) is obtained with the same
reasoning but using the other equality of Theorem 3.2. 0

Corollary 3.5. Let 0 < ¢ < o0, let p € Q(0,1), let 1 < py < p1 < 00, and let
o(t) = Ii%i . It holds that (LFO(v), LPH(v)) g = AZ,(HVH).

tP0  P1

If in addition v is locally strongly additive, then
(L), I W), = (W), L7 (), = (L), L)), = AS([]).

Proof. For general v, it holds that LP(||v||) C L (v) C LP*>(||v||) (see (2.2)), and
if in addition v is locally strongly additive, then it also holds that LP(||v|) C
LP(v) C LP*(|lv|]) (see (2.1) and the later comments). Therefore, the result
directly follows from Corollary 3.4. O

Note that if v is a o-finite scalar measure, then this result recovers [17, Lemma
6.1].

4. INTERPOLATION BETWEEN SUM AND INTERSECTION OF [P AND L

Let p € Q(0,1), and let 0 < ¢ < oo. From now on p*(t) := tp(7) and
p(t) = p(t)x1(t) + p*(t)x(1,00)(t). Note that p* € Q(0,1) (see [17, Exam-
ple 1.2]), and so p € Q(0,1). The next general estimate of the norm of an element
a € (X(A),A(A)),, (see [17, (7.3)]) will be the key for obtaining our interpolation
formulas:

lobcnscan,, = ([ (FEEAY Ly ([F(ELEDyPdE

(for ¢ = oo, integrals are replaced by suitable suprema as usual).
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Using the fact that a” + " ~ (a + b)", for all a,b > 0 and 0 < r < 0o, we can
reformulate (4.1) in this way:

HaH(z(A),A(A))M ~ (/Ooo (K(;’(—?);A))q%)é. (4.2)

Moreover, we will use the following estimates for the K-functional of the couples
(LP(|lv]), L°(v)) and (LP>=(]|v]|), L>=(v)), which can be deduced from the ones
in [6, Proposition 3.5] using Proposition 2.1.

Proposition 4.1. Let p > 1.

() If € LP(|v])) + L=(v), then K(t, £ LP([v]), L=(v)) < (Jy f(s)? ds)r.
(i) If f € LP([lv)l) + L>(v), then K (L, f; LP>(||v]]), L= (v)) = tf. (7).

Proof. We can assume that f > 0 without lost of generality. Given a couple
(Ap, A1) of quasinormed function spaces, it is known (see [13]) that A(()p )+ Ag” ) =
(Ag + A;)® and that

K(t, f; AP, AP) m K (. 7 Ag, A1) (43)
Applying (4.3) to the couple (Ag, A1) = (L*(||v|]), L=(v)) and using Proposi-

tion 2.1 and [6, Proposition 3.5], we have

1 tp -
K (D L) = K (@2, L) 220)F < ([ sy ds)”
0
Doing the same with the couple (Ag, A1) = (LY(||v]]), L>=(v)), it follows that
K(t, fy LP=(|[vIl), L=(v)) & K (7, f75 LY (|lvl]), L= (v) = (& f2 (7)) 7
= tf. (7). OJ
The equivalence (4.2) and the estimates in Proposition 4.1 yield the following.

Theorem 4.2. Let 1 < p < oo, let p € Q(0,1), let 0 < g < oo, and let p(t) =

2 Then
e

=

Sl

)
AL(I) = (22l + L2w), 22y 0 L2()
= (L2 (Ill) + L), L2 (v]) N L2 ()

P

Proof. We assume 0 < g < oo (the case ¢ = oo is similar). Let us first prove that
AL(lvl) < (LP(lvl) + L), LP([[v[)) N L®(v)),q- First, observe that Corol-
lary 3.4 guarantees that A%L(||v]]) = (LP([[v), L=(v))z4 since p € Q(0,1). Thus,
given f € AL([lv]]) € LP(|[v|) + L=(v), from (4.2) and Proposition 4.1(i), we

deduce that
= ([ (L 2Dy )

<([ Gl ey ad ) ey’
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([ Gl oyl 5y

q
1

= ([ [[ Gy a) 5,
Atr)

Moreover, ¢ € Q(—= O) since p € Q(0,1) (see [17, Lemma 1.1]). Therefore,
applying [17, Lemma 3. 2( )] (with h(t) = f.(t) and ¢(t) = t%), it follows that

I£a = ([ o0 [ o f*(u»p%u]z%);

/OOO tpf* ) - HfHA:%(HuH)-
LP
)p.a

Q

where ¢(t) :=

Now, we will check that (LP°(|[v||) + L>(v), LP(([[v[) N L=(V)) e © AL([1V]])-
Let f e (LP>(||v|) + L= (v), LP>(||v||) N L>®(v)) 5.4 Using Prop051t10n 4. 1(11) and
(4.2), we obtain

1 sz gy = (/i(#f*(t))q%)é ~ (/j(%f"(sp))q%);

< ([ (R LD IRy g,

p(s)
Finally, observe that (LP(||v|) + L*®(v), LP(||v||) N L*>®(v)),q is contained in
(Lre(llwll) + L), L2 (([v]]) N L () since LP([lv]]) € LP=([[v[]). O

Corollary 4.3. Let 0 < ¢ < oo, let p € Q(0,1), let 1 < p < oo, and let

1
o(t) = L%~ Then

)

(Lo (@) + L=(w), L, (v) N L= (), = AL(vl).

P
If in addition v is locally strongly additive, then

(LP(v) + L=(v), LP(v) N L™ (v))

Proof. Use the argument of the proof of Corollary 3.5 but replace Corollary 3.4
by Theorem 4.2. 0

= A1)

p?q

Observe that if v is a o-finite scalar measure, then this result includes [17,
Example 7.1].

5. INTERPOLATION BETWEEN SUM AND INTERSECTION OF LP-SPACES

In order to obtain a similar result to Corollary 4.3 for couples (Lo (v), LP* (v))
instead of couples (LP(v), L*(v)), we need to establish some new estimates for
the K-functional of the couples (L (||v||), L (||v||)) and (LPo=(||v|]), LP2>°(||v]]))
that replace the ones in Proposition 4.1. This can be done with the aid of Holm-
stedt’s formula (see [17, Remark 4.4]), as the next result shows.
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Proposition 5.1. Let 1 < pg < p; < 00.

(@) If f € Lo(|wl) + L (lv])) and we denote F(u) == (L [* f,(v)™ dv)7o
then
(e’ 1
Kt £ D). 27 1)) =t [y Pl du)”
tP1—P0

(i) If f € Lo ([lv]]) + Lre=(|[v]]), then
P pPoP1
K(t, f; L([vl), L (lvlD)) = trieo fu(tnro).

Proof. (i) Since [5, Corollary 1] is also valid for vector measures defined on a d-ring
(see [6, Theorem 3.6]), we have LP(|lv||) = (L™ (|[v]]), L(V)) sa=so ,, - Therefore,
ry

applying [17, Remark 4.4], it follows that

K(t, f; (), I (v]) =~ t(/toi1 <K(S,f; Lp0(||V||)7L°°(V)))p1§>;17

_P1 P1=PQ s
P1—P0O s 1

and, using Proposition 4.1(i), we obtain

B I e dv)p)%)’}l

P17P0O S P1 s

0 Po d 1
([ 0P )
tP1—P0
= /p0p1 / f pO dU pO du)i
tP1—P0
= t(/ popr F(W)P! du> pl.
tP1—P0

(ii) We also have LP->2(||v||) = (LPo>=(]||v|), L= (v ))p1 10 o by [5, Corollary 1].
Thus, applying again [17, Remark 4.4], we deduce that
K{(s, f; L2 ((lv]]), L= (v))

Q

K(t, f; Lo (vl L= (lvll)) = ¢ sup e
§>t7P1-70 s
Sf,(sPo P
=1t sup pl(—,po) =1 sup (5”1 f*(spo))
P e P
s>tP1—po S P1 s>tP1—P0
_Po_ popy Pop1
> ttri—ro f*(tm—po) = tm pof (tpl Po) O

Now, the equivalence (4.2) and Proposition 5.1 give the following result.
Theorem 5 2. Let 1 < pg < pp < o0,p € Q0,1), let 0 < q < o0, and let

Q(t):L It holds that
p(tPo P1)

ALl = (L2l + 22 (). 22l 0 L (D),
= (o () + L= (), 2o () n 2= ]))
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Proof. The case p; = oo is precisely Theorem 4.2, and so we can assume that
p1 < 00. Suppose that 0 < g < oo (the case ¢ = oo is similar). Let us first prove
that

ASUvD < (vl + L (v, L el n 2 (i),

First, note that Corollary 3.4 ensures that AZ([|[v]]) = (L™ (|[v|)), L' ([v[]))74
since p € Q(0,1). Thus, given f € AL([[v|) C LPO(HVH) + LP(||v]), from (4.2)
and Proposition 5.1 we deduce that

11l ~ </°°< (s, [ L”“%I;) Lrr([lv])) )qu>

»r\2ds
< ([ Gyl For ] ™))
0 sP1PO s
o0 tp;OPI;O q & oy dt 3
S (/ < P1—PQ ) |:/ F<u>p1 du] _>
0 Np(t rom ) ¢ t
0o oo a 1
_ (/ (gp(t))q[/ F(uy d] " 2,
0 ¢ t
p1—p
where p(t) ;== L2250
it Pomn )
Note that ¢ € Q(0,2-E2) since p € Q(0,1) (see [17, Lemma 1.1]). There-

fore, applying [17, Lemma 3.2(b)] (with ¢(t) = t7r and h(t) = F(t), which is
nonincreasing), it follows that

o= ([ G0)'[ [ty )7 5)’

u

(/OOO(W(t)t”llF(t))q%>; - (/Ooo (@(t)F(t))q%>;

= ( /j(fgﬂ /;f*@)m IAREAD

Observe that £ € Q(—,0), and so applying [17, Lemma 3.2(a)] (now with
t PO

A

W(t) = t70 and h(t) = f.(t)), it follows that

7l < ([ (22" ([ @b 20y )"

tro
= ([T GOLO)D)" = Ilaqun,

Now, we will check that

(L2 (llwll) + L= (lwll), Lo (vl N ZP<(v]),, € ALv)-
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Let f e (Lr(lvl)) + Lrr>([lvl)), Lro=(llwll) v LP=([[v]]))pq- By Proposi-
tion 5.1(ii) and (4.2) we obtain

* t7o adty
1A lazqn = (/ (jf*(t)) 7)
0 p(tro )
[ee] e qd 1
SP1—P0O PoP1 S\ ¢
=~ — fe(sP1P0 > _>
</0 < p(s) ( ) 5
> (K (s, frLroe(|lvl), (v ])) dsy @
< Sl ) PN .
() ( - R KT 7 -
Corollary 5.3. Let 0 < ¢ < o0, let p € Q(0,1), let 1 < py < p1 < 00, and let
1
G(t) = — 77— It holds that (Liy (v) + Li} (v), Ly (v) N L2} (V) 5.0 = AL(IV]).
,B(tPO P1
If in addition v is locally strongly additive, then
(L2 0) + 17 0), L7(0) N L2 (0),,, = (L20) + L7 (0), L0 (0) 1 1P (0)
= (L (v) + Ly (v), L™ (v) N Ly (v))
= Al ID-

P9

P9

Proof. Use the argument of the proof of Corollary 3.5, but replace Corollary 3.4
by Theorem 5.2. 0

Note that if v is a vector measure on a g-algebra, then this result recovers [5,

Corollary 4].
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